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ABSTRACT. The theory of pseudo-reductive groups, developed by the authors
jointly with Gabber [CGP], was motivated by applications to finiteness theo-
rems over local and global function fields. Subsequent work [CP] aimed at a
more comprehensive understanding of exceptional behavior in characteristic 2
yielded improvements to the general theory in all positive characteristics and
a classification theorem in terms of a “generalized standard” construction over
arbitrary fields (depending on many ingredients from the initial work [CGP)).

We provide an overview of the general theory from the vantage point of
improvements found during the more recent work and survey the proof of the
general classification theorem, including examples and applications illustrating
many phenomena.
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1. Introduction

1.1. Motivation. Let G be a smooth connected affine group over a field k.
The theory of pseudo-reductive groups begins with the observation that the unipo-
tent radical %, (Gy,) over an algebraic closure k of k generally does not arise from a
k-subgroup of G when k is not perfect (though it always does when k is perfect, by
Galois descent); see Example 1.2.3 for the most basic counterexamples over every
imperfect field.

Such failure of k-descent arises almost immediately upon confronting several
natural questions in the arithmetic of linear algebraic groups over global function
fields over finite fields. This was the reason that the authors with Gabber first inves-
tigated pseudo-reductive groups, which we later learned had been studied by Borel
and Tits as part of their work on rational conjugacy theorems for general smooth
connected affine groups (announcing some results in [BoTi3] without proofs).

An important ingredient missing in the work of Borel and Tits is the “standard
construction” (see §2.2). One of the main results emerging from [CGP] and [CP] is
that all pseudo-reductive groups are “standard” away from characteristics 2 and 3
and that the “non-standard” possibilities in characteristics 2 and 3 can be described
in a useful way via a “generalized standard” construction (see §10.2). The story of
standardness and how it can fail in small characteristics underlies the most interest-
ing arithmetic applications and provides a valuable guide to the characteristic-free
general structure theory.
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The proof of the ubiquity of the generalized standard construction in [CP]
depends on many results in [CGP], in addition to requiring further new techniques.
This survey is a user’s guide to that proof.

REMARK 1.1.1. The nearly 900-page total length of [CGP] and [CP] is due
to the treatment of many topics, some of which are not directly relevant to the
study of generalized standardness. To provide a geodesic path through the proof
that most pseudo-reductive groups are standard (in fact, away from characteristics
2 and 3 all pseudo-reductive groups are standard), and that every pseudo-reductive
group (over an arbitrary field) has a canonical pseudo-reductive central quotient
that is generalized standard, we use some of the newer ideas in [CP)].

In this survey we aim to supply enough discussion of intermediate results,
proofs, and examples to give the reader a sense of the scope and usefulness of the
overall theory, but some topics are only touched upon here in an abbreviated form;
e.g., the difficult construction (via birational group laws) of “split” pseudo-reductive
groups with an irreducible non-reduced root system of any rank (over any imperfect
field of characteristic 2) is only briefly described.

The robust theory of root groups and open cells in pseudo-reductive groups,
as given in [CGP, Ch. 3], rests on scheme-theoretic dynamic techniques with 1-
parameter subgroups described in [CGP, Ch.2]. Although the theory of pseudo-
reductive groups rests on the theory of reductive groups, the same dynamic methods
can also be used to simplify the development of the theory of reductive groups
(even over rings [C3]). In this article we will survey dynamic methods (and their
applications to root groups and root systems), the general structure theory, and
Galois-twisted forms. This includes a Tits-style classification of perfect pseudo-
reductive groups G (see [CP, §6.3]) in the spirit of Tits’ work [Til] (completed by
Selbach [Sel]) in the connected semisimple case.

REMARK 1.1.2. Tt is surprising that a Tits-style classification theorem holds
in the perfect pseudo-reductive case because a “Chevalley form” (i.e., ks/k-form
admitting a k-split maximal k-torus) generally does not exist, even over every local
and global function field (see [CP, Ex. C.1.6]).

The main point of the theory of pseudo-reductive groups is two-fold:

(i) problems for arbitrary linear algebraic groups over imperfect fields k can
often be reduced to the pseudo-reductive case, but there is generally no
simple way to reduce rationality problems to the reductive case,

(ii) there is a rich structure theory for pseudo-reductive groups G in terms of
root systems, root groups, and open cells similar to the reductive case.

In (ii) there are subtleties not encountered in the reductive case; e.g., there is no
link to SLo with which one can develop the structure of root groups and open
cells in the pseudo-reductive case, root groups can have very large dimension even
if K = kg, and in the perfect pseudo-reductive case the automorphism functor is
represented by an affine k-group scheme that is generally non-smooth with maximal
smooth closed k-subgroup whose identity component is larger than G/Z.

ExXAMPLE 1.1.3. An interesting rationality question for which the difficulties
alluded to in (i) block any easy inference from the reductive case is this: if G is a
smooth connected affine group over a field k then is G(k)-conjugation transitive on
the set of maximal split k-tori in G? The answer is well-known to be affirmative
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for reductive G [Bo2, 20.9(ii)], and was announced in general (without proof) by
Borel and Tits in [BoTi3]; a complete proof is given in [CGP, Thm. C.2.3]. We
will present this result as Theorem 4.2.9, its proof makes use of the structure of
pseudo-reductive groups via Theorem 4.2.4.

One source of arithmetic motivation for the development of the general theory of
pseudo-reductive groups was the desire to strengthen results in Oesterlé’s beautiful
work [Oes] on Tamagawa numbers for smooth connected affine groups over global
function fields over finite fields. For example, parts of [Oes] were conditional on
the finiteness of the degree-1 Tate—Shafarevich set

Iy (k, G) = ker(H'(k,G) — [ H' (kv G))
vES

for any smooth connected affine group G over a global function field k£ and finite
set S of places of k. (The analogous finiteness problem with k& a number field was
settled affirmatively by Borel and Serre [BS, Thm. 7.1] by using several ingredients:
a finiteness result for adelic coset spaces [Bol, Thm.5.4], finiteness of degree-1
Galois cohomology of linear algebraic groups over local fields of characteristic 0,
and class field theory. Their approach does not adapt to positive characteristic.)

A well-known application of the finiteness of IIIg(k,G), going back to [BS]
over number fields, is to finiteness aspects of the failure of local-global principles for
homogeneous spaces over k (see Example 1.1.4 below). But even for homogeneous
spaces under “nice” groups, it is the Tate—Shafarevich sets of stabilizer subgroup
schemes (at k-points) that are relevant. Since such subgroup schemes can be non-
smooth when char(k) > 0, one wants finiteness for III§(k, G) without smoothness
hypotheses on G (in which case H!(k, G) denotes the set of isomorphism classes of
G-torsors for the fppf topology over k, and likewise over each k,). The avoidance
of smoothness is not a trivial matter, since if k is imperfect then in general Geq is
not k-smooth, nor even a k-subgroup of G (see [CGP, Ex. A.8.3| for examples).

EXAMPLE 1.1.4. Let k be a global field, X a homogeneous space for an affine
k-group scheme H of finite type, and S a finite set of places of k. For the equiv-
alence relation on X (k) of being in the same H (k,)-orbit for all v € S, does each
equivalence class consist of only finitely many H (k)-orbits? (More informally, is the
failure of a local-to-global principle for the H-action on X governed by a finite set?)
This problem for the equivalence class of a point z¢ € X (k) is very quickly reduced
to the question of finiteness of Ig(k, H,,), where H,, := {h € H |h.xg = xo} is
the scheme-theoretic stabilizer of zy in X; see the beginning of [C2, §6] for this
well-known reduction step.

Even if H is connected reductive, the stabilizer H,, may be arbitrarily bad
(e.g., if X = GL,,/G for a closed k-subgroup scheme G C GL,, =: H and xyp = 1
then H,, = G). By a trick with torsors when char(k) > 0, the general question of
finiteness of H_Ifg(k, Q) for affine k-group schemes G of finite type can be reduced
to the case of smooth connected affine G; see [C2, Lemma 6.1.1, §6.2].

The finiteness of H_Iig (k, G) for connected semisimple G is a consequence of the
Hasse Principle for simply connected semisimple k-groups (see [Ha2, Satz A] and
[BP, App. B] when char(k) > 0), and for commutative G it is a consequence of class
field theory and the structure theory of Tits [CGP, App. B] for possibly non-split
smooth connected unipotent groups over imperfect fields when char(k) > 0 (see
[Oes, IV, 2.6(a))]).
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The analogous general finiteness problem over number fields is deduced from
the settled semisimple and commutative cases in [BS] using that %, (Gz) descends
to a smooth connected unipotent normal k-subgroup U C G (which moreover must
be k-split) since k is perfect. But no such k-descent U generally exists when & is not
perfect (see Examples 1.2.3 and 1.2.4). The structure theory of pseudo-reductive
groups, especially the role of the “standard construction”, makes possible what may
presently appear to be impossible: to deduce the finiteness of IH}Q(k, Q) for general
smooth connected affine k-groups G from the settled commutative case (over k)
and semisimple case (over finite extensions of k).

1.2. Initial definitions and examples. Let G be a smooth connected affine
group over a field k. In the absence of a descent of %, (Gy) C G to a k-subgroup
of G, the following notion is the best substitute:

DEFINITION 1.2.1. The k-unipotent radical %, ,(G) is the maximal smooth
connected unipotent normal k-subgroup of G.

If K/k is any extension field then obviously
(1.2.1.1) Ru (G C R,k (Gic).-

Standard spreading-out and specialization arguments yield equality in (1.2.1.1) if
K /k is separable [CGP, Prop.1.1.9(1)], such as when K = k; or when k is the
function field of a regular curve X (or higher-dimensional normal variety) over a
field and K is the fraction field of the completed local ring ﬁé\(’m at a point z € X.

If K/k is not separable, such as K = k when k is imperfect, then the inclusion
(1.2.1.1) is generally strict. To make examples with non-equality in (1.2.1.1) we
shall use Weil restriction Ry, through a finite extension of fields &’/k that is not
separable, so let us first review why Ry is a very well-behaved operation when
K'/k is separable. The key point is that the product decomposition &' ®y ks =[], ks
defined by o’ ® b — (o(a’)b), with o varying through the set of k-embeddings of &’
into kg, yields a direct product decomposition of ks-schemes

(1.2.1.2) R /i (X )k, = Rwarn) k. Xhvgpr,) = [ [(X @w o ks)

o
for any quasi-projective k’-scheme X’. For example, if G’ is a connected reductive
K'-group then Ry, (G’) is a connected reductive k-group since Ry /i (G')i, is a
direct product of connected reductive groups.

REMARK 1.2.2. For a finite extension of fields &'/k, the Weil restriction func-
tor Ry, on quasi-projective &’-schemes preserves smoothness (by the infinitesimal
criterion) but if &’ /k is not separable then the k-algebra k' ® k is not a direct prod-
uct of copies of k and consequently Ry, /i has bad properties (illustrated in [CGP,
A.5]): it generally destroys properness, surjectivity, geometric connectedness, geo-
metric irreducibility, and non-emptiness. Thus, the good behavior for separable
k' /k (inspired by the classical idea of viewing a d-dimensional complex manifold as
a 2d-dimensional real-analytic manifold by using the R-basis {1,i} of C to convert
local holomorphic coordinates into local real-analytic coordinates) is not generally
a useful guide to the non-separable case.

Here are examples in which %, (G) = 1 but Z, .(Gf) # 1, with k any imper-
fect field, so (1.2.1.1) fails to be an equality with K = k:
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ExAMPLE 1.2.3. Let k be any imperfect field, with p = char(k) > 0, and let
k' /k be a nontrivial purely inseparable finite extension. The Weil restriction G =
Ry /k(GLy) (informally, “k’” as a k-group”) is a commutative smooth connected
affine k-group. Explicitly, G is the Zariski-open subspace complementary to the
hypersurface defined by vanishing of the norm polynomial Ny ;. in the affine space
over k associated to the k-vector space k’, so G is smooth and connected with
dimension [k’ : k] > 1.

The commutative unipotent smooth connected k-group %, (G) is trivial be-
cause the p-torsion group G(k)[p] is equal to k. [p] = 1. However, Z,7(Gp) #1
since G is not a torus (as G/GL; has dimension [k’ : k] — 1 > 0 and is killed by the
p-power [k’ : k], so it is unipotent).

More generally, if k’'/k is a finite extension of fields and G’ is any connected
reductive k’-group then consideration of the functorial meaning of Weil restriction
(instead of using the crutch of commutativity as above) shows that G := Ry /5 (G")
satisfies %, 1(G) = 1 [CGP, Prop.1.1.10]. However, if k’/k is not separable and
G’ # 1 then necessarily %, z(Gy) # 1 (see [CGP, Ex.1.1.12, Ex. 1.6.1]).

ExAMPLE 1.2.4. Let k'/k be a purely inseparable extension of degree p =
char(k) and consider G = Ry /5 (SLy)/Ris /i (p1p). The inclusion G' < Ry, (PGLy)
has codimension dim Ry /4 (ptp) = dim Ry, (GL1)[p] = p —1 > 0 with image
P (Ru i (PGLy)) and %, (G) = 1, but %, +(G) # 1 [CGP, Prop. 1.3.4, Ex. 1.3.5].

DEFINITION 1.2.5. A pseudo-reductive k-group is a smooth connected affine
k-group G such that Z, ,(G) = 1. If also G = Z(G) then G is pseudo-semisimple.

ExAMPLE 1.2.6. A mild but very useful generalization of Example 1.2.3 is
given by direct products: the pseudo-reductive k-groups Ry ,;(G’) for nonzero
finite reduced k-algebras &’ and smooth affine k’-groups G’ with connected reductive
fibers. (Concretely, if k" = [] k] for fields k] and if G/ denotes the k;-fiber of G’ then
Rir/k(G') = [[Ra;/k(G7).) This construction is far from exhaustive: the pseudo-
reductive k-group G built in Example 1.2.4 is not a k-isogenous quotient of any
k-group of the form Ry, (G") for a nonzero finite reduced k-algebra k&’ and smooth
affine k’-group G’ with connected reductive fibers [CGP, Ex. 1.4.7].

Over perfect k pseudo-reductivity coincides with reductivity (in the connected
case), but Examples 1.2.3 and 1.2.4 provide many non-reductive pseudo-reductive
groups over any imperfect field. If we define the k-radical %y (G) similarly to
Ry 1.(G) by replacing “unipotent” with “solvable” then any pseudo-semisimple G
satisfies Z1(G) = 1 (as Z(Gy) = Z#u(Gy), since Gy is perfect) but the converse
is falsel More specifically, for any imperfect field k of characteristic p > 0 and
degree-p purely inseparable extension &’/k, the Weil restriction G = Ry, (PGLy)
is pseudo-reductive (by Example 1.2.3) and satisfies G # 2(G) (as we will explain
in Example 2.2.3) but % (G) = 1; see [CGP, Ex.11.2.1].

If G is a smooth connected affine group over a field k then G/Z,, (G) is clearly
pseudo-reductive, so every such G uniquely fits into a short exact sequence

(1.2.6) 1—U—G—G/U—1

expressing it as an extension of a pseudo-reductive k-group by a smooth connected
unipotent k-group U. The usefulness of (1.2.6) rests on being able to analyze the
outer terms. For the left term, this requires applying Tits’ structure theory for
smooth connected unipotent groups [CGP, App. B] because if k is not perfect then
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U is often not k-split (i.e., U may not admit a composition series consisting of
smooth closed k-subgroups with successive quotients k-isomorphic to G,):

ExaMPLE 1.2.7. If k'/k is a nontrivial purely inseparable finite extension in
characteristic p > 0 and G := Ry, (GL,)/GL; with n > 1 then the central smooth
connected k-subgroup

U .= Rk//k(GLl)/GLl = ker(G - Rk//k(PGLn))

of dimension [k’ : k] — 1 > 0 is unipotent since it is killed by the p-power [k’ : k] yet
U does not contain G, as a k-subgroup [CGP, Ex.B.2.8]. Thus, U is not k-split.

In §2.2 we will introduce the standard construction that builds many pseudo-
reductive groups from Weil restrictions of connected reductive groups over finite
extensions of k. (This construction also involves auxiliary commutative pseudo-
reductive k-groups.) The ubiquity of the standard construction when char(k) # 2, 3
leads to a useful general principle (requiring care in characteristics 2 and 3):

to solve a problem for general smooth connected affine k-groups,
the structure theory of pseudo-reductive k-groups should reduce
the task to the commutative case over k£ and the connected
semisimple case over all finite extensions k'/k.

The method by which one applies the structure theory to carry out such a reduction
depends on the specific problem under consideration. Here are two examples:

ExXAMPLE 1.2.8. Let k be a global function field over a finite field. In Exam-
ple 1.1.4 we saw that the problem of finiteness of degree-1 Tate—Shafarevich sets
H_I}g(k,G) for arbitrary affine k-group schemes G of finite type and finite sets S
of places of k naturally leads one to the study of pseudo-reductive groups. After
reducing this problem to the case of smooth connected G, one can apply Galois-
twisting to (1.2.6) to eventually reduce to pseudo-reductive G; see [C2, §6.3]. (This
latter reduction is harder than its analogue over number fields because %, i(G) is
generally not k-split.)

Pseudo-reductivity has not yet played a role beyond its definition. The struc-
ture theory of pseudo-reductive groups, especially the ubiquity of the “standard
construction” away from characteristics 2 and 3 and a precise understanding of the
“non-standard” possibilities in characteristics 2 and 3, is what allows one to reduce
the pseudo-reductive case over k to the settled commutative case over k and the

settled semisimple case over finite extensions of k to solve the general finiteness
problem for IIT§(k, G) (see [C2, §6.4]).

ExAMPLE 1.2.9. For global function fields k, the finiteness of the Tamagawa
number of any smooth connected affine k-group was settled by Harder [Hal] and
Oesterlé [Oes, IV, 1.3] in the semisimple and commutative cases respectively, and
the general case is deduced from this via the structure theory of pseudo-reductive
groups in [C2, §7.3-§7.4]. This deduction uses standardness (and control of non-
standardness when char(k) = 2,3) very differently from how standardness (and its
controlled failure in small characteristic) is used in the proof of finiteness of degree-1
Tate-Shafarevich sets.

The failure of the standard construction to be exhaustive in characteristics 2
and 3 is due to three sources (at least the first two of which below were known
to Tits in an embryonic form [Ti3, Cours 1991-92, 5.3, 6.4]). Firstly, one can
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make “exotic” generalizations of the standard construction by using non-central
Frobenius factorizations (see [CGP, §7.1, §7.4]) that exist in characteristic p > 0 if
and only if the Dynkin diagram has an edge of multiplicity p (i.e., p = 2,3). Here
are constructions with p = 2:

EXAMPLE 1.2.10. Over a field k£ of characteristic 2, consider the exceptional
isogeny between types B, and C, (n > 1, with B; and C; understood to denote
Ay). This is given by 7, : SO(q) — Sp(B,;) for any non-degenerate quadratic space
(V,q) of dimension 2n + 1 over k and the associated symplectic space (V/VL, B,)
of dimension 2n, where V= is the defect line of ¢ and Eq is induced by the bilinear
form Bg(v,v") = q(v +v") — q(v) — q(v"). The kernel of the composite map

Spin(g) — SO(q) — Sp(B,)

is killed by the Frobenius isogeny Fgpin(q)/x : Spin(q) — Spin(q®) (with ¢ the
scalar extension of ¢ by the squaring endomorphism of k), thereby yielding a non-
central factorization of Fgpin(q)/k:

Spin(q) — Sp(Eq) — Spin(q(2)).

There is a not so widely known analogue of this Frobenius factorization for any
simply connected k-group G of type C, (n > 2) in place of Spin(q). This is fully
explained in Example 7.5.5, and goes as follows. Among the minimal non-central
k-subgroup schemes of ker Fig /), that are normal in G, there is a unique minimal
one; call it N. For G := G/N, the restriction to V := im(Lie(G) — Lie(G)) of the
quadratic map X — X2 on Lie(G) is valued in a unique line L, and the resulting
quadratic form ¢ : V' — L is G-invariant and non-degenerate. The composite
k-homomorphism G — G — SO(q) uniquely factors through the central isogeny
Spin(q) — SO(q) via a purely inseparable isogeny G — Spin(q) through which
Fg /i uniquely factors.

In §7.5 such non-central Frobenius factorizations yield non-standard pseudo-
semisimple k-groups H for which H> = Hy/%(Hy;) is simply connected of any
type B,, or C,, (n > 1) that we wish (and adapts to F4 for p = 2 and Gy for p = 3).

To describe a second source of non-standard examples, we need to make an ob-
servation concerning root systems associated to standard pseudo-reductive groups.
In §2.3 we will see that if G is a pseudo-reductive k-group and T is a split maximal
k-torus in G (as exists when k = k) then the set ®(G,T) of nontrivial T-weights
on Lie(G) is a root system (spanning the Q-vector space X(1")q for the maximal
k-torus T7 := T N 2(G) in 2(G) that is an isogeny complement in 7' to the maxi-
mal central k-torus in G). Inspection of the standard construction shows that this
root system is always reduced when G is standard [CGP, Cor.4.1.6], and in fact
without any standardness hypotheses ®(G, T') is reduced whenever char(k) # 2 (see
Theorem 3.1.7) or k is perfect.

Now choose an imperfect field & with characteristic 2 and an integer n > 1.
There exist pseudo-semisimple k-groups G with a split maximal k-torus T' of di-
mension n such that ®(G,T) is the unique non-reduced irreducible root system
BC,, of rank n. The construction of such G (see §8) is rather delicate, involving
birational group laws, in contrast with the preceding constructions that rest only
on concrete operations with affine groups via Weil restrictions and fiber products.
The existence of such k-groups G is ultimately due to the combinatorial fact that
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among all reduced and irreducible root systems, precisely type C,, (n > 1) admits
a root that is divisible in the weight lattice (and moreover only divisible by +2).

REMARK 1.2.11. The pseudo-semisimple groups G with root system BC,, whose
construction is reviewed in §8 admit a natural quotient map f : G — G =
Ry /1(Spyy,) for a nontrivial finite extension k/k contained inside k/2. If [k : k2] is
finite then such G can be built for which the induced map G(k) — G(k) = Sp,,, (k')
is bijective, and the structure of G ensures that the inverse bijection is a coun-
terexample to a conjecture [BoTi2, 8.19] of Borel and Tits on the algebraicity
of certain “abstract” homomorphisms between connected linear algebraic groups,
even if we restrict to perfect connected linear algebraic groups. This affirms the
expectation of Borel and Tits that restrictions on k (e.g., avoidance of imperfect
fields of characteristic 2) may be needed in their conjecture.

A third source of non-standard pseudo-reductive groups occurs only over im-
perfect fields k of characteristic 2. In the rank-1 pseudo-semisimple case, one class
of such k-groups arises from purely inseparable finite extensions K /k and nonzero
proper kK?2-subspaces V C K such that the ratios v’/v of nonzero elements of
V generate K as a k-algebra. Given such data, which exist over k if and only if
[k : k%] > 2, the k-subgroup Hy ki C Riyp(SLz) generated by the points (§9)
and (1 9) for all v € V is perfect and pseudo-reductive. The k-isomorphism class of
Hy, ki depends on V precisely up to K *-scaling, so this class of k-groups consti-
tutes a “continuous family”; it plays a role in the above birational construction for
BC,,, and admits as higher-rank generalizations certain “special orthogonal” groups
attached to a distinguished class of degenerate quadratic forms in characteristic 2
(see §7.3). The properties of the k-groups Hy, f;, are addressed in §7.2.

1.3. Terminology and Notation. For a finite flat extension B — B’ of
noetherian rings, we denote by Rp//p the Weil restriction functor assigning to any
quasi-projective B’-scheme X’ the quasi-projective B-scheme Rp//5(X’) represent-
ing the functor on B-algebras A ~ X'(A ®p B’); we refer the reader to [CGP,
A.5] for a discussion of the existence and basic properties of this functor (especially
beyond the classical case when B’ is finite étale over B).

For any scheme X, the underlying reduced closed subscheme (with the same
topological space) is denoted X,eq. For a group scheme H of finite type over a field
k, H™ denotes the maximal smooth closed k-subgroup; see [CGP, C.4.1-C.4.2]
for its existence and basic properties and see [CGP, A.8.2] for the equality with
H,eq when H is of multiplicative type (but H*™ is usually much smaller than H,eq;
see [CGP, A.8.3, C.4.2] for examples).

For a smooth affine group G over a field k, GrEed denotes the quotient of Gy
modulo its unipotent radical; we define G%S similarly using the radical. A finite-
dimensional quadratic space (V, q) over a field k is non-degenerate if ¢ # 0 and the
projective hypersurface (¢ = 0) C P(V*) is k-smooth.

For a group scheme G of finite type over a field k£ and smooth closed k-subgroup
H, the scheme-theoretic centralizer Zo(H) is the closed k-subgroup scheme of G
representing the functor assigning to any k-algebra A the group of points g € G(A)
whose conjugation action on the A-group G4 is trivial on Hy4; see [CGP, A.1.9{f]
for the existence of Zg(H). In the special case H = G (with G smooth) it is called
the scheme-theoretic center and is denoted by Zg (e.g., Zsr,, = p, for all integers
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n > 1). The existence and basic properties of Zg(H) when H is of multiplicative
type (but possibly not smooth) is addressed in [CGP, Prop. A.8.10].

Whenever we speak of “centralizer”, “kernel” (for a homomorphism), and “in-
tersection” (of closed subgroup schemes), it is always understood that we intend
the scheme-theoretic notions (which may not be smooth). In [CGP, A.1] many ba-
sic definitions in the group scheme context are reviewed and the relationship with
more classical definitions (when available) is discussed, such as quotients modulo
closed subgroups.

1.4. Simplifications and corrections. In addition to surveying the com-
bined works [CGP] and [CP], we have taken the opportunity to provide some
simplifications and improvements, as well as a few corrections. For the convenience
of the reader we highlight those items here, beginning with the simplifications.

(i) It is an important fact in the general theory that the Weil restriction
Ry (G") is perfect for any (possibly non-separable) finite extension of
fields k' /k and connected semisimple k’-group G’ that is simply connected.
The original proof given in [CGP, Cor. A.7.11] relies on group scheme
techniques over artinian rings; in Proposition 2.2.4 we provide a shorter
and simpler proof using only smooth affine groups over fields.

(ii) In the study of pseudo-reductivity, an important notion is that of a pseudo-
parabolic k-subgroup of a smooth connected affine k-group G. The def-
inition of pseudo-parabolicity via a dynamic procedure (rather than by
a geometric property of the associated coset space), given in Definition
2.3.6, may initially look ad hoc. However, it is a powerful concept (and is
equivalent to parabolicity when G is reductive).

As for parabolic k-subgroups, every pseudo-parabolic k-subgroup of a
smooth connected affine k-group G is its own scheme-theoretic normalizer;
we give a proof of this fact in Theorem 4.3.6 that is substantially simpler
than the proof given in [CGP, Prop. 3.5.7].

(iii) It is very useful that any pseudo-reductive k-group G admitting a split
maximal k-torus T' (such as whenever k = k) contains a Levi k-subgroup
L>T (ie., Ly — Gr{d is an isomorphism); moreover, one can control the
position inside G of the simple positive root groups for L. The proof here
as Theorem 5.4.4 is simpler than the one in [CGP, Thm. 3.4.6].

(iv) The first main classification theorem in the general theory of pseudo-
reductive groups is that the standard construction is ubiquitous away from
specific situations over imperfect fields of characteristics 2 and 3. This is
made precise in the absolutely pseudo-simple case in Theorem 7.4.8, whose
proof is much simpler than the one in [CGP, Cor. 6.3.5, Prop. 6.3.6].

One of the key facts this rests upon, recorded here in Theorem 7.2.5(i),
is that for any field k£ that is not imperfect of characteristic 2 and any ab-
solutely pseudo-simple k-group G whose root system over ks has rank 1
and whose minimal field of definition for its geometric unipotent radical
is K/k, the natural map ig¢ : G — Rg,p(Gk/%ux(Gk)) is an isomor-
phism. The proof here, based on ideas from [CP, §3.1], is a substantial
simplification of the proof given in [CGP, Thm.6.1.1].

(v) One of the main results in [CP] concerns the ubiquity of the “generalized
standard” construction, a generalization of the standard construction that
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accounts for exceptional phenomena over fields k of characteristic 2 sat-
isfying [k : k?] > 2. A crucial step towards the proof of its ubiquity is
that the “generalized standard” property is insensitive to passage to the
derived group. We give a proof of this fact (in Proposition 10.2.5) that is
significantly simpler than the proof in [CP, §9.1].

Now we mention four corrections. The first correction concerns the relation-
ship between pseudo-parabolic k-subgroups of a pseudo-reductive k-group G and
parabolic subgroups of G’ = G%Ed. The formulation of such a dictionary in [CGP,
Prop. 3.5.4] omits the hypothesis that the chosen maximal k-torus T is split; this
is needed to justify scalar extension to ks at the start of the argument. We provide
a much simpler proof of the corrected formulation in Proposition 4.3.3, moreover
avoiding the passage to ks;. That missing split hypothesis does not harm the proofs
of results in [CGP] (or work in [C2] and [CP] relying on [CGP]) because every
appeal to [CGP, Prop.3.5.4] (e.g., in the proof of [CP, Prop.8.1.4]) takes place
over a separably closed field (where all tori are split) with two exceptions:

(a) [CGP, Cor.3.5.11] has a formulation that permits its proof to begin by
extending the ground field to its separable closure,

(b) [CGP, Prop.11.4.4] concerns a pseudo-reductive k-group with a split
maximal k-torus, and its proof works using the corrected formulation of
[CGP, Prop. 3.5.4] because every pseudo-parabolic k-subgroup contains a
split maximal k-torus (see Lemma 4.2.7, which has no logical dependence
on anything in [CGP, Ch. 11]),

The second correction involves [CGP, Prop. 3.3.15] that provides three basic
properties of minimal pseudo-parabolic k-subgroups P in a pseudo-reductive k-
group G containing a split maximal k-torus. The formulation is correct but there
is a gap in Step 1 of the proof in [CGP]: it was overlooked to show (as is needed in
the proof) that every minimal pseudo-parabolic k-subgroup of such a G necessarily
contains a split maximal k-torus. We establish [CGP, Prop. 3.3.15(1),(2)] by more
direct means as Proposition 3.3.7, and establish part (3) as Proposition 4.2.8.

The third correction is at the end of the proof of [CGP, Lemma 7.1.2]. Replace
the last sentence with: “By the Chevalley commutation relations [SGA3, XXIII,
3.3.1(iii), 3.4.1(iii)], if ¢ is a positive root and ¢’ is a short positive root such that
ic+c is a long root then r; 1 = p vanishes in k£.” (That ¢ may be short was missed.)

The final correction is that [CP, Prop.8.4.3] was not formulated in enough
generality for later needs (in the proof of [CP, Thm. 9.2.1]), but its proof applies
in the required additional generality. We record that result here in the appropriate
generality as Proposition 10.1.15 and provide a proof; it implies that certain data
entering into the “generalized standard” construction can be canonically recovered
from the output of that construction (see Corollary 10.2.6). Galois descent then
ensures that the “generalized standard” property over a field k is insensitive to
scalar extension to ks (Corollary 10.2.8), so when proving a given pseudo-reductive
k-group is generalized standard (as in one of our main results, Theorem 10.2.13)
it is sufficient to work over ks. Passage to ks is essential for accessing calculations
with root groups and properties of the rank-1 case.

1.5. Acknowledgements. The authors are grateful to the Tulane University
Mathematics Department for its warm hospitality in hosting the Clifford Lectures,
to Michel Brion and Mahir Can for providing us with the opportunity to speak
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1100784 and G.P. was partially supported by NSF grant DMS-1401380.

2. Standard groups and dynamic methods

2.1. Basic properties of pseudo-reductive groups. If K/k is a separable
extension of fields (e.g., K = ks) then a smooth connected affine k-group G is
pseudo-reductive if and only if G is pseudo-reductive, since (1.2.1.1) is an equality
in such cases. In particular, since G(ky) is Zariski-dense in Gy,_, it follows easily by
Galois descent from kg that if G is pseudo-reductive and N is a smooth connected
normal k-subgroup of G then N is pseudo-reductive. For example, the derived
group Z(G) of a pseudo-reductive group is always pseudo-reductive.

A consequence of the pseudo-reductivity of the derived group is that solvable
pseudo-reductive groups G are always commutative [CGP, Prop.1.2.3]. Indeed,
solvability implies that Z(G) is unipotent (as we may check over k by using the
structure of solvable smooth connected affine k-groups), yet 2(G) inherits pseudo-
reductivity from G and hence 2(G) = 1; i.e.,, G is commutative. However, in
contrast with tori (which can be studied by means of Galois lattices), it is generally
very difficult to say anything about the structure of commutative pseudo-reductive
groups (e.g., they can admit nontrivial étale p-torsion in characteristic p > 0 [CGP,
Ex.1.6.3]). Hence, in structure theorems for pseudo-reductive groups we shall treat
the commutative case as a black box.

Further similarities with the reductive case are given by the following result
that often enables one to reduce general questions for pseudo-reductive groups to
the separate consideration of commutative and pseudo-semisimple cases:

PRrOPOSITION 2.1.1. Let G be a pseudo-reductive k-group and T C G a k-torus.

(i) The scheme-theoretic centralizer Zg(T) is pseudo-reductive, and it is com-
mutative when T is mazimal in G.
(ii) Any Cartan k-subgroup C of G is commutative and pseudo-reductive and
G=C-2G).
(iii) The derived group P(G) is perfect (i.e., pseudo-semisimple).

PROOF. The proof of the first part of (i) entails using the analogue for G%ed =
G5/ %.(G5,) and the good behavior of torus centralizers under quotient maps (such
as G —» G%ed) to show that Zy k(Zc(T)) C Xy r(G). Any Cartan k-subgroup C
is certainly nilpotent, so the derived group Z(C) is a smooth connected unipotent
normal k-subgroup of C'. But we have shown that C' is pseudo-reductive, so Z(C) =
1; i.e., C is commutative. This proves (i).

We next claim that for any smooth connected affine k-group H and Cartan
k-subgroup C of H, H=C - 2(H). Indeed, H/%(H) is commutative and hence is
its own Cartan k-subgroup, so the Cartan subgroup C of H maps onto H/Z(H).
This yields (ii).

To prove (iii), let C be a Cartan k-subgroup of G. By [CGP, Lemma 1.2.5(ii)],
CN2(G) is a Cartan subgroup of 2(G). Hence, 2(G) = (CN2(Q))- 2(2(G)) C
C-2(2(G)). Therefore, G=C-2(G)=C-2(2(G)). But C is commutative, so
G/2(2(G)) is commutative and thus Z(G) C 2(Z2(G)). The reverse inclusion is
obvious. ]
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The commutativity of any Cartan k-subgroup C of a pseudo-reductive k-group
G implies immediately that C coincides with its own scheme-theoretic centralizer
in G, so C contains the scheme-theoretic center Z¢g of G (as in the reductive case).
Another feature of pseudo-reductive groups reminiscent of the connected reductive
case (and not shared by smooth connected affine groups in general) is that normality
is transitive for smooth connected k-subgroups:

ProrosiTiON 2.1.2. If G is a pseudo-reductive k-group, H is a smooth con-
nected normal k-subgroup of G, and N is a smooth connected normal k-subgroup of
H then N is normal in G.

The case of perfect N can be settled by using the known analogous result for
G%Cd. The general case is deduced from this via considerations with root systems
over ks. See [CGP, Prop.1.2.7, Rem. 3.1.10] for details.

Despite the preceding favorable basic properties, in general pseudo-reductivity
is mot an especially robust notion (in contrast with reductivity):

ExaMPLE 2.1.3. Over any imperfect field k of characteristic p > 0, pseudo-
reductivity is usually not inherited by quotients modulo central k-subgroup schemes
(e.g., Ry /x(SLyp)/pp is not pseudo-reductive for any nontrivial purely insepara-
ble finite extension k'/k in characteristic p [CGP, Ex.1.3.5]) or modulo pseudo-
semisimple normal k-subgroups (see [CGP, Ex. 1.6.4]).

Although central quotients G/Z of pseudo-reductive k-groups G can fail to be
pseudo-reductive, such failure is governed by the commutative case: for any Cartan
k-subgroup C of G, the k-smooth central quotient G/Z is pseudo-reductive if and
only if its Cartan k-subgroup C/Z is pseudo-reductive [CGP, Lemma 9.4.1].

EXAMPLE 2.1.4. The failure of Ry /,(SLy,)/up to be pseudo-reductive for a
nontrivial purely inseparable finite extension k’/k in characteristic p is explained by
the failure of pseudo-reductivity of its Cartan k-subgroup @ = Ry /k(GL‘”‘f*l) [ ps
where (1, is canonically included into the first factor Ry /,(GL1). Indeed, for a
degree-p subextension kg /k of k'/k the quotient Ry /1.(p1p)/p1p is a k-subgroup of
Q, and since k(" C k this k-subgroup coincides with the k-group Ry /1 (GL1)/GLy
that is smooth, connected, and unipotent of dimension p — 1 > 0.

Among the central quotients of a pseudo-reductive group G, the central quotient
G/Zg (with Zg C G the scheme-theoretic center) is especially useful. Fortunately,
G/Zg is always pseudo-reductive and has trivial scheme-theoretic center (but it
might not be perfect, in contrast with the reductive case); see §6.1.

As a final illustration of the contrast between pseudo-reductive and reductive
groups, recall that any connected reductive group H over a field k is unirational
[Bo2, 18.2(ii)]. (The k-group H is generated by its perfect derived group and
its maximal central k-torus, so alternatively one can appeal to the more general
fact [CGP, Prop. A.2.11] that every perfect smooth connected affine k-group is
generated by k-tori.) This unirationality property yields the important consequence
that H (k) is Zariski-dense in H when k is infinite. This fails badly in the pseudo-
reductive case:

ExXAMPLE 2.1.5. For every imperfect field k there exist pseudo-reductive k-
groups G that are not unirational, and for rational function fields k& = x(v) over
fields k of positive characteristic there exist nontrivial pseudo-reductive k-groups
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G such that G(k) is not Zariski-dense in G. In view of the unirationality of the
perfect 2(G) [CGP, Prop. A.2.11] and the equality G = C - 2(G) for a (commu-
tative pseudo-reductive) Cartan k-subgroup C' C G, all obstructions arise in the
commutative case.

To make a commutative pseudo-reductive k-group that is either not unirational
or does not have a Zariski-dense locus of k-points, it suffices to construct a smooth
connected unipotent k-group U with either of these properties and build a commu-
tative pseudo-reductive extension of U by GL; over k.

Let U = {y? = 2 — c?~*2P} where p = char(k) > 0, c € k— kP, and ¢ = p" > 1.
In [CGP, Ex.11.3.1] it is shown that: U admits a commutative pseudo-reductive
extension by GLj over k, U is not unirational over k if ¢ > 2, and when k = k(v)
for a field s of characteristic p > 0 the group U(k) is finite if ¢ > 2 and ¢ = v.

2.2. The standard construction. A large class of pseudo-reductive groups
can be built by using actions of commutative pseudo-reductive k-groups on Weil
restrictions to k of connected reductive groups over finite (possibly inseparable)
extensions of k. Before describing this construction, we address the preservation
of pseudo-reductivity under certain central pushouts that “replace” a Cartan k-
subgroup with another commutative pseudo-reductive k-group.

PROPOSITION 2.2.1. Let 4 be a pseudo-reductive k-group and € a commutative
pseudo-reductive k-subgroup satisfying € = Zgy(€). Let C be another commutative
pseudo-reductive k-group equipped with an action on 9 and with a k-homomorphism
¢ : € — C respecting the actions on 9. The cokernel G of the central inclusion

0:C—=>9YxC
defined by c — (¢, ¢(c)) is pseudo-reductive.
Informally, G is obtained from ¢ by replacing € with C.

PrROOF. It is elementary to check that H := 4 x C is pseudo-reductive and
that any central k-subgroup of H is contained in ¢ x C'. Hence, to prove that U :=
P, 1(G) is trivial it suffices to show that the (visibly solvable) smooth connected
normal preimage N C H of U is central, as then natually U = N/% — C, forcing
U = 1 since C' is commutative and pseudo-reductive.

To show that N is central in H it is enough to prove that the smooth con-
nected normal commutator k-subgroup (H, N) in the pseudo-reductive k-group H
is unipotent. But for any smooth connected affine k-group H and solvable smooth
connected normal k-subgroup N, the commutator subgroup (H,N) is unipotent
(as we easily check over k by working with the maximal reductive quotient Hgd in
which the solvable normal image of Nz must be a normal torus, hence central due
to the connectedness of H%ed). O

The main class of €”’s of interest for applying Proposition 2.2.1 is the Cartan
k-subgroups of ¢, and in such cases the k-group C' = (% x C)/a(%) is a Cartan
k-subgroup of G. There are many natural examples in which ¢ is not surjective;
these arise in the “standard construction” (see Definition 2.2.6) and in the study of
both kg /k-forms and automorphism schemes of general pseudo-semisimple groups.

To apply Proposition 2.2.1 in the special case ¥ = Ry, (G’) for a finite ex-
tension of fields k'/k and a connected reductive k’-group G’, it is convenient (for
motivational purposes) to first review how the behavior of Ry /5, on linear algebraic
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groups is sensitive to whether or not k'/k is separable. If k'/k is separable and
f’ X' = Y’ is a surjection between affine k’-schemes of finite type then it is
an immediate consequence of (1.2.1.2) and considerations over k, that Ry, (f’) is
surjective. If we drop the separability condition on &’/k then Ry (f') is surjective
provided that f’ is also smooth (in which case Ry /i (f’) is smooth too) [CGP,
Cor. A.5.4(1)], but surjectivity fails to be preserved in the absence of smoothness:

ExaMPLE 2.2.2. Consider the p-power endomorphism [’ : GL; — GL; over
a degree-p inseparable extension k'/k in characteristic p. The map Ry (f') is
the p-power endomorphism of the smooth connected affine k-group Ry, (GL1) of
dimension p. The image of Ry /4 (f’) lies inside the canonmical k-subgroup GL;
(and so coincides with this k-subgroup) because the image of the p-power map on
Ry /i (GL1)(ks) = (K" @5 ks)™ is contained inside k) = GL1 (k).

Although Weil restriction through a finite extension of fields &' /k does not pre-
serve many properties when k’/k is not separable (Remark 1.2.2), it does preserve
the property “smooth and geometrically connected” [CGP, Prop. A.5.9] (such as
for smooth connected affine groups), and if X’ is a smooth affine k’-scheme with
pure dimension n then X := Ry /(X’) is k-smooth (by the infinitesimal criterion)
with pure dimension n[k’ : k] (as we may check by computing tangent spaces at the
Zariski-dense set of k,-points in Xy, = Ry /i (X' @4 kf) for kf := k' @4 ks).

Also, if f": X’ — Y is a torsor for a smooth affine k’-group H' then Ry /(f')
is an Ry /5 (H')-torsor [CGP, Cor. A.5.4(3)]. For our purposes, the most important
example is that the natural map

R /x(G") /Ry ju(H') — Ry i (G'/H')

is an isomorphism for any affine k’-group scheme G’ of finite type and smooth
closed k’-subgroup H'. (In particular, if such an H’ is normal in G’ then Ry /1, (H')
is normal in Ry, (G”") and the associated quotient group is Ry, (G'/H').)

The k’-smoothness hypothesis on H' is crucial, since Example 2.2.2 shows that
inseparable Weil restriction generally does not carry isogenies to surjections, even
when working with smooth connected affine groups. The bad behavior of insepa-
rable Weil restriction with respect to isogenies has interesting consequences in the
context of connected semisimple groups, such as a non-perfect inseparable Weil
restriction of such a group:

EXAMPLE 2.2.3. Let k be imperfect of characteristic p, and let k¥’ /k be a non-
trivial finite extension satisfying &’ C k. The smooth connected affine k-group
Ry /i (PGLy) is not perfect. To understand this, and more generally to analyze the
structure of this k-group, the quotient presentation PGL, ~ SL,/u, over k' is not
useful because Ry, is not compatible with the formation of this central quotient
by the non-smooth g, (as we shall see).

We need a quotient presentation entirely in terms of smooth k’-groups. The
central quotient description GL,/GL; could be used, but for later purposes it is
more convenient to consider another central quotient description with smooth k'-
groups, as follows.

Let T” C SL,, be a maximal k’-torus (such as the diagonal k’-torus), and define
T = T’/ to be its maximal k'-torus image in PGL,. The conjugation action
of SL,, on itself naturally factors through an action on SL, by the central quotient

PGL,, so in this way the k’-subgroup T c PGL,, naturally acts on SL,. This yields
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a k’-isomorphism

PGL, ~ SL,/p, ~ (SL, x T')/T",
where 7" < SL, x T is the central anti-diagonal inclusion ¢’ =", ¢ mod Ep)-
The right side involves only smooth &’-groups and so yields a k-isomorphism

(2.2.3) Ry (PGLy) = (Rir /1 (SLp) % Ry (T')) /Ry i (T7)

in which Rk//k(T/) acts on Ry, (SLy,) by applying the functoriality of Ry to
the 7" -action on SL,. (Beware that Ry /i (T") — Rk//k(T/) is not surjective, as
T,g,g — T;g is the direct product of GLY™? against the p-power map GL; — GL;.)

