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diagonal kinds of polynomials in several variables where the preimage points come from
subsets of the field rather than the entire field.

See Also

§8.1 Discusses permutation polynomials in one variable.
§8.2  Discusses permutation polynomials in several variables.
§8.4  Considers exceptional polynomials.

[624] Considers polynomials whose value sets lie in a subfield.
[729] Studies value sets as they relate to Dembowski-Ostrom and planar polynomials.
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8.4 Exceptional polynomials

Michael E. Zieve, University of Michigan

8.4.1 Fundamental properties

Definition An ezceptional polynomial over F, is a polynomial f € F,[z] which is a permu-
tation polynomial on F,m for infinitely many m.

8.4.2 Remark If f € F,[z] is exceptional over F » for some k, then f is exceptional over IF,.

8.4.3

Definition A polynomial F(z,y) € Fy[z,y] is absolutely irreducible if it is irreducible in
F,[z,y], where F, is an algebraic closure of F,.

8.4.4 Theorem [662] A polynomial f € F,[z] is exceptional over Fy if and only if every absolutely

irreducible factor of f(x) — f(y) in F,[z,y] is a constant times z — y.

8.4.5 Corollary If f € F,[z] is exceptional, then there are integers 1 < e; < eg < --- < e such

that: f is exceptional over Fy» if and only if n is not divisible by any e;.

8.4.6 Corollary If f € Fy[z] is exceptional, then there is an integer M > 1 such that f permutes

each field Fgm for which m is coprime to M.

8.4.7 Corollary For g, h € F,[z], the composition g o h is exceptional if and only if both g and h

are exceptional.

sition f = g o h of two nonlinear polynomials g, h € F[z].

8.4.8 Feﬁnition A polynomial f € Fy[x] is indecomposable if it cannot be written as the compo-
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8.4.9 Corollary A polynomial f € Fy[z] is exceptional if and only if it is the composition of
indecomposable exceptional polynomials.

8.4.2 Indecomposable exceptional polynomials

8.4.10 Theorem [1117] Let f be an indecomposable exceptional polynomial over F, of degree n,
and let p be the characteristic of Fy. Then either

1. n is coprime to p, or
2. n is a power of p, or
3. n= W where r > 1 is odd and p € {2, 3}.
8.4.11 Theorem [1750, 2187] The indecomposable exceptional polynomials over F, of degree co-

prime to ¢ are precisely the polynomials of the form ¢; o f o {5 where ¢1, {2 € Fy[x] are linear
and either

1. f(z) = az + b with a € F; and b € F, or

2. f(x) = 2™ where n is a prime which does not divide ¢ — 1, or

3. f(z) = Dp(w,a) (a Dickson polynomial) where a € F; and n is a prime which
does not divide ¢® — 1.

8.4.12 Theorem [1368, 1370] The indecomposable exceptional polynomials over F, of degree s(s—
1)/2, where s = p” > 3 and ¢ = p™ with p prime, are precisely the polynomials of the
form ¢; o f o ¢y where £1,¢5 € Fy[z] are linear, r > 1 is coprime to 2m, and f is one of the
following polynomials:

1. 275 T(az®)tV/¢ where p = 2, T(x) = 2/2 + 25/* + ... 4z, e | (s+ 1), and

a €y,
2 (FEE)' (T TETE 1)) whee =, 0By m

and T(l’) :gjs/2+xs/4+...+z7
3. @(a? — a)(s+1/(0) (We — a)(s=1)/2 4 q(s=1)/2 CHD/O

and a € F} is an element whose image in F} /(F})?¢ has even order.

_ s+1
por where p = 3, e ’—4 ,

8.4.13 Remark The proofs of Theorems 8.4.10 and 8.4.12 rely on the classification of finite simple
groups.

8.4.14 Theorem [1117, 1750] For prime p, the degree-p exceptional polynomials over F,m are
precisely the polynomials £, o f ol where £1, {5 € Fpm [z] are linear and f(x) = z(x®~1/7 —
a)” with r | (p — 1) and a € Fpm such that o"®"=1/(=1) £ 1,

8.4.15 Proposition [669, 835] Let L be a linearized polynomial (i.e., L(z) = Z?:o a;z?" with
a; € Fym), and let S(z) = 27 H(z)* where H € F,m[z] satisfies L(z) = 2/ H(x*). Then S is
exceptional over F,m if and only if S has no nonzero roots in [Fpm.

8.4.16 Proposition [1365] Let s = p” where p is an odd prime. If a € Fym is not an (s — 1)-th
power, then

(s+1)/2
(z° —azx —a) - (2° —ax 4+ a)® + ((ms —ar+a)®+ 4a2x)

2xs

is an indecomposable exceptional polynomial over Fpm.
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8.4.17 Proposition [1367] Let s = 2". If a € Fam is not an (s — 1)-th power, then

(2° + ax + a)*T! z° + ax LT a’x
xs x*+ar+a (2* 4+ ax + a)?

is an indecomposable exceptional polynomial over Fom, where T'(z) = 52 a4 4o,

8.4.18 Remark The previous three Propositions describe all known indecomposable exceptional
polynomials over F,m of degree p” with r > 0, up to composing on both sides with linear
polynomials. It is expected that there are no further examples. Theorem 8.4.14 shows this
when r = 1, and [1367, 2121] show it under different hypotheses.