On the right side of (2.2.3) we have an instance of the cokernel construction in

Proposition 2.2.1, and the k-group Ry, (SL,) is perfect since its group of k,-points
SL, (k.) is perfect (as SL,,(F) is generated by subgroups of the form SLo(F) for any

field F'). Thus, the commutativity of Ry (T/) implies that

PR /k(PGLy)) = Ry 1 (SLp ) /Rir y1c (1),
with Ry /i (p1p) = ker([p] : Ry /1 (GL1) — GL1) of dimension p — 1 > 0 (as noted in
Example 1.2.4). But R/, (PGL,) and Ry /4 (SLy) have the same dimension, so it
follows that Ry /i, (PGLy) is not perfect.

To put the construction in Example 2.2.3 into a broader framework, as a first
step we record an important result that explains the dichotomy between the per-
fectness of Ry, (SLp) and the failure of perfectness of Ry, (PGL,) above:

PROPOSITION 2.2.4. If k' /k is a finite extenion of fields and G’ is a connected
semisimple k'-group that is simply connected then G := Ry, (G") is perfect (and
hence is pseudo-semisimple).

PROOF. Suppose the commutative quotient H := G/2((G) is nontrivial, so
the Lie algebra b of H is a nonzero G-equivariant quotient of g := Lie(G) with
trivial G-action. Hence, it suffices to show that the space gg of G-coinvariants of g
vanishes. By treating the factor fields of k' ®y, k, separately we may assume k = k,,
S0 ga = ga(k)- Identifying G(k) and G’ (k') is compatible with identifying g and the
underlying k-vector space of g’ [CGP, Cor. A.7.6], so it suffices to prove g, = 0.

The simply connectedness hypothesis implies that a maximal torus 7" of G’ is
the direct product of coroot groups a"(GLj) for roots a in a basis A of ®(G',T"),
and pairs of opposite root groups (relative to the positive system of roots associated
to A) generate SLy’s inside G’. The Lie algebras of these SLa’s span Lie(G’) (as one
sees via consideration of an open cell), so the vanishing of G’-coinvariants under
Adg reduces to the case G' = SLy that is verified by direct calculation. O

2.2.5. The following construction of a large class of pseudo-reductive groups will
admit a refined formulation via Proposition 2.2.4. Let k be a field, k" a nonzero finite
reduced k-algebra, and G’ a smooth affine k’-group whose fibers over the factor fields
of k" are connected reductive. (The reason we consider such a product &’ of fields as
a single k-algebra, rather than treat its factor fields k; and the corresponding fiber
groups G’ of G’ separately, is due to convenience in later Galois descent arguments
since scalar extension along k — ks generally does not carry fields to fields.)

Let T" C G’ be a maximal k'-torus, and let Ry, (G’ /Zgr) act on Ry /1 (G”) by
applying Ry /j, to the natural G’ /Zgs-action on G”. (If the k’-group Zg is non-étale
over some point of Spec(k’) that is not k-étale then Ry /1, (G'/Z¢r) is generally larger
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than Ry /5 (G") /Ry /x(Zcr).) Finally, consider a commutative pseudo-reductive k-
group C equipped with a factorization

(2.2.5.1) Ry /i (T') 25 C — Ry ju(T'/ Zer)

of the natural k-homomorphism Ry, (T") — Ry /x(T"/Zcr) (which is generally not
surjective when Zg- is not k’-étale over some point where Spec(k’) is not k-étale).

Since 1" is a Cartan k’-subgroup of G, Ry /(1") is a Cartan k-subgroup of
Ry /k(G") [CGP, Prop. A.5.15(3)]. Thus, by Proposition 2.2.1 the central quotient

(2252) (Rk//k(Gl) X C)/Rk//k(T/)
modulo the anti-diagonal inclusion Ry /(T") < Ry /5 (G") x C' is pseudo-reductive.

DEFINITION 2.2.6. A standard pseudo-reductive k-group is a k-group that is
k-isomorphic to (2.2.5.2) for some 4-tuple (G, k' /k,T’,C) as above equipped with
a factorization (2.2.5.1).

Note that every commutative pseudo-reductive k-group is standard, by letting
k' = k and G’ = 1. The pseudo-semisimple k-groups in Example 1.2.4 that do
not arise as a k-isogenous quotient of the Weil restriction of a connected reductive
group over any finite extension of k are nonetheless standard; see Example 2.2.8.
In practice, to solve problems for a standard pseudo-reductive group one can often
reduce to the study of Ry /;(G’); this makes standardness a useful notion.

Beware that using different 4-tuples (equipped with respective factorizations
(2.2.5.1)) as the data in Definition 2.2.6 can yield the same G. For instance, the
data specifies a Cartan k-subgroup C' C G, and if there is a proper k-subalgebra
ko C k' over which k' is étale then we can replace (G', k'/k) with (R /x; (G'), ko / k).
Hence, for non-commutative standard pseudo-reductive k-groups G, two questions
arise:

(1) Does G admit a “standard” description relative to any Cartan k-subgroup?

(2) Can (G',k'/k) be chosen so that the fibers of G’ over the factor fields of
k' are absolutely simple (to avoid the artificial presence of separable Weil
restriction in G”)?

The answers are affirmative, and (provided that G’ has absolutely simple and
simply connected fibers over the factor fields of &', as may always be arranged in
the non-commutative case) this allows us to arrange that the data (G',k'/k,T',C)
and (2.2.5.1) are uniquely determined up to unique isomorphism by the pair (G, C).
Most of the proofs involve root groups and are addressed in a more general setting
later (see Corollary 10.2.6 and Proposition 10.2.7). For now we only need the exis-
tence aspect in (2), so we address that and then introduce dynamic constructions
underlying a robust theory of root groups in the pseudo-reductive case.

PROPOSITION 2.2.7. Any non-commutative standard pseudo-reductive group G
arises from a 4-tuple (G', k' /k,T',C) and factorization (2.2.5.1) such that the fibers
of G' — Spec(k’) are semisimple, absolutely simple, and simply connected.

PROOF. Choose an initial 4-tuple (G, k' /k,T',C) and diagram (2.2.5.1) giving
rise to G. Since Ry, (T") x C'is a Cartan k-subgroup of Ry, (G") x C (see [CGP,
Prop. A.5.15(3)]), it follows that in the quotient G the inclusion C' < G is a Cartan
k-subgroup. The derived group Z(G) is perfect (Proposition 2.1.1(iii)), so by the
commutativity of C' it follows that the image of Z(Ry//,(G’)) in G is Z(G). In
particular, G’ is non-commutative since 2(G) # 1 by hypothesis.
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Let 9’ = 2(G'),s0 J' :=T'NY" is a maximal k’-torus in 4’ [CGP, Cor. A.2.7].
(Some fibers of G’ over Spec(k’) might be commutative, and the corresponding
fibers of &' are trivial.) For the simply connected central cover 7 : G - ¢ ,
the preimage T = 77Y.7") is a maximal k’-torus and the image of Ry ji(m) is
PR /1(9')) by Proposition 2.2.4 (since the commutator morphism ¢’ x 4" — ¢
factors through , so likewise after applying Ry ;). The pseudo-reductivity of
Ry (G”) implies that Z(Ry /1, (G")) is perfect (Proposition 2.1.1(iii)), yet the latter
derived group is contained in Ry /(%) since

is exact with commutative final term, so

PRy i(G")) = image(Ry i (G') — Ry /1(9)).

In other words, Z(G) is the image of Ry /1 (G') — G.

The composite map G/ — 4’ — G carries 7" into T" and Zg, into Zgr inducing
an isomorphism G’ /Zz ~ G'/Zg between maximal adjoint semisimple quotients,
so likewise we obtain a natural isomorphism T"/Z5, ~ T"/Z¢. Using the diagram

Ry /1 (T") — Ry (1) 20— Ry i (1" Zr) ~ Ry 1 (T' [ Z3,)
whose composition is the natural map, we can make a standard pseudo-reductive
k-group
H = Ry i(G') % C) /R y1o(T")
equipped with an evident k-homomorphism
JiH — Ry p(G) % O) Ry i (T") =: G = 2(G) - C

that is visibly surjective. N
We claim that ker f = 1. It suffices to show that if a point (¢’, ¢) € Ry (G') xC
(valued in a k-algebra) maps into the anti-diagonal k-subgroup

Rk’/k(T/) — Rk:’/k(G/) x C

then g’ € Rk//k(f’). This follows immediately from the compatibility of Ry, with
fiber products, as that gives

Rk’/k(f,) = Rk//k(yl) XRk’/k(g/) Rk’/k(é/) = Rk’/k(T/) XRk’/k(G,) Rk’/k(é/)'
By replacing (G, T') with (C~7" T ) and working with the factorization diagram
Rk//k(j:l) — C — Rk//k(TI/Z"’,)

built above, we reduce to the case that all fibers of G’ over factor fields of k' are
semisimple and simply connected. Those factor fields k. of &’ for which the fiber
G} of G’ is trivial may clearly be dropped from consideration, so we may assume
that every G’ is nontrivial.

By working over each factor field of k' separately, it is well-known (see [CGP,
Prop. A.5.14]) that there exists a finite étale cover Spec(K’) — Spec(k’) and smooth
affine K’'-group H’ whose fibers are connected semisimple, absolutely simple, and
simply connected such that Ry, (H') ~ G'. By [CGP, Prop. A.5.15(1),(2)] we
have Zg: = Rk i (Zp+) and there exists a unique maximal K’-torus S” in H’
such that RK’/k’(S/) = T/, SO RK//k(S//ZH/) = Rk//k(T//Zg/) and RK//k(S/) =
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Ry (T") since K’ is k'-étale. Hence, using the 4-tuple (H’, K'/k,S’,C) and cor-
responding factorization diagram recovers GG in the desired manner. (]

EXAMPLE 2.2.8. The nontrivial standard pseudo-semisimple k-groups G are
precisely the pseudo-reductive central quotients Ry /1, (G’)/Z where &’ is a nonzero
finite reduced k-algebra and G’ is a smooth affine k’-group whose fibers over the fac-
tor fields of k' are connected semisimple, absolutely simple, and simply connected.

Indeed, if we describe G using a 4-tuple as in Proposition 2.2.7 then the k-group
G = 2(G) is the image of the map Ry /x(G") — G, and the kernel Z of this latter
map is exactly

ker(¢ : Ry /(T") — C) C ker(Ryy /i (T") — Ry (T / Zr)) = Ry jie(Z )

so Z is central in Ry /5 (G").

Conversely, for such pairs (k'/k, G’) and a closed k-subgroup Z C ZRk’/k(G/) =
Ry /x(Zar) (see [CGP, Prop. A.5.15(1)] for the equality), we have to show that any
central quotient G := Ry, (G")/Z that is pseudo-reductive is necessarily standard.
Let 7" C G’ be a maximal k’-torus, so C' := Ry, (T") is a Cartan k-subgroup of
Ry /k(G") due to [CGP, Prop. A.5.15(3)]. Hence, C/Z is a Cartan k-subgroup of
Ry /k(G")/Z, so if Ry (G')/Z is pseudo-reductive then C'/Z is pseudo-reductive.
The converse holds too: since Ry /x(G')/Z ~ (Ry /i (G') x (C/2))/C with C/Z
acting through its natural homomorphism into Ry /4 (T"/Zg:), if C/Z is pseudo-
reductive then Ry, (G’)/Z is given by the “standard” construction and thus is
pseudo-reductive.

2.3. Dynamic techniques and pseudo-parabolic subgroups. The struc-
ture of split connected reductive groups over a field k rests on the fact that a
connected semisimple k-group with a split maximal k-torus of dimension 1 is k-
isomorphic to SLy or PGLs. In particular, the construction of root groups and root
data for split connected reductive groups ultimately rests on this rank-1 classifica-
tion. Nothing similar is available early in the study of pseudo-reductive groups.

It is true that if char(k) # 2 then a pseudo-semisimple k-group with a split
maximal A-torus of dimension 1 is k-isomorphic to Ry, (SLz2) or Ry /4 (PGL2) for
a purely inseparable finite extension k’/k, but (i) the proof requires the full force
of the techniques to be discussed in this section, and (ii) in characteristic 2 there
is no comparable result. Hence, to develop a characteristic-free structure theory
involving root groups and root systems we need an alternative viewpoint.

A systematic study of limiting behavior of orbits under 1-parameter subgroups
provides an adequate substitute for the lack of a uniform rank-1 classification early
on (even if we were to avoid characteristic 2). Motivation for this arises from a
description of parabolic subgroups, their unipotent radicals, and Levi factors in
GL,, entirely in terms of 1-parameter subgroups (without reference to the usual
definitions of parabolicity, unipotence, or Levi factors). Consider an increasing flag

0=RCFCCF,=V
of subspaces of a nonzero finite-dimensional k-vector space V; this corresponds to
a parabolic k-subgroup P C G := GL(V) as the stabilizer of the flag F,. Let V;
be a linear complement to F;_; in F; for 1 < j < m, so the stabilizer L of the
ordered m-tuple (V1,...,V,,) is a Levi factor of P (i.e., P = L x U for the k-descent
U = Rui(P) of #,(P%)). The decomposition @ V; of V' is encoded in terms of
a l-parameter k-subgroup A : GL; — G by making GL; act on V; through the
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character t — t% for integers a; > --- > a,,; the V;’s are the weight spaces for the
weights occurring in this GL;-action on V.

Choose ordered bases for each V; and use these to make an ordered basis
{v1,...,v,} for V by putting the basis vectors from V; before Vj; for all j. Denote
the unique V; containing v, as Vj, (so j1 < ... < j,). Under the resulting identi-
fication V' = k™, any point g = (z,5) € GL,(R) = G(R) (valued in a k-algebra R)
satisfies

MDA~ = (9 ™Y ays).

Thus, if we make GL; act on G via conjugation through A then the orbit map
(GL1)r — Gg through g defined by t ~ t.g := A(t)g\(t)~! extends to an R-
scheme map A}, — Gpg (i.e., the map of coordinate rings R[G] — R[T,1/T] lands
inside R[T]) precisely when z,; = 0 whenever j,. > js, which is to say if and only
if g € P(R). In such cases, we express the existence of this extended map on AL
by saying “lim;_,q t.g exists”, and the image in G(R) of the zero section under this
extended map is referred to as lim;_,gt.g. Hence, the condition that lim;_qt.g
exists and is equal to 1 is precisely that x,s = 0., whenever j, > j,, which is to
say if and only if ¢ € U(R). Finally, a point g € G centralizes A, or equivalently
t + t.g is the constant R-morphism to g € G(R), if and only if g preserves each
(Vi) R, which is to say g € L(R).

The preceding calculations show that P, U, and L can be recovered dynamically
in terms of the GLj-action on G via (t,g) — A(t)gA(t)~. Observe that not only
is P equal to L x U, but the opposite parabolic P~ relative to L is obtained upon
replacing A\ with the reciprocal 1-parameter subgroup t — A(1/t) = A(t)~!; the
traditional additive notation for characters and cocharacters leads us to denote this
latter cocharacter as —\ rather than as 1/A.

REMARK 2.3.1. For the k-unipotent radical U~ of P~, the multiplication map
of k-schemes U= x P=U" x L x U — G = GL,, is an open immersion. Indeed,
we may assume k = k, and it is a general fact in algebraic geometry that a map
between smooth k-varieties is an open immersion if it is injective on k-points and
bijective on tangent spaces at k-points of the source.

Injectivity on k-points is clear since U~ (k)N P(k) = 1 by inspection. Using left
translation by U~ (k) and right translation by P(k) reduces bijectivity on tangent
spaces at k-points to the bijectivity of the addition map Lie(U~)®Lie(P) — Lie(G).
Under the adjoint action of GL; on Lie(G), Lie(U™) is the span of the negative
weight spaces and Lie(P) is the span of the non-negative weight spaces.

The above considerations with GL,, inspire the following generalization to GL;-
actions on arbitrary affine group schemes of finite type over fields. First, we make a
definition over rings. For any ring R and map of affine R-schemes f : (GL1)gr — X,
we say “lim;_,o f(t) exists” if f extends to an R-scheme map I Al — X, which is
to say that f* : R[X] — R[T,1/T] lands inside R[T]. Such an f is obviously unique
if it exists, in which case the R-point f(0) € X(R) is referred to as lim_,o f(£).

LEMMA 2.3.2. Let (t,x) — t.x be a GLy-action on an affine scheme X of finite

type over a field k. The functor of points v € X such that limy_,gt.x exists is
represented by a closed subscheme of X.

PROOF. The coordinate ring k[X] is the direct sum of its weight spaces k[X],
under the GLj-action (with n € Z); i.e., GL; acts on k[X], via t.f = t"f. The



STRUCTURE AND CLASSIFICATION OF PSEUDO-REDUCTIVE GROUPS 21

ideal generated by the k-subspaces k[X],, for n < 0 defines a closed subscheme of
X which does the job. See [CGP, Lemma 2.1.4] for details. O

2.3.3. In the special case that GL; acts on an affine k-group scheme G of finite
type through conjugation against a k-homomorphism A : GL; — G, we denote the
closed subscheme of G arising from Lemma 2.3.2 as Pg(A). Since (t.g)(t.g") = t.(g99")
for points ¢, ¢’ of G valued in a common k-algebra, it is clear that Pg()\) is stable
under multiplication inside G. Likewise, Pg(A) passes through the identity point
and is stable under inversion, so Pg(\) is a k-subgroup scheme of G.

The scheme-theoretic intersection

Zg()\) = Pg()\) n Pg(—A)

represents the functorial centralizer of A in G because for any k-algebra R the only
R-scheme maps P}% — G into the affine target G are constant maps to elements
of G(R). Finally, the scheme-theoretic kernel

Uc(\) = ker(Pe(\) — G)

of the map g — lim;_,¢ t.g clearly has trivial schematic intersection with Z¢g(\).
For any positive integer m we have

(2.3.3) Pe(\") = Pa(\), Uc(A™) =Uc(N), Za(\™) = Zg(})

since whether or not an element of R[T,1/T] lies in R[T] is unaffected by replacing
T with T™; in particular, the k-subgroups Pg()\),Ug(\), Zg(\) only depend on A
through the subset Qo - A C X.(T)q.

By functorial considerations, if G’ is an affine k-group scheme of finite type and
G C @ is a k-subgroup inclusion (always a closed immersion [SGA3, VIg, 1.4.2])
then obviously

GNPa(N)=Ps(N), GNUg(N) =Ua(N), GNZg(A) = Za(N).

The case G' = GL,, thereby helps to reduce some problems for general G to the
case of GL,,. For example, Ugs(\) is always a unipotent k-group scheme because
upon choosing a k-subgroup inclusion of G into GL,, (as we may always do [CGP,
Prop. A.2.3]), Ug(A) is a k-subgroup scheme of the k-group Ugt, (A) that has been
seen to be the unipotent radical of a parabolic k-subgroup of GL,,.

REMARK 2.3.4. Unipotence for a k-group scheme is defined without smoothness
hypotheses in [SGAS3, XVII, 1.3]: it means that over k there is a finite composition
series of closed subgroup schemes such that each successive quotient is isomorphic
to a k-subgroup of G,. A review of this notion for our purposes is given in [CGP,
A1.3-A.1.4).

The main properties of the preceding dynamic group scheme constructions are
recorded in the following important result.

THEOREM 2.3.5. Define g = Lie(G) equipped with the GL1-action through the
adjoint representation. Let go = g%, define g4 to be the span of the weight spaces
in g for the positive weights, and define g_ likewise with negative weights.

(i) Inside g, Lie(Zg(N)) = go and Lie(Ug(£N)) = g+.
(ii) The natural multiplication map Zg(A) x Ug(A) — Pa(X) is an isomor-
phism of k-schemes, and the natural multiplication map

Qe (N) i= Ug(=A) x Po(\) — G
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is an open immersion. In particular, if G is smooth then Pg(\), Za(X),
and Ug(X) are smooth, and if G is connected then each of these three
k-groups is connected.

(iii) If H C G is a closed k-subgroup through which X factors then HNQg(N) =
Qp(N).

(iv) The unipotent k-group scheme Ug(N) is connected, and if G is smooth
then the smooth connected unipotent k-group Ug(\) is k-split.

PROOF. The details are given in [CGP, Prop. 2.1.8] (which works more gener-
ally over rings) except for the k-split assertion in (iv) that is [CGP, Prop. 2.1.10].
Here we limit ourselves to a few remarks.

The proof of (i) is a consequence of the functorial characterizations of Zg ()
and Ug(2)) applied to points valued in the dual numbers over k. The crux of the
first isomorphism in (ii) is that for any g € Pg(\)(R) (with a k-algebra R), the
limit lim;,qt.g € G(R) lies in Zg(A)(R). The intuition is that for any point ¢’ of
GL4, the limiting behavior of ¢'.(tg) = (t't).g as t — 0 is independent of ¢'.

The open immersion assertion in (ii) has been discussed earlier for GL,,, and
the general case is reduced to this by applying (iii) to an inclusion G — GL,,.
That is, (iii) has to be proved before (ii). The idea behind the proof of (iii) is to
pick a linear representation of G for which H is the scheme-theoretic stabilizer of a
line, and to study how that description of H interacts with the dynamically-defined
k-subgroups under consideration; this is a non-trivial task.

The connectedness of Ug(A) in (iv) is clear because any geometric point u
of Ug(\) is connected to the identity via a rational curve arising from the map
A% — Ug(N)j; extending t ~— t.u. The k-split property of Ug(X) for smooth G
lies much deeper because we cannot deduce the general case from the easy case of
GL,, via an inclusion of GG into some GL,; the problem is that k-split unipotent
smooth connected k-groups often contain non-split smooth connected k-subgroups
when k is imperfect! (For example, if p = char(k) > 0 and ¢ € k — kP then the
smooth connected 1-dimensional k-subgroup y? = z — cz? of the k-split G2 is not
k-split [CGP, B.2.3].) To overcome this difficulty, one has to use substantial input
from Tits” unpublished work [Ti2] on the general structure of smooth connected
unipotent groups over imperfect fields; see [CGP, App. B] for a modern account of
that structure theory. [

In the general theory of pseudo-reductive groups G over a field &, the role of par-
abolic k-subgroups for the reductive case is replaced with the dynamically-defined
subgroups Pg(\) for 1-parameter k-subgroups A. To see why this is done, con-
sider a nontrivial purely inseparable finite extension of fields k’/k and a connected
reductive k’-group G’ with a proper parabolic k’-subgroup P’. The quotient

Rk’/k(G/)/Rk’/k(P/) ~ Rk//k(G,/P/)

is never proper [CGP, Ex. A.5.6]. On the other hand, the parabolic k’-subgroups of
G’ are precisely the k’-subgroups of the form Pg:()\') for 1-parameter k’-subgroups
X : GL; — G’ [CGP, Prop.2.2.9], so choosing X such that Pg/(\) = P’ yields
the description

Ry /i (P) = Ry i (Per (V) = Pry, () (N)

where A : GL; — Ry /5 (G”) corresponds to X' via the mapping property of Ry /p,
[CGP, Prop.2.1.13].
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The k-subgroups @ C G of the form Pg()\) generally do not admit a charac-
terization in terms of properties of G/Q beyond the reductive case (see Remark
4.2.5). To make a definition for this class of k-subgroups applicable beyond the
pseudo-reductive case (as is sometimes convenient in proofs) we incorporate the
k-unipotent radical:

DEFINITION 2.3.6. If G is a smooth connected affine group over a field k£ then
a k-subgroup P of G is pseudo-parabolic it P = Pg(\)%, 1(G) for a 1-parameter
k-subgroup A : GL; — G.

ExXAMPLE 2.3.7. If k//k is a finite extension of fields and G’ is a connected
reductive k’-group then the pseudo-parabolic k-subgroups of Ry, (G’) are pre-
cisely the k-subgroups Ry, (P’) for parabolic &’-subgroups P’ of G’; see [CGP,
Prop. 2.2.13] for a generalization.

If G is a pseudo-reductive k-group and P is a pseudo-parabolic k-subgroup of G
then %, 1 (P) is k-split since writing P = Pg(A) implies %, 1(P) = Ug(X) (because
the torus centralizer Zg(\) is pseudo-reductive). In the reductive case this recovers
the well-known fact that k-unipotent radicals of parabolic k-subgroups are k-split.

Pseudo-parabolicity behaves well under passage to quotients in the pseudo-
reductive case. More generally, we have the extremely useful:

PROPOSITION 2.3.8. If f : G — G is an arbitrary surjective homomorphism
between smooth connected affine k-groups and A : GLy — G is a 1-parameter k-
subgroup then for A = f o A\ the inclusions

(2.3.8) F(Pa(N) € Pg(N), f(Uc(N) € Uz(N), f(Za(N) C Zg(N),

are equalities.

See [CGP, Cor. 2.1.9] for a more general result without smoothness hypotheses
but assuming f to be flat.

PROOF. The inclusions have closed image, so f(2c())) is a closed subset of the

dense open Qx(A). But f(2g())) is dense in G since f is dominant, so it follows

that f(Qq(N)) = Qg()\). Hence, all three inclusions above are equalities. O

Applying the preceding to the maximal pseudo-reductive quotient ¢ : G —
G /%, 1 (G) of a smooth connected affine k-group G, if P is a pseudo-parabolic k-
subgroup of G then ¢(P) is a pseudo-parabolic k-subgroup of G/Z,, 1(G). Moreover,
P +— ¢(P) is a bijection between the sets of pseudo-parabolic k-subgroups of G and
G /Ry 1(G) with inverse P +— ¢~1(P) [CGP, Prop.2.2.10].

We will now prove the following useful result which shows that there is consid-
erable flexibility in the choice of A : GL; — G in the description of pseudo-parabolic
k-subgroup P in Definition 2.3.6.

LEMMA 2.3.9. Let G be a smooth connected affine group over a field k and
P = P5(A\) %y (G) a pseudo-parabolic k-subgroup of G. Let T be a mazimal k-torus
of P. There exists g € Xy (P)(k) such that the k-homomorphism i : GLy — G
given by t — g\(t)g~! is valued in T and P = Pg(u)%ur(G).

PROOF. Let m : P — P := P/%,x(P) be the quotient map. The k-group
U := %y (P) contains Ug(N)Z, (G), so P is a quotient of Zg(A\). Hence, the
image of A in P is a central torus, so it lies in the maximal k-torus T := 7(7T)
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of P. We conclude that A\(GL;) is contained in the smooth connected solvable
k-subgroup H := 7~ Y(T) = T x U. All maximal k-tori of H are U(k)-conjugate
to each other [Bo2, 19.2], so there exists g € U(k) such that the 1-parameter k-
subgroup p : t + g\(t)g~! is valued in T. Since Pg(u) = gPa(\)g™ !, we see that
Po(u)Zo(C) = P, O

REMARK 2.3.10. The flexibility in the choice of A for describing a given P leads
to some subtleties:

(i) Tt is not obvious if pseudo-parabolicity descends through arbitrary sep-
arable extension of the ground field (even in the Galois case). This is
a contrast with parabolicity, whose geometric definition clearly descends
through any extension of the ground field. It is true that for separable field
extensions K/k (especially ks/k), a k-subgroup P of a pseudo-reductive k-
group G is pseudo-parabolic when Py is pseudo-parabolic in Gk (the con-
verse is obvious), and this is essential for the utility of pseudo-parabolicity.
The proof of this descent result requires substantial input from the theory
of root groups in pseudo-reductive groups; see Proposition 4.3.4.

(ii) Since there is no “geometric” characterization of pseudo-parabolicity in
the spirit of parabolicity (see Remark 4.2.5 for a precise statement), it
is not at all evident if pseudo-parabolicity is transitive with respect to
subgroup inclusions: for a pseudo-parabolic k-subgroup P of a smooth
connected affine k-group G and a smooth connected k-subgroup @ of P,
is () pseudo-parabolic in G if and only if @ is pseudo-parabolic in P?

Neither implication is obvious. For instance, if ) is pseudo-parabolic
in G then it isn’t clear if %, 1(P) C Q, and if Q = Pp(A\)Zy1(P) for a
1-parameter k-subgroup A : GL; — P then generally @ # Pg(A\)Zu.x(G)
(as one sees even in the split reductive case by considering the positions of
closed half-spaces relative to roots). This problem is settled affirmatively
by using root systems for pseudo-reductive groups; see Corollary 4.3.5.

(iii) If P is a pseudo-parabolic k-subgroup of a pseudo-reductive k-group G
and @ is a smooth closed k-subgroup of G containing P then is @) pseudo-
parabolic in G? This is not easy, in contrast with the analogue for parabol-
icity, and the affirmative proof involves many arguments with root sys-
tems; see Proposition 4.3.7.

In the next section we use dynamic methods to develop a theory of root systems
and root groups in the pseudo-reductive setting.

3. Roots, root groups, and root systems

3.1. Root groups. For a split connected reductive group H over a field F, a
split maximal F-torus S C H, and a € ®(H,S), the root group U, admits a dy-
namic description as follows. Consider the codimension-1 subtorus S, := (kera)? ,
killed by a. The centralizer Zp(S,) is a connected reductive F-group containing
S whose set of S-roots is ®(H,S) N Q - a = {*xa} (as the root system ®(H,S)
is reduced). The natural map S, x a(GL;) — S is an isogeny and Zg(S,) is an
isogenous quotient of S, x H,, where H, := (U,,U_,) is F-isomorphic to SLs or
PGLy with a(GL;) going over to the diagonal F-torus.

Since Uy, ~ G, and the S-action on U4, is thereby identified with multiplica-
tion on G, through +a, inspection of the open cell U_, x S x U, C Zg(S,) shows
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that Py, (s,)(£a") = S - Usq. Thus, Ury = Uy, (s,)(Fa”). It is useful to modify
this to remove the appearance of the coroot, as follows.

For a cocharacter A : GL; — S such that A(GL;) is an isogeny-complement
to S, inside S (equivalently, (a,\) # 0), by replacing A with —\ if necessary to
arrange that (a, A) > 0 we may use the same reasoning to obtain

Us =Uszy(s.)(N)-

This dynamic description of root groups in the reductive case motivates:

DEFINITION 3.1.1. A smooth connected affine group G over a field k is pseudo-
split if there exists a split maximal k-torus T' C G. We denote by ®(G, T) the set of
nontrivial T-weights occurring on Lie(G), and for a € X(T')q—{0} the codimension-
1 subtorus of T killed by every na € X(T") with integers n # 0 is denoted T,. Define
U = U(Ga) = Uzq(1,)(Aa) for any A, € X, (T) satisfying (a, Ay) > 0.

REMARK 3.1.2. The k-split unipotent smooth connected k-subgroup U, C G
is independent of A\, due to (2.3.3) because the isogeny T, x GL; — T via (t,z) —
t - Ag(x) implies that for any other choice X, there exist integers m,m’ > 0 such
that m/ A, = mA, + p for some p € X, (T') valued in the central torus T, of Zg(T,).

EXAMPLE 3.1.3. Let k'/k be a finite purely inseparable extension of fields and
G’ a connected reductive k’-group with a split maximal k’-torus 7”. The pseudo-
reductive k-group G := Ry /,(G") is pseudo-split because the split maximal k-torus
T in Ry /1 (T") is a maximal k-torus in G (as the natural map Gy, — G is surjective
with smooth connected unipotent kernel [CGP, Prop. A.5.11(1),(2)]).

We have Zg(T) = Ry jx(Zar(T")) = Ry i(T") [CGP, Prop. A.5.15(1)], and
under the natural identification X(7T') ~ X(T”) the set ®(G,T) is carried onto
(G, T") [CGP, Ex.2.3.2]. If ¢’ € ®(G',T") corresponds to a € ®(G,T) then
inspection of Lie algebras shows that the evident inclusion Ry, (Ua) C U(Cj) of
smooth connected k-subgroups of G is an equality. (Here we use the natural iden-
tification of the functor Lie o Ry, with “underlying Lie algebra over k7 [CGP,
Cor. A.7.6].)

For any k-torus S C G the functorial definition of Zg(S) implies via consid-
eration of points valued in the dual numbers that Lie(Zg(S)) = Lie(G)®. Thus,
for nonzero a € X(T)q, Lie(Zg(T,)) is the span of Lie(Zg(T)) = Lie(G)T and the
T-weight spaces for all b € ®(G,T) that are trivial on T, (equivalently b € Q - a).
Hence, by Theorem 2.3.5(ii) and T-weight space considerations we obtain all but
the final assertion in:

PROPOSITION 3.1.4. The Lie algebra Lie(U,)) is the span of the T-weight
spaces for all b € ®(G,T) N Qo - a; in particular, Uy # 1 if and only if Qo - a
meets ®(G,T). The k-subgroups Zg(T) and {Uq)}aca(a,1) generate G. If G is
perfect then the Uq)’s, for a € ®(G,T), generate G.

PrOOF. We just need to explain why the k-subgroup N generated by the U,)’s
coincides with G when G is perfect. Since each Z¢(T') normalizes U, (as we may
verify using ks-points), so Zg(T) normalizes N, and G is generated by N and
Z(T), it follows that N is normal in G. The quotient G/N has trivial T-action on
its Lie algebra since Lie(G/N) = Lie(G)/Lie(N), so for the maximal torus image T

of T'in G/N we see that the inclusion Zg,n(T) C G/N between smooth connected
affine k-groups is an equality on Lie algebras and hence is an equality.
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In other words, G/N is a perfect smooth connected affine k-group with a central
maximal k-torus. But then the quotient by that central maximal torus is unipotent
(as any smooth connected affine k-group which does not contain a nontrivial k-torus
is unipotent), so G/N is solvable. Perfectness of G/N then forces G/N = 1; i.e.,
N =G. |

Now we focus on pseudo-split pseudo-reductive GG, for which we shall see that
the k-subgroups U,) have some structural properties reminiscent of root groups in
the reductive case. Example 3.1.3 illustrates that such U, can be vector groups
over k with very large dimension, in contrast with the split reductive case that al-
ways has 1-dimensional root groups, though such examples arise from 1-dimensional
vector groups over a finite extension k’/k.

A consequence of the subsequent structure theory of pseudo-reductive groups
will be that in the pseudo-split case such U,)’s always arise from 1-dimensional
vector groups over finite extensions of k except when k is imperfect with char(k) = 2
(for which counterexamples are given by constructions in §7.3, §7.2, §8.2-§8.3, and
§10.1). The first step towards establishing good properties of U,)’s in the pseudo-
reductive case is to relate ®(G,T) to @(G%ed, T5%) up to rational multipliers:

LEMMA 3.1.5. Let G be a pseudo-reductive k-group with a split maximal k-torus
T. Each a € ®(G,T) admits a uniqgue Qsq-multiple in ¥ := @(G%ed,TE) and every
element of U arises in this way from some such a. Moreover, for all a € ®(G,T)
the k-group U,y is commutative and if char(k) = p > 0 then U, is p-torsion.

PRrROOF. By Proposition 2.3.8 and the compatibility of torus centralizers with
quotient maps between smooth affine groups, for any nonzero a € X(T')q = X(1%)q
the quotient map m : G — GrEed =: H carries (U(C(’; )% onto Ug) upon identifying T3
with a maximal torus in H. It is a general fact that a smooth connected k-subgroup
U of G satistying Ur C %, (G5) must be trivial [CGP, Lemma 1.2.1], so Ug) #1
if and only if U(Z) # 1. This implies that each a € ®(G,T) admits a Qso-multiple
inW:= @(G%ed, T5), with the multiplier being unique since ¥ is reduced. Similarly,
Proposition 3.1.4 implies that any element of ¥ admits a Qsg-multiple in ®(G, T).

For any a € ®(G,T) we have U(I;) =Gy, s0 ﬂ(.@(U(Ga))E) =1, forcing .@(U(C;)) =
1; i.e., U(Ga) is commutative. By the same reasoning, if p = char(k) > 0 then U(Ga) is
killed by p since U(Ii) is killed by p. (]

A p-torsion commutative smooth connected affine group over a field & of char-
acteristic p > 0 need not be a vector group (i.e., a direct product of copies of G,)
when k is imperfect; e.g., if ¢ € k — kP then the 1-dimensional y? = x — czP is not a
vector group [CGP, B.2.3]. But the k-groups U(C;) considered in Lemma 3.1.5 will
turn out to always be vector groups because they satisfy an additional property:
they are normalized by T, and the resulting T-action on their Lie algebra has only
nontrivial T-weights (in fact, only Qxo-multiples of a).

Tits proved the remarkable fact [CGP, Thm. B.4.3] that every p-torsion smooth
connected commutative unipotent group U in characteristic p > 0 equipped with
an action by a torus T such that Lie(U)” = 0 is necessarily a vector group and even
admits a linear structure (i.e., G,-module scheme structure) that is T-equivariant.
Combining this with the unique (algebraic exponential) isomorphism U ~ Lie(U)
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inducing the identity on Lie algebras for commutative unipotent groups U in char-
acteristic 0 yields the first part of:

PROPOSITION 3.1.6. Let G be a pseudo-reductive k-group admitting a split maz-
imal k-torus T.

(i) For each a € ®(G,T), Uy is a vector group admitting a T-equivariant
linear structure.

(ii) If a,b € ®(G,T) and ra + sb ¢ ®(G,T) for all ;s € Qs then Uy
commutes with U).

Proor. Let 7: Gy — G%*d =: H be the canonical quotient map. Lemma 3.1.5

provides ¢,q" € Qx¢ such that ga,q'b € ®(H,T5}), and the images ﬂ((U(Ga))E) and
ﬂ((U(C;))%) respectively coincide with the root groups UJ and U;,Ib in H for the
respective roots ga and ¢’b.

Necessarily ¢'b # —qa, as otherwise 2a + (¢'/q)b = a € ®(G,T), contradicting
the hypotheses. Since ga + ¢'b is not a root of H (again, due to the hypotheses),
it follows that the root groups U,fl and U, qffb in the reductive group H commute.

Hence, the commutator (U,y,Ug)) is killed by 7 over k, so this commutator is
trivial since G is pseudo-reductive [CGP, Lemma 1.2.1]. O

For any pseudo-split pseudo-reductive k-group G and split maximal k-torus T,
Lemma 3.1.5 gives that the two subsets ®(G,T') and fIJ(G%?d, T3) of X(T') = X(T%)
coincide up to Q- g-multipliers on their elements. It is important that these rational
multipliers can be very tightly controlled:

THEOREM 3.1.7. The sets ®(G,T) and @(G%ed,TE) coincide except possibly
when k is imperfect of characteristic 2 and ng contains a connected semisim-
ple normal subgroup that is simply connected of type C, (n > 1). In general
(I)(ngaTE) C ®(G,T), and if a € ®(G,T) is not a Tg-root for G%ed then 2a is
such a root.

This result is proved in [CGP, Thm. 2.3.10], and the basic idea goes as follows.
From the explicit description of irreducible root systems, we see that the only
irreducible and reduced semisimple root datum admitting a root that is twice a
weight is simply connected type C. Thus, we can replace G with 2(Zs(T,)) for
suitable nonzero a € X(7')q to reduce to the case dimT =1 (using [CGP, Lemma
1.2.5(iii)] to control dim(T'NZ(Zz(Ty)))). In the rank-1 case, G%ed is isomorphic to
SLs or PGLy. Nontrivial computations using Proposition 3.1.6(i) and the position
of roots in the character lattices of SLy and PGLy eventually yield the result.

REMARK 3.1.8. The exceptional case in Theorem 3.1.7 with a root that is twice
another root does occur over any imperfect field of characteristic 2, with (I)(G%ed, T3)
of type C,, for any desired n > 1. The construction of such G is a highly nontrivial
matter (as we shall discuss in §8).

DEFINITION 3.1.9. Let G be a pseudo-split pseudo-reductive k-group, and T' C
G a split maximal k-torus. Elements of ®(G,T) are called roots, and a € ®(G,T)
is called divisible (resp. multipliable) if a/2 € ®(G,T) (resp.2a € ®(G,T)).
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The preceding terminology is reasonable because ®(G,T) is a root system in
its Q-span inside X(T")q (though in contrast with the reductive case, it can be non-
reduced when k is imperfect with characteristic 2); see Proposition 3.2.7. Note in
particular that @(Gg’d, T5,) is always the set of non-multipliable elements of ®(G, T).

COROLLARY 3.1.10. For a € ®(G,T) there exists a unique smooth connected
k-subgroup U, C G normalized by T such that Lie(U,) is the a-weight space in
Lie(G) when a is not multipliable and is the span of the weight spaces for a and 2a
when a is multipliable. The k-group U, is a vector group admitting a T'-equivariant
linear structure, and this linear structure is unique when a is not multipliable.

We call U, the root group associated to a.

PROOF. When a is not divisible then U,) does the job. If a is divisible then
upon choosing a T-equivariant linear structure on U(q), the a-weight space for this
linear structure does the job. If a is not divisible then the uniqueness of U, is a con-
sequence of the good behavior of the dynamic constructions with respect to inter-
sections against equivariant subgroups, but the divisible case requires rather more
effort (using centralizers of ps-actions in characteristic 2); see [CGP, Prop. 2.3.11]
for details. O

By uniqueness (or by construction), the formation of U, commutes with any
separable extension on k. Hence, by working over k; and using uniqueness we see
that U, is normalized by Zg(T).

REMARK 3.1.11. The pseudo-semisimple derived group Z2(G) of a pseudo-split
pseudo-reductive k-group G is pseudo-split and generated by the root groups U,
relative to a split maximal k-torus 7. To prove this, choose a T-equivariant lin-
ear structure on U,. The absence of the trivial T-weight on Lie(U,) implies that
(T,U,) = U,. Hence, each U, lies inside Z(G).

The maximal k-torus 7/ = T N 2(G) of 2(G) [CGP, Cor. A.2.7] is certainly
split, and if Z is the maximal central k-torus in G then the natural map 7" x Z — T
is an isogeny [CGP, Lemma 1.2.5(iii)]. Thus, under the finite-index inclusion
X(T) — X(T") ® X(Z) we see that ®(G,T) is identified with ®(2(G),T") x {0}.
In particular, the T-root groups of G are the same as the T'-root groups of 2(G).
Since 2(G) is perfect, we may conclude via the final assertion in Proposition 3.1.4
(applied to 2(G)).

3.2. Pseudo-simplicity and root systems. The core of the theory of con-
nected semisimple k-groups is the absolutely simple case, characterized by irre-
ducibility of the root system over k;. One source of the importance of irreducibility
is that the Weyl group of an irreducible root system acts transitively on the set
of roots with a given length. In the study of pseudo-reductive groups, the case of
irreducible root systems over ks will play a similarly important role.

Before discussing root systems in the pseudo-reductive context, it is convenient
to develop the analogue of “absolutely simple” by group-theoretic means (to be
informed by the properties of Gg’d from the existing structure theory of reductive
groups). We begin with an elementary lemma (see [CGP, Def. 3.1.1, Lemma 3.1.2]):

LEMMA 3.2.1. Let G be a smooth connected affine group over a field k. The
following conditions are equivalent:
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(i) G is non-commutative and it does not contain a nontrivial smooth con-
nected proper normal k-subgroup;

(ii) G is pseudo-semisimple and the connected semisimple mazimal reductive
quotient ij;d over the perfect closure ky, of k is ky-simple.

Any G satisfying the equivalent conditions in Lemma 3.2.1 is called pseudo-
simple (over k); if Gy, is pseudo-simple then we say that G is absolutely pseudo-
simple. In other words, an absolutely pseudo-simple k-group is a pseudo-semisimple
k-group G such that the connected semisimple group G%ed is simple.

Just as every nontrivial connected semisimple k-group is a central isogenous
quotient of the direct product of its k-simple smooth connected normal k-subgroups
(which pairwise commute), we have an analogue in the pseudo-semisimple case.
This rests on lifting k,-simple connected semisimple “factors” of Gfid to pseudo-
simple normal k-subgroups of G (the latter built by means of Galois descent and
root groups over ky):

PrROPOSITION 3.2.2. Let G be a pseudo-semisimple k-group. For each pseudo-
semisimple normal k-subgroup N C G, let N denote the connected semisimple nor-
mal image of Ny, inG = ij;d. Then N +— N is a bijection (inclusion-preserving in
both directions) between the sets of perfect smooth connected normal k-subgroups of
G and smooth connected normal ky-subgroups of G. Moreover, N is pseudo-simple
(over k) if and only if N is ky-simple.

PROOF. The asserted properties of N — N permit us to reduce to the case
k = ks via Galois descent, so all k-tori are split and hence we may build root groups.
Let T be a maximal k-torus in G, so T := T3 is a maximal torus in the connected
semisimple k-group G = G%ed. We may assume G # 1,50 G # 1. Let ® = (G, T),
and let {®;};cr be its (non-empty) set of irreducible components.

The structure theory of connected reductive groups ensures that the minimal
nontrivial smooth connected normal subgroups of G pairwise commute and that
the set of these subgroups is in natural bijective correspondence with I, where to
i € I we associate the k-subgroup N; generated by the root groups U, for a € ®;.
Likewise, the set of connected semisimple normal subgroups of G is in bijective
correspondence with the set of subsets of I, by associating to any J C I the k-
subgroup N ; generated by {N;};c.

For each i € I we define N; to be the k-subgroup of G generated by the groups
U(q) for a € ®;. Since every non-multipliable element of ®(G, T) lies in @, it follows
that the IV;’s generate the same k-subgroup that is generated by the U,)’s for all
a € ®(G,T). The final assertion in Proposition 3.1.4 ensures the N;’s generate G,
and Proposition 3.1.6(ii) implies that N;; commutes with N; for all i’ # i. Hence,
each N; is normal in G, so N; is pseudo-reductive and (Ni)ﬁ has image N; in G.

The intersection T; := T N N; is a maximal k-torus in N; [CGP, Cor. A.2.7]
and (T}); maps isomorphically onto the maximal torus TN N;in N;. In view
of the identification of ®; with ®(N;,T;) (compatibly with the equality X(T)q =
@, X(T:)q), the restriction a|z, is nontrivial for all @ € ®;. Hence, a choice of
T-equivariant linear structure on U,y shows that (73, Uq)) = U(q) for all a € ®;,
so Uy C Z(N;) for all a € ®;. In view of how N; was defined, it follows that
N; = 2(N;) for all i.

For any J C I, the smooth connected k-subgroup N; of G generated by
{N;}jes is perfect and normal, hence pseudo-semisimple. The image of (Nj);
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in G is N, so for each N we have built an N giving rise to N. The construction
of N from N rests on the choice of T, but N is independent of that choice since all
such T are G(k)-conjugate to each other and the subgroups N C G and N C G are
normal. By construction, it is clear that N — N is inclusion-preserving.

It remains to show that if N’ is a perfect smooth connected normal k-subgroup
of G such that Né is carried onto N then N’ = N. For the perfect smooth connected
normal k-subgroup N” := (N, N’), the natural map Né’ — N is surjective. The
smooth connected affine quotients N/N” and N’/N" are therefore unipotent (as
we may check over k, using that ker(Gy — G) is unipotent), yet each quotient is
perfect, so these quotients are trivial. Hence, N’ = N” = N as desired. [

REMARK 3.2.3. The perfectness condition on N and N in Proposition 3.2.2
can be considerably relaxed: a different method of proof (unrelated to root groups)
yields a generalization to arbitrary smooth connected affine k-groups G (see [CGP,
Prop. 3.1.6]), using smooth connected normal subgroups that are “generated by
tori” (these constitute a larger class than smooth connected perfect subgroups). In
that generality, perfectness of N is equivalent to the same for N. The “generated
by tori” hypothesis cannot be dropped since smooth connected normal k-subgroups
of a pseudo-semisimple k-subgroup need not be perfect (see [CGP, Ex.1.6.4] for
counterexamples over every imperfect field).

Part (ii) of the following result is a pseudo-semisimple analogue of the isogeny
decomposition of a connected semisimple k-group into k-simple “factors”.

PROPOSITION 3.2.4. Let G be a pseudo-reductive k-group, and {N;};cs the set
of minimal nontrivial perfect smooth connected normal k-subgroups.

(i) The N;’s are pseudo-simple over k and pairwise commute.

(ii) The natural map 7 : [[;c; Ni — 2(G) is surjective with central kernel
that contains no nontrivial smooth connected k-subgroup.

(iii) The set of perfect smooth connected normal k-subgroups of G is in bijective
correspondence with the set of subsets J of I, where to each J we associate
the k-subgroup N generated by {N;};c ;. Moreover, Ny C Ny if and only
if JCJ.

See [CGP, Prop. 3.1.8] for a generalization to arbitrary smooth connected affine

k-groups. Beware that in (ii), ker 7w generally has positive dimension (unlike the
reductive case); see [CGP, Ex. 3.1.9] for such examples over any imperfect field.

PROOF. The case of commutative G is trivial (using empty I), so we may as-
sume G is non-commutative; i.e., the pseudo-semisimple derived group Z(G) is
nontrivial. By Proposition 2.1.2 in the case of perfect normal k-subgroups, normal-
ity is transitive among perfect smooth connected k-subgroups. (The more general
assertion in Proposition 2.1.2 without perfectness hypotheses cannot be used here
since the proof in that generality uses the present proposition to reduce to the set-
tled case of perfect subgroups!) Thus, we may replace G with 2(G) to reduce to
the case where G is pseudo-semisimple. The same transitivity implies that the N;’s
are pseudo-simple over k.

If the result is settled over ks in general then by Galois descent and the transi-
tivity of normality in the perfect case it would follow that the pseudo-simple normal
k-subgroups of G correspond to the Gal(ks/k)-orbits of pseudo-simple normal k-
subgroups of Gy, . Thus, by Galois descent we may and do now assume k = k.
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The construction of all N’s (in the proof of Proposition 3.2.2) from the smooth con-
nected normal subgroups of G%d yields everything we wish except for the assertions
concerning ker 7 in (ii).

For any (n;) € ker 7 valued in a k-algebra A, we have that n; € N;(4) NN/ (A)
where N/ is the k-subgroup generated by {Ny}iz;. Clearly N; commutes with
N/ and these two k-subgroups generate G, so N; N N/ is contained in the scheme-
theoretic center Zg of G. In other words, n; € Zg(A) for all 4, so ker 7 is central.

To show that the only smooth connected k-subgroup H C kerr is the trivial
subgroup, observe that by centrality of ker 7 any such H has central image in each
N;. But N; is pseudo-simple over k, so H has trivial image in N;. The inclusion
H < ][ N; therefore has trivial image, so H = 1. (]

COROLLARY 3.2.5. If G is pseudo-semisimple and Zg = 1 then G ~ Ry /,(G”)
for a finite étale k-algebra k' and smooth affine k'-group G’ whose fiber over each
factor field of k' is absolutely pseudo-simple with trivial center. The pair (K'/k,G’)
is unique up to unique isomorphism: for another (k" /k,G"), any k-isomorphism
Ry /x(G') =~ Ry jp(G") arises from a unique pair (o, ) where o @ k' ~ k" is a
k-algebra isomorphism and ¢ : G' ~ G" is a group isomorphism over a.

PROOF. This is a straightforward exercise in Galois descent (using Proposition
3.2.4(iii) over ks); see [CP, Lemma 6.3.13]. O

COROLLARY 3.2.6. Pseudo-split pseudo-simple k-groups are absolutely pseudo-
simple.

PrROOF. Let T be a split maximal k-torus in a pseudo-split pseudo-simple k-
group G, so T}, is a maximal ke-torus in Gy, . Let {N;} be as in Proposition 3.2.4(i)
applied to Gy, . By construction in the proof of Proposition 3.2.2, the pseudo-simple
normal kg-subgroups N; of Gj, correspond to the irreducible components ®; of
@(G%ed,TE) C X(T3) = X(Ty,); explicitly, N; is generated by the k,-groups U(Ga’)“'*
for a € ®;. But T is k-split, so X(T},) = X(T') and hence the k-groups U(% make
sense inside G for all a € ®;. It follows that every NV; descends to a nontrivial
perfect smooth connected normal k-subgroup of G, but G is pseudo-simple over k,
so there is only one [V;. This says that Gy, is pseudo-simple, or in other words that
G is absolutely pseudo-simple. [

We are finally in a position to construct coroots and thereby define the root
datum associated to a pseudo-split pseudo-reductive k-group G. Let T be a split
maximal k-torus of G, so @(G%ed,TE) is the set of non-multipliable elements of
®(G,T). Recall from Remark 3.1.11 that for the split maximal k-torus 7" :=
TnN2G) ¢ 2(G) [CGP, Cor.A.2.7] that is an isogeny complement in 7" to
the maximal central k-torus Z, we have ®(G,T) = ®(2(G),T’) via the natural
identification of X(T")q as a direct summand of X(T)q.

For each non-multipliable a € ®(G,T), define a¥ € X, (T) = X.(T}) to cor-
respond to the coroot for aj € @(Gg’d,TE). If a € ®(G,T) is multipliable then
we define a¥ = 2(2a)¥ € X, (T). The set of cocharacters a” for a € ®(G,T) is
denoted ®(G,T)Y, and its elements are called coroots for (G,T). It is clear from
the reductive case over k that a + a" is a bijection from ®(G,T) onto ®(G,T)".

PROPOSITION 3.2.7. Let G be a pseudo-split pseudo-reductive k-group, and T C
G a split mazimal k-torus.
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(i) The 4-tuple R(G,T) := (X(T),®(G,T),X«(T),®(G,T)V) is a root datum.

(ii) The finite étale k-group W (G, T) := Ng(T)/Zc(T) is constant and the
natural map W(G,T)(k) — Aut(X(T")) is injective onto W (®(G,T)).

(iii) Let Z be the mazimal central k-torus in G and {G;} the set of pseudo-

simple normal k-subgroups of G. For the associated k-split maximal k-tori

T, = G;NT C G, the multiplication map Z x [[T; — T is an isogeny

identifying {®(G;,T;)} with the set of irreducible components of ®(G,T).

In particular, for the split mazimal k-torus T' := T N 2(G) C 2(G) that is an

isogeny complement to Z in T, ®(G,T) is a root system with Q-span X(T")q and

if G is pseudo-semisimple then it is (absolutely) pseudo-simple if and only if (G, T)

1s wrreducible.

A finer analysis shows that the inclusion Ng(T)(k)/Zc(T)(k) — W(G,T)(k) =
W(®(G,T)) is bijective; we will address this in Proposition 4.1.3.

PrROOF. Apart from the final assertion relating (absolute) pseudo-simplicity
and irreducibility of a root system in the pseudo-semisimple case, the rest is largely
an exercise in bootstrapping from the reductive case by using Propositions 3.2.2
and 3.2.4; see [CGP, Lemma 1.2.5(ii), 3.2.5-3.2.10] for the details.

Now assume G is pseudo-semisimple, so by the classical link between simple
isogeny factors of a split connected semisimple group and the irreducible compo-
nents of its root system it follows that the connected semisimple k-group Grfd is
simple if and only if the root system @(G%ed, Ty) is irreducible. But @(G%ed, Ty) is
the set of non-multipliable elements of ®(G,T'), and a root system is irreducible if
and only if the root system of its non-multipliable elements is irreducible. Thus, it
remains to observe that G is absolutely pseudo-simple if and only if the connected
semisimple G%ed is simple, due to Proposition 3.2.2. O

REMARK 3.2.8. For any a € ®(G,T), the 1-dimensional torus a¥(GL1) is max-
imal in an absolutely pseudo-simple k-subgroup of G attached to a similarly to the
reductive case, as follows. Defining G, := (U,,U_,), the equality a¥ (GL;) = TNG,
is an easy consequence of the well-known analogue for G%d; see [CGP, Prop. 3.2.3].
The absolute pseudo-simplicity of G shall now be deduced from a description of
G, in terms of derived groups and centralizers of k-subgroup schemes of tori.

If a is not divisible then, as in the reductive case, we have G, = Z2(Z¢(1,))
for the codimension-1 subtorus 7, = (kera)®, C T killed by a; this is easy to
prove since (i) the pseudo-split pseudo-reductive Z;(T,) has as its roots only {£a}
or {£a,+2a} due to the non-divisibility of a, and (ii) the pseudo-split pseudo-
semisimple group Z(Zs(T,)) is generated by its root groups (Proposition 3.1.4). If
instead a is divisible (so k is imperfect with characteristic 2) then similar arguments
show that G, = 2(H,) for H, = ZZG(TQ)(M)O with g denoting the infinitesimal k-
group scheme (T'NG,)[2] = p2, but the pseudo-reductivity of H, lies much deeper
than that of Zg(T,); see [CGP, Prop.3.4.1] for further details. The description
of G, in each case implies that T N G, is a maximal k-torus in G, (because the
intersection of a maximal k-torus with a smooth connected normal k-subgroup N
is a maximal k-torus in N [CGP, Cor. A.2.7]).

3.3. Open cell. For a split connected reductive k-group (G,T) and the Borel
k-subgroup B containing T for which ®(B,T') coincides with a given positive system
of roots @1 in ®(G, T), the k-unipotent radical Z,, x(B) is directly spanned in any
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order by the positive root groups {U, },co+; i-€., if {a1,...,a,} is any enumeration
of ®* then the multiplication map [[U,, — Zuk(B) is an isomorphism of k-
schemes. The analogous result for k-unipotent radicals of parabolic k-subgroups
containing B is classical. Traditional proofs of these results rest crucially on the
1-dimensionality of the root groups and on an inductive procedure to build up ®+
from well-chosen subsets.

In the pseudo-reductive case such a “direct spanning” result holds for the k-
unipotent radicals of pseudo-parabolic k-subgroups, but the proof is necessarily
completely different from the traditional arguments in the reductive case since the
root groups are generally not 1-dimensional. Rather generally, one considers a split
k-torus S acting on any smooth affine k-group G and seeks to describe certain S-
stable smooth connected k-subgroups H C G in terms of the subsemigroup of X(S)
generated by the S-weights that occur in Lie(H). With the aid of dynamic methods
(especially the k-groups Ug- () for S-stable smooth connected k-subgroups H C G
and A € X,.(9)), a study of the S-action on coordinates rings of geometrically
integral closed subschemes of G passing through 1 yields a crucial result [CGP,
Prop. 3.3.6]:

PRrROPOSITION 3.3.1. If A C X(S) is a subsemigroup then among all S-stable
smooth connected k-subgroups H C G such that all S-weights on Lie(H) lie in A,
there is one such k-subgroup H4(G) that contains all others. If 0 € A then H4(G)
18 unipotent.

EXAMPLE 3.3.2. If G is pseudo-reductive with a split maximal k-torus 7' and
a € ®(G,T) then for the semigroup A = (a) of multiples na with positive integers
n, the k-subgroup H4(G) is the a-root group U,. This special case is easily proved
since Lie(U,) is the span of all T-weight spaces in Lie(G) for weights in A.

By investigating the functorial behavior of H 4(G) upon varying A and G (e.g.,
for an S-stable smooth closed k-subgroup G’ C G, when does G' N Ha(G) =
H4(G")?), as is carried out in [CGP, 3.3.8-3.3.10], one obtains a vast generalization
[CGP, Thm. 3.3.11] of the direct spanning of %, (B) by positive root groups in the
connected reductive case:

THEOREM 3.3.3. Let S be a split k-torus and U a nontrivial smooth connected
unipotent k-group equipped with an S-action such that the set ¥ of S-weights oc-
curring on Lie(U) does not contain 0. For any decomposition ¥ = H?Zl U, into
disjoint non-empty subsets such that the semigroup A; = (U;) is disjoint from U
for all j' # j, the natural multiplication map

HAl(U) X e X HAW(U) — U
is an isomorphism of k-schemes.

ExampPLE 3.3.4. Let G be a pseudo-split pseudo-reductive group, with 7" a
split maximal k-torus. Let ®T be a positive system of roots in ® := ®(G,T), so
by general facts in the theory of root systems (see [CGP, Prop.2.2.8(3)]) @7 is
the locus where ® meets an open half-space {\ > 0} for some A € X, (7T') that
is non-vanishing on ®. We apply Theorem 3.3.3 to U = Ug(\) and ¥ = &+
with U,’s taken to be where ¥ meets half-lines in X(T')q (so each ¥; is either
a singleton consisting of a non-divisible non-multipliable positive root or has the
form {a,2a} for a multipliable positive root a). It follows that the root groups U,
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for non-divisible a € ®T directly span in any order a smooth connected unipotent
k-subgroup Ug+ C G. (This k-subgroup is Ug(A) by another name, but clearly
depends only on ®* rather than on the choice of \.)

If {a1,...,a,} is an enumeration of the non-divisible elements of ®* then by
Theorem 2.3.5(ii) the natural multiplication map

HU—ai x Za(T) x HUal =U_g+ x Zg(T) x Up+ — G

is an open immersion; this is called the open cell attached to ®*. The k-subgroup
Pp+ = Zg(T) x Upr = Pg(N) is pseudo-parabolic, and ®* +— Py is a bijection
from the set of choices of ® onto the set of minimal pseudo-parabolic k-subgroups
P of G such that T C P (see Proposition 3.3.7 below); in the reductive case this
recovers the well-known link between Borel subgroups and positive systems of roots
(but by an entirely different method of proof!).

Since we will use root systems to control pseudo-parabolic subgroups, we now
recall the combinatorial notion that corresponds to pseudo-parabolicity:

DEFINITION 3.3.5. A subset ¥ of a root system ® is parabolic if it is closed
(i.e., a+b € ¥ for any a,b € ¥ such that a + b € ®) and ¥ U —¥ = P.

Letting V' be the Q-span of ®, it is a classical fact (see [CGP, Prop.2.2.8])
that the parabolic subsets are precisely the intersections

q)))() :(I)ﬂ{AEO}

for linear forms A : V' — Q; in geometric terms, these are precisely the intersections
of ® with a closed half-space in Vgr. For A that is non-vanishing at all points of
® (the “generic” case), the resulting parabolic subsets ®y>¢ = P> are precisely
the positive systems of roots. (Moreover, closed subsets of ® are precisely the
intersections ® N A with a subsemigroup A C V [CGP, Prop.2.2.7].)

ExXAMPLE 3.3.6. If G is pseudo-reductive and pseudo-split with a split maximal
k-torus T, for the pseudo-parabolic k-subgroups P C G containing T' the subsets
®(P,T) C ® (consisting of nontrivial T-weights occuring in Lie(P)) are precisely the
parabolic subsets of ®. Indeed, we can choose A : GL; — T such that P = Pg()\)
by Lemma 2.3.9, so then ®(P,T) = ®5>¢ by Theorem 2.3.5(1),(ii).

PRrROPOSITION 3.3.7. Let G be a pseudo-split pseudo-reductive k-group, with T
a split mazimal k-torus and ® = ®(G,T). Consider pseudo-parabolic k-subgroups
P of G that contain T. The set ®(P,T) is a positive system of roots in ® if and
only if P is minimal as a pseudo-parabolic k-subgroup of G, and P — ®(P,T) is a
bijection from the set of such minimal P onto the set of positive systems of roots

in P.

Since W(G,T)(k) = W(®) by Proposition 3.2.7(ii), we have a simply transitive
action of W (G, T)(k) on the set of such P since W (®) acts simply transitively on
the set of positive systems of roots in ® for any root system .

PrOOF. By Lemma 2.3.9 we can choose A € X,(T') such that P = Pg()), so
Theorem 2.3.5(i),(ii) implies

O(P,T) = ®r>0 :={a € ®|(a,\) >0}
This is a positive system of roots precisely when A is non-vanishing on all elements
of ®. Suppose that ®(P,T) is not a positive system of roots, so the hyperplane



STRUCTURE AND CLASSIFICATION OF PSEUDO-REDUCTIVE GROUPS 35

{A =0} in X(T')q meets ®. Choose X' € X.(T)q sufficiently near A so that it is
positive on the finite set )~ and negative on ®5.¢ but non-vanishing on ®,_g.
Hence, for p := n)\ € X,(T) with an integer n > 0 that is sufficiently divisible,
the set ®,>0 = ®,>0 is a positive system of roots contained in ®5>¢. Thus, for
the pseudo-parabolic k-subgroup @ := Pg () the containment QNP = Po(\) C Q
between smooth connected k-subgroups is an equality on Lie algebras and so is an
equality of groups; i.e., Q C P. But Lie(Q) is a proper subspace of Lie(P), so P is
not minimal in G. In other words, if P is minimal then ®(P,T) is a positive system
of roots.

Suppose instead that P is not minimal. We wish to show that ®(P,T) is not a
positive system of roots. For this purpose it is harmless to extend scalars to k. It
is likewise harmless to replace T with a P(k)-conjugate. Letting P’ be a pseudo-
parabolic k-subgroup of G strictly contained in P, consider a maximal k-torus
T’ C P’. Note that T” is split since we have arranged (for present purpose) that
k = k. It is a well-known result of Grothendieck that maximal tori in a smooth
affine group over a separably closed field are rationally conjugate to each other
[CGP, Prop. A.2.10] (this is much more elementary than the rational conjugacy of
maximal split tori in smooth affine — or even just connected reductive! — groups
over general fields, which we will address in Theorem 4.2.9). Hence, via suitable
P(k)-conjugation to carry T onto T’ we can assume T C P’.

The strict containment of P’ in P implies a strict containment Lie(P’) C
Lie(P). Since T C P’, so P/ = Pg(X) for some X € X,.(T) by Lemma 2.3.9,
clearly P’ O Zg(N) D Zg(T). Thus, Lie(G)T C Lie(P’) and each of Lie(P’) and
Lie(P) is spanned by Lie(G)T and the root spaces for roots respectively in ®(P’,T)
and ®(P,T). Hence, the parabolic subset ®(P’,T) of ® inside ®(P,T) must be a
proper subset of ®(P,T), so ®(P,T) is not a positive system of roots.

Now we return to general k and consider minimal pseudo-parabolic k-subgroups
P and @ of G that contain T such that ®(P,T) = ®(Q,T). We need to show that
P = Q. But each of P and @ is generated by Zg(T) and root groups of G for the
T-weights that appear in the respective Lie algebras (e.g., if a € ®(P',T) = ®yrxo
then the containment U (’Z; cU g) is an equality on Lie algebras and thus an equality
of k-groups, so U(Ga) C P’), so obviously P = Q. O

4. Structure theory

4.1. Bruhat decomposition. For a connected reductive k-group G, the sub-
group structure of G(k) is governed by the Bruhat decomposition as follows. If S is a
maximal split k-torus (with associated relative root system ® = ®(G, S) that may
be non-reduced) and P is a minimal parabolic k-subgroup of G containing S then
the relative Weyl group ;W := Ng(S)(k)/Za(S)(k) (which maps isomorphically
onto W (;®)) labels the P(k)-double cosets in G(k): the natural map

KW — P(K)\G(k)/P(k)
is bijective.

Writing n,, € Ng(S)(k) to denote a representative of w € W, in the split
case the locally closed subsets Pn,, P constitute a stratification of G whose closure
relations can be expressed entirely in terms of the combinatorics of Coxeter groups

and root systems (via the “Bruhat order” on W defined by a choice of basis of
®). If G is not assumed to be split then P = Zg(S) x U where U := %, 1,(P) is
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k-split and directly spanned in any order by the root groups associated to members
of the positive system of roots ®(P,S) C P, and the Bruhat decomposition

Gk)= [ Pk)n.P(k)
werW
has only group-theoretic rather than geometric meaning.

The preceding Bruhat decomposition is a consequence of general results con-
cerning groups equipped with a Tits system [Bou, Ch.IV, §2.3, Thm. 1], so the
main work in its proof is to show that the 4-tuple (G(k), P(k), Na(S)(k), R) is a
Tits system (see Definition 4.1.6), where R = {r,}.ca is the set of reflections in
kW = W(®) associated to a basis A of ;®. The equality ;W = W (;®) is an
essential step in relating the structure of G(k) to the theory of Coxeter groups, and
it rests on finding n, € Ng(S)(k) inducing the reflection r, : 2 — z — (x,a")a in
each root a € ;®.

An analogous structure is available for pseudo-reductive groups, both in the
pseudo-split case (using root systems and root groups as introduced in §3) as well
as in the general case. This development involves a Bruhat decomposition for G(k)
relative to maximal k-split tori S and minimal pseudo-parabolic k-subgroups P D S,
as well as G(k)-conjugacy of all such pairs (S, P). The general G(k)-conjugacy
results will be discussed in §4.2 and §5.1, and we now focus on the pseudo-split
case because ultimately the proof of the general k-rational Bruhat decomposition
in §5.2 rests on the ks-rational Bruhat decomposition.

REMARK 4.1.1. We shall see (in the proof of Theorem 4.1.7) that Tits sys-
tems are used to prove the Bruhat decomposition in the pseudo-split case. In con-
trast, the Bruhat decomposition in the general pseudo-reductive case over k [CGP,
Thm. C.2.8] rests on the settled (pseudo-split) case over ks, whereas (akin to the
general connected reductive case) verifying the Tits system axioms over k [CGP,
Thm. C.2.20] rests on the Bruhat decomposition over k. This will be discussed more
fully in §5.3.

As a first step, for a pseudo-reductive k-group G and split maximal k-torus
T we shall construct representatives in Ng(T)(k) for reflections in W (®(G,T))
attached to roots in ®(G,T). It is instructive to recall motivation from the rank-1
split connected semisimple case:

ExAMPLE 4.1.2. Let G be a split connected semisimple k-group of rank 1,
T C G a split maximal k-torus, and a € ®(G,T) one of the two roots. Choose a
nontrivial element u € U,(k) — {1}. We may pick an isomorphism from G onto
SLs or PGLs carrying T onto the diagonal k-torus such that U, is carried into
the upper-triangular unipotent k-subgroup. In this way, u goes over to an element
(§%) with z € k™.

An elementary calculation with SLy and PGLy shows that there exist unique
' v € U_g(k) such that m(u) := v'uu” € Ng(T)(k), and that necessarily v’ =
u” # 1 with m(u) representing the unique nontrivial element in Ng(T)(k)/T (k).
Explicitly, v’ = u” = (_11/,:?) = m(uw)um(u)~! and m(u)? = diag(—1,-1) =
a¥(—1) regardless of the choice of u.

We want to adapt Example 4.1.2 to the rank-1 pseudo-split pseudo-semisimple

case. Two immediate difficulties are: (i) there is no concrete description of the
rank-1 possibilities at this stage of the theory, and (ii) over imperfect fields of
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characteristic 2 the cases with root system BC; are especially difficult to describe
even after we have developed a lot more theory.

PRrROPOSITION 4.1.3. Let G be a pseudo-split pseudo-reductive k-group and T C
G a split mazimal k-torus. Choose a € ® := ®(G,T), u € Uy(k) — {1}. There
exist unique v’ v’ € U_y(k) such that m(u) := vw'uu” € Ng(T)(k). Moreover,
' =" =m(uw)um(u)~t # 1, m(u)? = a¥(—1), and the image of m(u) in W(®) is
the reflection rq : x — x — (x,a")a arising from the root datum R(G,T).

In particular, the natural inclusion Ng(T)(k)/Za(T)(k) — W(®) is an equality
and hence if G is absolutely pseudo-simple (so @ is irreducible) then Na(T')(k) acts
transitively on the set of roots in ® with a given length.

See Proposition 5.4.2 (and Proposition 5.3.1 and Theorem 5.3.2(1)) for a version
beyond the pseudo-split case.

ProOOF. We provide a sketch of the main ideas, referring the reader to [CGP,
Prop. 3.4.2] for complete details. Let N = Ng(T) and U* = Uy,, and let C
denote the Cartan k-subgroup Zg(T). By using Galois descent and centralizer
considerations as near the end of Remark 3.2.8, the general case reduces to the
rank-1 case with non-divisible a and k = k, that we now address.

The two possibilities for ® are {+a} or {£a, £2a} (the latter only possible when
k is imperfect of characteristic 2), and N(k)/C(k) = (N/C)(k) = W(®) has order
2 (see Proposition 3.2.7(ii)). Thus, C' and N — C are the connected components
of N, so upon choosing n € N(k) — C(k) = (N — C)(k) we have N — C = nC.
Note that U~ = nU*n~! since the nontrivial n-conjugation on T" must act via a
nontrivial automorphism of the rank-1 root system ® and hence negates the roots.

The natural quotient map 7 : G — G%’d need not be injective on G(k) (since
C may have nontrivial étale p-torsion when k is imperfect with characteristic p
[CGP, Ex.1.6.3]). However, the kernels ker(r|y+)) are trivial. To prove this
triviality, first note that ker(7|y+)) C Zu(Gy). Thus, by pseudo-reductivity of
G and [CGP, Lemma 1.2.1], the Zariski closure of ker ([ (x)) has trivial identity
component. This says that ker(r|y=(y)) is finite. Each restriction 7|+ is equi-
variant with respect to T'(k) — T'(k), so ker(w|¢r+ () is stable inside U*(k) under
conjugation by T'(k). But U* admits a T-equivariant linear structure with only
nontrivial weights, so the finite group ker(m|y+x)) must be trivial; i.e., 7|y+ ) is
injective.

Since 7 carries the “open cell” (U~ x C'x Ut)y C Gy into the corresponding
open cell in G%ed, the injectivity of 7|+ ;) reduces the proofs of the uniqueness of
u’,u” (given their existence!) and the identities v’ = u” = m(u)um(u)~! # 1 in
U~ (k) to the settled reductive case over k. Hence, the main problem is existence
of v and u”.

REMARK 4.1.4. The other desired identity, m(u)? Z a¥(—1), does not take
place inside U* (k) and so does not reduce to the reductive case over k. Its proof
involves separate arguments depending on whether or not char(k) = 2. If char(k) =
2 then we use that UT (k) is 2-torsion, and if char(k) # 2 then we use that there
exists ¢ € T(k) such that a(t) = —1 # 1 (since k = k; and a root is at worst
divisible by 2 in X(T)).

Continuing with the proof, we shall construct ' and u” such that w'uu” €
N — C = nC by studying the multiplication map p: U~ x UT x U~ — G. Working
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with points valued in k-algebras, an identity of the form w'uu” = nc for v/, u” € U~
and ¢ € C can be rewritten as n~'u = (n= ' 'n)ew’ ' € Ut x C x U~. Since
n~'u € G(k) and the multiplication map U x C x U~ — G is an open immersion,
it suffices to construct u’ and u” as k-points! We likewise see that the preimage
pu~Y(N — C) projects isomorphically onto the open subscheme Q C U™ of points
whose left n~!-translate lies in the open cell UTCU~ < G. Thus, it suffices to
prove Ut (k) — {1} C Q.

Injectivity of 7|y + () ensures that Ut (k) — {1} is disjoint from R := Z(Gy,).
Thus, it suffices to show that Ug N (Gz — R) C Qy (in fact, equality holds), or
equivalently that

(4.1.4) n(UF N (G~ R)) € (UYCU ).

For this purpose we can replace G with (UT,U~) = 2(G) since RN N = Z,(N)
for any smooth connected subgroup N C Gi [CGP, Prop.A.4.8] (applied with
N = 2(G)z). Now G is pseudo-semisimple and G%Cd is equal to SLy or PGLs.
Hence, the analogue of (4.1.4) for Grfd is a trivial calculation, so to prove (4.1.4) it
suffices to show (UTCU ™)y is the preimage of its image under 7.

In other words, for A = a;! we need to show that Ug (A)Pe(—A) is stable
under right multiplication against R. But R is normal in G, so it is the same to
show that

Uc (N Pe (=) = Ug (A RPg (= ).
Since R is a solvable smooth connected affine group, it coincides with its own
“open cell” relative to any GLj-action [CGP, Rem. 2.1.11, Prop. 2.1.12(1)]. Hence,
making GL; act on the normal subgroup R C Gy through A-conjugation, the open
immersion Ug(A) x Pr(—A) — R via multiplication is an isomorphism and so we
are done. O

REMARK 4.1.5. By Proposition 3.2.7 we have (Ng(T')/Zc(T))(k) = W(®), so
Proposition 4.1.3 implies that the short exact sequence of k-groups

induces a short exact sequence on k-points. This is remarkable because it admits
no cohomological explanation. To explain this point, note that the cohomological
obstruction to short-exactness on k-points lies in H'(k, Zg(T)). If G is reductive
then this cohomology group vanishes by Hilbert’s Theorem 90 since Zg(T) = T is
a split k-torus.

The general structure of the commutative pseudo-reductive k-group Zg(T) is
mysterious (as the unipotent Zg(T')/T never contains G, as a k-subgroup [CGP,
Ex. B.2.8]), so it isn’t clear if H!(k, Zg(T)) vanishes. In fact, over imperfect k with a
sufficiently nontrivial Brauer group there exist “standard” pseudo-split absolutely
pseudo-simple k-groups G for which H(k, Zg(T)) # 1 (this occurs whenever k
coincides with the rational function field x(u,v) over an algebraically closed field x
with positive characteristic); see [CGP, Ex. 3.4.4] for such examples.

Finally, we can adapt techniques from the Borel-Tits structure theory of arbi-
trary connected reductive groups to establish the Bruhat decomposition for pseudo-
split pseudo-reductive groups (to be generalized to smooth connected affine groups
in Theorem 5.2.2). The complete result in this case involves the following important
notion from [Bou, IV, §2]:
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DEFINITION 4.1.6. A BN-pair for a group G is an ordered pair (B, N) of sub-
groups such that:

(BN1) BUN generates G, and BN N is normal in N,

(BN2) W :=N/(BNN) is generated by a set R of elements of order 2 that do not
normalize B,

(BN3) for any n € N and representative s € N of an element of R, sBn C
BnB U BsnB.

If there exists a nilpotent normal subgroup U C B such that B = (BN N)U
then the BN-pair is weakly split, and if BAN = (1, o\ wBw™! then the BN-pair is
saturated. Any such 4-tuple (G, B,N,R) is called a Tits system.

The group W is called the Weyl group of the BN-pair, and the set R is uniquely
determined by the triple (G, B,N) [Bou, IV, §2.4, Rem.(1)].

THEOREM 4.1.7. Let G be a pseudo-split pseudo-reductive k-group with a split
maximal k-torus T. Let P be a minimal pseudo-parabolic k-subgroup of G contain-
ing T, and define N = Ng(T) and Z = Zg(T).

(i) The pair (P(k),N(k)) is a saturated BN-pair for G(k) with associated
Weyl group W (®(G,T)).

(ii) (Bruhat decomposition) The natural map
(4.1.7) N(k)/Z(k) — P(k)\G(k)/P(k)
18 bijective.
We have not yet addressed (and do not presently need) the G(k)-rational con-

jugacy of all pairs (T, P); this will be proved in §4.2 and §5.1 (not relying on the
present considerations).

ProoF. We shall sketch the proof, and refer the reader to [CGP, Thm. 3.4.5]
for omitted details. Let N = Ng(T), Z = Zg(T), and & = ®(G,T). Define
I' € G(k) to be the subgroup generated by Z (k) and {U,(k)}aco- (Eventually we
will see that T' = G(k), but we do not yet know this.)

Since the natural map N (k) — W(®) is surjective by Proposition 4.1.3, for
each a € ® we may define a Z(k)-coset M, C N(k) to be the preimage in N (k) of
the reflection r, € W(®) attached to a (i.e., rq : © — x — (z,a")a). In the work of
Bruhat—Tits on the structure of reductive groups over local fields, the notion of a
“generating root datum” (of type ®) [BrTi, (6.1.1)] is defined via 6 axioms and a
generating property that we do not state here.

The data (Z(k), (Ua(k), My)aca) satisfies the 6 axioms due to several earlier re-
sults: Theorem 2.3.5(ii), the direct spanning of %, 1, (P) by its T-root groups in any
order (see Example 3.3.4), and Proposition 4.1.3 (as well as [CGP, Cor. 3.3.13(2)]).
The remaining ingredient to establish that (Z(k), (Us(k), My)aca) is a generating
root datum (of type @) is that T' = G(k).

By Proposition 3.3.7, ®* := ®(P,T) is a positive system of roots in ®. For
the k-groups Uis+ as in Example 3.3.4, clearly Uyg+ (k) are generated by the
subgroups {U,(k)}ac+a+. Thus, for the open cell @ :=U_g+ X Z X Us+ — G (via
multiplication), clearly Q(k) C I'. Hence, to prove I' = G(k) it is enough to show
that Q(k) generates G(k). More specifically, we claim that for every g € G(k), the
dense open ), := g2 N C G contains a k-point. This is rather more delicate
than in the reductive case since G is generally not unirational (see Example 2.1.5).
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Nonetheless, dynamic arguments establish that Qg4 (k) is non-empty. (The idea for
proving Qg(k) # 0 when k is infinite is to show that Q,(k)/P(k) = (Q,/P)(k), a
useful equality because ,/P is clearly a dense open subscheme of the k-scheme
/P = U~ that is an affine space and hence has Zariski-dense locus of k-points.
The case of finite k is part of the standard Borel-Tits structure theory for connected
reductive groups.)

Let A be the set of simple roots in ®*. Since (Z(k), (Ua(k), My)aca) is
a generating root datum for G(k), by [BrTi, 6.1.11(ii), 6.1.12] it follows that
(G(k), P(k),N(k),{ra}aecn) is a saturated Tits system with Weyl group N (k)/Z(k)
(as NN P = Z, since W(®) acts freely on the set of positive systems of roots in
®). But N(k)/Z(k) = W(®) by Proposition 4.1.3, so the Bruhat decomposition in
(ii) is a consequence of the Bruhat decomposition for groups equipped with a Tits
system [Bou, Ch.1V, §2.3, Thm. 1]. O

4.2. Pseudo-completeness. A lacuna in our formulation of the Bruhat de-
composition for G(k) in the pseudo-split pseudo-reductive case in Theorem 4.1.7 is
that we have not yet proved G(k)-conjugacy of all pairs (T, P) (with minimal P).
A new concept will be required in order to settle this issue.

To motivate where the difficulty lies, recall that in the split connected reductive
case such conjugacy results are proved via Borel’s fixed point theorem for the action
of a k-split solvable smooth connected affine group on a proper k-scheme; the proper
k-scheme to which this is applied is G/P. But in the pseudo-split pseudo-reductive
case the quotient G/ P modulo a proper pseudo-parabolic k-subgroup P is generally
not proper (see [CGP, Ex. A.5.6]), so Borel’s fixed point theorem does not apply.
Fortunately, G/P satisfies a weaker property that is adequate for establishing an
analogue of Borel’s theorem:

DEFINITION 4.2.1. A k-scheme X is pseudo-complete if it is separated, of finite
type, and satisfies the valuative criterion for properness with discrete valuation
rings R over k whose residue field is separable over k.

This is only of interest for imperfect k, as otherwise all extensions of k are
separable and hence pseudo-completeness over k recovers properness (due to the
valuation criterion). By [CGP, Prop. C.1.2], pseudo-completeness is insensitive to
separable extension of the ground field and to check pseudo-completness we only
need to consider those R that are also complete and have separably closed residue
field. Arguments with Artin approximation imply that it is even enough to consider
only R = ks[z] (see [CGP, Rem. C.1.4]); we will never use this, but it recovers the
definition considered by Tits.

EXAMPLE 4.2.2. Let k'/k be a finite extension of fields, G’ a connected reduc-
tive k’-group, and P’ C G’ a proper parabolic k’-subgroup. Let G' = Ry /,(G’)
and P = Ry /,(P’), so G is pseudo-reductive over k and P is a proper pseudo-
parabolic k-subgroup of G (see [CGP, Prop.2.2.13]). The quotient G/P is iden-
tified with Ry /4,(G’/P") where G'/P’ is smooth and projective with positive di-
mension. Hence, if k'/k is not separable then G/P is never proper (see [CGP,
Ex. A.5.6]). Nonetheless, G/P is pseudo-complete.

More generally, if X’ is a projective k’-scheme then we claim that the separated
k-scheme Ry, (X') of finite type is pseudo-complete. Since pseudo-completness is
insensitive to separable extension on k, we may extend scalars to ks at the cost of
replacing k' with the individual factor fields of ¥’ ®; ks (and X’ with its base change
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over such fields) to reduce to the case that k’/k is purely inseparable. By definition,
we need to show that if A is a discrete valuation ring over k with fraction field K such
that the residue field F' of A is separable over k then Ry /1 (X")(A) = Ry /1 (X")(K),
or equivalently X' (k' @y A) = X'(k' ® K). Since X' is pseudo-complete over £/, it
suffices to show that if k/k is any purely inseparable extension then A := k ®j A is
a discrete valuation ring with fraction field k ®; K and residue field k ®j F'. For a
uniformizer ¢ of A it suffices to prove every nonzero element of A is a unit multiple
of t" for a unique n > 0, so we may assume [k : k] < oo. But then A is visibly
noetherian and local with 1 ® ¢ a non-nilpotent element generating the maximal
ideal (as k ®y, & is a field, since k/k is separable), so A is a discrete valuation ring
by [Ser, Prop. 2, §2, Ch. I].

The proof of Borel’s fixed point theorem for a k-split solvable smooth connected
affine k-group acting on a proper k-scheme with a k-point involves extending to P*
certain k-scheme maps from G, or GL;. By elementary denominator-chasing, these
extension problems only involve the completed local ring k] at 0 or oo, so we only
need to work with R = k[z] to construct the desired extension. This establishes:

ProrosiTION 4.2.3. If H is a k-split solvable smooth connected affine k-group
and X is a pseudo-complete k-scheme equipped with an action by H such that
X (k) # 0 then X(k) contains a point fixed by H.

Pseudo-completeness underlies a generalization [CGP, Prop. C.1.6] of Example
4.2.2:

THEOREM 4.2.4. If P is a pseudo-parabolic k-subgroup of a smooth connected
affine k-group G then G/P is pseudo-complete over k.

PRrROOF. We may assume k = k, and G is pseudo-reductive (as %, x(G) C P by
definition of pseudo-parabolicity, with P/%,, 1(G) pseudo-parabolic in G/ %, 1(G)
by Proposition 2.3.8). Let G’ denote the maximal geometric reductive quotient
G%ed of G, and let P’ be the image of P in G'. If k is perfect, so k = k, then there
is nothing to do because over k pseudo-completeness coincides with properness and
pseudo-parabolicity in G coincides with parabolicity by [CGP, Prop. 2.2.9]. Hence,
we may assume p = char(k) > 0.

We explain why P’ is parabolic in G’, and refer the reader to the proof of
[CGP, Prop.C.1.6] for the rest of the argument. By definition, P = Pg()) for
some A : GL; — G. For the maximal geometric reductive quotient G' = G%ed of
Gy, the image P’ of Py in G’ is P/ ()y;) by Proposition 2.3.8. Thus, P’ is parabolic
in G’ [CGP, Prop.2.2.9]. |

REMARK 4.2.5. It is natural to ask if the converse to Theorem 4.2.4 holds
(providing a “geometric” characterization of pseudo-parabolicity). Unfortunately,
the converse essentially always fails away from the reductive case, thereby explaining
why pseudo-parabolicity is developed via dynamic rather than geometric means.

To make this failure precise, assume G is pseudo-reductive (a harmless hy-
pothesis since P — P/%, 1(G) is a bijection between the sets of pseudo-parabolic
k-subgroups of G and G/%,, 1(G) [CGP, Prop.2.2.10]). By [CGP, Thm. C.1.9],
the following two conditions are equivalent:

(i) the smooth closed k-subgroups @ of G for which G/Q is pseudo-complete
are precisely the pseudo-parabolic k-subgroups,
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(ii) every Cartan k-subgroup of G is a torus.

Since parabolicity and pseudo-parabolicity are the same in the connected reductive
case [CGP, Prop.2.2.9], it follows that for connected reductive G the parabolic
k-subgroups are precisely the smooth closed k-subgroups @ C G such that G/Q
is pseudo-complete. If instead G is pseudo-reductive but not reductive (so k is
imperfect) then the equivalent conditions (i) and (ii) always fail except for precisely
the special cases to be described in Theorem 7.3.3 that occur over k£ if and only if
k is imperfect with characteristic 2.

As an application of the analogue of the Borel fixed point theorem in the
pseudo-complete setting (Proposition 4.2.3), we can establish rational conjugacy
theorems in the smooth connected affine case that generalize well-known results in
the connected reductive case. To get started, we require a nontrivial lemma:

LEMMA 4.2.6. If G is a smooth connected affine k-group and P is a pseudo-
parabolic k-subgroup then G(k) — (G/P)(k) is surjective.

The connected reductive case is part of [Bo2, 20.5].

ProOF. This problem is not easily reduced to the pseudo-reductive case be-
cause 1 (G) might not be k-split. The general case is treated in [CGP, Lemma
C.2.1], and here we give a proof when G is pseudo-reductive with G (k) Zariski-dense
in G. (This case plays a role in the proof for general G, via an inductive argument
to handle the possibility that G(k) may not be Zariski-dense in G, as can happen
even for pseudo-reductive G over infinite k; see Example 2.1.5.)

Assume G is pseudo-reductive, so P = Pg(A) for some A : GL; — G, and that
G (k) is Zariski-dense in G. For the dense open subscheme Q := Ug(—A) x P C G
(via multiplication), the translates {gQ}4eq(x) constitute an open cover of G (as
this can be checked on k-points, using that G(k) is Zariski-dense in Gy). Passing
to the quotient modulo P, for the dense open Q := Q/P C G/P the translates
{90} gec(x) constitute an open cover of G/P. But Ug(—A)(k) — Q(k) is bijective,
so we are done for such G. g

LEMMA 4.2.7. Let G be a smooth connected affine k-group and P a pseudo-
parabolic k-subgroup. FEvery k-split solvable smooth connected k-subgroup H C G
admits a G(k)-conjugate contained in P. In particular, P contains a G(k)-conjugate
of any split k-torus S C G.

PROOF. For g € G(k) we have g"*Hg C P if and only if HgP C gP, which
is to say that the image of ¢ in (G/P)(k) is fixed under the left H-action. But
G/ P is pseudo-complete by Theorem 4.2.4, so the fixed point theorem (Proposition
4.2.3) provides a point in (G/P)(k) fixed by the left H-action. By Lemma 4.2.6,
this k-point of G/P lifts to G(k), so we get the desired G(k)-conjugate of H. [

PROPOSITION 4.2.8. Let G be a pseudo-split pseudo-reductive k-group. A pseudo-
parabolic k-subgroup P of G is minimal if and only if P/%,x(P) is commutative.