8.4.3 Exceptional polynomials and permutation polynomials

8.4.19 Theorem A permutation polynomial over F, of degree at most ¢'/* is exceptional over F,.

8.4.20 Remark A weaker version of Theorem 8.4.19 was proved in [772]; the stated result is
obtained from the same proof by using the fact that an absolutely irreducible degree-d
bivariate polynomial over F, has at least ¢ + 1 — (d — 1)(d — 2),/q roots in F, x F,. For
proofs of this estimate, see [145, 1119, 1881]. A stronger (but false) version of this estimate
was stated in [1934], and [1219] deduced Theorem 8.4.19 from this false estimate. Finally,
[145] states a stronger version of Theorem 8.4.19, but the proof is flawed and when fixed it
yields Theorem 8.4.19.

8.4.21 Remark Up to composing with linears on both sides, the only known non-exceptional

N
permutation polynomials over F, of degree less than ,/q are 210432 over Fa43 and W

over Fosr—1, where r > 3 and N = (4" +2)/3.

8.4.22 Remark Heuristics predict that “at random” there would be no permutation polynomials

aQ q
over g of degree less than 577 —.

8.4.23 Remark There are no known examples of non-exceptional permutation polynomials over

F, of degree less than 21ggq when ¢ is prime.

8.4.24 Remark Nearly all known examples of permutation polynomials over I, of degree less than

ﬁgq can be written as the restriction to F, of a permutation 7 of an infinite algebraic
extension K of F,, where 7 is induced by a rational function in the symbols o?(z), with o
being a fixed automorphism of K. Such a permutation 7 may be viewed as an exceptional

rational function over the difference field (K, o); see [698, 1907, 1908].

8.4.4 Miscellany

8.4.25 Theorem [540, 3068] Every permutation of F, is induced by an exceptional polynomial.
8.4.26 Theorem [683, 1365, 1893] Exceptional polynomials over F, have degree coprime to ¢ — 1.

8.4.27 Remark Theorem 8.4.26 is called the Carlitz—Wan conjecture. It follows from Theo-
rems 8.4.10, 8.4.11, and 8.4.12. However, the known proofs of Theorems 8.4.10 and 8.4.12
rely on the classification of finite simple groups, whereas [683, 1365, 1893] present short
self-contained proofs of Theorem 8.4.26.

8.4.28 Theorem If f € Z[z] is a permutation polynomial over F, for infinitely many primes p,
then f is the composition of linear and Dickson polynomials.
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8.4.29 Remark Theorem 8.4.28 was proved in [2558] when f has prime degree. It was shown in
[2187] (confirming an assertion in [2558]) that the full Theorem 8.4.28 follows quickly from
the main lemma in [2558] together with a group-theoretic result from [2559]. A different
proof of Theorem 8.4.28 appears in [1106, 1931, 2824], which combines this group-theoretic
result with Weil’s bound on the number of F,-rational points on a genus-g curve over .

8.4.30 Remark Theorem 8.4.28 is called the Schur conjecture, although Schur did not pose this
conjecture. The paper [1106] made the incorrect assertion that Schur had conjectured The-
orem 8.4.28 in [2558], and this assertion has become widely accepted despite its falsehood.

8.4.31 Remark The concept of exceptionality can be extended to rational functions or more general
maps between varieties [1369]. In particular, many exceptional rational functions arise as
coordinate projections of isogenies of elliptic curves [1112, 1366, 2188].

8.4.5 Applications

8.4.32 Remark Exceptional polynomials were used in [2782] to produce families of hyperelliptic
curves whose Jacobians have an unusually large endomorphism ring. These curves were
used in [765] to realize certain groups PSLy(q) as Galois groups of extensions of certain
cyclotomic fields.

8.4.33 Remark Exceptional polynomials were used in [513, 2336] to produce curves whose Jacobian
is isogenous to a power of an elliptic curve, and in particular to produce maximal curves
(see Section 12.5).

8.4.34 Lemma [857] We have (z +1)Y + 2V +1 = f(22 + z) in Fa[z], where N = 4" — 2" + 1 and
flz) =T(x)? + /22" with T(z) = 22" +a2  +---+ . This polynomial f(z) is obtained
from case 1 of Theorem 8.4.12 by putting a =1 and e = 1.

8.4.35 Remark This result (together with exceptionality of f) has been used to produce new
examples of binary sequences with ideal autocorrelation [857], cyclic difference sets with
Singer parameters [859], almost perfect nonlinear functions [858], and bent functions [859,
3009]. See Sections 10.3, 14.6, 9.2, and 9.3, respectively.

8.4.36 Remark For further results about the polynomials f from Lemma 8.4.34, including formulas
for a polynomial inducing the inverse of the permutation induced by f on Fam, see [901].
These polynomials are shown to be exceptional in [691, 692, 859, 901, 3067].

8.4.37 Remark The polynomials in cases 1 and 3 of Theorem 8.4.12 have been used to produce
branched coverings of the projective line in positive characteristic whose Galois group is
either symplectic [9] or orthogonal [8].

See Also
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[691], [692], [3067]

[691], [1895], [2185]
[835]

88.1 For discussion of permutation polynomials in one variable.
§8.3 For value sets of polynomials.
[58], [1364] For Davenport pairs, which are pairs (f, g) of polynomials in F,[z]

such that f(Fym) = g(Fym) for infinitely many m. This notion
generalizes exceptionality, since f € Fy[x] is exceptional if and
only if (f, ) is a Davenport pair.

For the factorization of f(x) — f(y) where f(z) is a polynomial
from case 1 or 3 of Theorem 8.4.12.

For the discovery of some of the polynomials in Theorem 8.4.12.
For a thorough study of exceptional polynomials using only the
Hermite—Dickson criterion, and the discovery of the polynomials
in Theorem 8.4.11 and Proposition 8.4.15.
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