PROOF. A split maximal k-torus of G' admits a G(k)-conjugate contained in P
by Lemma 4.2.7, so P contains a split maximal k-torus T of G. Choose A € X, (T)
such that P = Pg(A); such A exists by Lemma 2.3.9. Clearly P = Zg(A\) x Ug(A)
and %y 1 (P) = Ug(X), 80 P/ %y 1(P) =~ Zg(X).
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As T C Zg(T) C Zg(M) and the Cartan k-subgroup Zg(T') is commutative,
Za(\) is commutative if and only if the inclusion Zg(T) C Zg(A) is an equality.
Such equality of smooth connected groups is equivalent to equality of their Lie
algebras. These Lie algebras coincide if and only if ®5—_g is empty, which is the
case if and only if ®)~( is a positive system of roots. Applying Proposition 3.3.7
therefore finishes the proof. O

THEOREM 4.2.9 (Borel-Tits). Any two mazximal split k-tori in a smooth con-
nected affine k-group G are conjugate under G(k).

PrOOF. We proceed by induction on dim G, the 0-dimensional case being clear.
If G admits a proper pseudo-parabolic k-subgroup P then by Lemma 4.2.7 every
split k-torus in G admits a G(k)-conjugate contained in P. Thus, we may rename P
as G and conclude by induction on dimension. Hence, we may assume that G does
not contain a proper pseudo-parabolic k-subgroup, so the pseudo-reductive quo-
tient G := G /%, x(G) also does not contain a proper pseudo-parabolic k-subgroup
[CGP, Prop.2.2.10]. In other words, for every k-homomorphism A : GL; — G we
have

G = Pg(=2) = Zg(=A) x Ug(=X),
so Ug(A) = 1. Likewise, Uz(—)) = 1, so G = Zg(\). This says that every X is
central in G, so every k-split torus in G is central! In particular, there is a unique
maximal k-split torus S in G and it is central.

Consider the preimage H of S under m : G — G. It is clear that every k-split
torus in G must be carried by 7 into S and so lies inside H. Thus, the problem for
G reduces to the same for H. But H is a smooth connected solvable k-group, and
in such a group any two maximal k-tori (and hence any two maximal split k-tori)
are conjugate to each other by an element of H(k) [Bo2, 19.2]. O

4.3. Properties of pseudo-parabolic subgroups. In addition to torus cen-
tralizers, proper parabolic k-subgroups P in connected reductive k-groups are a
useful source of inductive arguments since %, ;(P) is k-split and P/%, ,(P) is
reductive of smaller dimension. The relative root system ,® = ®(G, S) for a maxi-
mal split k-torus S (all choices of which are G(k)-conjugate to each other) controls
the collection of P’s containing S as well as the structure of %, 1 (P) in terms of
S-root groups for such P. These root groups can have large dimension and ,®
can be non-reduced (for k of any characteristic, even k = R). For semisimple G,
k-anisotropicity is equivalent to G having no proper parabolic k-subgroup.

The analogous notion of relative roots for pseudo-reductive G will be discussed
in §5.3, resting on a robust theory of pseudo-parabolic subgroups in the pseudo-
split case (such as over k;). In this section we will address several basic structural
results for pseudo-parabolic k-subgroups of pseudo-reductive groups, sometimes
in the pseudo-split case and sometimes more generally. Everything we do in the
pseudo-split case here will be extended to the general case in §5.3-85.4.

ProrosITION 4.3.1. Consider a pseudo-reductive k-group G containing a split
mazimal k-torus T. Let ® = ®(G,T) and P be a pseudo-parabolic k-subgroup of G
containing T .

(i) The subspace Lie(P) C Lie(Q) is the span of Lie(Zg(T)) and the T-weight
spaces for roots in ®(P,T), and if P’ is a second pseudo-parabolic k-
subgroup containing T then P’ = P if and only if Lie(P’) = Lie(P).
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(ii) If A is the subsemigroup of ® spanned by the set U of non-divisible roots
in ®(P,T) outside —®(P,T) then %y (P) = Ha(G) is the k-subgroup
directly spanned by the root groups for roots in .

(iii) For pseudo-parabolic k-subgroups P,@Q containing T, the following are
equivalent: P C @, Lie(P) C Lie(Q), ®(P,T) C ®(Q,T).

This result (along with Proposition 4.2.8) is [CGP, Prop.3.5.1], for which
Lie(Z¢(T)) in (i) is mistakenly written as Lie(T"), a typographical error not affecting
the proof there.

PROOF. The essential point is to reconstruct P from the set ®(P,T) of non-
trivial T-weights on Lie(P). By Lemma 2.3.9, there exists A € X, (T) such that
P = Pg(\) = Zg(A\) x Ug(A), so Ug(X) = Zyx(P). By Example 3.3.6 we have
®(P,T) = ®r»o. For each a € ®(P,T), the dynamic definition of U, and the
parabolicity of ®(P,T) imply that U(C{i) = U(i) C P. Since Zg(T) C Zg(A\) C P,
so Zg(T) = Zp(T), by applying Proposition 3.1.4 to P we conclude that P is gen-
erated by Zg(T) and {Ug)}aeq:.(P’T). Passing to Lie algebras yields (i) and (iii).
In the setting of (ii) we have AN & = Py~, s0 Zyix(P) = Ua(\) C Ha(G) by
the maximality property of H4(G) in Proposition 3.3.1. This containment between
smooth connected k-subgroups of G induces an equality on Lie algebras, so it is an
equality of k-subgroups, establishing (ii). O

REMARK 4.3.2. Based on experience in the reductive case, it is natural to
inquire if the equivalence of “P C Q" and “Lie(P) C Lie(Q)” in Proposition
4.3.1(iii) is valid more generally for arbitrary pseudo-parabolic k-subgroups P, Q
in a pseudo-reductive k-group G without assuming P and @ share a common split
maximal k-torus. The answer is affirmative; see Proposition 5.1.4(i) (whoose proof
uses Proposition 4.3.1(iii) over k).

PROPOSITION 4.3.3. Let G be a pseudo-reductive k-group with a split maximal
k-torus T. Let G' = G%ed, and let T" C G be the (isomorphic) image of Tr.
Assigning to each pseudo-pambolic k-subgroup P C G containing T the image P’ of
P =G = G%ed is an inclusion-preserving bijection in both directions between the

set of such P and the set of parabolic subgroups of G’ that contain T'. Moreover,
(P, T =d(P,T)N®(G,T) inside X(T) = X(T").

PrROOF. By Lemma 2.3.9, the k-groups P are exactly Pg(\) for A € X, (T).
In particular, the image P’ of P in G’ is Pg:(A;) by Proposition 2.3.8 (applied
to G — G'). The parabolic subgroups of G’ containing 7" are exactly Pg(u) for
p € X.(T"), by [CGP, Prop.2.2.9]. Since X,(T) = X,(T3) via XA — Ay, as we
vary P D T the associated subgroups P’ C G’ vary through precisely the parabolic
subgroups of G’ containing 7.

Let ® = ®(G,T) and &' = ®(G',T’), so ¥’ is the set of non-multipliable
elements of ® (Theorem 3.1.7). For any root system spanning a vector space V,
the parabolic subsets are precisely those with non-negative pairing against a linear
form [CGP, Prop. 2.2.8], so ¥ — NP’ is an inclusion-preserving bijection (in both
directions) between the sets of parabolic subsets of ® and of ®'. By Proposition
4.3.1(iii), if P,@Q C G are pseudo-parabolic k-subgroups containing 7', then P C @
if and only if ®(P,T) C ®(Q,T) inside ®(G,T). Thus, to complete the proof we
just have to establish the formula ®(P,T) N ®" = (P, T"). Writing P = Pg(X)
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with A € X, (T), we have P' = Pg/(X') for X' = A;. Thus, ®(P,T) = ®y>0 and
O(P,T") = @), . Since Py>oNP" = P, we are done. O

Now we are finally in a position to address some subtle points that were noted
at the end of §2.3: does pseudo-parabolicity descend through separable extension
of the ground field, and is it transitive with respect to subgroup inclusions? For-
tunately, both answers are affirmative. We begin with separable extension of the
ground field, as an application of Proposition 4.3.1.

PROPOSITION 4.3.4. Let G be a smooth connected affine k-group, P a smooth
connected k-subgroup, and K/k a separable extension of fields. Then P is pseudo-
parabolic in G if and only if Px is pseudo-parabolic in Gk, and for a maximal
k-torus T' C G the map P+ ®((P/Rux(G))k,,Tk,) is a bijection between the set
of pseudo-parabolic k-subgroups of G containing T and the set of Gal(ks/k)-stable
parabolic sets of roots in (G /R 1(G))k., Tk,)-

ProOOF. By Galois descent and Proposition 4.3.1(i), the bijectivity assertion
follows from the equivalence of pseudo-parabolicity for P and Pg. Since it is
obvious that Pg is pseudo-parabolic when P is pseudo-parabolic, we assume Py
is pseudo-parabolic and must show that P is pseudo-parabolic. By definition of
pseudo-parabolicity and the equality in (1.2.1.1) for separable K /k, we have

S 1(G)x = % x(GK) C P,

80 %,k (G) C P. Thus, we may pass to G/%, ,(G) so that G is pseudo-reductive.

Suppose k = kg, and choose a maximal k-torus T C P. By Lemma 2.3.9
(applied to the pseudo-parabolic K-subgroup Px C Gk containing the K-split
Tk) there exists A € X, (Tk) = X.(T) such that Px = Pg,(A\x) = Poc(Nk,
so P = Pg(\) is pseudo-parabolic as desired. Hence, our remaining problem for
general k is one of descent from k; to k.

Let T be a (possibly non-split) maximal k-torus in P, so it is also maximal
in G. By Lemma 2.3.9, we may write P, = Pg,, (n) for some p € X, (Tk,),
and the problem is that p might not be Gal(ks/k)-invariant. Indeed, if p were
Galois-invariant then it would descend to a k-homomorphism po : GL; — 7" and
so P, = Pa, ((to)r,) = Pa(io)k,, yielding that P = Pg(uo) is pseudo-parabolic
as desired. To overcome this problem we shall use Proposition 4.3.1.

Let k' /k be a finite Galois extension splitting T, so a k’-homomorphism g’ :
GL; — Ty exists that descends p. For each o € Gal(k’'/k), the natural iden-
tification of Gy with its o-twist o*(Gjs) implies that as k’-subgroups of Gy we
have

Pk/ = O'*(Pk/) = PGk’ (U./LI).
Comparing Lie algebras yields
Do 20 = Pprz0,
so for each a € @ either (a,o.u’) > 0 for all o or {(a,o.u’) < 0 for all o. Hence, for
the Galois-invariant A’ = > _o.u’ we have (a, ') > 0 precisely when (a,u’) > 0,
which is to say (I)(Pk/,Tk/) = (I))\/>0 = (I)(ng,(/\/),Tk/). By PI‘OpOSitiOH 431(1) it
follows that Py = Pg,,(\). As we saw above, this implies the pseudo-parabolicity
of the k-subgroup P in G since X is Gal(k’/k)-invariant. O

As an application of the two preceding propositions, we can establish the tran-
sitivity of pseudo-parabolicity:
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COROLLARY 4.3.5. Let P be a pseudo-parabolic k-subgroup of a smooth con-
nected affine k-group G. A smooth connected k-subgroup Q of P is pseudo-parabolic
in P if and only if it is pseudo-parabolic in G.

The idea behind the proof of Corollary 4.3.5 is as follows. By Proposition 4.3.4
we may assume k = ks (so all k-tori are split). The argument for pseudo-reductive
G involves a detailed study of root groups, building on the description of %, x(P)
in Proposition 4.3.1(ii). The most difficult part is to show that every pseudo-
parabolic k-subgroup of P/%,, 1 (P) is the image of a pseudo-parabolic k-subgroup
of G contained in P. This rests on a description (given in [CGP, Prop.2.2.8(2)])
of parabolic sets of roots in terms of a basis of a root system (rather than via the
construction ®y>0). We refer the reader to [CGP, Lemma 3.5.5] for the details.

In the theory of connected reductive groups, it is an important theorem that
every parabolic subgroup is its own normalizer. In traditional developments this
is proved at the level of geometric points, and the stronger result of equality with
its scheme-theoretic normalizer is [SGA3, XXII, 5.8.5]. (See [CGP, p.469] for the
existence of the scheme-theoretic normalizer of any smooth closed k-subgroup of
a smooth k-group.) In the general case the same strengthened normalizer result
holds for pseudo-parabolic subgroups:

PROPOSITION 4.3.6. FEvery pseudo-parabolic k-subgroup P of a smooth con-
nected affine k-group G coincides with its own scheme-theoretic normalizer.

PrROOF. We may assume k = ks;. For a smooth k-subgroup H C and h €
H(k) let fn(g) = hgh™tg™! (so fn(1) = 1). Since H(k) is Zariski-dense in the
k-smooth H, the scheme-theoretic normalizer N¢(H) of H in G is (Ve g £ N (H)
by construction. The pointed map f; induces Adg(h) — id on the tangent space
Lie(G) at 1, so

Lie(Ng(H)) = {X € Lie(G) | Adg(h)(X) — X € Lie(H) for all h € H(k)}.

The first step is to show that Lie(P) = Lie(Ng(P)), which is to say that the
smooth closed k-subgroup P of Ng(P) has full Lie algebra and hence coincides
with Ng(P)° as schemes; in particular, Ng(P) would then be k-smooth. Pick a
maximal k-torus T C P, so T is split. If the inclusion Lie(P) C Lie(Ng(P)) of T-
stable subspaces of Lie(G) were strict then (as T is split) we could find an element
X in a T-weight space of Lie(Ng(P)) such that X is not in Lie(P). Let a € X(T') be
the eigencharacter for X. Writing P = Pg(A\) %y 1 (G) for some A € X, (T) (Lemma
2.3.9), we have (a(t) — 1)X € Lie(P) for all ¢t € T'(k). This forces a = 1, which is
to say

X € Lie(G)T = Lie(Zg(T)) C Lie(Zg()\)) C Lie(P),

a contradiction.

We have proved that Ng(P) is smooth with identity component P, so since
k = ks it remains only to show that any g € G(k) normalizing P lies in P(k). We
may pass to G/%y r(G) since %, (G) C P, so now G is pseudo-reductive. Since
P(k) is Zariski-dense in P (as k = k;), it is the same to show that P(k) is its
own normalizer in G(k) (i.e., every g € G(k) satisfying gP(k)g~* = P(k) lies in
P(k)). Choose a minimal pseudo-parabolic k-subgroup B C P of G such that B
contains 7', as may be done by Propositions 3.3.7, 4.3.1, and 4.3.4. By Theorem
4.1.7, (B(k), Na(T')(k)) is a BN-pair for G(k). For any group G equipped with a
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BN-pair (B, N), every subgroup P C G containing B is equal to its own normalizer
in G [Bou, IV, §2.6, Thm. 4(iv)]. Thus, we are done. O

In Remark 2.3.10(iii) we noted that (in contrast with parabolicity) it is not at
all obvious if a smooth closed subgroup ) of a smooth connected affine k-group
G is necessarily pseudo-parabolic when it contains a pseudo-parabolic k-subgroup.
As in the reductive case, the answer is affirmative:

PROPOSITION 4.3.7. A smooth closed k-subgroup @ of a smooth connected affine
k-group G is pseudo-parabolic if it contains a pseudo-parabolic k-subgroup P C G.

PROOF. There is no harm in assuming k = kg, shrinking P to be minimal,
and passing to G/%,.1(G), so G is pseudo-reductive. Choose a maximal k-torus
T C P,so ®(P,T) is a positive system of roots in G. Writing P = Pg(X) for some
A € X, (T) not vanishing on ®, the image P’ of P in Grfd is the (pseudo-)parabolic
subgroup PG«%ed()\E) that is visibly a Borel subgroup (as ®(G,T) and @(G%ed, T%)
coincide up to rational multipliers). Hence, the image Q' of Qy in G%ed contains a
Borel subgroup, so it is parabolic. Thus, Q' corresponds to a parabolic set of roots
in @(ng,TE) containing ®(P’,T%); i.e., it is the set of roots with non-negative
pairing against some p € X, (T%) = X (7).

The idea is to use an analysis of root groups to show that Pg(u) C @, and to
show that this inclusion is an equality on Lie algebras, so Pg (1) = Q°. It would then
follow that @ normalizes the pseudo-parabolic Pg(u), so Proposition 4.3.6 would
imply that @ = Pg(p). The study of root groups to compare Pg(u) and @ rests on
first showing that the natural map W(Q,T) — W(Q', T3) is an isomorphism (and
using transtivity of the W (Q’, Ty)-action on the set of positive systems of roots in
@(Q’red,Tg)); see the proof of [CGP, Prop. 3.5.8] for the details. O

5. Refined structure theory

5.1. Further rational conjugacy. As a supplement to Theorem 4.2.9 we
wish to establish G(k)-conjugacy of all minimal pseudo-parabolic k-subgroups, as
well as rational conjugacy for maximal k-split unipotent and maximal k-split solv-
able smooth connected k-subgroups. We begin with two preliminary results, the
first of which is an application of Tits’ structure theory for unipotent groups in
positive characteristic [CGP, App. B]:

THEOREM 5.1.1 (Tits). For any smooth connected affine k-group H, the forma-
tion of its mazximal k-split smooth connected unipotent normal k-subgroup Zs.i(H)
commutes with separable extension on k and Ry x(H)/Rus x(H) does not contain
G, as a k-group.

See [CGP, Cor. B.3.5] for a proof. In general, a smooth connected unipotent k-
group U not containing G, as a k-subgroup is called k-wound (see [CGP, Def. B.2.1,
Prop. B.3.2] for alternative characterizations). A very useful property of such k-
groups is that they admit no nontrivial action by a k-torus [CGP, Prop.B.4.4].
This is used in the proof of:
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PROPOSITION 5.1.2. For a smooth connected affine k-group G, pseudo-parabolic
k-subgroup P, and a mazimal split k-torus S in P, the centralizer Zg(S) is con-

tained in P (so S is mazimal as a k-split torus in G). Moreover, P is minimal in
G if and only if P = Zg(S)Rus i (P).

In the reductive case this is a well-known result (essentially part of [Bo2, 20.6]).

PROOF. Assuming Zg(S) C P, so Zg(S) normalizes every normal k-subgroup
of P, we claim that Zg(S)Z%us k(P) = Zg(S) %y (P) or equivalently that the image
of S'in P/%ys,(P) centralizes U := £y 1 (P)/Pus,x(P). But U is k-wound, so any
action on it by a k-torus must be trivial [CGP, Prop. B.4.4].

For the rest of the argument we may and do consider %, ;(P) instead of
Rs ;(P). Since Xy 1(G) C Huyrx(P) by definition of pseudo-parabolicity, and
the image of S in P/%, ,(G) is clearly a maximal split k-torus, we can pass to
G/%,(G) so that G is pseudo-reductive. Now P = Pg(\) for some A : GL; — P,
80 Zuk(P) = Ug(A). Let T be a maximal k-torus of P containing S. We can
assume that A is valued in T (Lemma 2.3.9) and then, as S is the maximal split
subtorus of T', A is actually valued in S. Thus, Zg(S) C Zg(\) C Pg(A) = P. In
particular, Zg(S) = Zp(S).

The pseudo-parabolic k-subgroups of P are precisely the pseudo-parabolic k-
subgroups of G that are contained in P (Corollary 4.3.5), so P is minimal in G if
and only if the pseudo-reductive quotient P := P/ %, (P) does not contain any
proper pseudo-parabolic k-subgroup. The image S of S in P is clearly a maximal
split k-torus in P, and Zp(S) — Z5(S) is surjective. Thus, we may rename P as G
to reduce to showing that if G is pseudo-reductive then it has no non-central split
k-tori if and only if it has no proper pseudo-parabolic k-subgroup. This equivalence
is [CGP, Lemma 2.2.3(1)]. O

THEOREM 5.1.3 (Borel-Tits). The minimal pseudo-parabolic k-subgroups of a
smooth connected affine k-group G are pairwise G(k)-conjugate.

PROOF. Let P be a minimal pseudo-parabolic k-subgroup of G and let @ be
any pseudo-parabolic k-subgroup of G. We seek a G(k)-conjugate of P that is
contained in Q). By Proposition 5.1.2, P = Z5(S)U for a maximal split k-torus
S C Gand U := Zys 1 (P). The smooth connected affine k-group H := SU = SxU
is k-split solvable, so by Lemma 4.2.7 applied to H and () we can replace the triple
(P,S,U) by a suitable G(k)-conjugate so that H C (. But maximality of S in G
implies that S is a maximal split k-torus in @, so @ contains Zg(S) by Proposition
5.1.2. Hence, @ contains Zg(S)U = P. O

In §5.2-§5.4 we will extend to general smooth connected affine k-groups the
Borel-Tits structure theory of arbitrary connected reductive k-groups (replacing
parabolic k-subgroups with pseudo-parabolic k-subgroups). This requires the fol-
lowing generalization of a well-known result in the reductive case:

PrOPOSITION 5.1.4. Consider pseudo-parabolic k-subgroups P,Q of a smooth
connected affine k-group G.

(i) The k-group scheme PNQ is smooth and connected, and its mazimal k-tori
are mazimal in G. Moreover, P C Q if and only if Lie(P) C Lie(Q).
(ii) The image of PN Q in P/%. 1, (P) is pseudo-parabolic.
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(iii) If P N Q is pseudo-parabolic then the k-subgroups P and @ are G(k)-
congugate if and only if P = Q.

PrOOF. Without loss of generality we may assume k = k; and G is pseudo-
reductive. We shall first use the pseudo-split Bruhat decomposition in Theorem
4.1.7 to find a (split) maximal k-torus T of G contained in both P and Q. For
this purpose, there is no harm in first shrinking P and @ to be minimal. Now
choose a maximal k-torus S of G contained in P; we shall find a P(k)-conjugate
of S contained in Q. By Theorem 5.1.3, Q@ = gPg~! for some g € G(k) since
P and @ are minimal. The pseudo-split Bruhat decomposition provides p,p’ €
P(k) and n € Ng(S)(k) such that g = pnp’. Hence, Q = pnPn~!p~!, so Q
contains pnSn~'p~! = pSp~!. But clearly P also contains pSp~!, so T := pSp~!
is contained in both P and Q.

We can describe P and @ in terms of the Cartan k-subgroup Zg(T') and suitable
T-root groups. This provides a mechanism one can use to prove smoothness of PNQ
in (i) via the study of Lie algebras as T-representation spaces, after which the final
assertion in (i) is clear since Lie(P N Q) = Lie(P) N Lie(Q). A lengthy analysis of
root systems and root groups is required to deduce (ii). The reader is referred to
the proof of [CGP, Prop. 3.5.12] for the details. O

The results on rational conjugacy of maximal split tori (Theorem 4.2.9) and
minimal pseudo-parabolic subgroups (Theorem 5.1.3) admit analogues announced
by Borel and Tits for maximal split (smooth connected) unipotent subgroups and
maximal split (smooth connected) solvable subgroups. The essential step is to prove
that the maximal k-split smooth connected unipotent k-subgroups of a pseudo-
reductive k-group are precisely %5, (P) for minimal pseudo-parabolic k-subgroups
P. A proof inspired by ideas of Kempf [Kem] is given in [CGP, C.3], to which we
also refer for a complete discussion of the following consequences:

THEOREM 5.1.5. Let U be a k-split smooth connected unipotent k-subgroup of
a pseudo-reductive k-group G, and let H be a (possibly disconnected) smooth closed
k-subgroup of G normalizing U. There exists a pseudo-parabolic k-subgroup P of G
containing H such that U C Rys 1 (P).

In the special case H = 1 this says that there exists a pseudo-parabolic k-
subgroup P satisfying U C %ys1(P). But if a k-subgroup @ C P is pseudo-
parabolic (either in P or in G, equivalent conditions on @ by Corollary 4.3.5) then
sk (P) is normal in @ and hence by computing over ks we see that %y, 1 (P) C
%us,k(Q)~

Thus, a special case of Theorem 5.1.5 is that the maximal k-split smooth con-
nected unipotent k-subgroups U in a pseudo-reductive k-group G are precisely
PRs 1 (Q) for the minimal pseudo-parabolic k-subgroups @ of G, all of which are
G(k)-conjugate to each other by Theorem 5.1.3. (In Corollary 5.1.7 we will see
that this description of the maximal U remains valid without a pseudo-reductivity
hypothesis on G.)

It follows that if G is an arbitrary smooth connected affine k-group with no
proper pseudo-parabolic k-subgroup (equivalently, all k-split tori in G/%y 1 (G)
are central [CGP, Lemma 2.2.3(1)]) then the image in G/%, 1(G) of any k-split
smooth connected unipotent k-group U C G must be trivial and so U C %, x(G).
But %y k(G)/Ruys k(G) is k-wound, so it receives no nontrivial k-homomorphism
from U, forcing U C Zys,x(G). In other words:
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THEOREM 5.1.6. If a smooth connected affine k-group G has no proper pseudo-
parabolic k-subgroup then %usi(G) contains every k-split unipotent smooth con-
nected k-subgroup of G. In particular, if G is pseudo-reductive then it contains a
non-central GLy1 if and only if it contains G, as a k-subgroup.

COROLLARY 5.1.7. For a smooth connected affine k-group G, the mazimal k-
split smooth connected unipotent k-subgroups U of G are precisely Xys i (P) for the
minimal pseudo-parabolic k-subgroups P of G.

PROOF. Since all such P are G(k)-conjugate to each other by Theorem 5.1.3,
we may choose one such P and seck a G(k)-conjugate of U contained in Zys ;. (P).
By Lemma 4.2.7, by passing to such a conjugate we can arrange that U C P. But
P := P/%,,(P) is a pseudo-reductive k-group with no proper pseudo-parabolic
k-subgroup (due to the minimality of P and Corollary 4.3.5), so P does not contain
any nontrivial k-split smooth connected unipotent k-subgroup. Hence, U has trivial
image in P, so U C %, x(P). The k-wound quotient %y, y(P)/Z%us r(P) receives no
nontrivial k-homomorphism from the k-split U, so U C Zys.x(P). O

Beware that the assertion in Theorem 5.1.6 relating non-central split tori and
split unipotent subgroups in pseudo-reductive groups has no analogue without the
“split” hypothesis, even in the semisimple case. More specifically, for suitable k
there exist k-anisotropic connected semisimple groups that contain (necessarily k-
wound!) nontrivial smooth connected unipotent k-subgroups. Examples of adjoint
type A over every local function field are given in [CGP, Rem. C.3.10], and exam-
ples in the simply connected case are given in [GQ)].

Theorem 5.1.3 and Corollary 5.1.7 yield the unipotent case of:

THEOREM 5.1.8. For a smooth connected affine k-group G, the maximal k-
split unipotent smooth connected k-subgroups of G are pairwise G(k)-conjugate and
likewise for the maximal k-split solvable smooth connected k-subgroups of G.

By using Proposition 5.1.2, the conjugacy of maximal k-split solvable smooth
connected k-subgroups can be deduced without difficulty from the conjugacy of
maximal k-split unipotent smooth connected k-subgroups if G is pseudo-reductive
(as pseudo-reductivity of G implies that %, i (P) is k-split for any pseudo-parabolic
k-subgroup P C ). However, for general G we cannot pass to the pseudo-reductive
case since the quotient map G — G/%, 1(G) can fail to be surjective on k-points
when %, k(G) is not k-split. See [CGP, Thm. C.3.12] for the additional arguments
to overcome this problem.

PROPOSITION 5.1.9. Let G be a smooth connected affine k-group that is quasi-
reductive (i.e., s k(G) = 1). Any mazimal proper smooth connected k-subgroup
M of G either is quasi-reductive or is pseudo-parabolic in G.

PROOF. Assume M is not quasi-reductive, so U := Zys (M) # 1. By applying
Theorem 5.1.5 to the images of U and M in the maximal pseudo-reductive quotient
G /%, (G) of G, we obtain a pseudo-parabolic k-subgroup P of G containing M
such that U C s, (P). Since Hys 1(P) # 1 (as U # 1), P is a proper k-subgroup
of G. Thus, maximality of M implies that M = P. O

The following result was proved by V.V.Morozov over fields of characteristic
0 and was announced by Borel and Tits in general in [BoTi3].
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ProroOSITION 5.1.10. Let G be a smooth connected affine k-group. A smooth
closed k-subgroup H of G is pseudo-parabolic if and only if it is the maximal smooth
closed k-subgroup of G normalizing U := Ry 1 (HY).

PRrROOF. If H is pseudo-parabolic in G then H (k) is the normalizer in G(k;)
of U(ks) by [CGP, Cor.3.5.10], so the desired maximality property for H holds.

Now assume that H is the maximal smooth closed k-subgroup of G normalizing
U. Let P be a pseudo-parabolic k-subgroup of G containing H such that U C
Hus i (P); the existence of such a P is easily seen by applying Theorem 5.1.5 to
the images of U and H in the maximal pseudo-reductive quotient G/Z,, 1 (G) of G.
We will show that U = Zys,x(P), so P normalizes U. Then the maximality of H
forces the inclusion H C P to be an equality, establishing the desired converse.

Let V = s,k (P), and define Vj to be the center of V if char(k) = 0 and to
be the maximal k-split smooth connected p-torsion central k-subgroup of V' when
char(k) =p > 0 (so Vy # 1 when V # 1, using [CGP, Cor.B.3.3] if char(k) > 0).
Tterate this for V/Vj to obtain k-split smooth connected k-subgroups Vp C Vi C
.-+ C V,, =V normalized by P such that Vj is central in V' and V;/V;_; is central
inV/V;_1 for 0 < j<mn.

Suppose V; normalizes U, as happens for j = 0 (by centrality of V in V' D U).
The smooth connected k-subgroup (H,V;) C G containing H normalizes U, so the
maximality hypothesis on H forces (H,V;) = H; ie., V; C H. But V; is then
normal in H (since H C P and Vj; is normal in P), so the k-split smooth connected
unipotent V; is contained in U. Now U/V; makes sense and is a k-subgroup of
V/V;. If j < n then the central Vj;1/V; C V/V; certainly normalizes U/V}, so
V41 normalizes U. We may induct on j to eventually obtain that V =V, C U, so
V = U as desired. O

5.2. General Bruhat decomposition. We will give a proof of a general
Bruhat decomposition (announced by Borel and Tits) that removes the pseudo-split
and pseudo-reductivity hypothesis in Theorem 4.1.7. This requires an important
preliminary result:

PROPOSITION 5.2.1. The intersection of two pseudo-parabolic k-subgroups in a
smooth connected affine k-group G contains Zg(S) for some mazimal split k-torus

SCaQ@G.

ProOF. Let P and P’ be two pseudo-parabolic k-subgroups of G. By Propo-
sition 5.1.4(i) we can find a maximal k-torus T of G contained in P N P’. Let T
be the maximal split k-torus in T'. By Lemma 2.3.9, there exist A\, \ € X, (T') such
that P = Pg(A\)%uk(G) and P’ = Pg(N)%y,x(G). The k-homomorphisms A, X :
GL; = T are valued in Ty, so clearly Zg(Ty) C Zg(A\)NZg(N) C PNP'. Let S be
a maximal k-split torus of G containing Ty. Then Zg(S) C Zg(To) c PN P. O

THEOREM 5.2.2 (General Bruhat decomposition). Let G be a smooth connected
affine k-group. For any mazimal split k-torus S and minimal pseudo-parabolic k-
subgroup P containing S, G(k) = 1, ey P(k)nw P (k) where W := N(k)/Z(k) for
N = N¢(S) and Z = Zg(S) with n,, € N(k) a representative of w € W.

PRrROOF. First we show that every P(k)-double coset in G(k) meets N (k). For
g € G(k), by Proposition 5.2.1 we may choose a maximal split k-torus S’ of G
contained in P N gPg~!, so the tori S, S’, and g~15’g are maximal split k-tori in
P. They are P(k)-conjugate by Theorem 4.2.9, so we obtain p,p’ € P(k) such that
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pS'pt =8 =p'g71Sgp’ ", Hence, p~! and gp'~ ' each conjugate S into S, so
pgjv'i1 € N(k);ie., g€ p 'N(k)p'. (Note that the proof of Proposition 5.2.1 rests
on Proposition 5.1.4(i), whose proof uses the pseudo-split Bruhat decomposition in
Theorem 4.1.7 over ks.)

By Proposition 5.1.2, in such cases P = ZU for U := %, (P). Group-theoretic
manipulations resting on Theorem 4.2.9 (given at the end of the proof of [CGP,
Thm. C.2.8]) allow one to reduce the pairwise disjointness of the double cosets to
the disjointness of P(k)nP(k) from P(k) for any n € N(k)—Z(k). An even stronger
statement is true for such n: the locally closed subset PnP C G is disjoint from P.

Equivalently, we claim that P(k) N N(k) = Z(k).

That is, if an element g € P(k) normalizes Sz then we claim that its conjugation
action on St is trivial. The natural map S — P/U is a k-subgroup inclusion since
S is a torus and U is unipotent, so it suffices to check that g-conjugation on (P/U);

is trivial on Si. But P = ZU with Z = Zg(S), so this is clear. O

REMARK 5.2.3. Consider minimal P in the setting of Theorem 5.2.2. In view
of the disjointness of PnP and P inside G for n € N(k) — Z(k) as established in
the proof above, it is natural to ask more generally if the locally closed subsets
PnP and Pn'P are disjoint for n,n’ € N(k) that lie in distinct Z(k)-cosets. This
is equivalent to disjointness of sets P(k)nP(k) and P(k)n'P(k).

The elementary group-theoretic argument which reduces the disjointness of
P(k)nP(k) and P(k)n'P(k) to the disjointness of P(k) and P(k)n~'n'P(k) rests
on Theorem 4.2.9 (which is sensitive to extension of the ground field) and so does
not carry over to the level of geometric points. The disjointness does hold on
geometric points, but its proof requires an entirely different approach, making use of
dynamic considerations (especially that the open immersion in Theorem 2.3.5(ii) is
an equality in the solvable case) after preliminary reduction to the pseudo-reductive
case. See [CGP, Rem. C.2.9] for further details.

5.3. Relative roots. The structure of general connected reductive groups is
controlled by relative root systems (which treat the anisotropic case as a black box),
and in this section we sketch how it can be extended to arbitrary smooth connected
affine groups.

As an application of rational conjugacy theorems for maximal k-split tori and
minimal pseudo-parabolic k-subgroups, as well as the disjointness of P and PnP
(rather than just of P(k) and P(k)nP(k)) for minimal P and n € N(k) — Z(k)
shown in the proof of Theorem 5.2.2, there is a good notion of relative Weyl group
beyond the pseudo-split pseudo-reductive case (in Proposition 4.1.3):

PROPOSITION 5.3.1. Let S be a mazimal split k-torus in a smooth connected
affine k-group G. The finite étale quotient W (G, S) := Ng(S)/Za(S) is constant,
and the inclusion Ng(S)(k)/Za(S)(k) — W(G, S)(k) is an equality.

PROOF. Let N = Ng(S), Z = Zg(S), and W = W(G, S). For any n € N (k)
and v € Gal(ks/k), the conjugation actions of n and y(n) on Sk, are related through
~v-twisting (using the canonical kg-isomorphism between Sy, and its y-twist), but
all ks-automorphisms of Sj, descend to k-automorphisms of S because S is k-split.
Hence, these two conjugations on Sy, coincide, which is to say v(n)n=! € Z(ks).
This says exactly that W (k) has trivial Galois action, or in other words that W is
constant.
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There is a natural action of W(k) = W(ks) = N(ks)/Z(ks) on the set &
of minimal pseudo-parabolic k-subgroups of G containing S: if P is such a k-
subgroup and n € N (k) then nP,_ n~"! only depends on n through its Z(k)-coset
w € W (k) since Z C P (by Proposition 5.1.2). But y(n) is in the same coset for all
v € Gal(ks/k), so nP,,n~1 is Gal(ks/k)-stable inside Gy, and thus descends to a
pseudo-parabolic k-subgroup of G containing S. This descent is minimal in G for
dimension reasons, due to Theorem 5.1.3. In this way, W (k) acts on &2.

We saw in the proof of Theorem 5.2.2 that for every P € & the inclusion
Z C PN N is an equality on k-points, so the W (k)-action on & is free. Hence,
to finish the proof it suffices to show that N (k) acts transitively on &, which in
turn is immediate from Theorem 5.1.3 and Theorem 4.2.9 (the latter applied to an
element of &2). O

We want to upgrade Proposition 5.3.1 by showing that in the pseudo-reductive
case ®(G, S) is a root system in its Q-span and that its Weyl group is naturally
identified with W (G, S)(k). For later purposes with Tits systems, it is convenient to
avoid a pseudo-reductivity hypothesis on G, though one cannot expect ®(G,S) to
be a root system without any hypotheses on %, 1 (G) (e.g., consider the case where
G is a vector group equipped with a linear S-action). If %, (G) is k-wound then
it admits no non-trivial action by a k-torus, so in such cases %, 1 (G) centralizes S
and hence does not contribute to ®(G, 5).

THEOREM 5.3.2. Let G be a smooth connected affine k-group, S a mazimal
split k-torus, P a minimal pseudo-parabolic k-subgroup containing S.

(1) The set 1@ = ®(G/%u k(G),S) is a root system in its Q-span in X(S)q,
its subset ®(P/%u1(G),S) is a positive system of roots, and the natural
map Na(S)(k)/Za(S)(k) — W (,®) is an isomorphism.

(ii) The set of pseudo-parabolic k-subgroups of G containing S is in bijec-
tion with the set of parabolic sets of roots in ,® via P +— ,®p =
O(P' /Ry r(G),S), and P' C P" if and only if 1 ®p: C 1 Ppr.

(iii) There is a root datum (,®,X(9), kiv,X*(S)) using a canonically associ-
ated subset ;@ C X.(S) —{0}.

(iv) Assume £y 1 (G) is k-wound. The root system @ consists of the nontrivial
S-weights on Lie(G) and its Q-span coincides with X(S")q, where S’ is
the subtorus (S N 2(G))°%, in S that is an isogeny complement to the
mazximal split central k-torus Sy C G. Moreover, kiv C X (5.

The proof of this theorem is rather long; we refer to [CGP, Thm. C.2.15] for the
details and explain here just two points: why N (S)(k)/Z(S)(k) is unaffected by
passing to G := G /%, 1(G) (even though G(k) — G(k) is generally not surjective)
and how coroots are built (since the method has nothing to do with a rank-1
classification as in the reductive case).

We have N (S)(k)/Za(S)(k) = W (G, S)(k) by Proposition 5.3.1, and the map
of finite étale (even constant) k-groups W (G, S) — W(G, S) is an isomorphism due
to [CGP, Lemma 3.2.1] (using that ker(G — G) is unipotent), so passing to k-
points gives the desired invariance under passage to GG (and so reduces the problem
of relating W (G, S)(k) and W (x®) to the case where G is pseudo-reductive).

For each a € ;®, we shall define the associated cocharacter a¥ € X, (S) using
the scheme-theoretic kernel ker a that is of multiplicative type (contained in S) and
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so has smooth scheme-theoretic centralizer Zg(kera) [CGP, Prop. A.8.10(1),(2)].
For G, := Zg(kera)® containing S, by [CGP, Prop. A.8.14] its maximal pseudo-
reductive quotient maps isomorphically onto the analogue G, for G. The central-
ity of kera in G, implies that the finite group W(G,, S)(k) has order at most
2; its order is actually 2 because Ng, (5)(k) acts transitively on the set of mini-
mal pseudo-parabolic k-subgroups of G, (Theorem 5.1.3) and there are two such
subgroups [CGP, Lemma C.2.14] (proved by dynamic considerations with the max-
imal pseudo-reductive quotient Gy /%, k(Gq) =~ G, in which S is non-central due
to nontriviality of its adjoint representation).

Since W (G, S)(k) is naturally a subgroup of W(G, S)(k), we may define
re € W(G,S)(k) to be the unique nontrivial element in W(G,, S)(k). The en-
domorphism of S defined by s — s/74(s) kills ker a because kera is central in Gy,
so there exists a unique a¥ € X, (S) such that s/r,(s) = a¥(a(s)) since the map
S/(kera) — GL; defined via a is an isomorphism. This yields the habitual formula
ro(z) =z — (x,a")a on X(S).

Building on Theorem 5.3.2, we now associate a BN-pair (in the sense of Defini-
tion 4.1.6) to the triple (G, S, P), allowing us to analyze the structure of G(k) (es-
pecially when G is pseudo-reductive, or more generally when %, 1.(G) is k-wound):

THEOREM 5.3.3. In the setting of Theorem 5.3.2, (P(k), Na(S)(k)) is a BN-
pair for G(k) with associated Weyl group W (. ®) and distinguished set of involutions
R :={ry}aen for the basis A of the positive system of roots ;Pp C 1 P.

In the pseudo-split pseudo-reductive case this recovers Theorem 4.1.7.

ProOOF. We sketch a few main points, referring to [CGP, Thm. C.2.20] for full
details. That P(k) and Ng(S)(k) generate G(k) is immediate from the Bruhat
decomposition in Theorem 5.2.2, the proof of which showed P(k) N Ng(S)(k) =
Zc(S)(k) (so (BN1) in Definition 4.1.6 holds). Hence, the final assertion in Theorem
5.3.2(i) identifies the associated Weyl group with W (;®), and by the theory of root
systems the latter is generated by R.

To verify (BN2), it remains to show that elements r € R (or rather, their
representatives in Ng(S)(k)) do not normalize P(k). Such elements certainly do not
normalize P, since P = Ng(P) by Proposition 4.3.6 and PNN¢(S)(k) = Za(S)(k),
but working with just P(k) rather than P will require a finer technique with “root
groups” for G (not assumed to be pseudo-reductive) since P(k) is generally not
Zariski-dense in P (see Example 2.1.5).

For any b € X(S) — {0}, define the smooth connected root group Uy := H ) (G)
via the construction in Proposition 3.3.1. This is unipotent, and in the pseudo-split
pseudo-reductive case it recovers the notion of root group considered already in such
cases in Corollary 3.1.10 when U, # 1 (since in any root system, such as ,®, the
only possible root that is a nontrivial Qs -multiple of a given root c is either 2¢ or
¢/2 and not both). We do not make any claims yet concerning the commutativity
of Uy for non-multipliable b € ,®, even assuming G is pseudo-reductive but possibly
not pseudo-split (we will address this later, in Proposition 5.4.2).

Since the basis A lies inside the positive system of roots ,®p, U, C P for any
a € A due to the dynamic description of P := P/%, x(G) inside G := G/ %0 x(G).
(Indeed, P = Px()) for some A\ € X,(9) satisfying (a,\) > 0, so the inclusion
U,NP = Pz (A) C U, between smooth connected k-groups is an equality on
Lie algebras and hence an equality of k-groups. Thus, U, C P; by the dynamic
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construction of U, := H 4 (G) in the proof of Proposition 3.3.1, the quotient map
G — G carries U, into U, € P and so U, C P as desired.) Hence, the 7,-
conjugate of P contains U, () = U_4, so to verify (BN2) it is sufficient to show
that U_, (k) ¢ P(k) for a € A. This is established using properties of the “H 4(G)”-
construction (for subsemigroups A of X(5)).

The verification of (BN3) is essentially the same as in the connected reductive
case, using calculations with the Bruhat decomposition (which can be applied here,
due to Theorem 5.2.2). O

REMARK 5.3.4. The BN-pair (B,N) arising in Theorem 5.3.3 is well-defined
up to G(k)-conjugation, and is called standard for G(k) (relative to the specifi-
cation of the k-group G). This BN-pair satisfies some additional properties, as
follows. Firstly, the associated Weyl group W is obviously finite; this is the spher-
ical condition. Moreover, the BN-pair is saturated and weakly split in the sense
of Definition 4.1.6 (using U := s (P)(k) for the nilpotent normal subgroup of
B in the weakly-split property); the verification of these two properties is given in
[CGP, Rem.C.2.22]. Finally, by root group considerations, if k is infinite then
B NrBr—! is of infinite index in B for any r € R.

Remarkably, there is a converse result when k is infinite and %, 1(G) is k-
wound (e.g., G is pseudo-reductive): any weakly-split saturated spherical BN-pair
(B,N) for G(k) (with associated set of involutions in its Weyl group denoted as
R) such that B N rBr~! is of infinite index in B for all » € R must arise from a
pair (S, P) in G provided that the BN-pair satisfies a further mild group-theoretic
hypothesis related to the k-isotropic minimal normal k-simple pseudo-semisimple
k-subgroups of G; see [P, Thm. B, Rem. 1] for a precise statement.

5.4. Applications of refined structure. The formalism of BN-pairs pro-
vides a unified approach to properties of the subgroup structure of G(k) for con-
nected semisimple k-groups G (of interest with finite & for finite group theory, and
k = R for Lie theory); uniform simplicity proofs for G(k)/Zq (k) with simply con-
nected G are an especially useful application of this perspective. For any group G
equipped with a BN-pair (B, N) and the associated set R of involutions in the Weyl
group W, there are 2#R subgroups of G containing B; these are parameterized by
the subsets I of R [Bou, IV, §2.5, Thm. 3(b)].

Relative to the Bruhat decomposition G = [[,, . BwB, the subgroup G; associ-
ated to [ is uniquely determined by the conditions that it contains B and meets N in
the preimage of the subgroup W; C W generated by I. Equivalently, the B-double
cosets in Gj are precisely the ones labelled by W; via the Bruhat decomposition.
When this result for BN-pairs is applied to G = G(k) equipped with its stan-
dard BN-pair, one gets precise group-theoretic control over the pseudo-parabolic
k-subgroups of G (even though P(k) need not be Zariski-dense in P!):

THEOREM 5.4.1. Let G be a smooth connected affine k-group, and choose a
minimal pseudo-parabolic k-subgroup P and a maximal split k-torus S C P. The
map Q — Q(k) is a bijection from the set of smooth closed k-subgroups of G con-
taining P onto the set of subgroups of G(k) containing P(k). Moreover, for any
two such Q and Q', we have Q C Q" if and only if Q(k) C Q'(k).

PrOOF. We saw above that the set of subgroups of G(k) containing P(k) is
naturally labeled by the set of subsets of the basis A of ;®p. By construction, this
labeling is inclusion-preserving in both directions (i.e., G(k); C G(k) if and only
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if I C I'). Since the sets of pseudo-parabolic k-subgroups of G containing S and of
G = G/%. x(G) containing (the naturally isomorphic image of) S are in bijective
correspondence via reduction modulo %, x(G), it follows that the possibilities for
@ can be labelled after passing to the pseudo-reductive case (but beware that
Q(k) = (Q/Z%u.1(G))(k) can fail to be surjective when %, 1.(G) is not k-split).

Recall from Theorem 4.3.7 that any smooth closed k-subgroup of G containing
P is pseudo-parabolic. For pseudo-reductive G, the map Q — ®(Q, S) is a bijection,
inclusion-preserving in both directions, from the set of Q’s containing S onto the set
of parabolic subsets of ®(G, S) (see Theorem 5.3.2(ii),(iv)). Hence, if G is pseudo-
reductive then the set of those @ containing P is labeled by the set of parabolic
subsets of ®(G,S) containing the positive system of roots ®(P,S). But for any
root system U, it is well-known that the set of parabolic subsets containing a given
positive system of roots ¥ is naturally labeled by the set of subsets of the basis
of simple roots in ¥ [Bou, VI, §1.7, Lemma 3]. Thus, the possibilities for Q > P
are parameterized by the set of subsets of A.

In the proof of Theorem 5.3.2(ii) (Step 5 in the proof of [CGP, Thm. C.2.15])
it is shown that for pseudo-reductive G these two bijections onto the set of subsets
of A are compatible with the map @ — Q(k), and both bijections just considered
are inclusion-preserving in each direction, so the pseudo-reductive case is settled.
For more general G additional arguments are required; see [CGP, Thm. C.2.23] for
a complete treatment. O

As a further application of the general Bruhat decomposition in Theorem 5.2.2,
we can prove an important extension of Proposition 4.1.3 to the general pseudo-
reductive case (i.e., no pseudo-split hypothesis), as follows. Consider a pseudo-
reductive k-group G, and a maximal split k-torus S C G, so & = ®(G,S) is a
root system (Theorem 5.3.2(i)). For each a € ® we defined the unipotent smooth
connected root group U, := Hqy(G) C G in the proof of Theorem 5.3.3. Inspired
by the case of relative root groups in connected reductive groups, we now prove
that U, is a vector group when a is not multipliable, and much more:

PROPOSITION 5.4.2. Using notation and hypotheses as above, if a is not multi-
pliable then U, is a vector group whereas if a is multipliable then Us, is central in
U, and U, /Us, is commutative. For any nontrivial u € U,(k), the following hold:

(i) There exists unique u',u” € U_,(k) such that m(u) := v'uv” € Ng(S)(k).
The effect of m(u)-conjugation on X(S) is 74, and ', u’" # 1.
(ii) If a is not multipliable then v’ = u" = m(u) " um(u) and m(u)? € S(k).

(iii) The formation of m(u) is Zg(S)-equivariant in the sense that for any ex-

tension field k' [k and z € Zg(S)(K') satisfying zuz"t € U,(k), necessarily
'z 2u" 27 € U_y(k) and m(zuz™t) = zm(u)2 L.

The method of proof for the pseudo-split case in Proposition 4.1.3 involves
bootstrapping from calculations with G%Cd after passing to the rank-1 case. The
proof of Proposition 5.4.2 is entirely different, involving no use of k-groups; this
allows the result to be extended (with appropriate formulation) to a wider class
of smooth connected affine k-groups (including those whose k-unipotent radical is
k-wound); see [CGP, Prop. C.2.24] for this additional generality.

PRrROOF. We sketch the proof of (i) (and the proofs of (ii) and (iii) amount to
group-theoretic computations, aided by the dynamic relation Ug(—A)NPg(A) = 1);
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for further details we refer to [CGP, Prop.C.2.24]. As a first step, by replacing
G with Zg(kera)? (pseudo-reductive due to [CGP, Prop. A.8.14(2)]) we can pass
to the case of a rank-1 root system in which a is non-divisible. Now ® = {+a}
or & = {+a,+2a}. By [CGP, Lemma 3.3.8] (and its proof), U,, is a normal k-
subgroup of U, with (Ua,Una) C Ugpy1)a and each Upa/U(41)q is a vector group
admitting an S-equivariant linear structure with na as the unique S-weight on the
Lie algebra when this quotient is nontrivial. That settles the assertions concerning
U, and (in the multipliable case) Us,.

Define N = Ng(S) and Z = Zg(S), so N(k) — Z(k) = Z(k)r, since the Weyl
group N(k)/Z(k) has order 2. (We adopt the standard abuse of notation by writing
ro where we really intend a representative of r, in N(k); for our calculations this
will be harmless, but note that the representative may not be an involution.) Fix a
nontrivial element u € U, (k), and consider the Bruhat decomposition relative to the
minimal pseudo-parabolic k-subgroup P = Z x U_,. Dynamic considerations via
Theorem 2.3.5(ii) imply that U, NP = 1, so the nontrivial « lies in the complement

G(k)—P(k) = P(k)roP(k) = U_o(k)Z(k)r U_a(k) = U_o(B)(N(k)—Z(k))U_o(k).
This provides o/, u” € U_,(k) such that v = v/~ 'nu” " for some n € N(k) — Z(k),
so v'uu” =n acts on S through r,. This proves existence of v’ and v” in (i).

For uniqueness in (i), observe that if elements u’, v € U_,(k) satisfy v'uu” €
N(k) then necessarily v'vu” € N(k) — Z(k) = Z(k)r, because otherwise u €
W Z(k)yu Tt € U_(k)Z(k) = P(k), contradicting that P N U, = 1. Hence,
to prove uniqueness we are reduced to showing that if elements v, v" € U_,(k)
and n € N(k) satisfy v'nv” = nz for some z € Z(k) then o' = 1 = v”. But
v'nv’'nTt = nzn~t € Z(k) and nv"'n~! € U,(k), so it is enough to prove that
(U_a(k)U,(k)) N Z(k) = 1. This triviality is immediate since PN U, = 1.

Finally, to prove that ', u” # 1 it suffices to show that U_,(k)(U,(k) — {1})
is disjoint from N (k). Suppose an element n € N (k) has the form n = v'v for v’ €
U_.(k) and nontrivial v € U, (k). Clearly v' = nv~! = (nv=n"1)n € U_,(k)n, so
n € U_q(k) and hence v = v'~'n € U_,(k). This is an absurdity since P N U, = 1
and we assumed v # 1. O

In [St, Thm. 5.4], Steinberg gave a new proof of the Isomorphism Theorem for
split connected reductive groups over a field k. Given two such groups G and G’
equipped with respective split maximal k-tori 7' C G and T" C G’, we assume
that an isomorphism of root data ¢ : R(G,T) ~ R(G’,T") is given and we wish to
construct a k-isomorphism of pairs f : (G',T") ~ (G, T) giving rise to ¢ (and to
show that f is unique up to the action of (T/Zq)(k)).

The idea of Steinberg’s proof is to construct f by constructing its graph I'y
as a k-subgroup of G’ x G satisfying specified conditions (e.g., the graph of the
isomorphism 7" ~ T arising from ¢ is a split maximal k-torus in this graph).
Briefly, ¢ determines which root group of (G',T”) is to be carried to a given root
group of (G,T), the isomorphism between such root groups is specified for roots
from compatible bases, and then the isomorphism is extended to all matching pairs
of root groups via Weyl-group actions. In effect, we try to build I'y as the smooth
connected k-subgroup of G’ x G generated by the graphs of specific isomorphisms
between certain root groups, and the work is to show that such a k-subgroup has
desired properties (e.g., it is reductive and projects isomorphically onto G').
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Steinberg’s method for constructing a k-subgroup of G’ x G with specified
properties is generalized in Theorem 5.4.3 below to prove a much more general result
concerning the existence and uniqueness inside a given smooth connected affine k-
group of pseudo-reductive k-subgroups for which we have specified its maximal
split k-torus .S, its S-centralizer, a basis A for its relative root system, and the root
groups for the roots in A. This is extremely powerful: it provides a unified approach
to the construction of certain “exotic” non-standard pseudo-reductive groups (built
as k-subgroups of a Weil restriction), it implies the existence of Levi k-subgroups of
pseudo-split pseudo-reductive groups (see Theorem 5.4.4, a very useful result), and

it leads to an “Isomorphism Theorem” for pseudo-split pseudo-reductive groups
[CP, Thm.6.1.1].

THEOREM 5.4.3. Let G be a smooth connected affine k-group, and let S C G
be a nontrivial split k-torus. Fix a smooth connected k-subgroup C C Zg(S) in
which S is a mazimal split k-torus, and a non-empty linearly independent subset
A C X(95).

For each a € A let Fy, be a pseudo-reductive k-subgroup of G containing S such
that Zp,(S) = C and {xa} C ®(F,,S) C Za. Let Uy, be the ta-root groups of
F,, and assume U, commutes with U_y for all distinct a,b € A. Let F C G be the
smooth connected k-subgroup generated by {F,}aen -

(i) The k-group F is pseudo-reductive with S as a mazimal split k-torus,
Zr(S) =C, A is a basis of ®(F,S), and the ta-root groups of F are Uy,
for all a € A.
(ii) If each F, is reductive then so is F'.
(iii) The k-group F is functorial with respect to isomorphisms in the 5-tuple
(G,S,C, A {F,}aen)-

Note that C is generally not commutative (when S is not a maximal k-torus
in the F,’s). As a special case, a criterion in [PR, Thm. 2.2] for a pair of quasi-
split connected semisimple subgroups of a connected semisimple group to generate
a quasi-split semisimple subgroup is an immediate consequence of Theorem 5.4.3.

PROOF. We refer the reader to [CGP, Thm. C.2.29] for a complete proof (as
well as for a more general result in which the pseudo-reductivity hypotheses and
conclusion are relaxed). Here we just sketch some ideas in the proof.

Since A is linearly independent, we may choose a cocharacter A € X,(S) sat-
isfying (a, A\) > 0 for all a € A (this corresponds to A lying in a specific connected
component of the complement in X, (S)r of the union of the hyperplanes killed
by the elements of A). Such A can also be chosen to not annihilate any of the
finitely many nontrivial S-weights that occur on Lie(G), so Zg(A) = Za(S) (hence
Zr(A\) = Zp(S)). Although we know very little about the structure of F', we may
nonetheless apply Theorem 2.3.5(ii) to get an open immersion

UF(—A) X ZF(S) X UF(A) — F
via multiplication. Since C C F, clearly C' C Zp(S5).

For a fixed sign, let Uy C Up(£A) be the smooth connected k-subgroup gen-
erated by {Uis}aca, so the multiplication map

U_xCxU;y —F

is a locally closed immersion. An inductive argument now shows that the Zariski
closure of this locally closed subset is stable under left multiplication by Uy, for
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all a € A, as well as obviously stable under left multiplication by C, so it is stable
under left multiplication by F' and therefore coincides with F'.
We conclude that U_ x C x Uy is open in F', so the closed immersion

U_-xCxU; = Up(=A) x Zp(S) x Up(X)

is an equality. In other words, Zp(S) = C and Ux = Ugr(£\). This implies that S
is a maximal split k-torus in F' (by the maximality hypothesis on S in C') and that
(for a fixed sign) the S-weights occurring in Lie(Up(£A)) lie in the subsemigroup
A* C X(8) — {0} generated by +A. In other words, the set ®(F,S) of nontrivial
S-weights occuring in Lie(F) is contained in AT U A~

Systematic application of properties of the unipotent Hy (-)-construction from
Proposition 3.3.1 with varying subsemigroups ¥ C X(.5) not containing 0 (especially
the direct spanning property in Theorem 3.3.3) enables one to prove that Uy, =
H.o,(F) for all a € A (so Uy, is the ta-root group of F once F is shown to
be pseudo-reductive) and that no positive integral multiple of any a € A is a
weight on Lie(%, x(F)). In particular, A is contained in the root system ,® :=
O(F /Ry 1 (F),S) that in turn lies inside the set of S-weights ®(F,S) C AT U A™.
Thus, A satisfies the condition that uniquely characterizes a basis of ,®, so by
Theorem 5.3.2(i) applied to F' the Weyl group W of this root system is generated
by reflections {r,}qca represented by elements of Ng(S)(k).

The k-group C' is pseudo-reductive since it is a torus-centralizer in the pseudo-
reductive k-group F, for any a € A, so the smooth connected unipotent normal
k-subgroup U := %, 1,(F) of F' cannot be contained in C = Zp(95) if it is nontrivial.
Assuming U # 1, we seek a contradiction. The S-action on U must be nontrivial,
so there exists a nontrivial S-weight b occurring in Lie(U). This S-weight lies in
At or A, and we have shown that A is a basis of ,®, so by normality of U in F'
we may use the action of ;W to arrange that b € A™. The long Weyl element w
in W relative to A carries b into A™. An inductive argument using an expression
for w in reflections 7, (a € A) eventually produces an element of A that occurs as
an S-weight in Lie(U), a contradiction. Thus, U = 1, which is to say F' is pseudo-
reductive. This finishes our sketch of the proof of (i). By applying (i) over k we
immediately get (ii).

The proof of (iii) amounts to a generalization of Steinberg’s graph method for
proving the Isomorphism Theorem in the split connected reductive case. More
specifically, the graph of the isomorphism we seek to build must be a pseudo-
reductive k-subgroup of G’ x G, where (G, S, C', A’ {F/,}a7en’) is the other 5-
tuple under consideration. This pseudo-reductive k-subgroup of G’ x G can be
constructed as an application of (i) in exactly the same way that Steinberg proved
the Isomorphism Theorem. O

An important application of Theorem 5.4.3 is the existence of Levi k-subgroups
of pseudo-split pseudo-reductive groups. Recall that a Levi k-subgroup of a smooth
connected affine k-group G is a smooth connected k-subgroup L such that the
natural map Lz — G%Sd is an isomorphism.

Such subgroups need not exist in positive characteristic, even over an alge-
braically closed ground field. For example, if F' is algebraically closed of positive
characteristic then for any n > 2 the F-group corresponding to SL,,(W2(F)) (with
Wy denoting the functor of length-2 Witt vectors) has no Levi F-subgroup; see
[CGP, A.6] for a proof.
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The existence of Levi k-subgroups in the pseudo-split pseudo-reductive case is
proved in [CGP, Thm. 3.4.6] by an indirect process. We now give a completely
different and conceptually simpler proof by using Proposition 5.4.2 and Theorem
5.4.3 (adapting the proof of a more general existence result in [CGP, Thm. C.2.30]
for split connected reductive k-subgroups of smooth connected affine k-groups):

THEOREM 5.4.4. Let G be a pseudo-split pseudo-reductive k-group, and T C G
a split mazimal k-torus. Let A be a basis of the reduced root system ®' of non-
multipliable roots in ®(G,T), and US the a-root group of G for a € ®(G,T).

For each set {E,}Yqen of 1-dimensional smooth connected k-subgroups E, C US
normalized by T, there exists a unique Levi k-subgroup L of G containing T such
that UL = E, for all a € A.

The hypothesis that G is pseudo-split cannot be dropped: for any local or
global function field & over a finite field, [CGP, Ex.7.2.2] provides an absolutely
pseudo-simple k-group with no Levi k-subgroup.

PROOF. Define the k-subgroup scheme M := (1,4 kera C T of multiplica-
tive type. Any Levi k-subgroup L of G containing T is generated by its max-
imal central k-torus (necessarily contained in 7') and its T-root groups. But
®(L,T) = @' for any such L by Theorem 3.1.7, so all root groups of L are cen-
tralized by M and hence L is centralized by M. Thus, all Levi k-subgroups L
containing T are contained in Zg(M)®. This identity component inherits pseudo-
reductivity from G since M is a k-subgroup of T (see [CGP, Prop. A.8.14(2)]), and
since X(T/M) = 3 cqr Za = @ cp Zc we have &(Zg(M)?,T) = @' by [CGP,
Prop. A.8.14(3)]. Thus, we may replace G with Zg(M)° so that ® := ®(G,T) is
reduced. In particular, @(G%ed,TE) = ®.

Next we prove that any L D T is determined inside G by its T-root groups
for the roots in A. Since L is generated by 7" and its root groups for roots in £A
(as A is a basis for ® = ®(L,T)), it suffices to show that for each a € ® (or even
just a € A), UL, is uniquely determined inside G by UX and T. Pick a nontrivial
u, € UL (k) (this exists since UF ~ G,). By Proposition 5.4.2(i),(ii), there exists a
(necessarily nontrivial) unique u_, € U%, (k) such that

Ng = U_gqUqU_q € Ng(T)(k),

and ng-conjugation on T induces the reflection 7, on X(T')q. By Proposition
5.4.2(i) applied to L, we see that u_, € UL, (k). Since u_, is nontrivial and there
exists a k-isomorphism UL, ~ G, carrying T-conjugation over to scaling against
the nontrivial character —a, the Zariski-closure in G of the T-orbit of u_, coincides
with U%,. Thus, the uniqueness for L is established.

For any a € ®, reducedness of ® implies that UZ is a vector group admitting a
T-equivariant linear structure (see Corollary 3.1.10), so there exists a T-equivariant
isomorphism between US and a direct sum of copies of the 1-dimensional repre-
sentation of T through a. Hence, any 1-dimensional smooth connected k-subgroup
E C U that is normalized by T is a line in the T-representation space US. In
particular, £ ~ G,, so E(k) # 1. Upon choosing such E, C US for all a € A, we
seek a Levi k-subgroup L C G containing 7' such that U* = E, for all a € A.

STEP 1. The first task is to define a candidate E_, C U, for UL,. Motivated
by the preceding calculations, choose u, € E,(k) — {1} and define v/, € U%, (k) in
terms of u, via Proposition 5.4.2(i): it is the unique element of U%, (k) such that
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Ng = uLuqu, € No(T)(k). Define E_, to be the smooth connected Zariski-closure
in US, of the T-orbit of u/, under conjugation; this is a line in the T-representation
space U%,. To see that E_, is unaffected if we replace u, with another nontrivial
u € E,(k), note that u = tu,t* for some t € T(k) since a : T(k) — &k is surjective,
so the associated v’ satisfies ' = tu_,t~! by Proposition 5.4.2(iii). Thus, replacing
u, with u replaces (E_,)y with t(E_,)t~" = (E_,)z. This proves that E_, is
independent of the choice of u,.

Consider the smooth connected k-subgroup L C G generated by {Eiq}aca
and T. Tt remains to prove: L is reductive with T as a (split) maximal k-torus, the
natural map Ly — ng is an isomorphism, and UF = E, for all a € A. There is
nothing to do in the reductive case (as L = G in such cases), so we may assume k
is infinite. We will first treat the case where ® has rank 1, and then we will reduce
the general case to that case.

STEP 2. Now assume that the reduced root system ® has rank 1, so ® = {+a}
for some nontrivial a € X(T'). For ease of notation, let Ey := F1, and n := v/uv/
for a choice of nontrivial u := u, € E(k), so n?> € T(k) and nE,n~! = E_ by
Proposition 5.4.2(ii). Define the subset

D = By ({1, )T (k) Ex (k) = B+ (R)T(k) [ B+ (k)T (k) E- (k)

(disjoint by the Bruhat decomposition for G(k) in Theorem 5.2.2), so I' generates
a Zariski-dense subgroup of L due to the Zariski-density of T'(k) in T and of Ey (k)
in Ey (recall T is k-split, E4 ~ G,, and k is infinite).

LEMMA 5.4.5. The subset I' C G(k) is a subgroup. In particular, T is Zariski-
dense in L.

PROOF. It is clear that I' is stable under left and right multiplication against
E, (k) and T(k) (using that T(k) normalizes E(k)), so we just have to check
that nI' C T or more specifically that nE,(k)n~! C T (as n? € T(k) and T is
stable under left and right multiplication against T'(k)E4 (k)). Since n = v'uu’ by
definition and u’ = n~tun by Proposition 5.4.2(ii), so

n = n(uuu)n"" = (nu'n™) (nun"t) (nu'n"") = u(nun"")u,

we see that nun=! = u=tnu € E, (k)nE, (k) CT.
A nontrivial v € Fy (k) has the form tut=! for some t € T(k), so

non~t = (ntn™ Y (nun"Y)(ntn") 7! € (ntn V) (B, (K)nEy (k) (ntn= 1)1,

Hence, it suffices to show that ntn~!-conjugation preserves E, (k) and carries n
to a k-point in nT(k). The effect of ntn~'-conjugation on (E); ~ G, is scaling
against (n~1.a)(t) = a(t)~! since n acts on X(7T') through the reflection r,, and
a(t) € k* since u,v € E, (k) are nontrivial k-points related through scaling against
a(t). Likewise, the ntn~!-conjugate of n is ntnt~'n~! € nT'(k) (since n normalizes

T) yet is a k-point since tnt~! = m(v) by Proposition 5.4.2(iii). O
Clearly I' = nI' = E_(k)T(k)E4 (k) [ nE+(k)T(k) yet T is Zariski-dense in L
and nE, (k)T (k) has Zariski-closure nFE, x T C nUS x T that is a proper closed

subset of L, so E_(k)T'(k)E+ (k) is Zariski-dense in L. For A : GLy — T satisfying
(a, ) > 0 we have Ey C Ur(£)\), so we have a closed immersion

JiE_XTxEy - UL(—A) x Z(T) x Ur(\) =: Q.
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But the multiplication map € — L is an open immersion by Theorem 2.3.5(ii), so
the density of E_(k)T(k)E+ (k) in L implies that j is an equality. Equivalently,
Zi(T) = T and Ex = Ur(xA). In particular, the solvable smooth connected
k-subgroups By :=T x Ey C L (via multiplication) have codimension 1.

Since n-conjugation on T swaps the two roots +a € ®(G,T), there exist t €
T(k) such that the commutator (ntn=1)t~! € T(k) is nontrivial. Hence, Z(L) is
not unipotent, so the smooth connected affine k-group L is not solvable. It follows
that the k-subgroups By are Borel subgroups, so %, (L) C (B+);. But working
inside the open subscheme Q C L shows that By N B_ = T, so %Z,(Ly) C Tr,
forcing %, (Lz) = 1; i.e., L is reductive.

The preceding calculations show Fi are the T-root groups of L, so ®(L,T) =
{#a} = ®. Thus, the natural map f: Ly — G%ed induces an isomorphism between
maximal tori and between the root systems. The induced map f;, between root
groups for each common root b is Tz-equivariant and hence is linear between 1-
dimensional root groups, so ker(f;) = 1 (as otherwise ker(f) is the b-root group
of L, forcing the unipotent normal subgroup scheme ker f = Ly N %, (G5,) in Ly to
contain a nontrivial smooth connected subgroup, contradicting that %, (Lz) = 1).
Thus, f induces an isomorphism between open cells, so it is an isomorphism. The
case of ® with rank 1 is done.

STEP 3. If ® is empty then G%ed is commutative and hence G is solvable. In
such cases L = T, and this is obviously a Levi k-subgroup of G. Thus, we may
assume ® has positive rank. The settled rank-1 case applies to G, := Zg(T,) for
the codimension-1 torus 7, := (kera)® , C T with any a € A, so for all such a the
smooth connected k-subgroup L, C G, generated by T', E,, and F_, is reductive
with maximal k-torus T" and (Lgq)z — (Ga)gd is an isomorphism. In particular, for
dimension reasons F., are the T-root groups of L,.

By [CGP, Prop. A.4.8], the natural map (Ga)gd — G%?d is an isomorphism

onto the (T )z-centralizer in ng; ie., (Ga)rfd = (G%ed)a. These latter groups
generate G%ed, so the natural map f : Ly — G%ed satisfies three properties: it is
surjective, it carries 13 isomorphically onto a maximal torus of the target, and it
carries (E,); isomorphically onto the a-root group of the target for every a € A.

Note that L is generated by {Ly}een, Zp,(T) = T for all a € A, and E,
commutes with E_; for all distinct a,b € A because UaG commutes with Ufb for
such a and b (as ma + n(—0b) is not a root for any integers m,n > 1; see [CGP,
Cor. 3.3.13(2)]). Hence, by Theorem 5.4.3 (applied to the collection of k-subgroups
L, C G for a € A) the k-group L is reductive with 7" as a maximal k-torus, and by
design A C ®(L,T) C ®(G,T) =: ® with ® a reduced root system having basis A.
Moreover, by Theorem 5.4.3(i), A is a basis of ®(L,T) and the +a-root groups of
L are Fy, for all a € A.

The natural subgroup inclusion W(L,T) C W(®) is an equality because the
element u, uqul, € N (T)(k) is carried to the reflection r, for every a € A (and such
reflections generate W(®)), so W(®)-A C ®(L,T'). Reducedness of ® implies that
every W (®)-orbit in ® meets A, so (L, T) = ® as required. Each root in ®(L,T)
is N1(T')(k)-conjugate to a root in A, so for each b € ®(L,T) = ® the map f carries
the b-root group of Ly isomorphically onto the b-root group of G%Cd since the special
case b € A has been verified. It follows that f restricts to an isomorphism between
open cells, so it is a birational homomorphism between smooth connected groups
and thus is an isomorphism. (I
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There are conditions that provide a complete characterization of semisimplicity,
such as in the following result (proved using Theorem 5.4.4 and additional ideas):

PROPOSITION 5.4.6. Let G be a pseudo-semisimple k-group. If all root groups
of G, are 1-dimensional then G is reductive. Likewise, if there exists a pseudo-
parabolic k-subgroup P C G such that G/P is proper and P does not contain any
k-simple pseudo-semisimple normal k-subgroup of G then G is reductive.

See [CGP, Thm. 3.4.9] for a proof. (The assertion concerning G/P is harder,
and the role of properness is to ensure that P contains Z,(Gy), due to the Borel
fixed point theorem applied to the translation of %, (Gz) on Gy/Pr = (G/P)z.)

We finish this section by recording an interesting result going beyond the more
widely-known reductive case:

THEOREM 5.4.7. Assume k is infinite, and let G be a k-isotropic pseudo-simple
k-group. Let G(k)T denote the subgroup of G(k) generated by the maximal k-split
unipotent smooth connected k-subgroups of G. Then G(k)t is Zariski-dense in G
and is also perfect. Moreover, any non-central subgroup of G(k) that is normalized
by G(k)T must contain G(k)*. In particular, the quotient of G(k)™ modulo its
center is a simple group.

See [CGP, Thm. C.2.34] for a proof of Theorem 5.4.7 (in a more general formu-
lation); this rests on Proposition 5.4.2 and a generalization of Proposition 4.3.1(ii)
that drops pseudo-split hypotheses (see [CGP, Prop. C.2.26]).

6. Central extensions and standardness

6.1. Central quotients. An important feature of connected reductive k-
groups G is that the formation of the scheme-theoretic center Zg is compatible
with the formation of central quotients G := G/Z (for a closed k-subgroup scheme
Z C Zg); ie., Zg = Zg/Z. This property ultimately rests on the structure of
open cells over k, and is specific to the reductive case; e.g., any smooth connected
unipotent k-group U is nilpotent, so Zy # 1 if U # 1 and hence Zy /7, # 1if U
is non-commutative. As a special case, if G is connected reductive then G/Zq has
trivial center (and it is even perfect, or equivalently semisimple).

For a pseudo-reductive k-group GG, two new phenomena occur:

e a central quotient G/Z need not be pseudo-reductive (see Example 2.1.3),

e the central quotient G/Zg may not be perfect; e.g., Ry, (PGL,) is not

perfect (Example 1.2.4) but it has trivial center [CGP, Prop. A.5.15(1)].

Despite this behavior that deviates from the reductive case, central quotients remain
a useful tool in the pseudo-reductive case due to:

ProrosITION 6.1.1. If G is a pseudo-reductive k-group then a central quotient
G = G/Z is pseudo-reductive if and only if Zg/Z does not contain a nontrivial
smooth connected unipotent k-subgroup, in which case Zgz = Zg/Z. In particu-
lar, G/Z¢g is pseudo-reductive and has trivial center, and a composition of central
homomorphisms between pseudo-reductive groups is central.

The proof that Zg = Zg/Z when G is pseudo-reductive rests on an analysis
of root groups and open cells over kg; see [CP, Lemma 4.1.1]. The necessity of
the condition that Zg/Z does not contain a nontrivial smooth connected unipotent
k-subgroup is immediate from the observations that Zz lies inside any Cartan
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k-subgroup C C G and that C is commutative pseudo-reductive if G is pseudo-
reductive (so C' cannot contain a nontrivial smooth connected unipotent k-subgroup
in such cases).

The sufficiency of this condition for pseudo-reductivity of G clearly reduces to
the assertion that G/Z¢ is pseudo-reductive, but such pseudo-reductivity is rather
nontrivial, as it rests on a study of automorphism schemes. Since such automor-
phism schemes pervade proofs of the deeper structure of pseudo-reductive groups,
we now review the relevant existence results and properties for these schemes (and
then illustrate their use to prove the pseudo-reductivity of G/Z¢).

PROPOSITION 6.1.2. Let G be a smooth connected affine k-group, and C a
Cartan k-subgroup. The functor Autg o assigning to any k-algebra R the group
of R-automorphisms of Gg restricting to the identity on Cg is represented by an
affine k-group scheme Autg c of finite type. If G is pseudo-reductive then the
mazimal smooth closed k-subgroup Zg c of Autg c is commutative and Z2 - is
pseudo-reductive. l

PROOF. Let T be the maximal k-torus in C'. After extending scalars to ks to
split T, by Proposition 3.1.4 we see that G is generated by C' and the (generally
non-commutative!) subgroups U, for the nontrivial T-weights a that occur in
Lie(G). Thus, there is a finite sequence {a;};c; of such weights (possibly with
repetitions!) such that the multiplication map C' x [[;c; U(a,) — G is dominant.

The representability of Aut; - rests on a detailed study of T-equivariant filtra-
tions of the coordinate rings k[U(4)] and the fact that any R-automorphism f of Gr
restricting to the identity on C'r must act Tr-equivariantly on each (U,))r. This al-
lows us to realize Auts - as a subfunctor of the direct product F' =[], ; MUmi)vT
of T-equivariant automorphism functors of the U,,)’s.

Although the automorphism functor of each U,) is not representable when
char(k) > 0, the subfunctor Auty 7 Is representable [CGP, Lemma 2.4.2]. This
allows one (after more work) to identify Aut; » with a closed subfunctor of F'. We
refer the reader to [CGP, Thm.2.4.1] for the details (and see [CGP, Cor. 2.4.4]
for a variant in which C is replaced with a maximal k-torus of G). g

REMARK 6.1.3. Assume G is reductive. The representability and structure of
Autg,c can be understood in another way (at the cost of invoking much deeper
input): the automorphism functor of G (without reference to C) is represented
by a smooth k-group Autg,/, whose identity component is G/Zg and whose étale
component group over kg injects into the automorphism group of the based root
datum. Since C' coincides with its own maximal k-torus T due to reductivity of
G, we conclude that Autg.c = T/Zq; in particular, Zg.c = T/Z¢ is connected.
This alternative approach through Autg/, is much more sophisticated than the
proof of Proposition 6.1.2 since the existence and structure of Autg /) requires the
Isomorphism Theorem for split reductive groups over k-algebras, not just over fields.

In contrast with the reductive case, the automorphism functor of a general
pseudo-reductive k-group G is not representable (see [CGP, Ex.6.2.1] for commu-
tative counterexamples). However, representability holds in the pseudo-semisimple
case since the deformation theory of fiberwise maximal tori in smooth affine group
schemes [SGA3, XI] allows one to build an affine representing object as a non-
commutative pushout analogous to the standard construction; see [CP, Prop. 6.2.2]
(which does not depend on earlier results in [CP]).
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Since G = C - 2(G) and C’ := C N 2(G) is a Cartan k-subgroup of the
pseudo-semisimple Z(G), clearly Autg o = Auty),cr- Hence, again at the cost
of deeper input, one can alternatively deduce the existence of Autg ¢ from the
representability of Auty(g) k. However, this does not illuminate the structure of
Za.c = Zy),cr since Autyqy/y is generally not smooth [CP, Ex.6.2.3] and its
identity component is generally larger than 2(G)/Zy ) [CP, Rem. 6.2.5].

It is true that Zg ¢ is always connected [CP, Prop.6.1.4], but this rests on
a comprehensive understanding of the structure of rank-1 pseudo-split absolutely
pseudo-simple groups with trivial center, an especially delicate task in characteristic
2; we will address the connectedness of Zg ¢ in §9.1.

The merit of Z%’ ¢ being a commutative pseudo-reductive group is that it allows
us to define a pseudo-reductive k-group

(G~ Zg,c)/c

as in Proposition 2.2.1 (using the evident k-homomorphism C' — Z&C respecting
the natural actions on each on G). The normal image of G under g — (g,1) mod C
clearly coincides with G/Z¢, establishing the pseudo-reductivity of G/Z¢!

Root systems and root groups behave as nicely with respect to central quotients
as in the reductive case:

PROPOSITION 6.1.4. Let f: G — G be a central quotient map between pseudo-
reductive k-groups, and assume G admits a split mazimal k-torus T. Let T = f(T).
Then ®(G,T) — ®(G,T) is bijective and for corresponding roots the map f induces
an isomorphism between the associated root groups.

In particular, if G is a standard pseudo-reductive k-group then the root system
for Gy, is reduced.

The invariance under central quotients in Proposition 6.1.4 is a simple applica-
tion of the dynamic definition of root groups and properties of dynamic construc-
tions; see [CGP, Prop. 2.3.15] (which establishes such a result for central quotients
of any smooth connected affine k-group). In the standard case, G is a central
quotient of Ry /(G') x C with a commutative k-group C, so the compatibility of
the formation of root systems with respect to Weil restrictions (see Example 3.1.3)
implies the asserted reducedness of the root system of Gy, in the standard case.

6.2. Central extensions. To prove that a large class of pseudo-reductive
groups G is standard, the essential case is when G is absolutely pseudo-simple. Our
aim in this section is to explain how the task of proving standardness of a given
absolutely pseudo-simple k-group G is (under suitable hypotheses) closely related
to the study of certain central extensions. We first seek a mechanism to construct
intrinsically from a central quotient G' of Ry, (G’), for a purely inseparable finite
extension k' of k and a semisimple k’-group G’, the pair (k¥'/k,G’) and the (central)
quotient map from Ry /,(G") onto G.

As an initial step we show how k’/k can be recovered from the group Ry /1 (G”).
The key notion for this purpose is “minimal field of definition” for a closed sub-
scheme after a ground field extension, as follows. If X is any scheme over a field
k and Z is a closed subscheme of Xk for an extension field K/k then among all
subfields L C K over k for which Z descends to a closed subscheme of X, there
is one such L that is contained in all others [EGA, IV, §4.8ff.]; we call L/k the
minimal field of definition over k for Z inside X .
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ExXAMPLE 6.2.1. Consider a purely inseparable finite extension of fields &'/k
and a nontrivial connected reductive k’-group G’, and define G := Ry /5 (G’). The
k-subgroup #,,(Gz) C Gy descends to a k’-subgroup of Gy since the smoothness of
G’ and structure of ¥’ ® k' imply immediately that the natural map q : Gy — G’
defined functorially on points valued in any k’-algebra A’ via

Gy (A/) = G(A,) = G/(k/ Rk A/) = G/(k}/ Rk K Qg Al) — G/(A,)

(using the natural quotient map k’'®xk’ — k') is a surjection with smooth connected
unipotent kernel; i.e., ker ¢ is a k’-descent of %, (G5). It is a much deeper fact that
k' /k is minimal as a field of definition for the geometric unipotent radical; see
[CGP, Prop.A.7.8(2)] (whose proof establishes that k’/k is even minimal as a
field of definition for Lie(Z%,(G)) as a k-subspace of Lie(Gy) = Lie(G), a rather
surprising fact in positive characteristic).

Ultimately we are interested in central quotients of pseudo-semisimple groups
of the form Ry /,(G’), so it is essential to know that k’/k is characterized by the
same minimality property for any such (pseudo-reductive) central quotient. This
is a consequence of:

_ ProposITION 6.2.2. Let H be a perfect smooth connected affine k-group and
H := H/Z for a central closed k-subgroup Z C H. Then the minimal fields of

definition over k for the geometric unipotent radicals of H and H coincide.

PRrROOF. The induced map Hgd — Frge d between connected semisimple groups
has central kernel, so it induces an isomorphism between maximal adjoint semisim-
ple quotients. Hence, to prove the proposition it suffices to show that the field of
interest for each of H and H is unaffected if we work with the maximal adjoint
semisimple quotient over k rather than with the maximal reductive (equivalently,
semisimple) quotient over k. This is a nontrivial problem due to the possibility that
the scheme-theoretic center of a connected semisimple k-group may not be étale.
We refer the reader to (the self-contained proof of) [CP, Prop. 3.2.6] for this step,
based on the fact that any perfect smooth connected affine k¢-group is generated
by its maximal ks-tori [CGP, Cor. A.2.11]. |

REMARK 6.2.3. The perfectness of H in Proposition 6.2.2 cannot be dropped.
Indeed, over every imperfect field k there exists a non-reductive pseudo-reductive k-
group H # Z(H) such that H/Zy is semisimple (of adjoint type) [CGP, Ex. 4.2.6]!
The same example shows that for a smooth connected affine k-group H, the finite
purely inseparable minimal field of definition K /k for the kernel

R (Hy) = ker(Hy — HXY)

of projection onto the maximal geometric reductive quotient can be strictly larger

than the analogous subextension K'/k associated to the kernel of the projec-

tion Hy —» Hg’d /Z yrea onto the maximal geometric adjoint semisimple quotient
k

(whereas the equality K = K’ holds for perfect H; this is the key step in the proof
of Proposition 6.2.2).

Now we can relate standardness to the splitting of central extensions. This
rests on the following construction:
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DEFINITION 6.2.4. Let G be a smooth connected affine k-group, and let K/k be
the minimal field of definition over & for Z,,(G%) C Gy (so K/k is purely inseparable
of finite degree). For G := G = G /% i (G ), define

G- G — RK/k(G/)

to be the natural map corresponding to the quotient map Gx — G’ via the
universal property of Ry . For perfect G' we further define {g to be the unique
map

£ 1 G — 2(Ri/i(G")
through which i factors.

ExAMPLE 6.2.5. Consider (k'/k,G’) as in Example 6.2.1 and define G :=
Ry /x(G'), so K = k" and ig corresponds to the natural quotient map ¢ : G — G’
described in Example 6.2.1. By [CGP, Thm. 1.6.2(2)], under the universal prop-
erty of Weil restriction ¢ corresponds to the identity map G — Ry /,(G’). Thus,
i is an isomorphism (and is even identified with the identity map of G).

EXAMPLE 6.2.6. For an imperfect field k with characteristic p and a € k — kP,
let k' = k(a*/?"") and k = k(a'/?") for an integer n > 0. By [CGP, Ex.5.3.7],

G = Ry /i (SLpn ) /Rucse (ppm)

is a standard pseudo-reductive k-group that is absolutely pseudo-simple and the
kernel kerig = ker £ = Ry /i (ppn ) /Ru/i(ppn ) has dimension (p™ — 1)2.

We shall be interested in £ primarily for absolutely pseudo-simple G since the
extension field K/k is a poor invariant for other groups. Nonetheless, this map has
an interesting property in the general pseudo-semisimple case:

PROPOSITION 6.2.7. Let H be a smooth connected affine k-group and H = H/Z
for a central closed k-subgroup Z C H. If H and H are both pseudo-semisimple
then the surjectivity of g is equivalent to that of &z.

The proof of this proposition, given in [CP, Prop.4.1.5], rests on a study of
open cells and the insensitivity of root groups and root systems with respect to
central quotient maps between pseudo-reductive groups.

6.2.8. Let G, K/k, and G’ be as in Definition 6.2.4. If G is perfect then
the K-group G’ is semisimple, so for such G it makes sense to consider the simply
connected central cover m : G' — G'. Letting ' := kerm C Zg, and 2 := R/ (1),

we see from [CGP, Prop. 1.3.4] that (R, (G")) = RK/k(é’)/ﬁ*”. Thus, we can
rewrite £o as a map

6 : G — Rgp(G)/) 2.

Assume G is absolutely pseudo-simple and standard. Then by Example 2.2.8 it
is the central quotient Ry (H')/Z for a purely inseparable finite extension &’/k and
a connected semisimple k’-group H' that is absolutely simple and simply connected.
As k' is the minimal field of definition over k for the geometric unipotent radical of
Ry /x(H') (see [CGP, Prop. A.7.8(2)]), k' = K as a purely inseparable extension
of k by Proposition 6.2.2. Let q : Rg,x(H')x — H' be as in Example 6.2.1 (with
H' in place of G') and define p = ¢(Zx) C Zp+, so Z C Rgyi(pn). The maximal
reductive quotient of Ry, (H')k is H’, so the maximal reductive quotient G’ of
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Gy is H'/p. Thus, H' is the simply connected central cover of G’ and we identify
it with G/ over G/, so p = .

Hence, if G is absolutely pseudo-simple and standard then G = RK/k(é/)/Z,
where 7 : G’ — G is the simply connected central cover of G/, Z C %, and the
map {¢ is the natural quotient map G = RK/k(é’)/Z — RK/k(é’)/Q‘o between

central quotients of R /4 (G’). Thus, g is surjective with kernel that is central in
G. Moreover, we claim that if the order of y' is not divisible by char(k) (such as
when p' = 1; i.e., when G’ is simply connected) then ¢ (= ig) is an isomorphism.
To see this we may assume k = kg, so the finite étale K-group p = p’ is constant
and hence the only k-subgroup Z C 2 := R/, (') for which ¢ : Zg — p' = p is
surjective is Z = Z.

Near the end of [Ti3, Cours 1992-93, II], Tits raised the question of character-
izing those non-reductive absolutely pseudo-simple k-groups G for which ig is an
isomorphism. He settled most cases for which the root lattice and weight lattice
in the root system coincide: Eg, Fy away from characteristic 2, and Go away from
characteristic 3. We can now give a criterion for i to be an isomorphism; we will
revisit the topic in Remark 10.2.12 (after we have a good understanding of the
non-standard case).

PROPOSITION 6.2.9. Let G be a non-reductive absolutely pseudo-simple group
over a field k of characteristic p > 0. Then ig is an isomorphism if and only if G
is standard and the order of the fundamental group of GSES s mot divisible by p.

The k-group G = Z(R,(PGL,)) with K/k purely inseparable of degree p ex-
plicitly exhibits the failure of i to be surjective when the order of the fundamental
group of G%S is divisible by p.

PROOF. Let K be the minimal field of definition over k for the geometric
unipotent radical of G, and define G’ = G5¢. Let us assume first that ig is an
isomorphism. Then, by definition, G is standard. To prove that p doesn’t divide
the order of the fundamental group of G%S, we may and do assume k = ks. Let

q: G’ — G’ be the simply connected central cover of G'. We need to prove that p
doesn’t divide the order of y' := kergq.

Surjectivity of i implies that R/ (G”) is perfect, and (as we saw in the proof of
Proposition 2.2.7) the derived group of R/, (G") coincides with RK/k(é’)/RK/k (1)
due to the perfectness of RK/k(é’). But RK/k(é’) and R/, (G’) have the same

dimension, namely [K : k]d for the common dimension d of G and G’, so Ri/k(p')
must be 0-dimensional. If p divides #p' then dim Ry, (p,) = 0 since p, C p (as
K is separably closed and p' is finite of multiplicative type). The purely inseparable
finite extension K/k is nontrivial since G is assumed to be non-reductive. Letting
ko/k be a degree-p subextension, we obtain that dim Ry, /,(x,) = 0. But this latter
dimension is p — 1 > 0 (see [CGP, Ex. 1.3.2]), giving a contradiction.

Conversely, if G is standard and the order of the fundamental group of G%S is
not divisible by p, then as we saw in 6.2.8 the map i is an isomorphism. [

To go further, we require a framework in which certain central quotient maps

Rk//k(Gl) — Rk//k(G/)/Z
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(with simply connected semisimple G') satisfy properties reminiscent of the “simply
connected central cover” of a connected semisimple k-group. This begins with:

DEFINITION 6.2.10. Let Z be a commutative affine k-group scheme of finite
type. We say that Z is k-tame if it does not contain a nontrivial unipotent k-
subgroup scheme. A central extension

1—72—F—G—1
of an affine k-group scheme G of finite type is k-tame if Z is k-tame.

ExaMPLE 6.2.11. If K/k is any finite extension of fields and M is a K-group
scheme of multiplicative type then Ry /(M) is k-tame (use the universal property
of Rg/1); the same holds more generally if M is a K-tame commutative affine K-
group of finite type, and clearly a closed k-subgroup of a k-tame group is k-tame.

For example, if E = Ry ;(G") for a nonzero finite reduced k-algebra k' and
smooth affine k’-group G’ with connected reductive fibers over the factor fields of £’
then the center Zg = Ry /,(Zgr) is k-tame. Hence, every central closed k-subgroup
of such F is k-tame.

Arguments with specialization and relative Verschiebung morphisms in positive
characteristic ensure that if k'/k is a separable extension of fields then Z is k-tame
if and only if Zy/ is k’-tame [CP, Prop.5.1.2]. This is used frequently without
comment, especially for &’ = k,.

The interest in k-tameness is that the perfect smooth connected affine k-tame
central extensions E of an arbitrary perfect smooth connected affine k-group G be-
have similarly to connected semisimple central extensions of connected semisimple
groups. To make this precise, if F; and Es are two such k-tame central extensions
of such a G then a morphism f : 1 — Fs is a k-homomorphism over G. It is easy
to verify that such an f is unique if it exists (as E; is perfect) and is automatically
surjective; this defines a partial ordering (“Ey > E3”) among such k-tame central
extensions of G.

THEOREM 6.2.12. Fiz a perfect smooth connected affine k-group G, and let
K /k be the minimal field of definition for #,(G%) C Gi. The functor E ~ Ered =
Ex /% x(EK) is an equivalence between the category of perfect smooth connected
k-tame central extensions of G and the category of connected semisimple central
extensions of the connected semisimple K -group G%.

The perfect smooth connected k-tame central extension G of G corresponding

to the simply connected central cover of G54 satisfies the following properties:

(i) G is initial among all smooth k-tame central extensions of G,
(ii) if G is pseudo-semisimple then so is G,
(iii) the formation of G is compatible with separable extension on k.

Proposition 6.2.2 ensures that E;gd is reductive (so also semisimple, as it is
perfect).

PRrROOF. To establish the equivalence of categories, by Galois descent we may
and do assume k = kg (so all k-tori are split). The essential step is to make
a natural construction in the opposite direction: given a connected semisimple
central extension E’ of G’ := G%4, we seek a perfect smooth connected k-tame

central extension F of G such that E5¢d ~ E' over G'.
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The simply connected central cover G/ of G is identified with that of E’, so
pe = ker(G' — E'), p:=ker(G — @)
satisfy pg C pu. Hence, it makes sense to form the fiber product
Y(E)=G X R (@) /R (1) R/ (G") /R i (p1mr))-

The evident projection 4(E’) — G is clearly surjective with central kernel that is
k-tame since

Ry u(pe) /Risi(it) C Rgpp(pmr /1)
with pg//p of multiplicative type.

The k-group scheme ¥(E’) is generally not smooth (see [CP, Ex.5.1.6] for
non-smooth examples over any imperfect field), so this does not provide the desired
reverse construction. Arguments with an “open cell” () as in Theorem 2.3.5(iii)
yield that the maximal smooth closed k-subgroup

B = 2(4(E')™))

inside 4(E') is a perfect connected k-group for which the projection E — G is
central and surjective; see the proof of [CP, Thm.5.1.3] for the details (showing
that E’ ~~ E is the sought-after reverse construction).

To verify (i), (ii), and (iii) we return to considering general k. Properties (i)

and (ii) are rather formal, and explained near the beginning of [CP, §5.2]. For (iii)
we recall that if Z is k-tame then Z; is k’-tame for separable k' /k. O

In view of Theorem 6.2.12(i), we call G the universal smooth k-tame central
extension of G.

EXAMPLE 6.2.13. If G = Rk//k(é’)/Z as in 6.2.8 for k-tame Z then G is equal

to Ry /i (G’) equipped with the evident central quotient map onto G.

Here is an interesting application of the existence of G:

PROPOSITION 6.2.14. An absolutely pseudo-semisimple k-group G is standard
if and only if Gy, is standard.

This result holds for any pseudo-reductive k-group, but we do not need that
generality until much later and so postpone it to Corollary 10.2.8.

PrOOF. It is immediate from the definition of standardness that if G is stan-
dard then so is Gj,. Conversely, assume G, is standard. Let K/k be the minimal
field of definition for the geometric unipotent radical of G, so Ky = K ®y, ks has the
same property for Gy, over ks by Galois descent. Let G’ = G /%, k(Gk) and G’
be the simply connected cover of G’. Then, by 6.2.8 the ks-group Gy, is a central
quotient R k. (é’K)/Z Since Z is ks-tame by Example 6.2.11, Ry /x, (CNI’KS) is
the universal smooth ks-tame central extension of Gy, .

By Theorem 6.2.12, the universal smooth k-tame central extension G of G
is pseudo-semisimple and éks is the universal smooth ks-tame central extension
Ri, /k. (C~¥’K) of G, (so G is absolutely pseudo-simple). Since every pseudo-
reductive central quotient of a standard pseudo-semisimple group is standard (by
Example 2.2.8 and the preservation of centrality under composition of quotient
maps in Proposition 6.1.1), we may replace G with G to reduce to the case that
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Gk, ~ Rk, /1, (G, ). Thus, i, (= (ic)k,) is an isomorphism (see 6.2.8). But then
i is an isomorphism, so G is certainly standard. (]

Recall that if G is standard then the root system of Gy, is reduced (Proposition
6.1.4). We saw in 6.2.8 that ker g is central in the standard absolutely pseudo-
simple case. An important ingredient in standardness proofs is a partial converse:

PROPOSITION 6.2.15. Let G be a pseudo-reductive k-group such that Gy, has a
reduced root system. Then kerig (= kerq) is central in G.

PROOF. A detailed proof of this important result is given in [CP, Prop. 2.3.4],
and here we sketch the main ideas. We may replace k with k4 to arrange that k is
separably closed. Let K and G’ = Gi /%, k(Gk) be as in Definition 6.2.4. Let T'
be a maximal k-torus of G and ® = ®(G,T). View T" := Tk as a maximal K-torus
of G', so ®(G',T") = P since the root system ® has been assumed to be reduced.
For a € ®, let U, be the corresponding root group of G, and U, that of G’.

Using the natural actions of T on U, and of 7" on U], these commutative
smooth connected unipotent groups over k and K respectively admit unique linear
structures equivariant for the respective actions (by Corollary 3.1.10). Using the
resulting linear structure on R, (Uy,), the map ig|u, : Us — Ri/k(U},) is equivari-
ant with respect to the inclusion 7' < Ry, (T”) and thus is linear, so ker(ig|v, )
is a vector group. This kernel is therefore a smooth connected k-subgroup, but
its geometric fiber is contained in Z,(Gy). Pseudo-reductivity of G' implies that
ker(ig|u,) = 1, so the a-weight space of Lie(ker(ig)) is trivial for all a € ®.

As ker(iq); C #.(G%), we conclude using [CGP, Prop. 2.1.12(2)] that kerig C
C := Zg(T). Since C is commutative, and T' was an arbitrary maximal k-torus, it
follows that ker i commutes with every Cartan k-subgroup. Any smooth connected
affine k-group is generated by its Cartan k-subgroups, so kerig is central. (|

REMARK 6.2.16. The reducedness hypothesis in Proposition 6.2.15 is essential:
for every n > 1 and imperfect field k of characteristic 2, by [CGP, Thm. 9.8.1(2),(4)]
there exist pseudo-split absolutely pseudo-simple k-groups G with root system BC,,
such that ker{s is connected, commutative and directly spanned by nontrivial
closed k-subgroups of root groups for multipliable roots (relative to a fixed split
maximal k-torus). Since Zg is contained in every Cartan k-subgroup of G, consid-
eration of an open cell shows that ker £ is necessarily non-central.

ProproOSITION 6.2.17. If G is an absolutely pseudo-simple k-group such that
Gk, has a reduced root system then G is standard if and only if £ is surjective. In
such cases, ig is an isomorphism when the connected semisimple k-group G%ed 18
simply connected.

PROOF. Since the root system is reduced, ker{q is central by Proposition
6.2.15. If G is standard, then surjectivity of {¢ was shown in 6.2.8. For the con-
verse, assume g is surjective. Let G — G be the universal smooth k-tame central
extension of G, so { is surjective by Proposition 6.2.7. If G is standard then so
is its pseudo-reductive central quotient G by Example 2.2.8 (and 6.2.8) Thus, we
may assume G%S is simply connected. In such cases, the isomorphism property for
i was proved in 6.2.8 for standard G.
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It remains to show that standardness must hold under our current hypotheses
(with G%S simply connected). The k-group G fits into a central extension

(6.2.17) 1= 27— G—Rgp(G)—1

where K/k is a purely inseparable extension field and G’ is a connected semisimple
K-group that is absolutely simple and simply connected. Moreover, the finite type
affine commutative k-group scheme Z = ker&s = kerig contains no nontrivial
smooth connected k-subgroup, as any such k-subgroup would have to be central
and unipotent (since Zy C %, (G5) by definition of i¢) yet G is pseudo-reductive.
To prove Z = 1 (so &g is an isomorphism) it suffices to prove (6.2.17) splits, as then
Z is a direct factor of the smooth connected G (so Z is smooth and connected).

The splitting of (6.2.17) is shown in [CGP, Prop. 5.1.3, Ex.5.1.4], based on a
general criterion for splitting a central extension of a nontrivial pseudo-semisimple
group H by such Z. The criterion is that a Cartan ks-subgroup C of Hy_ is
“rationally generated” by root groups relative to the maximal k¢-torus in C' (in a
sense made precise in the statement of [CGP, Prop. 5.1.3]). The applicability of
this criterion to H = R ;(G”") rests on two properties of simply connected groups
(such as G'): a basis of coroots for a maximal ke-torus 7" is a Z-basis of X, (1”),
and the root groups for a pair of opposite roots {a, —a} generate SLy in which the
(diagonal) torus a¥(GL;) is “rationally generated” by the associated root groups
U, and U_, due to the well-known identity

(6 1)) = s 0= (100 = D (s (-1

for uy(z) :=(§%) and u_(z) := (L 9). O

x 1

REMARK 6.2.18. The splitting criterion used in the preceding proof is not
applicable to generalizations of the standard construction in characteristics 2 and
3 that we will encounter later. For those purposes, the universal smooth k-tame
central extension will provide a substitute sufficient for our needs.

7. Non-standard constructions

7.1. Groups of minimal type. For a pseudo-reductive k-group G with min-
imal field of definition K/k for its geometric unipotent radical and the associated
maximal reductive quotient G%¢ := G /%, (Gk) over K, consider the map

’iG G — RK/k(GIEd)

introduced in Definition 6.2.4. In §6.2 we analyzed the kernel and image of i in the
absolutely pseudo-simple case. Note that kerig is not sensitive to the minimality
condition on K/k, and it is unipotent since (kerig)x C Zu,x(Gk) (see Remark
2.3.4 for the notion of unipotence without smoothness hypotheses). Example 6.2.6
provides standard absolutely pseudo-simple G satisfying dimkerig > 0 over any
imperfect field k. One of the main difficulties in any attempt to classify pseudo-
reductive groups is the structure of the unipotent group scheme kerig.

EXAMPLE 7.1.1. Let k be an imperfect field with characteristic p. There ex-
ist commutative pseudo-reductive k-groups C such that keric = Z/pZ [CGP,
Ex. 1.6.3]; this is interesting because the center of a connected reductive k-group
never has nontrivial étale p-torsion (as it is a k-group scheme of multiplicative type).
It is natural to ask if there exists an absolutely pseudo-simple k-group G such that
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the unipotent normal k-subgroup scheme keri¢ is nontrivial and étale (forcing it
to be central, by connectedness of G).

If p > 2 then no such G exists. The proof is quite nontrivial, and goes as
follows. For an absolutely pseudo-simple k-group G that is standard, the k-group
kerig = ker £ is connected by [CGP, Thm. 5.3.8] (this applies for all p). According
to the classification results in Theorem 7.4.8 and Proposition 7.5.10, an absolutely
pseudo-simple k-group is standard except possibly when p < 3, and the only other
possibilities for G when p = 3 are certain “exotic” constructions for type Go that
have trivial center.

In contrast, if p = 2 and [k : k?] > 16 then there exist pseudo-split absolutely
pseudo-simple k-groups G with root system A; and G%*d ~ SLs such that kerig =
Z/2Z [CGP, Rem.9.1.11]. (No such G exists if [k : k%] < 8 [CP, Prop.B.3.1].)

If the root system of Gy, is reduced then the closed normal k-subgroup ker ig
of G is central by Proposition 6.2.15, so root groups over k, contribute nontrivially
to kerig only when Gj, has a non-reduced root system. In general, for a Cartan
k-subgroup C' C G,

% = CNkerig

is the maximal central unipotent k-subgroup scheme of G [CP, Prop. 2.3.7]; thus,

%c is independent of C. Whether or not % is trivial can be detected after an
arbitrary separable extension on k because (6g)r = %g,, inside Gy for separable
extension fields k¥'/k [CP, Lemma 2.3.6].

Since ¢ /4, = 1 and the k-groups G and G /% share the same minimal field
of definition over k for their geometric unipotent radicals and share the same root
data over ks (see [CGP, Prop.9.4.2, Cor.9.4.3] for proofs), it is natural to focus
attention on the cases for which €z = 1. We give these a special name:

DEFINITION 7.1.2. A pseudo-reductive k-group G is of minimal type if €5 = 1.

If k' /k is a separable extension then G is of minimal type if and only if Gy is
of minimal type. The minimal type property is also inherited by smooth connected
normal k-subgroups (such as derived groups) and torus centralizers [CP, Lemma
2.3.10]. Likewise, if k¥'/k is a finite extension of fields and G’ is a pseudo-reductive
K'-group of minimal type then the Weil restriction G' := Ry /,(G’) is of minimal
type. (Indeed, we may assume k = ks upon passing to factor fields of k' ®j ks,
so now k’/k is purely inseparable. Thus, m : Gy — G’ is surjective by [CGP,
Prop. A.5.11], so the unipotent k’-group scheme 7((é¢)x) is central in G’. Hence,
ba C Rk’/k((gG’> = 1)

Examples not of minimal type are given by the standard absolutely pseudo-
simple k-groups G in Example 6.2.6 (which satisfy € = kerig # 1). Here are two
interesting sources of pseudo-reductive groups H for which kerig =1 (so H is of
minimal type):

PROPOSITION 7.1.3. Let K/k be a purely inseparable finite extension of fields.

(i) Let L be a connected reductive k-group. Every smooth connected interme-
diate k-group L C H C Rg/p(Lk) is pseudo-reductive with L as a Levi
k-subgroup (so the natural map Hyx — Ly is a K-descent of Hy — H%ed,
the minimal field of definition k'/k for %.(Hy) C Hy, is a subextension of
K/k, H C Ry (L), and the latter inclusion is igr).
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(ii) For any pseudo-reductive k-group G with minimal field of definition K/k
for its geometric unipotent radical and G' := G /%, Kk (GK), the k-group
H = ig(Q) is pseudo-reductive with minimal field of definition K/k for
its geometric unipotent radical and its inclusion into R/ (G") is identified
with ig. In particular, H is of minimal type.

In (i), the inclusion H C Ry /x(Ls) and its identification with if rest on the
fact that via L < H the map Ly — Hys /%y 1 (Hi) is a k'-descent of the analogue
over K that is a K-isomorphism whose inverse arises from Hyx — Lg. Note also
that in (ii) we permit Gy, to have a non-reduced root system, in which case (as
Hj,, has a reduced root system) ker i is non-central in G (by Proposition 6.1.4).

ProOF. By Example 6.2.5 the natural map Rg /i, (Lx)x — Lk (which restricts
to the identity on the K-subgroup Lx C Rg/,(Lk)x) has smooth connected unipo-
tent kernel, so L is a Levi k-subgroup of Rg /i (Lk). Letting U = Z, (R /(LK )5),
the equality Lz x U = Rg/,(Lk )y implies

But Hy; is smooth and connected, so its unipotent normal subgroup scheme U N Hy;
is forced to be smooth and connected. We conclude that U N Hy = %#,(Hy;), so L
is a Levi k-subgroup of H.

Since the k-subgroup 2., x(H) of the pseudo-reductive Ry /i (Lx) satisfies

Pk (H); C Zu(Hy) CU == Zu(Ric/i (L))

it follows from [CGP, Lemma 1.2.1] that %, (H) = 1. This establishes (i).

Now consider (ii), for which we may assume k = ks;. Hence, by Theorem 5.4.4
we can choose a Levi k-subgroup L C G, so the natural map Lx — G’ is an
isomorphism. Using this K-isomorphism, i (G) is identified with an intermediate
group between R/ (Lx) and L. Hence, by (i) we get everything in (ii) except
that the minimal field of definition over k for %, (Hy) C Hy is merely a subfield
k' C K over k and correspondingly H C Ry /i (L) inside Ry /i (G') = Rg/k(Lk)
with this inclusion equal to iy. Hence, it just has to be shown that K = &'

The composite map

G —» ZG(G) — Rk’/k(Lk/)

corresponds to a k’-homomorphism ¢ : Gg» — Ly. Clearly qx corresponds to the
map ig : G — Rg/r(Li) = Ri/r(G'), so qx is surjective with a smooth connected
unipotent kernel. Hence, ¢ is also surjective with a smooth connected unipotent
kernel, so q is a k’-descent of the maximal geometric reductive quotient of G. By
minimality of K/k, this forces the inclusion k' C K over k to be an equality. O

Pseudo-split pseudo-reductive groups of minimal type with a reduced root sys-
tem always arise as in Proposition 7.1.3(i):

ExampPLE 7.1.4. Consider pseudo-reductive k-groups G such that the root sys-
tem of Gy, is reduced (as is automatic except when k is imperfect with characteristic
2). The kernel ker i¢ is central (Proposition 6.2.15), so G is of minimal type if and
only if kerig = 1. If G is of minimal type and pseudo-split and K/k is the minimal
field of definition for the geometric unipotent radical then Theorem 5.4.4 provides
a split Levi k-subgroup L of G, so the natural map Lx — G%¢4 is an isomorphism
and hence i¢ identifies G with a k-subgroup of Ry i (Lx) containing L.
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As an illustration, consider a pseudo-split pseudo-semisimple k-group H of
minimal type with root system A; and denote by K/k the minimal field of definition
for its geometric unipotent radical. Fix a split maximal k-torus T C H, so by
Theorem 5.4.4 there exists a Levi k-subgroup L C H containing 7. We may
and do identify L with SLy or PGLs carrying T onto the diagonal k-torus. Since
keriy = 1, this identifies H with a k-subgroup of Rg/;,(Lx) containing L. For the
T-root groups U+ C Ri/k(Ga) of H containing the canonical G, C Rg/x(Ga),
the stability of U* under T-conjugation implies that the subsets V* := U*(k) of
K containing k are k-subspaces, and that conjugation on H by the standard Weyl
element w = (% }) € L(k) swaps the root groups via negation relative to the
standard parameterizations of the root groups. Hence, VT = V~ inside K.

Denote the common k-subspace VT = V= of K containing 1 as V, and let
V be the corresponding k-subgroup of Rk /,(Ga). By Proposition 3.1.4, pseudo-
semisimplicity of H implies that H is the k-subgroup of R/, (SL2) or Rk, (PGL2)
generated by V inside both root groups relative to the diagonal k-torus. For each
L € {SLg, PGLy}, this describes all possibilities for such H up to k-isomorphism in
terms of possibilities for V', but the relationship between V' and K/k needs to be
described, as does the characterization of when two such permissible V’s give rise
to isomorphic k-groups. These matters will be addressed in §7.2.

The notion of “minimal type” is useful when proving classification results and
general structure theorems for pseudo-reductive k-groups G because the central
pseudo-reductive quotient G/%¢ is of minimal type and has the same associated
extension K/k (so passage to G/%¢ is compatible with the formation of ig). It
is convenient in some proofs to first treat the minimal type case and then to infer
the general case. The proof of standardness of all pseudo-reductive groups away
from characteristics 2 and 3 (shown in Theorem 7.4.8 for absolutely pseudo-simple
groups, and deduced in general in Corollary 10.2.14) uses such a technique.

There is good behavior of the “minimal type” property with respect to the
useful operations of passage to normal k-subgroups and centralizers of subgroup
schemes of multiplicative type:

PROPOSITION 7.1.5. For a pseudo-reductive k-group G of minimal type, every
smooth connected normal k-subgroup is of minimal type and Zg(M)° is of minimal
type for every closed k-subgroup scheme M of a k-torus in G.

To make sense of the statement of Proposition 7.1.5 it is necessary to first
show that the k-subgroups of G being considered are pseudo-reductive; the pseudo-
reductivity of smooth connected normal k-subgroups of G is elementary, and for
k-subgroups of the form Zg (M) it is rather nontrivial when M is non-smooth; see
[CGP, Prop. A.8.14(2)]. The idea of the proof of Proposition 7.1.5 is to show for
any k-subgroup H of G that is of either of the two types under consideration, the
following two properties hold: HNkerig = keriy, and HNC' is a Cartan k-subgroup
of H for any Cartan k-subgroup C' of G when H is normal in G as well as for the
specific Cartan k-subgroup C = Zg(T) when H = Zg(M)? for a maximal k-torus T
of G and closed k-subgroup scheme M C T'. It is then immediate that ¥ = HN%g
by definition of €y (so €y = 1 when ¢ = 1). The equality H Nkerig = kerig
amounts to showing keriy C kerig and that %2, (Hy) = Hy N %, (Gy), which is
nontrivial when H = Zg(M)° for non-smooth M as above; see [CGP, Prop. 9.4.5]
for the details.
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EXAMPLE 7.1.6. As an illustration of the technical advantages of the “minimal
type” case, consider a smooth connected affine k-group G and smooth connected
normal k-subgroup N. For the maximal pseudo-reductive quotients

Gpred — G/%u,k(G)v ypred . N/:%uk(N)

there is a natural map NP™d — GP™d because the smooth connected image of N
in the pseudo-reductive k-group GP™? is normal and hence pseudo-reductive, and
over any imperfect field k we give examples in [CP, Rem. 2.3.14] of such G and N
for which ker( NP4 — GPd) has positive dimension.

The situation is better if we consider the maximal quotients

Grmt = GPred feg g NP NPred s

that are pseudo-reductive of minimal type. Indeed, there is a natural map NP™¢ —
GP™* gince the smooth connected image of N in GP™* is normal and hence pseudo-
reductive of minimal type, and we claim that this map always has trivial kernel.

The key to the proof of such triviality, given in detail in [CP, Prop. 2.3.13], is
that after reducing to the case k = ks with N pseudo-reductive of minimal type, the
unipotent subgroup scheme NNZ,, 1 (G) is centralin N. To establish this centrality,
observe that the smooth connected normal commutator k-subgroup (N, %, x(G)) C
N is unipotent since it is contained in %, x(G). Thus, this commutator subgroup
is contained in %, k(N), and %, x(N) = 1 since N is pseudo-reductive, so the
centrality follows. But we arranged that ¥y = 1, so N has no nontrivial unipotent
central k-subgroup. Hence, NNZ, ,(G) = 1, so we may replace G with G/Z%,, 1(G)
to make G pseudo-reductive. We need to show that N N %s = 1. The proof of the
normal case in Proposition 7.1.5 yields that N N %g = @, yet we arranged that
N is of minimal type, so €y = 1.

EXAMPLE 7.1.7. Let G be a pseudo-split pseudo-reductive k-group, and T a
split maximal k-torus in G. For a € ®(G,T), let G, := (U,,U_,) be the smooth
connected k-subgroup generated by the +a-root groups.

We saw in Remark 3.2.8 that G, is pseudo-split and absolutely pseudo-simple
with 1-dimensional maximal k-torus a¥ (GL;) = TNG,, and that G, is described in
terms of passage to successive k-subgroups considered in Proposition 7.1.5 (depend-
ing on whether or not a is divisible). Hence, G, is of minimal type whenever G is of
minimal type (and its root system is {a} when a is not a multipliable root of G,
and is {£a, +2a} otherwise). This often permits passage to the absolutely pseudo-
simple rank-1 case when proving general theorems for pseudo-reductive groups of
minimal type.

A very important feature of passage to such k-subgroups G, is that it interacts
well with the maps i¢ and ig,. To explain this, the key point is that the explicit
description of G, depending on whether or not a is divisible, yields the equality of
group schemes

Zu((Ga)g) = (Ga) N 2u(GF)
(use [CGP, Prop. A.4.8] for non-divisible a, and [CGP, Prop. A.8.14(2)] for di-
visible a). It follows that (G.)x N Zu k(Gk) is a K-descent of Z,((Ga)z), so
the minimal field of definition K, /k for the geometric unipotent radical of G, is a
subextension of K/k and the restriction ig|q, is the composition of ig, with the
inclusion of k-group schemes

R, /k((Ga)') = Rii((Ga)k) = Riu(G),
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where G’ := Gg /%, k(GKk) and (G,)" = (Go)k,/%u k,((Ga)k, ). In particular,
naturally i¢(G,) ~ ig,(Gq), so Proposition 7.1.3(ii) applied to G, implies that
i¢(G,) is pseudo-split and absolutely pseudo-simple of minimal type with minimal
field of definition K, /k for its geometric unipotent radical and root system {+a’},
where @’ = a in the non-multipliable case and a’ = 2a in the multipliable case.

7.2. Rank-1 groups and applications. The structure theory of split con-
nected reductive groups rests on the fact that SLy and PGLy are the only split
connected semisimple groups of rank 1. (For example, this result is the reason that
root groups for split connected reductive groups are 1-dimensional.) Likewise, our
classification of pseudo-reductive groups will require a description of all pseudo-split
pseudo-semisimple groups of minimal type with root system A; or BCy (the latter
only relevant over imperfect fields of characteristic 2).

In this section we describe the A;-cases, and in §7.4 use that to define a useful
invariant called the root field. The proof of exhaustiveness of our list of groups will
use the (pseudo-split) Bruhat decomposition, in contrast with the reductive case.

Recall that in Example 7.1.4, for any purely inseparable finite extension K/k
we described all pseudo-split pseudo-simple k-subgroups of minimal type with root
system A; and minimal field of definition K/k for the geometric unipotent radical.
This description was given in terms of certain k-subspaces V' C K containing 1.
However, we did not characterize exactly which V can occur, and for any two such
V we did not determine when the associated k-groups are k-isomorphic. The most
interesting case is when k is imperfect of characteristic 2 and [k : k?] > 2, since
in all other cases it will turn out that necessarily V' = K. Thus, we shall begin
by describing the rank-1 pseudo-split pseudo-simple construction in Example 7.1.4
from a broader point of view over imperfect fields of characteristic 2.

Let k be imperfect with char(k) = 2, K/k a nontrivial purely inseparable finite
extension, and V C K a nonzero kK>2-subspace such that the k-subalgebra k(V')
generated by the ratios v/v’ for v,v’ € V — {0} coincides with K. (If [k : k?] = 2
then V' = K.) Identify the root groups of Rg/i(SLz2) and Rg/,(PGLz) relative to
their diagonal k-tori with Rg/x(Ga) in the standard manner, and let VTand V™
be the k-subgroups of these root groups corresponding to V C K (with V1 inside
the upper-triangular root group, and V'~ inside the lower-triangular root group).

DEFINITION 7.2.1. Let Hy g/, C Rg/x(SL2) be the k-subgroup generated by
VE, and let PHy ki C Rg/i(PGL2) be defined similarly (so there is a natural
surjection Hy, g/, — PHy k1)

REMARK 7.2.2. It is generally difficult to describe the kernel of Hy g/, —
PHy ki, as a k-subgroup of the center Ry (12) of Rk /i (SL2). Examples of pairs
(K /K, V) for which this kernel is a proper k-subgroup of Rx /j(u2) can be built over
any k satisfying [k : k%] > 16; see [CP, Rem. 3.1.5].

PROPOSITION 7.2.3. Let L be SLy or PGLsy, and let D C L be the diago-
nal k-torus. Let H denote the corresponding k-subgroup Hy k. or PHy k. of
(i) The k-group H is absolutely pseudo-simple of minimal type with root sys-

tem A1 and the minimal field of definition for its geometric unipotent radi-

cal is K/k. It contains D = GL1, and Zy(D) C Rk /x(Dx) = Rk /i (GLy)
coincides with the k-subgroup Vfé/k generated by the ratios v/v' € K* =
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R /k(GL1)(k) for nonzero v,v" € V, and the D-root groups of H are equal
to Zi.

(ii) If V' is another nonzero kK?-subspace of K such that k(V') = K and H'
denotes the associated k-subgroup of Ry (Lx) then H' ~ H if and only
if V! =cV for somece K*.

The notation Vj Ik does not keep track of which of the two possibilities for L is
under consideration, but the context will always make the intended meaning clear.

PROOF. The action of diag(c,1) € PGL2(K) on Ry/i(Lk) carries V' onto
cV' and carries V™ onto ¢V = ¢V~ (equality since V is a kI 2-subspace of
K). By choosing ¢ = 1/vg for a nonzero vy € V, we reduce the verification of the
properties of H to the cases for which 1 € V. By construction H contains the k-
subgroups VEc Ri/k(Ga) that now contain G,; these G,’s are the D-root groups
of L. Since L is generated by such root groups, now L C H. Hence, by Proposition
7.1.3(1), H is pseudo-reductive of minimal type with L as a Levi k-subgroup and
K/FE is a (not necessarily minimal) field of definition for %, (Hy) C Hy.

It is not at all clear that K /k is minimal as a field of definition for %, (Hy,) C Hp,
nor that H is perfect with D-root groups V* and Z (D) generated by the ratios
v/v’. The verification of these properties rests on explicit calculations in L(K) and
dynamic considerations with the open cell of H relative to a 1-parameter subgroup
GL; ~ D C H (Theorem 2.3.5(ii)); see [CP, Prop. 3.1.4] for the details.

Consider V' and H' as in (ii) such that there exists a k-isomorphism f : H' ~ H.
We want to show that V' is a K *-multiple of V. By Theorem 4.2.9, we may compose
f with an H (k)-conjugation so that f(D) = D. The effect of f on D = GL; is either
the identity or inversion. Proposition 4.1.3 provides an element in Ny (D)(k) whose
effect on D = GL; is inversion, so composing f with conjugation by such an element
if necessary allows us to arrange that f restricts to the identity on D. Hence, the
associated K-isomorphism flr?d : H' r;d ~ H }fd is identified with a K-automorphism
of Lk restricting to the identity on Dg. But Auty (L) is identified with PGL2(K),
so f5¢4 is induced by the action of a unique diagonal matrix diag(c, 1) with ¢ € K*.
By canonicity of iy and ig/, f is induced by Ry /p( red) on Rik/x(Lx). Hence,
inspection of D-root groups implies that ¢V = V', O

REMARK 7.2.4. The construction of H in Proposition 7.2.3 can be carried out
if the combined hypotheses that the nonzero k-subspace V C K is a kK?-subspace
and that k(V) = K are relaxed to the single weaker hypothesis that V is a nonzero
k(V?)-subspace of K (where k(V?2) denotes the k-subalgebra of K generated by
the ratios v2/v'? for nonzero v,v/ € V). The proof of Proposition 7.2.3 carries
over in this generality essentially without change, except that the minimal field of
definition over k for the geometric unipotent radical of H is k(V) (a subextension
of K/k that might not contain V' in general, though certainly can be arranged to
contain V after replacing V' with (1/v9)V for a nonzero vy € V).

An advantage of this more general context for the construction of H is that it
then makes sense to consider how the formation of H interacts with Weil restriction.
This is a subtle problem because the structure (and even merely the dimension!)
of the Cartan k-subgroup Zy (D) is generally intractable. We refer the reader to
[CP, Ex. 3.1.6] for a discussion of these matters.
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Now we can complete the analysis of the possibilities for V' in Example 7.1.4 by
combining the pseudo-split Bruhat decomposition over general fields and Proposi-
tion 7.2.3 over imperfect fields of characteristic 2:

THEOREM 7.2.5. Let G be an absolutely pseudo-simple group over a field k, and
assume Gy, has root system of rank 1. Let K/k be the minimal field of definition
for the geometric unipotent radical, and G' = Gi /%y k(GK).

(i) If char(k) # 2 or k is perfect then ic : G — R (G") is an isomorphism.

(ii) Assume k is imperfect with characteristic 2 and G is pseudo-split. Let
L C G be a Levi k-subgroup containing a split maximal k-torus T C G, so
iq(G) is a k-subgroup of Ri,x(Lk) containing L. Fir a k-isomorphism
of L onto SLy or PGLy such that T is carried onto the diagonal k-torus
D. There exists a nonzero kK?-subspace V. C K satisfying k(V) = K
such that ic(G) is equal to Hy, i, or PHy ) respectively.

Part (i) is [CGP, Thm.6.1.1], and the proof we give (via arguments in [CP,
§3.1]) is a significant simplification in technique due to using Levi k-subgroups and
the Bruhat decomposition (in the pseudo-split case).

PROOF. The case of perfect k in (i) is trivial, so when we consider (i) below we
will always assume char(k) # 2 (so the root system is A; since it is reduced in such
cases). Since V in (ii) is clearly unique if it exists (by inspection of D-root groups
in ig(G)), for the entire proof we may assume k = ks. Hence, we are in the pseudo-
split situation as considered in Example 7.1.4; we let T" be a split maximal k-torus
of G and L C G a Levi k-subgroup containing 7' (provided by Theorem 5.4.4). By
Proposition 7.1.3, the quotient i¢(G) is pseudo-reductive of minimal type with the
same minimal field of definition K/k for its geometric unipotent radical, and as
a k-subgroup of Rk /i (Lx) containing L its inclusion into Ry i (Lx) is identified
with i, (). Hence, to prove (ii) we may replace G with ig(G) so that G is of
minimal type with root system A; (rather than BCy).

Let us show that for the proof of (i) it is also harmless to replace G with i¢(G).
By Proposition 6.2.17, if (i) is settled for ig(G) then in general any such G is at
least standard. Being absolutely pseudo-simple, it would follow from 6.2.8 that
G ~ Rgi(SL2)/Z for a closed k-subgroup Z C Rp/p(p2). But ps is finite étale
since char(k) # 2 in (i), so since K'/k is purely inseparable it follows that Ry /5 (u2)
is finite étale. Thus, the natural map po — Ry k(p2) is an isomorphism by com-
parison of k-points (recall k = k). It follows that the only possibilities for Z would
be Z =1 and Z = R4 (p2), in which case G ~ R, (SL2) and G ~ R, (PGL2)
respectively (as Ry /k 1s compatible with the formation of quotients modulo smooth
closed subgroups [CGP, Cor. A.5.4(3)]). The isomorphism property for i¢ in such
cases is then part of Example 6.2.5.

For the rest of the argument, now we may assume G is also of minimal type,
so the analysis in Example 7.1.4 is applicable, giving that G is identified with the
k-subgroup of Rk /,(Lk) generated by V* for a k-subspace V C K containing 1.
It has to be shown that if char(k) # 2 then V = K and that if char(k) = 2 then
k(V) = K and V is a kK?-subspace of K.

In fact, it suffices in all characteristics to prove that v -V C V for allv € V.
Indeed, granting this we see that (1 + v)? - v/,v? - 0" € V for all v,v’ € V, so
vv’ € V when char(k) # 2. Thus, now assuming char(k) # 2, V is a k-subalgebra
of K; equivalently, V is a field F' between k and K. But then G coincides with
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the k-subgroup Ry (LF) inside Rk i (Lx) because Rp/p(Lr) is generated by its
root groups relative to the diagonal k-torus D (due to perfectness of Rp/,(Lr) for
both possibilities for L when char(k) # 2). The equality G = Rp/,(Lr) forces the
inclusion F' C K over k to be an equality by Example 6.2.1.

Suppose instead that char(k) = 2, and continue to assume that v2-V C V for all
v € V. Hence, V is a submodule of K over the k-algebra k[V?] generated by squares
of elements in V. Since k[V?] must be a field and 1 € V, clearly k[V?] = k(V?2). We
are therefore in precisely the situation addressed in Remark 7.2.4, so the k-groups
Hy g/, and PHy, g/, make sense and respectively coincide with G' depending on
whether L is equal to SLy or PGLg, and k(V') is the minimal field of definition over
k for its geometric unipotent radical. This forces k(V') = K, so V is a kK 2-subspace
of K.

Finally, it remains to show in every characteristic that v? - v/ € V for all
v,v/ € V with v # 0. Since the D-root groups of G coincide with V*, so G(k)
meets the strictly upper-triangular subgroup of L(K) in precisely the points of
V*t(k) = V C K, it suffices to show that diag(v,1/v) € G(k) (understood to
mean that this element of SLy(K) maps to an element of G(k) C PGLy(K) when

L = PGL,) since
62D )6 7)

It remains to find a mechanism to discover diag(v,1/v) inside G(k).
Define the elements vt (z) = ({4) and v (z) = (1) inside L(K) for z € K.
The key idea is to determine the Bruhat decomposition of 4™ (v) in

(7.2.5.1) G(k) = (V™ (k)nP(k)) [T P(k)

relative to the minimal pseudo-parabolic k-subgroup P := Zg(D) x V'~ for any
v €V — {0}, where n = (% }) € NL(D)(k) — D(k) C Ng(D)(k) — Zg(D)(k).
Since v # 0, clearly u™(v) ¢ P(k). Hence, u™(v) lies in the first constituent of
the decomposition (7.2.5.1). In other words, there exist unique v',v” € V and
z € Zg(D)(k) C D(K) such that

(7.2.5.2) ut(v) =u~ (v')znu~ (v").

All terms in (7.2.5.2) aside from z naturally arise from SLo(K). The diagonal
subgroup of SLy(K) is the full preimage of the diagonal subgroup of PGLy(K), so
if L = PGL5 then there is a unique t € K* such that replacing z with diag(t,1/t)
in (7.2.5.2) yields an identity in SLy(K). Likewise, if L = SLg then z = diag(t, 1/t)
for a unique t € K*. Elementary calculations in SLy(K) now imply that v = ¢, so
if L = SLg then diag(v,1/v) = z € G(k) whereas if L = PGL;y then diag(v,1/v)
represents z € G(k) C L(K). O

The good properties of i¢(G) in Proposition 7.1.3(ii) and of G,’s in Example
7.1.7 now yield a consequence of Theorem 7.2.5 that will be crucial in the proofs of
later classification results:

PROPOSITION 7.2.6. Let G be a pseudo-split pseudo-reductive k-group with a
split mazimal k-torus T and minimal field of definition K/k for its geometric unipo-
tent radical. For each a € ®(G,T), let K,/k be the analogous subextension defined
similarly for the pseudo-split absolutely pseudo-simple k-group G, := (Ua, U_,).
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(i) The k-group ic(G,) is isomorphic to Ri, /1 (SLa) or Ri, /x(PGL2) if k is
perfect or char(k) # 2, and if k is imperfect of characteristic 2 then ic(Gg)
is isomorphic to Hy, /i or PHy, i, /1 for a nonzero kK?2-subspace V, C
K, satisfying k(V,) = K,; such V, is unique up to K -scaling.

(ii) If G is perfect then K is generated over k by its subfields K, for non-
divisible a € (G, T).

PROOF. We just need to explain (ii), for which we first introduce some notation.
Let ® = ®(G,T), and for each a € ® define o’ = a when « is non-multipliable and
a’ = 2a when a is multipliable. Let ®,4 denote the set of non-divisible roots.

By Proposition 3.1.4, G is generated by its k-subgroups {Gg}aeca,, since U, C
Ua/2 when a is divisible, so i¢(G) is generated by its k-subgroups iq(G,) for non-
divisible a. Letting L C G be a Levi k-subgroup containing T' (Theorem 5.4.4), the
k-group ic(G) lies between R x(Lx) and L. Since ®(L,T) is identified with the
set of non-multipliable roots in ®, a — a’ is a bijection from ®,4 onto ®(L,T).

Consider the subfield K’ C K generated by the K,’s for non-divisible a, so
inside R /(L) we have

ic(Ga) = ic,(Ga) C R, /i((Lar)k,) C Ricrji((Lar) k) € Rierji(Licr)
for all such a. Hence, ig(G) lies between Ry /1, (L) and L. By Proposition 7.1.3(i)
it follows that K’/k is a field of definition for the geometric unipotent radical of

iq(QG), yet by Proposition 7.1.3(ii) the minimal such extension is K /k! Hence, the
inclusion K’ C K over k is an equality. O

COROLLARY 7.2.7. If the Cartan subgroups of a pseudo-reductive group G over
a field k are tori and k is not imperfect of characteristic 2 then G is reductive.

Theorem 7.3.3 lists all non-reductive pseudo-reductive groups over an imperfect
field of characteristic 2 whose Cartan subgroups are tori.

PrOOF. Without loss of generality we may and do assume k = k;. Let T
be a maximal k-torus in G, so T is split. By Proposition 2.1.1(ii) we have G =
Za(T) - 2(G), and by [CGP, Lemma 1.2.5(ii)] we have T'= Z - T” for the maximal
central k-torus Z C G and maximal k-torus 77 := T N Z(G) in 2(G). Hence, we
may replace G with 2(G) so that G is perfect. Letting K/k and K, /k respectively
denote the minimal fields of definition for the geometric unipotent radicals of G
and G, for any a € ®(G,T), our task is to show that K = k. By Proposition 7.2.6,
it suffices to show that K, = k for each a.

Since G, = P(Zg(T,)) for the codimension-1 subtorus T, C T contained in
the kernel of a, and T, is an isogeny complement to a¥(GL1) C G, it is clear that
the Cartan k-subgroups of G, are tori. Thus, we may assume G has rank 1. By
Theorem 7.2.5(i), G is isomorphic to R, (SL2) or R/, (PGL2). These each admit
Ri/k(GL1) as a Cartan k-subgroup, so R/, (GL1) is a torus. But K/k is purely
inseparable, so K = k. O

The following consequence of Proposition 7.2.6 will permit some classification
proofs to be reduced to the rank-1 case.

PROPOSITION 7.2.8. A pseudo-split pseudo-semisimple k-group G of minimal
type with a reduced root system and split maximal k-torus T is determined up
to k-isomorphism by the isomorphism classes of G%’d and of the k-groups G, =
(Ua,U_y) for alla € ® :=®(G,T).
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PRrROOF. By Theorem 5.4.4, we may choose a Levi k-subgroup L C G containing
T; the k-group L is uniquely determined up to k-isomorphism as a split k-descent of
G%ed (due to the Existence and Isomorphism Theorems for split connected semisim-
ple k-groups). Let K/k be the minimal field of definition for %, (G%) C G. Since
G is of minimal type and has a reduced root system, so kerig = 1 by Proposition
6.2.15, we may and do identify G with a k-subgroup of R (L) containing L.

For a € ®, let K,/k be the minimal field of definition over k for the geometric
unipotent radical of G,. If k is not imperfect of characteristic 2 then for each a € ®
we have Gy = R, /i((La)k,) inside Rg/x((La) k) by Proposition 7.2.6(i), so G is
uniquely determined inside Ry, (Lk) in such cases because the G’s generate G
(by Proposition 3.1.4, since G is perfect).

Now suppose k is imperfect of characteristic 2. By Proposition 7.2.6(i), for
each a € ®(G,T) there is a nonzero kK?2-subspace V, C K,, unique up to KX-
scaling, such that k(V,) = K, and G, is equal to Hy, g,/ or PHy, g, /. inside
Ri, /k((La)x,) (depending on whether L, is equal to SLy or PGLy respectively).
Since Vj, is only unique up to K -scaling and not generally unique as a k-subspace
of K,, we require further arguments to justify that G is uniquely determined up
to k-isomorphism by L and the k-isomorphism class of each G, (equivalently, the
K *-homothety class of V, for each a € ®). For a basis A of ®, the equality
Np(T)(k)/T(k) = W(®) implies that G is generated by L and {G,}sea. In fact,
G is generated by {Gy}aeca since L is generated by its k-subgroups L, C G, for
a € A.

Suppose ¥ is another such k-group so that its root system is identified with &
in such a manner that ¢, ~ G, for all ¢« € ® and f%md ~ G%Cd = Ly. Hence, ¥
admits L as a Levi k-subgroup and the minimal field of definition for its geometric
unipotent radical is also K/k due to Proposition 7.2.6(ii). Thus, ¢ is a k-subgroup
of Rg /(L) containing L, so ¢ is generated by {¢,}.ca. For each a € & we
have ¥, ~ G, by design, and the k-subgroup %, C Rg, /x((La)x,) arises from the
kK?2-subspace \,V, C K, for some \, € K. It is therefore sufficient to find

to € (T/ZL)(K) = Re/u(T/Z1) k) (F)

whose action on Rk /i (Lx) carries G, onto ¥, for each a € A. But T'/Z, ~ GLY
via T = (a(%))aca, so the unique #y corresponding to (\,) € (K*)2 = (T/Z1)(K)
does the job. |

7.3. A non-standard construction. Among non-standard pseudo-reductive
groups, it is the absolutely pseudo-simple groups that are the most interesting.
Since ultimately it turns out that standardness can only fail in characteristics 2
and 3, any construction of a non-standard pseudo-reductive group must use features
specific to these small positive characteristics.

Recall from Proposition 6.1.4 that the formation of the root system and root
groups of a pseudo-split pseudo-reductive group is unaffected by passage to a central
pseudo-reductive quotient. Thus, by Example 3.1.3 and the reducedness of root
systems for connected reductive groups, for any standard pseudo-reductive k-group
the root system over ks is reduced and the root groups for roots in a common
irreducible component of the root system have the same dimension. In particular,
an absolutely pseudo-simple k-group whose root groups over ks do not all have the
same dimension cannot be standard.



STRUCTURE AND CLASSIFICATION OF PSEUDO-REDUCTIVE GROUPS 83

Reducedness of the root system can only fail over imperfect fields of character-
istic 2 (Theorem 3.1.7), so non-reducedness of the root system over ks can be an
obstruction to standardness only over such fields. In fact, over every imperfect field
k of characteristic 2 there do exist pseudo-split absolutely pseudo-simple k-groups
with root system BC,, for any desired n > 1. The construction of such groups is
quite hard; we will discuss it in §8.

To give the reader a flavor of non-standardness at the present stage we now
give a different construction of non-standard absolutely pseudo-simple groups that
is specific to characteristic 2, realizing variation in dimension of the root groups as
an obstruction to standardness. This construction has the virtue that it also solves
a natural problem over any field, having nothing to do with standardness: find all
non-reductive pseudo-reductive groups whose Cartan subgroups are tori.

Let (V,q) be a quadratic space with dimension d > 0 over a field k of char-
acteristic 2. The symmetric bilinear form Bgy(v,v") = q(v + v') — ¢(v) — ¢(v') is
alternating since char(k) = 2. Assume ¢ # 0. The defect space V* is the set of
v € V that satisfy B,(v,-) =0, so By induces a (non-degenerate) symplectic form
B, on V/V=+. In particular, dim(V/V1) is even. Note that ¢ : V1 — k is additive.

Let @ be the projective quadric hypersurface (¢ = 0). As is explained at the
beginning of [CP, §7.1], the quadric @ is regular (equivalently smooth) at its k-
points if and only if g|y 1 is injective, and this property is preserved under separable
extension on k; we say ¢ is regular in such cases. The smoothness of @ for even d
is exactly the condition that ¥+ = 0 whereas smoothness of Q for odd d is exactly
the condition that V1 is a line. If Q is smooth and d > 3 then when d = 2m is even
the group scheme O(g) is an extension of Z/2Z by a connected semisimple group
SO(q) of type D,, whereas when d = 2m + 1 is odd the group scheme O(q) is the
direct product of ps and a connected absolutely simple group of adjoint type B,,.

Now assume 0 < dim V+ < dimV =: d, so dim(V/V+) = 2n for some integer
n > 0 and hence d > 2n + 1 > 3. In these cases @) is smooth precisely when
dim V+ = 1. We make the weaker hypothesis that ¢ is regular. In concrete terms,
this says

2 2
g=c1x]i+ -+ Cci—2nTi_9, + qo(Ti—2n11, -, Ta)

where ¢q is non-degenerate in 2n variables and {ci,...,cq_2,} is k*linearly inde-
pendent. In particular, the case dim V+ > 1 occurs over k if and only if [k : k%] > 2.

If dimV+ = 1 then it is well-known that SO(g) concides with the maximal
smooth closed k-subgroup O(q)*™ of O(g). Hence, when dim V+ > 1 we are moti-
vated to make the definition

SO(q) := O(g)™.

(See §1.3 for references on the existence and uniqueness of a maximal smooth closed
subgroup scheme H®™ of any group scheme H of finite type over a field and its
relationship with the underlying reduced scheme H,cq.) Note that SO(q) = SO(cq)
for any ¢ € kX, so there is generally no harm in assuming that 1 € ¢(V*+) (as is
sometimes convenient in calculations).

Arguments in [CP, 7.1.2-7.1.3] establish several results that we now review
(recovering well-known properties of SOg,,+1 when dimV+ = 1). Regularity of
qk, ensures that the kernel of m, : SO(q) = O(g)*™ — Sp(B,) has no nontrivial
ke-points, and inspection of ¢ in suitable coordinates shows that 7, is surjective,
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so it follows that SO(g) has no nontrivial smooth connected unipotent normal k-
subgroup. This doesn’t immediately imply that SO(q) is pseudo-reductive since it
isn’t evident if SO(q) is connected! (Recall that we are now assuming dim V+ > 0.)

PROPOSITION 7.3.1. Consider reqular (V,q) satisfying 0 < dimV+ < dim 'V,
and write 2n = dim(V/V*+). The k-group SO(q) is absolutely pseudo-simple with
trivial center and root system over kg of type By, and its Cartan k-subgroups are
tori. Ouver kg the long root groups have dimension 1 whereas the short root groups
have dimension dim V4 (with both roots understood to be short when n = 1).

The minimal field of definition over k for the geometric unipotent radical of

SO(q) is the subfield K C k'/? generated over k by Vaw)/a(w)} e weve—foy-

The universal smooth k-tame central extension of SO(q) is denoted Spin(q);
it coincides with the usual spin group when dim V+ = 1. This k-group inherits
absolute pseudo-simplicity from SO(gq) (use Proposition 3.2.2).

Assume dimV+ > 1, so k is imperfect and SO(gq) is not reductive (as its
short root groups over ks have dimension dim V+). If n > 1 then the presence of
root groups over ks with unequal dimensions (1 for long roots, dim V* for short
roots) implies that the non-reductive absolutely pseudo-simple k-group SO(q) is
not standard (so Spin(g) is not standard, by the characterization in 6.2.8).

REMARK 7.3.2. Assume n = 1 (and dimV+ > 1). By varying such (V,q),
when [k : k%] > 2 the non-reductive absolutely pseudo-simple k-group SO(gq) can
be arranged to be either standard or not standard (depending on ¢) whereas if
[k : k%] = 2 then SO(q) is always standard. We now establish an interesting
characterization of standardness when n = 1: it is equivalent that the k-subspace
q(VH)Y/?2 ¢ K with dimension dim V1 > 2 is a line over a subfield of K strictly
containing k (a property that we can arrange to either hold or fail via suitable
choice of (V,q) if [k : k%] > 2, whereas if [k : k?] = 2 then it cannot ever fail since
K = k'/? is 2-dimensional over k in such cases).

To prove this characterization we may extend scalars to ks, and we may replace
q with a k*-multiple so that 1 € ¢(V'). Use ¢'/?|y,L to identify V* with a k-
subspace of K strictly containing k, and identify G, with each root group U+ of
SO(q)%? = PGL; relative to the diagonal K-torus via the usual parameterization.
Since k C q(V1)'/2, the k-subspace q(V1)'/? of K is a line over a subfield of K
containing k if and only if ¢(V1+)!/? is itself a subfield of K (larger than k).

It is shown in the proof of [CP, Prop.7.2.5] (using [CP, 3.1.3-3.1.4]) that
SO(q) is the k-subgroup of R/, (PGL2) between PGL3 and R /1, (PGL2) generated
by the k-subgroups of RK/k(UIf) = Rk/k(Ga) corresponding to the k-subspace
q(VH)Y/2 € K strictly containing k. By [CP, Prop.3.1.8(ii)], this k-subgroup of
Ry /% (PGLy) is standard if and only if ¢(V+)/? is a field F C K (in which case
q|y1 is identified with the squaring inclusion F' — k), as desired.

The non-reductive centerless k-group SO(g) has k-automorphisms not arising
from SO(q)(k)-conjugation, in contrast with the well-known adjoint absolutely sim-
ple case for type B when dim V+ = 1. Nonetheless, all elements of Aut(SO(q))
arise from a suitable notion of “conformal isometry”; see [CP, Prop. 7.2.2(i)].

Remarkably, the SO(g)-construction with regular degenerate quadratic spaces
(V, q) satisfying V+ # V underlies all non-reductive pseudo-reductive groups whose
Cartan subgroups are tori. This is made precise in [CP, Prop. 7.3.7]:
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THEOREM 7.3.3. Let k be a field. There exist non-reductive pseudo-reductive k-
groups whose Cartan subgroups are tori if and only if k is imperfect of characteristic
2. For such k, these k-groups are precisely H x Ry /1,(G") where H is a connected
reductive k-group, k' is a nonzero finite étale k-algebra, and G’ is a smooth affine
k' -group whose fiber G} over each factor field kl of k' is a descent of SO(q}) for a
satisfying V’j‘ # V.

regular degenerate quadratic space (V/,q;) over kj

The proof of Theorem 7.3.3 requires a detailed understanding of the structure
of pseudo-split pseudo-reductive groups with a non-reduced root system; see §8.1
(such groups can only exist over imperfect fields with characteristic 2, by Theorem
3.1.7). This hard input ensures that the root system over k; of every non-reductive
pseudo-reductive k-group whose Cartan subgroups are tori is reduced.

7.4. Root fields and standardness. A further application of the pseudo-
split rank-1 classification in Theorem 7.2.5 concerns an auxiliary field that arises in
the description of automorphisms. For pseudo-semisimple k-groups G, these auxil-
iary fields underlie the possible failure of G/Z¢ to exhaust the identity component
of the maximal smooth closed k-subgroup of the automorphism scheme Autg .
This is best understood with some examples:

ExAaMPLE 7.4.1. Let K/k be a nontrivial purely inseparable finite extension
in characteristic p > 0, and let G’ be a nontrivial connected semisimple K-group
that is simply connected, with 7" C G’ a maximal K-torus. Let G = R, (G").
As a special case of our discussion of automorphism functors of pseudo-semisimple
groups to be given in §9.1, the automorphism functor Aut /i 18 represented by an
affine k-group scheme Autg ;. of finite type [CP, Prop. 6.2.2].

In contrast with the semisimple case, Autg ;, is never smooth [CP, Ex. 6.2.3].
For the study of Galois-twisted forms and local-global principles, it is the maximal
smooth closed k-subgroup Aut),, that matters. Using the action of G'/Zg on G,
we can form the standard pseudo-reductive k-group

4G = (G X Rg(T"/ Zer)) [Ricpie(T'),

and the evident k-subgroup inclusion ¥ — Autg/;, has image (AutSG"}k)O due to
[CP, Prop. 6.3.4(i), Prop. 6.2.4, Lemma 6.1.3].
Clearly 2(9) is the image G/Z¢g of G, and the commutative quotient

Y/(G/Zg) = coker(Rg/n(T") — R/u(T'/Zar))

is a smooth connected unipotent k-group with dimension dim Rg/,(Zg). In par-
ticular, (Autg), ) is larger than G//Z¢ precisely when Zg: is not K-étale.

EXAMPLE 7.4.2. Let K/k be a nontrivial finite extension in characteristic 2,
and let V be a nonzero kK 2-subspace of K satisfying k(V) = K. Let

F={AeK|\VCV}

this is a kK ?-subalgebra of K, hence a field, and it is the largest subfield of K
over which V' is a subspace. We will be most interested in the cases with F strictly
between kK? and K, so since k(V) = K we see that in such cases [K : F] > 4 and
[F:kK?) > 2.

Consider the absolutely pseudo-simple k-group H := Hy i/, C Rg/p(SLz).
Using the natural action of PGLs on SLs, for the diagonal k-torus GL; = D C
PGL; (via ¢ — diag(t, 1)) we see the Ry (D g )-action on Ry /i (SL2) preserves the
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standard root groups U = Rg/,(Ga) C Ri/,(SL2) via the scaling t.z = t*!a.
Hence, by definition of F', the action of RF/k(EF) on Rg/,(SLy) preserves the
k-groups VEcu#* (corresponding to V' C K) that generate H by definition.

For the diagonal k-torus D C SLs, the natural map D — D corresponds to
squaring on GL;. Thus, the Cartan k-subgroup V;;/k = Zuy(D) (generated by
ratios v/v" for nonzero v,v’ € V, due to Proposition 7.2.3(i)) is carried into the
k-subgroup Rp/x(Dr) C Rg/i(Dk) since K* C F by hypothesis. Consider the
resulting central quotient

A = (H X Rp/(Dr))/Vie)i

(using the anti-diagonal inclusion). This is pseudo-reductive by Proposition 2.2.1,
and it is naturally a subgroup of the automorphism functor Auty ;.

By the same results from [CP, Ch.6] as used in Example 7.4.1, Auty, is
represented by an affine k-group scheme Auty; of finite type and 77 = Autsﬁ“}k.
Hence, Autsér} & 18 pseudo-reductive with derived group equal to the image H/Zp of
H, and its quotient by this derived group is the unipotent k-group Rp,;(GL1)/GLy;
this is nontrivial precisely when F' # k.

Consider an absolutely pseudo-simple k-group G such that Gj, has a reduced
root system, and let K /k be the minimal field of definition for its geometric unipo-
tent radical, so for G' := Gk /%y k(Gk) the natural map ig : G — R/, (G’) has
kernel that is central (Proposition 6.2.15). Hence, for any maximal k-torus T'C G
we have

ker(Lie(ig)) = Lie(kerig) C Lie(Zg(T)) = ¢*
for g := Lie(G). The complete reducibility of finite-dimensional linear representa-
tions of T' provides a unique T-equivariant linear complement g(7') to g in g, and
the map
Lie(ic) : g(T) — Lie(Rk/x(G")) = Lie(G")

is injective. Hence, the following definition makes sense:

DEFINITION 7.4.3. The root field F C K is the subextension of K/k consisting
of those A € K such that multiplication by A on Lie(G’) carries g(7') into itself.

If we use the more precise notation Fr for the root field, indicating the possible
dependence on T, then it is clear that the formation of Fr is compatible with
separable extension on k. Hence, we can use the G(ks)-conjugacy of maximal k-
tori in G, to deduce that Fr is independent of T'.

EXAMPLE 7.4.4. Assume G as above is pseudo-split of minimal type with root
system Aj, and let L be a Levi k-subgroup of G. By Theorem 7.2.5(i), if k is not
imperfect of characteristic 2 then G = R /(L ), so clearly F' = K in such cases. If
k is imperfect of characteristic 2 then (by Theorem 7.2.5(ii) and Proposition 6.2.15)
G is equal to Hy g, or PHy ), for some nonzero kK?-subspace V C K satisfying
kE(V) = K. In such cases F is as described in terms of V' in Example 7.4.2.

If G as above with arbitrary rank has a split maximal k-torus T, so & :=
®(G,T) is reduced, then the root field F' C K of G is determined by the root fields
F, C K, C K of the k-groups G, := (U,,U_,) for all a € ® via the formula F =
Naca Fa that is immediate from the direct product structure of an open cell and the
compatibility of ig|g, and i, (as discussed in Example 7.1.7). The computation
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of root fields may always be reduced to the case of the central quotient i¢(G) of
minimal type because the formation of root fields is unaffected by passage to pseudo-
reductive central quotients when the root system is reduced [CP, Rem. 3.3.3].

One reason for interest in root fields is that they detect the presence of a Weil
restriction in the description of GG, at least when G is of minimal type. This is
made precise by the following result involving maximal pseudo-reductive quotients
of minimal type (as in Example 7.1.6):

ProPOSITION 7.4.5. If G is an absolutely pseudo-simple k-group of minimal
type and Gy, has a reduced root system then for the root field F/k the natural map
G— .@(RF/k(G%rmt)) is an isomorphism.

This is a special case of [CP, Prop. 3.3.6], and is proved by computations with
a Levi kg-subgroup and the type-A; descriptions in Example 7.4.4. Proposition
7.4.5 allows one to reduce some general problems for G of minimal type over k to
the study of G2™" over F, and the latter also has root field F' (as may be deduced
from the rank-1 cases in Example 7.4.4). In other words, for some purposes we can
arrange that the root field is equal to the ground field.

For a maximal k-torus T' C G and the irreducible and reduced root system
& = &(Gy,, T, ), the root field F, C K, of (G, ), for a root a € ® only depends
on a through its W (®)-orbit since W(®) = Ng(T)(ks)/Za(T)(ks). But W(®) acts
transitively on the set of roots with a given length (since ® is irreducible), so in the
simply laced case the subfields F,, C K, all coincide and hence they are all equal
to the root field (,cq Fu = Fs of Gi,.

Likewise, if ® has two distinct root lengths then F,, depends on a only through
its length, so by Galois descent the subfields F, C K, = K ® ks over k, arise from
corresponding subfields Fs, F. C K over k for long and short roots respectively.
We call F< the long root field and call F~ the short root field, so F~. N F- = F. In
the simply laced case it is convenient to use the definitions F. := F and Fs := F.

EXAMPLE 7.4.6. Let k be an imperfect field of characteristic 2 and let (V, ¢) be
a finite-dimensional regular quadratic space over k such that 0 < dim V+ < dim V/
(so ¢ is degenerate precisely when dimV+ > 1). Let K C k'/2 be the finite
extension of k generated by the ratios 1/q(v)/q(v’) for nonzero v,v’ € V*. In §7.3
we introduced the class of absolutely pseudo-simple k-groups SO(g) with trivial
center and root system B,, over kg, where dim(V/V+) = 2n for an integer n > 1.

By [CP, Ex.7.1.8], the short root field F of SO(q) consists of precisely those
A € K such that A-scaling preserves the k-subspace

{Vaw)/q(vo) lv eV} C K

for a fixed vy € V- — {0} (the choice of which does not matter, as replacing vy with
vy € V+ — {0} simply multiplies this k-subspace by /q(vo)/q(v)) € K*). If q is
non-degenerate then clearly F. = K = k.

Nontriviality of the extension F. /k has concrete meaning in terms of (V, q), as
follows. Let CO(g) denote the maximal smooth k-subgroup of the group scheme
of conformal isometries of (V,q) (the functor of pairs (L, u) consisting of a linear
automorphism L of V' and a unit p such that go L = - q). Since Zgo(q) = 1, there
is an evident inclusion of k-groups j : GL; x SO(g) — CO(q) (well-known to be an
equality when ¢ is non-degenerate). In general there is a canonical isomorphism

CO(q)/S0(q) =~ R /k(GL1)
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by [CP, (7.2.1.2)ff., Prop. 7.2.2(ii)], so CO(q) is connected and by dimension reasons
we see that F. is larger than k precisely when j is not an equality.

For absolutely pseudo-simple k-groups G with a reduced root system over kg,
it is always the case that ' = F.. More generally, beyond the rank-1 case (Ex-
ample 7.4.4) applied to the central quotient ig(G) of minimal type described in
Theorem 7.2.5, the relationships among root fields and minimal fields of definition
of geometric unipotent radicals are as follows:

THEOREM 7.4.7. Consider a pseudo-split absolutely pseudo-simple group G over
a field k that is imperfect with characteristic p > 0, and let T C G be a split
mazimal k-torus. Assume n = dimT > 2 and that the rank-n irreducible root
system @ := ®(G,T) is reduced. Let F, K respectively denote the root field for G
and the minimal field of definition over k for Z.,(Gy) C Gy, and define F,, K,
similarly for G, := (U,,U_,) for each a € ®.
(i) If ® has no edge of multiplicity p in its Dynkin diagram then F, = F =
K =K, for alla € ®.
(ii) Assume ® has an edge of multiplicity p in its diagram, so p € {2,3} and
® has two root lengths; denote by K. (resp. K~) the subfield K, C K for
a €  that is short (resp. long). Then

kaCK>CK<:K7

and if p =3 then Fs = K5 and Fe = K.
(iii) Assume ® has an edge of multiplicity p = 2. Then

kK°CcF=F.CK-CF.CK. =K,

and for types Fq or B, with n > 3 we have F~. = K~ whereas for types
Fy or C,, withn > 3 we have F. = K.

In (iii) no assertion is made for type Bo = Cs. It can happen in such cases that
F, # K, for all roots a; i.e., the nonzero kK?2-subspace V, C K, classifying G, can
be a proper subspace for all roots a (this is discussed in Remark 10.1.8).

We now sketch a few points in the proof of Theorem 7.4.7, referring to [CP,
Thm. 3.3.8] for the details. The formation of K/k is unaffected by passage to a
central pseudo-reductive quotient (Proposition 6.2.2), and likewise for root fields
[CP, Rem.3.3.3], so by replacing G with its universal smooth k-tame central ex-
tension we may assume the connected semisimple group G%ed is simply connected.
Since i¢(G) is a central quotient of G (as ® is reduced) and is of minimal type
with the same maximal geometric reductive quotient as G, and moreover ig|q, is
compatible with i, in the sense of Example 7.1.7, we may replace G with ig(G)
to reduce to the case that G is also of minimal type.

A Levi k-subgroup L C G containing T exists by Theorem 5.4.4, and it is
simply connected since Ly ~ ng. (In [CP, §3.3] the passage to simply connected
L is done via a more explicit procedure involving root groups because the universal
smooth k-tame central extension built and studied in §6.2 is not provided until later
in [CP]. However, its development can be carried out earlier, as we have done in
this survey.)

The k-group G lies between L and Rk ,(Lk) because G is of minimal type.
For a € @, the k-group G, = (U_,, U,) lies between L, and R, /x((La)x, ). Upon
choosing a basis A for @, the effect of conjugation by Zg (T NG,) = Go N Za(T)
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on the b-root group U, C G for adjacent a,b € A can be described by computing
inside Rg/k(Lr). Combining this description with the list of possibilities for G,
given in Theorem 7.2.5 yields all of the asserted relations among fields (since the
group Np(T)(k)/T(k) = W(®) acts transitively on the set of roots with a fixed
length due to the irreducibility of ®). This completes our sketch of the proof of
Theorem 7.4.7.

The control of root fields in Theorem 7.4.7 underlies the proof of our first major
classification result:

THEOREM 7.4.8. An absolutely pseudo-simple k-group G is standard except
possibly when k is imperfect with p := char(k) € {2,3} and the root system ® of
Gy, satisfies one of the following conditions: (i) its Dynkin diagram has an edge of
multiplicity p, (ii) it is non-reduced (as can only happen when p = 2), or (iii) it is
of type Ay with p = 2.

Before we prove Theorem 7.4.8, we note that this result is the absolutely pseudo-
simple case of [CGP, Cor.6.3.5, Prop. 6.3.6], as well as of [CP, Thm. 3.4.2], and
the proof we give below is simpler. In Corollary 10.2.14 we remove the absolute
pseudo-simplicity hypothesis.

PROOF. By Proposition 6.2.14 we may assume k = kg, so G is pseudo-split. We
may also certainly assume ® is reduced. The rank-1 case away from imperfect fields
of characteristic 2 is settled by Theorem 7.2.5, so we may also assume that ® has
rank n > 2. Finally, we can assume k is imperfect (as otherwise our task is trivial)
and that the diagram of ® does not have an edge of multiplicity p := char(k) > 0.

Since ® is reduced, by Proposition 6.2.17 it suffices to prove that & is surjective.
We may choose a Levi k-subgroup L C G since k = kg, so the target of &g is
naturally identified with Z(Rg/x(Lk)). This derived group is generated by its
root groups relative to a split maximal k-torus of L (Proposition 3.1.4), and these
root groups coincide with the root groups of Rg /i (Lk).

Since K, = K for all a € ® by Theorem 7.4.7(i), by the compatibility of ig|q,
and ig, for a € @ it suffices to check that the inclusion ig, (Ga) C Z(Rk/k((La)K))
is an equality for each a € ®. By Proposition 7.2.6 we are done if p # 2 by
comparing dimensions of root groups relative to a¥(GL1). The case p = 2 is settled
since V, = K due to the equality F,, = K (again see Theorem 7.4.7(i)). O

7.5. Basic exotic constructions. We have encountered two classes of non-
standard pseudo-reductive groups, both over imperfect fields k& of characteristic 2:
the SO(q)-construction for regular degenerate quadratic spaces (V, q) over k in §7.3
(to be discussed more fully in §10.1), and the groups Hy, g/, and PHy, g/ intro-
duced in Definition 7.2.1 for a purely inseparable finite extension K/k and a nonzero
proper kK?2-subspace V C K such that k(V) = K. Motivated by Theorem 7.4.8, to
construct non-standard absolutely pseudo-simple groups G over an imperfect field
k of characteristic p we focus on p € {2,3} and three cases depending on the root
system ® over k,:

(i) @ of type Fy, B, (n > 1), or C,, (n > 1) with p =2 (B, C; mean Ay),
(ii) @ of type Gy with p = 3,
(iii) @ of type BC,, (n > 1) with p = 2; i.e., the non-reduced case.
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In this section we shall describe constructions in the first two cases, though not the
SO(q)-construction for regular degenerate (V,q) (which is an instance of (i) and
will be placed into a broader framework in §10.1).

Let k be an imperfect field of characteristic p € {2,3}. As motivation for
the non-standard groups to be built over k, first consider a pseudo-split absolutely
pseudo-simple k-group G of minimal type with root system of type G if p = 3 and of
type Fy if p = 2. (In Corollary 7.5.11 we will see that the “minimal type” property is
automatic for these root systems.) Let K/k be the minimal field of definition for the
geometric unipotent radical of G. By Proposition 7.2.8 and Theorem 7.4.7(ii), (iii),
the possibilities for G are determined up to isomorphism by K/k and a subfield
K- C K that contains kKP.

More specifically, let L be a split connected absolutely simple k-group with the
chosen root system ® (G in characteristic 3, F4 in characteristic 2). The only
possibility for G is the smooth connected k-subgroup ¢ of R i (L) generated
by the k-subgroups Ry, ((La)x) for short a € ® and Rg_ /p((La)k. ) for long
a € ®, where K- /k is a purely inseparable finite extension contained in K and
containing kKP. Note that ¢ contains L and hence is pseudo-reductive of minimal
type with L as a Levi k-subgroup and ® as its root system (by Proposition 7.1.3
(i)). Moreover, ¢4 is perfect because each group Rg/i((La)x) = Ri/x(SL2) and
Rk, /k((La)k.) = Rk /i(SL2) is perfect. Further arguments are needed to show
that the long root groups of ¢ have dimension [K : k| (rather than larger than
[Ks : k]). These considerations motivate analyzing a construction permitting types
B,, and C,, for n > 2 when p = 2 as well:

PROPOSITION 7.5.1. Let k be an imperfect field of characteristic p € {2,3}, and
let L be a split connected absolutely simple k-group that is simply connected with a
split maximal k-torus T and root system ® = ®(L,T) that is irreducible with an
edge of multiplicity p. Let K/k be a nontrivial purely inseparable finite extension
and K< C K a proper subfield containing kKP.

The k-subgroup 9 C R/ (Lk) generated by the k-subgroups Ry /i ((La) i) for
short a € ® and R /x((La)k.) for long a € @ is absolutely pseudo-simple of
minimal type with root system ®, Levi k-subgroup L, and long root groups with
dimension [K : k]. For a basis A of ® (so GLT =~ T wvia (ta)aea ~ [1, a"(ta)
since L is simply connected), we have

(7.5.1) Zyg(T) = ] Rew(GL1) x [] R u(GLy)

aEA a€A
inside R/ (Tk) = RK/k(GLl)A for the subsets A~ of short roots in A and A~ of
long roots in A. Moreover, 9 = Ri_ ;p(94") where 94" is the analogous K- -subgroup

of Rk/k. (Lik).

Informally, inside R, k. (Lk) the Ks-subgroup ¢’ is built by shrinking the
long T-root groups to be the ones arising from the K -subgroup Lx_ .

PROOF. The arguments in the preceding discussion show that ¢ is pseudo-
semisimple with L as a Levi k-subgroup and root system ®, so in particular ¢ is
absolutely pseudo-simple. We also clearly have ¥ C Rg_/,(¥’), so by open cell
considerations this inclusion is an equality once (7.5.1) is established. To prove that
the long root groups coincide with those of R /x(Lk. ) and that (7.5.1) holds, we
shall use Theorem 5.4.3.
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Define the commutative pseudo-reductive k-subgroup

C CRg/(Tx) = H Ri/k(GL1)
a€EA

using the right side of (7.5.1), so obviously C' normalizes Rg /((La)x) for all a €
A. For a € Ac we define F, := C - Rgi((La)x), so clearly Zg,(T) = C. For
a € A the k-group C normalizes R /x((La) . ) because for b € A. the action
of t € RK/k(GLl) = RK/k(b\}/((GLl)) on RK/k((U:I:a)K) = RK/k(Ga) is via scaling
through #lab”) ¢ 92 Rk /k(GL1) (recall that kK? C K- ). Hence, for a € A
the k-group F, = C - R jx((La) k. ) satisfies Zg, (T) = C.

Since C'N Rg/k((La)k) coincides with Ry (ay (GLy)) for all @ € A. and
with Rg_ /r(aj_(GL1)) for a € A, clearly the k-groups F, for a € A are given
by the construction in Proposition 2.2.1 and hence are pseudo-reductive. Now we
may apply Theorem 5.4.3 to conclude that the k-group F' generated by {Fj,}aca is
pseudo-reductive with C' as a Cartan k-subgroup and its +a-root groups coincide
with those of F, for each a € A. In particular, F' contains the k-group L generated
by the root groups {Ui, }aeca. But it is clear that F' = ¢, so the long T-root groups
of 4 have dimension [K : k] and C' is a Cartan k-subgroup of 4. This completes
the proof. O

Observe that the pseudo-split absolutely pseudo-simple k-groups ¢ in Propo-
sition 7.5.1 are necessarily non-standard since the root groups with distinct lengths
have different dimensions. To extend this construction beyond the pseudo-split
case, we focus on the essential case where K~ = k and shall use a fiber product
construction resting on an exceptional class of isogenies that only exist in charac-
teristics 2 and 3. These isogenies arise from the following result (for which we refer
the reader to [CGP, Lemma 7.1.2] for a proof based on an analysis of root groups):

LEMMA 7.5.2. Let k be a field of characteristic p € {2,3}, and let G be a
connected semisimple k-group that is absolutely simple and simply connected with
root system over ks having an edge of multiplicity p.

Among all nonzero G-submodules of Lie(G) distinct from Lie(Zg), there is a
unique such n contained in all others, and it is a p-Lie subalgebra of Lie(G). If G
contains a split mazimal k-torus T then n is spanned by the T-weight spaces for the
short roots and the coroot lines Lie(a¥ (GLy)) for short a € ®(G,T).

By [CGP, Prop. A.7.14, Ex. A.7.16], if H is an affine k-group scheme of finite
type and n is a p-Lie subalgebra of Lie(H) then there is a unique k-subgroup scheme
N C H with vanishing Frobenius morphism and Lie algebra n C Lie(H), and N is
normal in H if and only if n is stable under the adjoint action of H.

Thus, in the setting of Lemma 7.5.2 we obtain a unique normal k-subgroup
scheme N C G with vanishing Frobenius such that Lie(N) = n inside Lie(G).
Consequently, we obtain a factorization of the Frobenius isogeny Fg) as

Fou: G- G/N 5 G,

The isogeny 7w : G — G/N is called a very special isogeny (and G/N is called the
very special quotient of G). Note that if G contains a split maximal k-torus T and
a € ®(G,T) is long then 7 carries G, isomorphically onto its image in G/N because
the infinitesimal k-group scheme G, N N is trivial (as we can check on Lie algebras
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using the description of Lie(N) in Lemma 7.5.2 via long coroots and short root
spaces relative to T').

The relationship between G and its very special quotient G := G/N is sym-
metric in the following sense:

PROPOSITION 7.5.3. The very special quotient G of G is simply connected with
root system over ks dual to that of Gy, and the isogeny @ : G — GP) arising in
the factorization of Fg i, through G is the very special isogeny for G.

If T C G is a split mazimal k-torus then for T := n(T) the map 7 : G — G
carries long T-root groups isomorphically onto short T-root groups and carries short
T-root groups U, onto long T-root groups Upa via the Frobenius morphism Fa, i

The proof of this result rests on a direct study of the restriction of © between
root groups by analyzing the weight spaces for T' that occur in n; see [CGP,
Prop. 7.1.5] for the details.

EXAMPLE 7.5.4. The best-known very special isogenies are from type B to type
C in characteristic 2. This has a linear algebra intepretation as follows. By the clas-
sification of connected absolutely simple groups, for n > 1 the connected absolutely
simple groups of type B,, with trivial center over a field are the special orthogonal
groups SO(q) of non-degenerate quadratic spaces (V, q) of dimension 2n+ 1. (Note
however that SO(g) only determines (V,¢q) up to a conformal isometry.) By non-
degeneracy, the subspace V* consisting of the vectors orthogonal to everything in V/
relative to the associated symmetric bilinear form B, (v,v") = g(v+v") —q(v) —q(v")
on V is a line. The bilinear form B, is alternating since char(k) = 2, so it in-
duces a symplectic form B, on V := V/V L. There is an evident k-homomorphism
SO(q) — Sp(B,), and the composite map

7 : Spin(q) — SO(q) — Sp(B,)

is the very special isogeny for G := Spin(g) when n > 2. Note that in this case G
is always split even though G may not be split.

EXAMPLE 7.5.5. In the opposite direction, consider a connected semisimple k-
group G that is absolutely simple and simply connected of type C,, (n > 2). Under
the adjoint representation of G on its Lie algebra g, there is a unique minimal
non-central G-submodule n C g [CGP, Lemma 7.1.2]. Hence, G naturally acts on
V = g/n. The dimension of V is n(2n + 1) — (2n? —n — 1) = 2n + 1, and since n
is a Lie ideal we see that the resulting representation p : G — GL(V) kills n on Lie
algebras, so p factors through the simply connected very special quotient G of G.

We will show below that there is a canonical non-degenerate G-invariant qua-
dratic map ¢ : V' — L valued in a line L. The map ¢ becomes a quadratic form
upon choosing a basis of L, but the resulting k-subgroup SO(q) C GL(V) does
not depend on such a choice. In this manner we get a canonical homomorphism
f : G — SO(q). Since G is simply connected, f uniquely factors through a ho-
momorphism ]?: G — Spin(q) that we will show is an isomorphism, so the unique
homomorphism G — Spin(q) through which p : G — SO(q) factors is the very
special isogeny for G.

A very special isogeny H — H intertwines long roots and the associated coroots
for H with short roots and the associated coroots for H [CGP, Prop.7.1.5(1)],

so the construction of n implies that V is identified with the corresponding G-

submodule @ of § := Lie(G) that is also a p-Lie subalgebra of g. The p-operation
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on a Lie algebra is functorial in the group scheme (see [CGP, Lemma A.7.13]), so
the p-operation

q:V—V

on V = 7 that is induced by the ones on g and g is equivariant for the natural G-
action on V. The p-operation on a Lie algebra is D — DP on global left-invariant
derivations of the structure sheaf, and (D + D')? = DP +[D, D'] + D'? since p = 2.
Hence, on Lie(G) we have (X + X/)2 = XPI 4+ [X X'] + X' where [X, X'] is
bilinear in the pair (X, X’), so X — X is a G-equivariant quadratic map from
Lie(G) into itself. Thus, ¢ is a G-equivariant quadratic map whose associated
bilinear map B is the restriction to V' of the Lie bracket.

We claim that L := [V,V] is a line containing ¢(V) and that the resulting
quadratic map q : V' — L is non-degenerate. Once we know that L is a line, the
G-action on L must be trivial (as G has no nontrivial characters), so ¢ would be
G-invariant, giving a canonical homomorphism f: G — Spin(q) as explained above
(which we will show is an isomorphism). To establish these properties we may and
do assume k = k,, so G admits a split maximal k-torus 7.

Let A be a basis of the root system ® := ®(G,T) of type B, (n > 2); in
particular, A contains a unique short root by. By design, the subspace V = n is
spanned by the coroot line L := k-Lie(by )(0;) = Lie(u,) and the lines g, = Lie(a,)
for b in the set ®. of short roots. For each such b, the coroot line k - Lie(b")(d;)
coincides with L since the difference of coroots associated to any two short roots
for type B, is twice an element of the coroot lattice (so it induces 0 on Lie algebras
in characteristic 2); this is the familiar assertion that for n > 2 any two long roots
for type C,, differ by twice an element of the root lattice.

For b € ®_, the lines g, and §_, generate an sly since (U, U_;) = SLy C G (as
G is simply connected). Thus, by functoriality of the p-operation and calculating
in sl we see that for each b € & and nonzero Xy € g, the vector By (X, X_p)
is a nonzero element of L and By(g,, L) = 0. The set & of short roots for type B,
is the root system A", so for linearly independent short b, " € ® the root groups U,
and Uy commute with each other. Hence, By(gy,8;) = [0y, 0,/] = 0. Since ¢ kills
each line g, and has nonzero restriction to L (as the p-operation for o, vanishes
and for p, is nonzero), we conclude that ¢(V') C L = [V, V] and that the pairs of
root lines for opposite short roots span pairwise Bg-orthogonal hyperbolic planes.
In particular, g : V' — L is non-degenerate. B

It remains to show that the resulting map f : G — Spin(q) is an isomorphism.
Although the entire preceding construction makes sense as written only when the
rank n is at least 2 (as then there are both short roots and long roots), we shall
formulate a rank-1 analogue and reduce our higher-rank problem to the rank-1
analogue that is more amenable to direct calculation. Consider a pair {£b} of
opposite short roots in ® and the associated k-subgroup Gy, = (Up, U_p) C G that
meets T in bY(GL;). Since G ~ SLs, the preceding calculations show that the
p-operation Lie(G) — Lie(Gy) is a quadratic map whose image spans L as above
and thereby defines a non-degenerate quadratic form g, : Lie(G}) — L that is the
restriction of g. We thereby get an analogous homomorphism f; : Gy — Spin(gp).

Naturally SO(gy) C SO(q) since V is the direct sum of Lie(G}) and the space
of vectors in V orthogonal to Lie(G}), and the natural map Spin(q), — SO(gp) is
the quotient by the central ps because the center of Spin(q) is the ps whose Lie
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algebra is the common coroot line for every short root. This identifies Spin(q), with
Spin(gp), and via this inclusion of Spin(gs) into Spin(q) it is clear that f|g, = fi.

We will prove that each ﬁ, is an isomorphism. Granting this, the G-submodule

ker Lie(f) C Lie(G) is contained in the span of the root lines for the long roots and
their associated coroots. In particular, this kernel does not contain the Lie algebra
of the center, nor does it contain n. But every nonzero G-submodule of Lie(G)
must contain one of those two Lie subalgebras by [CGP, Lemma 7.1.2], so this
forces the kernel to vanish. Thus, fhas étale kernel, so it is an étale isogeny for
dimension reasons. Hence, fvis an isomorphism since Spin(g) is simply connected.

It remains to prove that fb is an isomorphism for each b € ®.. This amounts
to a concrete assertion in characteristic 2: if L = Lie(Zgp,) C sl is the diagonal
subspace and ¢ : sly — L is the non-degenerate quadratic map induced by X +— X2
then the representation p : SLy — SO(q) is the quotient by the center (as then the
unique factorization through Spin(g) is an isomorphism). But composing p with the
inclusion SO(q) — GL(sl3) gives Adsy,, and the (scheme-theoretic) kernel of the
adjoint representation of any connected reductive group is the center, so comparison
of dimensions of SLy and SO(g) implies that p is the quotient by the center.

Here is an interesting construction using very special isogenies:

EXAMPLE 7.5.6. Let K/k is a nontrivial finite extension satisfying K? C k,
and let 7 : L — L be a very special isogeny over k for L as in Proposition 7.5.1
with K =k (and 7' C L a split maximal k-torus). Then for f := Rg/,(7x) and
the Levi k-subgroup L C Rg/;(Lk) we claim that the k-group f~'(L) coincides
with & as in Proposition 7.5.1 with K~ = k; in particular, f~1(L) is smooth (and
even absolutely pseudo-simple with L as a Levi k-subgroup).

To verify that ¢4 = f~!(L) inside R /ik(LK), we first note that the long T-root
groups of L and ¢ coincide due to 1-dimensionality of each. Thus, ¥ C f~!(L) since
f carries each T-root group of ¢ into L (by applying Proposition 7.5.3 to 7x ). This
containment is an equality on open cells since 7 carries L, isomorphically onto L,
for long a € ®(L, T, so to prove it is an equality it is enough to show that f~*(L) is
connected, or more specifically that ker f is connected. But ker f = Ry (ker mx)
and as a K-scheme (not K-group scheme) ker g is isomorphic to a direct product
of copies of Spec(K[x]/(2?)). Since KP C k, it is clear that R /i, (Spec(K[z]/(z7)))
is geometrically connected and hence ker f is connected.

The preimage construction in Example 7.5.6 underlies the following remarkable
equivalence whose proof rests on arguments with non-smooth group schemes and
Theorem 5.4.4:

THEOREM 7.5.7. Let K/k be a nontrivial purely inseparable finite extension
satisfying KP C k, and let 7' : G' — G bea very special isogeny over K and define

f =Rki(w"). For a Levi k-subgroup G C RK/k(é/) (if one exists), the following
conditions are equivalent:
(i) The k-group scheme ¢ = f=1(Q) is smooth.
(ii) The k-group G is contained in the image of f.
(iii) The group 9, is smooth and contains a Levi kg-subgroup of Ry /i (G' ), -
When these conditions hold, ¢ is absolutely pseudo-simple of minimal type with
minimal field of definition K/k for its geometric unipotent radical, iy is identified
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with the inclusion of 4 into Ri/,(G'), and f(¥) = G. In particular, the quotient
map f: 9 — G is determined by iy and the very special isogeny ' : G' — e

The proof of Theorem 7.5.7 apart from the assertions at the end when (i), (i),
and (iii) hold is given in [CGP, Thm. 7.3.1]. Under these conditions it is obvious
that G = f(¢), and to prove the rest we may assume k = k,. Hence, ¥ contains
a Levi k-subgroup G of Rk (G’), so G is a k-descent of G’ (see [CGP, Lemma
7.2.1]); this identifies 7 : G — G with a k-descent of 7’. By identifying G’ with G
in this manner, ¢ is an instance of the preimage construction in Example 7.5.6.
Thus, the asserted properties for ¢ are now clear.

REMARK 7.5.8. The existence of the Levi k-subgroup G in Theorem 7.5.7 is a
nontrivial condition when G is not split (see [CGP, Ex.7.2.2)).

We have finally arrived at a general class of non-standard absolutely pseudo-
simple groups:

DEFINITION 7.5.9. A basic exotic pseudo-reductive k-group is a k-group that
arises as ¢ in Theorem 7.5.7.

Since split Levi k-subgroups always exist in the pseudo-split case (Theorem
5.4.4), it follows that the pseudo-split basic exotic pseudo-reductive k-groups are
precisely the k-groups ¢ that arise in Proposition 7.5.1 with K = k. In particular,
it is immediate from Proposition 7.5.1 that if K< /k is a purely inseparable finite
extension of fields and ¢’ is a basic exotic pseudo-reductive K~-group with root
system ® over (K ), then Ry /1 (%’) is absolutely pseudo-simple of minimal type
over k with root system ® over ks. (In particular, Rg_ /(%4’) is perfect.) The
extension K- /k is intrinsically determined by such a k-group: it is the long root
field (as we may check over ks, via the description provided by Proposition 7.5.1
in the pseudo-split case). The center of a basic exotic k-group admits an explicit
description in the presence of a Levi k-subgroup; see [CGP, Cor. 7.2.5].

PROPOSITION 7.5.10. Let k be imperfect with p := char(k) € {2,3}, and let ®
be the root system Fq when p = 2 and Go when p = 3. Let G be a non-standard
absolutely pseudo-simple k-group of minimal type with long root field K~ and root
system ® over ks. Then G ~ Rk /1(4") for a basic exotic K -group 4'.

ProOOF. Ifk'/k and k" /k are purely inseparable finite extensions and ¢’ and 4"
are basic exotic groups over &’ and k" respectively such that Ry /1, (94") ~ Ry /1 (94")
then comparison of long root fields implies k" = k’ as purely inseparable extensions
of k. In such a situation, any k-isomorphism f : Ry /,(4’) ~ Ry /i (¥4") has the
form Ry, (f") for a unique k'-isomorphism f’: %’ ~ %", Indeed, the natural map

Riju(9 ) — 9’

is the quotient by the k’-unipotent radical (as it is a smooth surjection with con-
nected unipotent kernel [CGP, Prop. A.5.11(1),(2)]), and likewise for 4", so fi
dominates a unique isomorphism ¢ between maximal pseudo-reductive quotients
over k' and hence f = Ry /i(¢) (see [CGP, Prop.1.2.2]).

By Galois descent and the preceding canonical description of all possible k-
isomorphisms f it follows that we may assume k = ks. In particular, G contains
a Levi k-subgroup L (with maximal k-torus T'). Moreover, kerig is central in G
since ® is reduced. Thus, since G is minimal type it follows that kerig = 1.
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By Proposition 7.2.6(i) and Theorem 7.4.7, K~ contains kK? (over k) and
Ga ~ Rk /k((La)k.) for long a € ®(L,T) whereas G, ~ Rg/k((La)x) for short
a € ®(L,T). This implies (by considerations with dimension and minimal fields of
definition for geometric unipotent radicals) that the image G' ~ iq(G) C Rg i (LK)
coincides with the k-group ¥ = Rg_/,(¥’) as in Proposition 7.5.1 applied to
(L, K/K- k). O

The following refinement of Proposition 7.5.10 removes the “minimal type”
hypothesis.

COROLLARY 7.5.11. For k and ® as in Proposition 7.5.10, every non-standard
absolutely pseudo-simple k-group G with root system ® is of minimal type.

In particular, a pseudo-split absolutely pseudo-simple k-group with root system
® is uniquely determined up to isomorphism by the minimal field of definition K/k
for its geometric unipotent radical and the long root field K~ D kEKP.

PROOF. The final part follows from the rest by Theorem 7.2.5, Proposition
7.2.8, and Theorem 7.4.7.

In general, the maximal quotient ¢ := i (G) that is pseudo-reductive of min-
imal type is a central quotient of G since ® is reduced; i.e., ¥ = G/%s. By
Proposition 7.5.10, we have & ~ Rg_ /(%4’) for the long root field K- of ¢ and a
basic exotic K~-group ¢’. Hence, G is a central extension of ¢ by the unipotent
k-group scheme %. It is equivalent to show that this is a split extension, as that
would force ¢ = 1, so we may and do assume k = k,. In particular, G contains a
split maximal k-torus T'.

Let A be a basis for the common root system ®(G,T) = ®(¥4,T) = ®(¢', Tk. ),
so Zy(T) = [],en Rk, /k(GL1) where K, = K for short a and K, = K- for long
a. Since 9, = Rk, /x((La)k,) = Rk, /x(SL2), the classical formula universally
expressing diagonal points in SLo as a product of points in the standard root groups
allows us to express all points in Zg(T') universally as a product of points in T-root
groups for roots in £A. It follows from a general splitting criterion for central
extensions of pseudo-split pseudo-semisimple groups in [CGP, Prop.5.1.3] that
every central extension of ¢ by a commutative affine k-group scheme Z of finite
type containing no nontrivial smooth connected k-subgroup is split. We may use
%o as such a Z to conclude. O

REMARK 7.5.12. In view of Theorem 7.4.8, it follows from Corollary 7.5.11 that
away from types B,, and C, (with n > 1) the basic exotic construction accounts
for all deviations from standardness with a reduced and irreducible root system.

REMARK 7.5.13. If k is imperfect of characteristic p = 2 and [k : k%] = 2, it
follows from Theorem 7.2.5(ii) that for any pseudo-split absolutely pseudo-simple
k-group G with root system A; such that G5* ~ SL, we have i¢(G) = Ri/x(SL2)
for a purely inseparable finite extension K/k. But kerig is central since the root
system is reduced, so G is a central extension of Rg/,(SL2) by the unipotent k-
group scheme kerig. The same splitting criterion used in the proof of Corollary
7.5.11 then implies that kerig = 1. It follows similarly that Corollary 7.5.11 is
valid over such k using the root system ® equal to either of B,, or C, with any
n > 2 when G%s is simply connected.

The only remaining difficulties in classifying the absolutely pseudo-simple case
over k with a reduced root system over ks are for types B and C over imperfect
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fields k of characteristic 2 (including type Aj, which we have completely described
in the pseudo-split minimal type case in Theorem 7.2.5(ii)).

Consider a pseudo-split absolutely pseudo-simple group G with rank n > 2 over
a field k of arbitrary characteristic. Assume G%s is simply connected and let K/k be
the minimal field of definition for Z,(G%) C Gz. Observe that by Proposition 7.2.8
and Theorem 7.4.7, if L denotes the split K-descent of GSES then G ~ Z(Rk/i(Lk))
except possibly when the root system ® has an edge of multiplicity p = char(k) > 0.
In the latter cases, Corollary 7.5.11 gives a classification via K/K- /k for type Fy
with p = 2 and type Gs with p = 3. We now record a variant for types B,, and C,,
(n > 2) in characteristic 2.

THEOREM 7.5.14. Let K/k be a purely inseparable finite extension in charac-
teristic 2, K~ C K a subfield containing kK2, and ® the root system B,, or C,
with n > 2. Choose a nonzero K~ -subspace V. C K satisfying k(V) = K and a
nonzero kK?2-subspace V> C K- satisfying k(V~) = K~. If ® = C,, withn > 3
then assume V = K, and if ® = B,, with n > 3 then assume Vs = K.

There exists a unique pseudo-split absolutely pseudo-simple k-group G of mini-
mal type with root system ® such that: G%S is simply connected, K/k is the minimal
field of definition for the geometric unipotent radical of G, G4 ~ Hy. . /i for long
a € ®, and G, >~ Hy ), for short a € ®.

The appearance of the minimal type hypothesis and of vector spaces rather
than merely fields in Theorem 7.5.14 are a significant constrast with Corollary
7.5.11 (which concerns the root systems F4 and Go in characteristics 2 and 3 re-
spectively). The necessity of the conditions on K/K-~ /k and the vector spaces V
and V5 in Theorem 7.5.14 is immediate from Theorem 7.4.7. The sufficiency is
deeper, and requires constructing a k-subgroup of R /(L) containing L and sat-
isfying prescribed properties. Theorem 5.4.3 provides the main technique in this
construction; see the proof of [CP, Thm. 3.4.1(iii)] for further details.

To conclude our general discussion of basic exotic groups, we record some no-
table features in the special case [k : kP] = p (such as for global and local func-
tion fields over finite fields of characteristic p), referring to [CGP, Prop.7.3.3,
Prop. 7.3.5] for proofs.

PROPOSITION 7.5.15. Let 4 be a basic exotic pseudo-reductive k-group, where
char(k) = p € {2,3} and [k : kP] = p. Let f : 9 — G be the associated surjection
as at the end of Theorem 7.5.7, with G a connected semisimple group that is simply
connected with root system over ks dual to that of 9, .

(i) The map f is bijective on k-points, as well as a homeomorphism on adelic
points when k is global and on k-points when k is local. Moreover, the
natural map H'(k,9) — H'(k,G) induced by f is bijective.

(ii) If % and % are basic exotic k-groups and G; is the associated quotient
of 9; then the natural map Isomy (%, %) — Isomy (G, Gs) is bijective.

(iii) The set of isomorphism classes of ks /k-forms of 4 is in natural bijection
with the set of isomorphism classes of ks /k-forms of G via the analogous
construction H ~ H for such k-forms.

The significance of this result is that for many arithmetic calculations the in-
tervention of a basic exotic k-group ¢ can be replaced with that of the associated
connected semisimple k-group G. This is crucial in many proofs in [C2] to reduce
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arithmetic problems in the pseudo-reductive case to the standard pseudo-reductive
case. (One likewise needs analogous results for pseudo-reductive groups with a
non-reduced root system in characteristic 2, see Proposition 8.3.10.)

The key point in the proof of Proposition 7.5.15, after passing to the pseudo-
split case and inspecting open cells, is that if k' /k is a finite extension then the only
nontrivial purely inseparable finite extension K/k’ satisfying kK? C k' is K = K/ 1/p
and the maps

RK/k/(GLl) — GLl, RK/k’(Ga) — G,
induced by the relative Frobenius endomorphisms of GL; and G, over K are bi-
jections between sets of k’-points (but of course are not isomorphisms between
k'-groups).
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8. Groups with a non-reduced root system

8.1. Preparations for birational constructions. Let k be a field. The con-
struction of pseudo-split absolutely pseudo-simple k-groups G with a non-reduced
root system (i.e., BC,, for some n > 1) requires an entirely different approach than
the methods based on fiber products and very special isogenies used to build non-
standard absolutely pseudo-simple groups of types B, (n > 1), C,, (n > 1), Fy,
and Gy. Letting K/k be the minimal field of definition for the geometric unipo-
tent radical of GG, necessarily k is imperfect of characteristic 2 and the quotient
G = Gk /%y kK (Gk) must be simply connected of type C,, (Theorem 3.1.7).

Let T C G be a split maximal k-torus, so for a multipliable root ¢ € ®(G,T)
the natural map

ic: G — Ri/i(G’) =~ Rk )r(Spay)

carries the root group U, into R /1 (Us.). By Proposition 3.1.6, U, is a vector group
admitting a T-equivariant linear structure. Upon choosing such a linear structure,
the T-action admits as its weights exactly ¢ and 2¢, with Us. precisely the 2c¢-
weight space. In particular, the T-equivariant linear structure on Us. is unique
since 2¢ : T — GL; is surjective; uniqueness implies (by working with ks-points)
that this linear structure on Uy, is equivariant for the action of Zg(T).

The T-equivariant linear structure on U, is generally not unique, so it is not
evident if it can be chosen to be Zg(T')-equivariant. It is an important fact (see
Corollary 8.1.4) that the T-equivariant linear structure on U, can indeed be chosen
to be Zg(T)-equivariant. This enhanced equivariance is a nontrivial condition,
insofar as there can exist T-equivariant linear structures on U, that are not Zg(T')-
equivariant.

We wish to illustrate this phenomenon with a “toy example” that will later be
seen to account for all possibilities for U, equipped with its Zg(T)-action. This
requires the following useful terminology. For any commutative k-algebra A with
dim, A < oo, an A-module scheme is a smooth connected commutative affine k-
group equipped with a module scheme structure over the ring scheme A representing
the functor B ~» A ®;, B on k-algebras. The functor .# ~~ .# (k) defines an equiv-
alence of categories between A-module schemes and finitely generated A-modules
[CGP, Lemma 9.3.5].

ExaMPLE 8.1.1. Let K/k be a nontrivial purely inseparable finite extension
in characteristic 2 (so [K : kK?] > 2). Let V' C K be a nonzero kK 2-subspace,
and V C K'/2? a nonzero finite-dimensional K-subspace such that for the injective
squaring map q : V — K the nonzero K2-subspace ¢(V) C K has trivial intersection
with V' (so V' # K, and such pairs (V’, V) exist for any K/k). These hypotheses
are preserved under scalar extension along k — ks (with ks @ K = Kj).

The associated vector groups V'’ and V over k are module schemes over the ring
schemes kK? := Ryg2/x(Ga) and K := Ry /i (Ga) respectively. Let ¢ : V. — K be
the 2-linear map of K-modules arising from q.

On the k-group U := V' x V we define an action of C' := Rk, (GL1) via scalar
multiplication on V (using the K-linear structure on V') and via scalar multiplica-
tion on V' through squaring on C' (using the kK 2-linear structure on V’). Observe
that the k-homomorphism U — Rg/,(Ga) defined by (v',v) — o' + ¢(v) is injec-
tive on k,-points and is C-equivariant with ¢ € C acting on Rg/;(Ga) through
multiplication against ¢? € Ry2,5(GL1) C C.
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Let T'= GL; be the maximal k-torus in C, so the evident linear structure on
U (arising from the k-linear structures on V' and V') is T-equivariant. This linear
structure is also C-equivariant, but there exist other C-equivariant linear structures
on U and (when K? ¢ k) there exist T-equivariant linear structures on U that are
not C-equivariant. To build examples of the former, let k-¢(V') denote the k-span of
q(V) inside K and let L : k-q(V) — V' be a nonzero kK ?-linear map. Then the map
(v',v) = (v + L(q(v)),v) is a C-equivariant k-automorphism of U not respecting
the given linear structure. Transporting the given linear structure on the target
through this automorphism back onto the source gives a new C-equivariant linear
structure

(v, 0) = (W + (A = A?)L(g(v)), \v)

on U. On the other hand, if we choose such an L to be k-linear but not kK 2-linear
(as we can always do when K2 ¢ k) then the same construction using this L is
T-equivariant but not C-equivariant (as ¢(V) = k - ¢(V') due to the Zariski-density
of k% inside k = G,).

To motivate how to classify (and construct!) pseudo-split absolutely pseudo-
simple G with root system BC,,, we need to describe the possibilities for U, equipped
with its Zg(T)-action and its k-subgroup Us.. We first relate the k-group Us. and
the K-group Uj,. For a split k-torus S and nontrivial character x € X(.5), a vector
group U over k equipped with an S-action for which Lie(U) is x-isotypic admits a
unique S-equivariant linear structure [CGP, Lemma 2.3.8]. Hence, U ~» U(k) is an
equivalence from the category of such U (using S-equivariant k-homomorphisms)
onto the category of x-isotypic finite-dimensional linear representations of S. In
particular, the kernels of such k-homomorphisms arise from kernel of k-linear maps
and so are smooth and connected. The T-equivariant map Us. — R /i (Us,.) in-
duced by ig therefore has smooth connected kernel.

But kerig contains no nontrivial smooth connected k-subgroup, so ¢ carries
Us. isomorphically onto a k-subgroup V! C Rg/i(Us,). This k-subgroup inclusion
is also equivariant with respect to the respective actions of Z¢(T') and R4 (GL1)
via the squaring of the composite map

i Ry k(ck)
Xe : Za(T) —S Ry (Tie) — 23 Ry /1 (GLy)

Hence, the kg-subspace V/(ks) C Ri/k(Us.)(ks) = Us.(K,) is a subspace over the
subfield of K, generated over ks by the squares of elements of x.(Za(T)(ks)) C
K. By Galois descent, the subfield kq[x.(Z¢(T)(ks))] C K arises from a unique
subfield K/ C K over k, so V/ arises from a kK -subspace of the K-line Uj,(K).

REMARK 8.1.2. In concrete terms, K is the unique minimal field among those
subfields F' C K over k such that y. factors through Rp/;(GL1). Note that the
subfield K/ C K containing k involves the entirety of Zg(T). For the rank-1
subgroup G, = (U.,U_.) with split maximal k-torus T, = ¢Y(GL;) = T N G,,
the Cartan k-subgroup Zg, (T.) is contained in Zg(T). Hence, the subextension
of K./k analogous to K. /k but defined using G, instead of G is a subextension of
K /k that might not equal K.

Consider the natural map

qc : UC/UQC — RK/k(Uéc)/V‘C/
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induced by ig. The T-equivariant linear structure on U./Us. is unique since the
action on the Lie algebra is through the nontrivial character ¢ (so this linear struc-
ture must be Zg(7T)-equivariant), and this makes g. a 2-linear map relative to
the unique T-equivariant linear structures on its source and target. The 2-linear
map over k, induced by ¢, on ks-points is injective since i carries Us. isomorphi-
cally onto V! and (U, Nkerig)(ks) =1 (as (kerig)(ks) is finite yet only nontrivial
weights — namely ¢ and 2¢ — occur for a choice of T-equivariant linear structure on
the vector group U.). Thus, we may and do view U.(ks)/Uszc(ks) as a subgroup of
U (Ks)/ V! (ks), with 2-linear inclusion between these ks-vector spaces.

By Za(T)(ks)-equivariance, the k2-subspace U (ks)/Usc(ks) C Us.(Ks)/ V. (ks)
is stable under the action of x.(Zg(T)(ks))?, so U.(ks)/Usac(ks) is a (K~)?-subspace
of Uj.(Ks)/V!(ks). In view of the 2-linearity over k; for q. on ks-points, it is now
reasonable to ask if the unique Zg(T')-equivariant linear structure on U./Us. can
be enhanced to a K!-linear structure making g. a linear map over the squaring map

of ring schemes K’ — kK'? over k. The answer is affirmative, and this is a crucial
first step towards understanding the possibilities for G:

PROPOSITION 8.1.3. There is a unique K'-module structure on U./Us. that
is Za(T')-equivariant and identifies the Zg(ﬂaction with the composition of x.
and the RKé/k(GLl)-action arising from the K!-module structure. Moreover, the
natural map

Ge : Ue/Use — Rig/1e(Use) [V
induced by ig is linear over the squaring map K; — kKéz.
The proof of this result amounts to a delicate analysis of linear structures on

vector groups; see [CGP, Prop.9.3.6]. An important consequence of the Zg(T)-
equivariant module scheme structure provided by Proposition 8.1.3 is:

COROLLARY 8.1.4. There exists a Zg(T)-equivariant splitting of U. as an ex-
tension of Uz /Us. by Us., and the section s to U, — U./Us. can be chosen to make

the composite map U, /Us, U, - Rk (Us..) linear over the squaring map of ring
schemes ﬁ — K over k.

ProoF. Consider the commutative diagram of short exact sequences

0 Use U. Ue/Use ——0

0 —— V! —— Rg/x(Us.) —— R/ (Us.) [V ——0

This is equivariant for the action of Zg(T') on the top row and for the action of
Ryk:2/x(GL1) on the bottom row by using the square X2 : Zg(T) — Rykr2/x(GL1)
of the map x. : Zg(T) — Rg:/k(GL1), and q. is linear over the squaring map
K! — kK!? by Proposition 8.1.3.

"~ The key observation is that since the left vertical map is an isomorphism, this
diagram expresses the top as the pullback of the bottom along g.. But the bot-
tom is a kK f—linear exact sequence of kK éQ—moduleS, so it is split as such due to

the equivalence between the categories of smooth connected affine k:Ké2—m0dule

schemes and finite-dimensional kK éQ—Vector spaces. Hence, since the Zg(T)-action
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on U./Us. is given by composing x. with the natural R/ /x(GL;)-action through
the K/-module structure (Proposition 8.1.3), the g.-pullback of a kK éz—linear split-
ting of the bottom is a Zg(T')-equivariant splitting of the top. |

The group (kerig)(ks) is always finite, hence central in Gy, due to normality
of kerig in G, so if G is of minimal type then this finite group is trivial. In other
words, when G is of minimal type we can establish formulas and identities inside
G(ks) by applying ig to reduce to computations inside Ry /1 (G")(ks) = G'(K) =
Sp,y, (Ks). This is rather powerful. For example, suppose G is of minimal type
with root system BC,. It follows from Corollary 8.1.4 that for any multipliable
root ¢ € ®(G,T) the k-group U, equipped with its Zg(T)-action and k-subgroup
Us. is given exactly by composing the construction in Example 8.1.1 relative to
K /k with x. : Zg(T) = Rg:/i(GL1). (The condition in Example 8.1.1 that
V'Nq(V) = {0} arises here from the fact that (kerig)(ks) is trivial.)

This use of Example 8.1.1 to describe U, equipped with its additional structures
in the minimal type case, coupled with verifying formulas in G (k) by working inside
G'(Ks) = Spy, (K5), has some striking consequences. Here is one:

ProroSITION 8.1.5. If G is an absolutely pseudo-simple k-group of minimal
type and G, has a non-reduced root system then Zg = 1.

We refer the reader to [CGP, Prop.9.4.9] for the proof of this result; the
conclusion is obviously false whenever G is not of minimal type (as € is then a
nontrivial central k-subgroup scheme). If [k : k?] = 2 then an absolutely pseudo-
simple k-group G for which Gy, has root system BC,, must be of minimal type (as
we will prove in Proposition 8.3.9), but if [k : k?] > 2 then for every n > 1 there
exist pseudo-split absolutely pseudo-simple k-groups G with root system BC,, such
that G is not of minimal type; see [CP, B.4] for the construction of such G.

Deeper applications of Example 8.1.1 and the triviality of (kerig)(ks) for G of
minimal type require a determination of the possibilities for K as a subfield of K
over k, as we shall do without a “minimal type” hypothesis. In the rank-1 case it
will be given now, and we shall address the higher-rank case in Proposition 8.1.9.

PROPOSITION 8.1.6. Assume ®(G,T) = BCy. For each multipliable root ¢ we
have K, = K.

PROOF. We sketch the main idea of the proof, referring to [CGP, Prop. 9.4.6]
for complete details. Without loss of generality we may assume k = k;, and we
reduce to the case where G is of minimal type by replacing G with its maximal
quotient G/%¢ of minimal type (this has no effect on K/k [CGP, Cor.9.4.3], and
it has no effect on K. due to the characterization of K/k at the start of Remark
8.1.2). Choose a Levi k-subgroup L C G containing T, so we may identify L with
SLo carrying 1" over to the diagonal k-torus D and the c-root group of L over to
the upper-triangular unipotent subgroup of SL.

The image H := iq(G) C Rg/k(G') = Rk /i (SL2) clearly contains SLy, and by
Proposition 7.1.3(ii) it is absolutely pseudo-simple of minimal type and K/k is the
minimal field of definition for its geometric unipotent radical. Thus, by Theorem
7.2.5(ii), H = Hy, g, for some nonzero kK?-subspace V C K such that the ratios
among elements of V — {0} generate K as a k-algebra.

Since K is generated over k by x.(Za(T')(k)), it suffices to prove that v'/v €
Xc(Za(T)(k)) for all nonzero v,v’ € V. Now we finally use that G is of minimal
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type: this ensures that the surjective homomorphism i : Zg(T) — Zg(D) is
an isomorphism. Hence, since ¢ : D — GL; is inverse to the isomorphism ¢ —
diag(t, 1/t), the definition of x. in terms of ig|z (1) implies that x.(Za(T)(k)) =
Zu(D)(k) inside Rg/x(Dk)(k) = D(K) = K*. But Zg(D) coincides with the
Zariski closure inside Ry /,(GL1) of the subgroup generated by the ratios among
nonzero elements of V' (Proposition 7.2.3(i)), so we are done. O

A further interesting consequence of the ubiquity of Example 8.1.1 in the min-
imal type case is that it allows us to explicitly describe the commutator of points
in U, and U_, for multipliable ¢ when G is of minimal type. The resulting explicit
formula, given in [CGP, Lemma 9.4.8], is a crucial ingredient in the proof of the
following important result (whose proof also rests on Corollary 8.1.4 and dynamic
methods); we refer the reader to [CGP, Thm. 9.4.7] for the details.

THEOREM 8.1.7. Let G be a pseudo-split absolutely pseudo-simple k-group of
minimal type with a split mazimal k-torus T, and assume ®(G,T) is non-reduced.
The k-group scheme kerig is commutative, connected, and non-central, and s
directly spanned by its intersections with the root groups for the multipliable roots.
Moreover, the T-weights that occur in Lie(ker i) are precisely the multipliable roots.

REMARK 8.1.8. The Weyl group W(G,T) acts transitively on the set of mul-
tipliable roots, so Theorem 8.1.7 implies that ker i is a direct product of copies of
the kernel of i : U, — R 1(Uy,) for a single multipliable root c. This map on U, is
identified with V' x V. — R /,(Ga) defined by (v/,v) = v"+¢(v) for (K/k, V', V,q)
as in Example 8.1.1, so kerig is a direct product of copies of ¢=1(V'Nq(V)). Since
q(V) arises from the k-span k - ¢(V), it follows that kerig is a direct product of
copies of g~} (W) for the kK?2-subspace W := V'N(k-q(V)) C K. This is nontrivial
even if W = 0 since describing the 2-linear nonzero ¢ in coordinates shows that ker ¢
is a nontrivial k-group scheme. ;

In Proposition 8.1.6 we saw that K. = K for any pseudo-split absolutely
pseudo-simple k-group G with root system BC;. For higher-rank G the same equal-
ity of fields holds, but the proof is much more difficult because we cannot pass to
the rank-1 group G. in place of G (as this can cause the field K to shrink, and K.
can be a proper subfield of K; examples satistying K. # K arise with root system
BC,, for any n > 2 when k is a rational function field in at least 2 variables over
any field of characteristic 2 [CGP, Ex. 9.8.18]). Here is the precise result:

PROPOSITION 8.1.9. Let T C G be a split mazimal k-torus. Assume ®(G,T) =
BC,, with n > 2. Choose a basis A of ®(G,T), with ¢ € A the unique multipliable
root, and let b be the unique root in A adjacent to 2¢ in the Dynkin diagram for the
basis A" = (A — {c}) U{2c} of (G, Tk).

Then K. = K, = K, kK? C K. C K, and the map ig : Uy — Ri/k(Uy) =
Rk /k(Ga) is an isomorphism onto a K.-submodule.

For the proof of Proposition 8.1.9, after reducing to the case where G is of
minimal type, one establishes the asserted relationships among fields by studying
the action of Zg, (T'NG,) on U, for roots a,a’ € AU{2c}. This action is analyzed
by combining our explicit knowledge of the possibilities for ig(G,) = ig, (G4) and
ic(Gqr) (especially when one of a or o’ is multipliable) with calculations similar in
spirit to those that arise in the proof of Theorem 7.4.7(iii). See [CGP, Prop.9.5.2]
for the details.
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The preceding considerations provide precise information on the possibilities for
root groups and the Zg(T)-action on them for any pseudo-split absolutely pseudo-
simple k-group of minimal type with a non-reduced root system. This provides a
basic picture for what an open cell in any such G can possibly look like at the level
of ks-points via the injection iq : G(ks) — Rg/i(G')(ks) = G'(Ks) = Spg, (Ks).
(Recall that the injectivity of i¢ on ks-points rests on G being of minimal type,
but the group scheme ker i is nontrivial; see Remark 8.1.8.)

8.2. Construction via birational group laws. We have not yet constructed
a pseudo-split absolutely pseudo-simple group with a non-reduced root system. In
[Ti3, Cours 1991-92, 6.4], Tits constructed some examples of such groups via bira-
tional group laws. To give a general construction, we need the pseudo-split rank-1
classification provided by Proposition 7.2.3 and Theorem 7.2.5, as well as the re-
sults obtained in §8.1 concerning the structure of the root group U, for multipliable
c. An elegant general discussion of birational group laws and theorems of Weil and
Artin on promoting such structures into actual group schemes is given in [BLR,
Ch.5]; a summary of some relevant highlights from this theory (tailored to our
needs) is provided near the beginning of [CGP, §9.6].

The construction of birational group laws and analysis of properties of the
associated algebraic groups is always a substantial undertaking. The overview that
follows is aimed at conveying the main ideas and difficulties that arise and the
motivation for certain parts of the construction of groups with a non-reduced root
system. The reader is referred to [CGP, §9.6-§9.8] for complete details.

Since the constraints in §8.1 are most definitive in the minimal type case (as it is
difficult to work with a Cartan k-subgroup otherwise), below we will give a general
construction in the pseudo-split minimal type case over imperfect fields k& with
characteristic 2. When [k : k%] = 2, this turns out to yield all absolutely pseudo-
simple k-groups with a non-reduced root system over k;. For any k satisfying
[k : k?] > 2, an alternative method in [CP, B.4] builds some rank-n pseudo-split
absolutely pseudo-simple k-groups G not of minimal type (with any n > 1), but we
do not know a general technique for such constructions.

Inspired by our description (via Example 8.1.1 and Corollary 8.1.4) of the
possibilities for the root group attached to a multipliable root ¢, and the fact that
K! = K (Propositions 8.1.6 and 8.1.9), we begin by choosing the following field-
theoretic and linear-algebraic data:

e a nontrivial purely inseparable finite extension K/k,
e a nonzero kK 2-subspace V' C K,
e a nonzero finite-dimensional K-vector space V equipped with an injective
additive map ¢ : V — K that is 2-linear over K (i.e., ¢(\v) = A\?q(v) for
A € K and v € V) such that V' n¢q(V) = {0}.
Since the composition of ¢ with the square root isomorphism K ~ K'/2 is an
injective K-linear map, the map ¢ can be viewed in a rather concrete manner: V'
is a K-subspace of K'/? and ¢ is the squaring map into K.

REMARK 8.2.1. We could replace the pair (V,q) with the K2-subspace ¢(V) C
K that is identified with the Frobenius twist V(®, and reconstruct V as the K-
vector space V(2 ®g2, K where ¢ : K? ~ K is the square root isomorphism. It
is entirely a matter of taste whether one works with (V,q) or V() ¢ K. The
development in [CGP, §9.6-§9.8] focuses on the perspective of V(%) but we have



STRUCTURE AND CLASSIFICATION OF PSEUDO-REDUCTIVE GROUPS 105

chosen to emphasize (V, ¢) here since this is what emerges more directly from the
groups that we aim to construct.

For the pseudo-split k-groups G of minimal type that we seek to construct (with
root system BC,, and minimal field of definition K/k for the geometric unipotent
radical), we know that necessarily G’ ~ Sp,,, as K-groups and in §8.1 we saw that
the k-homomorphism ig : G — R/, (G’) must be injective on k,-points (because
G is to be of minimal type). Hence, we want to describe the possibilities for G(ks)
as a subgroup of G'(Kj), and then use an open cell of R/, (Spy,) as a guide for
how to build an open cell for G with a birational group law from which we hope to
reconstruct the group. (Strictly speaking, we will work with a left-translate of an
open cell by a representative for a long Weyl element, for reasons to be explained
later.)

To organize the calculations, it is convenient to begin by specifying a pinning
on the K-group Sp,, as follows. Let D, C GL,, be the diagonal K-torus, U, C
GL,, the upper-triangular unipotent K-subgroup, and B,, = D,, x U, the upper-
triangular Borel K-subgroup; denote transpose on n X m matrices as m > *m. We
define the maximal K-torus D := {(¢-'0)|d € D,} C Sp,, that normalizes the

0 d
smooth connected unipotent K-subgroup

tu™l mu
U—{(O u)|u€Un,m€Symn}

in Sp,,,, where Sym,, denotes the affine space of symmetric n x n matrices over K,
and define the Borel K-subgroup

tp—1
B:DMU:{(bO ”Zb) b€ B,, mESymn}

in Spy,,. The maximal k-torus inside Ry, (D) will be denoted Dy.
The positive system of roots &1 := ®(B, D) C ®(Sp,,,, D) =: P consists of the
following characters: for 1 < ¢ < j < n the character

t=diag(t;t, ..ty b, b)) et/

ybm
corresponds to the root group inside U given by the ij-entry in u € U,, and for
1 < i < j < n the character ¢ — 1/(¢;t;) corresponds to the root group given by
ti-entry of m € Sym,, when ¢ = j and the common 7j-entry and ji-entry of m when
i < j. Letting A be the basis of 1, we have GL® ~ D via (Ag)aca — [Toca @ (Xa)
since Sp,,, is simply connected.

For n > 1, the subset ®% C ®* of long positive roots consists of the characters
1/t? whose root groups are the diagonal entries of m (so they are 2-divisible in
X(D)); the set of short positive roots is denoted ®L; in the special case n = 1 we
define @3 = &+ and L = () since the roots for SLy are 2-divisible in the character
lattice of the diagonal torus. Each positive root group is identified with G, via the
matrix-entry coordinatization, and the root groups for long positive roots pairwise
commute since a sum of distinct long positive roots in type C,, is not a root.

The longest element in W (Sp,,,, D) is represented by the matrix w = ( 7?" by e
Spa, (K) that has order 2 (as char(K) = 2), with w-conjugation on D equal to in-
version and w-conjugation carrying B to the opposite Borel subgroup relative to D

via
by~ omu\ u 0
w wl = ).
0 i —mu  tul
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Letting B~ denote the Borel K-subgroup of Sp,,, opposite B relative to D, and
U~ its unipotent radical, we get an open cell U~ B = w™'UwB C Sp,,, . Its left w-
translate UwB is easier to work with for computations since it involves just points
of U and B up to the presence of the 2-torsion point w. Thus, the strategy to build
G is not to build a birational group law on a candidate for an open cell, but rather
on the left w-translate, where w is a 2-torsion element lying over w € Sp,, (K).
We will be guided by the desired homomorphism ig : G — Rg/1(Spy,) that must
restrict to an inclusion C' — R (D) for a Cartan k-subgroup of G that has to be
determined a priori as a k-subgroup of R/, (D) = [[,ca Ri/x(GL1).

Since U is directly spanned in any order by its positive root groups, upon
choosing an enumeration of <I>§ and an enumeration of @i we get an isomorphism

via multiplication
IIv.x ] vw=v.
acdd bedt
Using standard matrix-entry coordinatizations, each U, is identified with G, as a
K-group. We have the same upon applying R/, throughout. The idea now is to
replace each long root group Ry /k(Us) = Ri/k(Ga) C Ry (U) with V! x V. To
make this precise, we define the pointed k-scheme

U = H %CXH%I)

+ +
ce(1/2)®% bedt

where %, = V' x V for c € (1/2)®% and % = Ri/x(Us) = R /i (Ga) for b € L.

The pointed k-scheme % will turn out to be the k-unipotent radical of a min-
imal pseudo-parabolic k-subgroup of the k-group that we shall build, and so our
first step is to construct a k-group law on % . For this purpose, we will use the
map fo : % — Ry,(Uec) defined by (v/,v) — v/ + q(v) for ¢ € (1/2)®% and the
identity map f, : % — Ri/x(Up) for b € L. Define f : % — Ry ,(U) via mul-
tiplication in R/, (U) of these componentwise maps. Note that f is injective on

ks-points since U is directly spanned by the positive root groups and f. is injective
on kg-points for each ¢ € (1/2)®3 (due to the hypotheses on (K/k, V', V,q)).

THEOREM 8.2.2. There is a unique k-group structure u on % relative to which
[+ % — Rgu(U) is a k-homomorphism. The identity e € % (k) is the evident
base point, and relative to (u,e) each inclusion . — U for ¢ € (1/2)®% and
Uy — U forb e &L is a k-homomorphism. Moreover, the natural R /i (D)-action
on R (U) uniquely lifts through f to an action on % .

We refer the reader to [CGP, Thm.9.6.14] for the details of the long nested
induction proof based on the height of positive roots. The success of the induc-
tion rests on putting the pairwise-commuting long root groups to the left of the
short root groups in the definition of f, together with a fact that is specific to
characteristic 2: the short positive root groups of U directly span (in any order) a
smooth connected k-subgroup [CGP, Thm.9.6.7]. Ultimately the initial choice of
enumerations of the roots does not matter (and for later parts of the construction
this is important): using the k-group structure on % built above, % is directly
spanned in any order by the k-groups %, for a € (1/2)®% U ®L, due to Theorem
3.3.3 (using the action just built on % by Rk /(D) D Dy).

Define the k-group % = Rg/,(D) x % . The evident k-homomorphism % —
Rk /k(B) is also denoted as f. Some deeper algebraic geometry (e.g., Zariski’s Main
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Theorem) and further results specific to characteristic 2 (e.g., the ii-entry of the
inverse of an invertible symmetric matrix (r;;) € GL,(R) for an Fo-algebra R has
the form Zj fizjrjj for some f;; € R) are used to establish the following result,
whose proof occupies most of [CGP, §9.7]:

THEOREM 8.2.3. Let Q C Rg/(UwB) x R/, (UwB) be the open domain of
definition of the birational group law on R p(UwB). For the k-scheme % w x %,
where w is a k-point symbol, define the map % w x % — Ry (UwB) by (uw,b) —
f(w)wf(b); denote this map as f too.

There is a unique birational group law m on % w X B such that its open domain
of definition

dom(m) C (%w x B) x (Uw x B)
meets (f x f)~1(Q) and makes f compatible with the birational group laws. More-
over, m is strict (i.e., dom(m) meets each fiber of the projections (% w x B)* =

UW x B).

Since f is generally not dominant, the requirement dom(m) N (f x f)~1(Q) # 0
is not automatic and is required to make sense of mo (f x f) as a rational map. The
significance of strictness of m is that for a smooth separated k-scheme X of finite
type equipped with a general birational group law p, only an unknown dense open
subset X’ of X appears inside the uniquely associated smooth connected k-group
provided by Weil’s theorem on birational group laws. To perform computations it
is very helpful when one can take X’ to be X, and for that to happen it is necessary
and sufficient to assume p is strict. See [CGP, Thm. 9.6.4] (and references within
its proof) for further information on promoting birational group laws to groups,
including a functoriality property for the k-group H associated to a strict birational
group law (X, u) relative to rational homomorphisms from X into a smooth k-group.
Due to this latter functoriality, it follows that if

Gk /v Vgn

denotes the unique k-group containing Zw x % as a dense open subscheme com-
patibly with birational group laws, then there is a unique k-homomorphism

¢ : GK/k,V’,V,q,n — RK/k(Sp2n)
extending f. We will generally denote G i v/ v,q,n as G when the context makes
the meaning clear.

REMARK 8.2.4. Beware that % w x % does not contain the identity of G, since
it is carried by ¢ into the open subset R/ (UwB) C Rg/i(Spy,) that does not
contain the identity (as w ¢ B). Hence, very little can be easily seen about the
structure of G from inspection of Zw x %; e.g., it is not obvious yet if (w,1) is
2-torsion (all we can detect at the moment is that (w, 1)? € (ker ¢)(k)). The failure
of the identity point to lie in the most tangible open subset Zw x %A of G is a
source of many headaches when initially trying to analyze G.

Now there are many non-trivial problems to be overcome. To start with the
most basic of all: is G affine? As usual with birational group laws, the associated
group of interest is built via a gluing process that a priori might leave the affine
setting. The problem of how to establish affineness a posteriori is a serious one
when using birational group laws. For example, this difficulty arises in the uniform
construction of simply connected Chevalley groups over Z for all root systems in
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[SGA3, XXV]. There, the mechanism to prove affineness is Chevalley’s structure
theorem applied on geometric fibers:

THEOREM 8.2.5 (Chevalley). Every smooth connected affine group over a per-
fect field is uniquely an extension of an abelian variety by a smooth connected affine
group. In particular, if H is a smooth connected group over an arbitrary field F
and H(F) coincides with its own commutator subgroup then H is affine.

A proof of the first part of Theorem 8.2.5 is given in [Chev] (and in [C1]
using modern terminology); the second part is immediate since abelian varieties are
commutative and affineness of an F-scheme can be checked after scalar extension to
the perfect field F. The perfectness hypothesis on the ground field in the first part
of Theorem 8.2.5 is unavoidable, since over every imperfect field there are smooth
connected affine groups that are not proper yet do not contain a nontrivial smooth
connected affine subgroup (see [CGP, Ex. A.3.8]).

For our needs, the affineness criterion in Theorem 8.2.5 is not convenient. We
will use a different affineness criterion that rests on a little-known but powerful
substitute in positive characteristic for Chevalley’s structure theorem:

THEOREM 8.2.6. If H is a smooth connected group over a field F' of positive
characteristic then H is uniquely a central extension of a smooth connected affine
group by a semi-abelian variety with no non-constant global functions.

In particular, if H contains mo nontrivial central F-torus and no nontrivial
abelian subvariety then H is affine.

See [CGP, Thm. A.3.9] for arguments and references relevant to a proof of
Theorem 8.2.6; the proof uses the first part of Theorem 8.2.5 (applied over F).
Note that the extension structure in Theorem 8.2.6 is “better” than the one in
Theorem 8.2.5 because (i) it is valid without perfectness hypotheses on the ground
field (and hence is very useful over local and global function fields), and (ii) it
provides a central extension.

REMARK 8.2.7. The universal vector extension of any elliptic curve provides
counterexamples to the conclusions in Theorem 8.2.6 in characteristic 0, ultimately
because (in contrast with positive characteristic) a nonzero endomorphism of G,
in characteristic 0 is an isomorphism.

Before we use the affineness criterion in Theorem 8.2.6 to prove the affineness
of G := Gk/k,v',v,qn We establish a simple but very useful preliminary result:

LEMMA 8.2.8. The group (ker ¢)(ks) is trivial.

This lemma allows us to deduce properties of G' by working inside R /1 (Spa,,),
“as if” ¢ were an inclusion. The group scheme ker ¢ turns out to always have
positive dimension.

PrOOF. By design, on the dense open 2 := Zw x & C G the restriction f
of ¢ is injective on kg-points. If g € (ker ¢)(k;) then for a choice of ks-point ¢’ in
the dense open QN g~ 1Q we have f(gg') = #(g9") = #(g9)d(g") = f(g'). Hence,
gq' = ¢, so g =1 as desired. O

The triviality of (ker ¢)(ks) yields many useful further consequences (despite
the nontriviality of the group scheme ker ¢). For example, in addition to implying
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that (w, 1) is 2-torsion, we note that ¢ carries the smooth closed subscheme

isomorphically onto the Cartan k-subgroup wRg /i (D)w = R/, (D) of R/, (Spay,)-
Consequently, C' must be a k-subgroup of GG, and the maximal k-torus Dy C
Ri/k(D) is thereby identified with a k-torus of G that is contained in C and is
not contained in any strictly larger k-torus of G (as otherwise ker ¢ would kill a
nontrivial k-torus for dimension reasons, contradicting Lemma 8.2.8).

By the same reasoning, for any long positive root a € ®* C ®(Sp,,,, D), if we
let V', denote the copy of V' inside %, /2 then the smooth closed subscheme

(8.2.8) Uy = (Vw x {1})(w, 1)

is carried isomorphically onto the k-subgroup V' of the a-root group Rk /x(Ua) =
Rk /k(Ga) of Rk /i (Spa,), so it is a k-subgroup of G. Likewise, for any g € C(k;)
the effect of g-conjugation on Gy, must carry (%, ), onto itself, so C normalizes %,
and the k-torus Dy C C thereby acts on Lie(%,) through a. By the same method,
the natural maps of smooth k-schemes

U~ (Uw x {1})(w,1)C G, B—C-(Zw x {1})(w,1) C G

are isomorphisms onto k-subgroups since composing each with the k-homomorphism
¢ (that is injective on ks-points) respectively gives the k-homomorphism f from
Theorem 8.2.2 and its analogue using B = Rg/,(D) x U C Rg/r(Spy,) (with
¢ : C — Rgyi(D) a k-isomorphism). The C-action on the k-groups %, for long
roots a € ®T enables us to prove:

PROPOSITION 8.2.9. The k-group G is affine.

ProOF. By Theorem 8.2.6 it suffices to prove that G contains no nontrivial
central k-torus or abelian variety as a k-subgroup. Any abelian variety A that
is a k-subgroup of G is killed by ¢ since Rk /1 (Spy,) is affine, so A = 1 since
(ker ¢)(ks) = 1. But ¢ will turn out to generally not be surjective when [k : k2] > 2
(due to later considerations with root groups), so it is unclear that the image under
¢ of a central torus in G should be central in Ry /;(Spy,). Thus, to prove the
triviality of a central k-torus Z C G we proceed in another way.

We have built a copy of Dy as a k-subgroup of G (contained in C') and showed
that Dy is not contained in any strictly larger k-torus. The multiplication map
Dy x Z — G is a k-homomorphism whose image must be a k-torus, so this image
is equal to Dy. Hence, Z C Dgy. The centrality of Z in G implies that for each %,
as in (8.2.8), the Z-action on %, via Dy-conjugation is trivial. But the associated
action of Dy on Lie(%,) is through the character a, so Z C ker a for every long root
a € ®T. The long roots in a type-C,, root system constitute a rank-n root system
(of type AT), so such a’s span X(Dg)q. This forces Z = 1. O

It has been shown that Dg is a maximal k-torus in the smooth connected affine
k-group G and that ¢(C') equals the Cartan k-subgroup Ry /(D) in Rk /i (Spy,)-
Hence, the smooth connected k-group Zg(Dp) O C must equal C for dimension
reasons since (ker ¢)(ks) = 1. In other words, C' is a Cartan k-subgroup of G.

To prove the pseudo-reductivity of the smooth connected affine k-group G, it
suffices to prove that ¢(Z, ,(G)) = 1. Here we encounter a more serious manifes-
tation of the problem that arose in the proof of Proposition 8.2.9: the map ¢ is
generally not surjective, so there is no evident reason why the smooth connected
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unipotent k-group ¢(Z%.,x(G)) should be normal in R /4,(Sp,,,). Hence, there is no
obvious way to harness the pseudo-reductivity of Rg/4(Sps,) to deduce the same
for GG, so we do not proceed along such lines.

8.3. Properties of birational construction. The smooth connected affine
k-group G = G kv’ v,qn built in §8.2 is equipped with a homomorphism ¢ :
G — R/ (Spa,) that is injective on ks-points, and ¢ carries a Cartan k-subgroup
C isomorphically onto Rg/r(D). To prove that G is pseudo-reductive, we shall
construct a pseudo-reductive k-subgroup H C R/, (Spy,) via Theorem 5.4.3 and
then (after some hard work) prove ¢(G) = H via a comparison of open cells. This
implies that ¢(G) is pseudo-reductive (so G is certainly pseudo-reductive). Building
on this approach, much of [CGP, §9.8] is devoted to proving the following main
properties of G (via calculations with root groups and conjugation by points of
Cartan subgroups):

THEOREM 8.3.1. Let Vo = V' +k-q(V) and Ky = k(Vy). If n =1 then assume
Ky = K. Define the k-subgroup Cy = (Vo)}‘{o/k X II, Rx/k(0¥(GL1)) C Rk k(D)
where b varies through the short simple roots in ®+ C ® := ®(Sp,,,, D).

(i) The k-group G is pseudo-reductive, K[k is the minimal field of definition
for the geometric unipotent radicals of G and 2(G), and the maps ¢ and
blo(c) are respectively identified with i and ig ).

(ii) The k-torus Dy C G is contained in 2(G), the root system ®(2(G), Do) =
®(G, Dy) coincides with @ U (1/2)®~ of type BC,,, and (w,1) represents
the long Weyl element in W (G, Dy). If moreover 1 € V' then (w,1) €
2(G) and the k-subgroup Sp,,, C Rk /1(Spay,) lifts to a Levi k-subgroup of
2(G) containing Dy.

(iii) For multipliable ¢ € ®(G, Dy), (%.w x {1})(w,1) is the c-root group; this
is identified with V! xV equipped with the evident action by Zg(Dg) = C =
Ry /k(D) over the C-action on Ry (Us.). Moreover, Zg(c) (Do) = Co.
Likewise, (% w x {1})(w, 1) is the smooth connected unipotent k-subgroup
of G generated by the Dy-root groups for roots in ®+ U (1/2)®3.

(iv) The pseudo-reductive k-groups G and 2(G) are of minimal type, and G =
2(G) if Vo = K.

(v) Consider a second triple (V',¥,q) relative to K/k, and if n = 1 then
assume k{(¥y) = K where ¥y := k- q(¥) + V'. Let 4 be the associated
k-group. The following are equivalent: G ~ 4, D(G) ~ D(¥), and there
exists A € K* such that ¥/ = AV and V' + q(¥) = AV’ + q(V)).

REMARK 8.3.2. Let us explain the necessity of the hypothesis Ky = K when
n = 1. Two desired properties guided the construction: K/k should be the minimal
field of definition for the geometric unipotent radical of Z(G) (as is confirmed in
(i)) and the linear algebra data (V’,V,q) used in the construction of G should
appear in a description of the root group for any multipliable root ¢ in the spirit of
Example 8.1.1 (as is confirmed by (iii) due to the construction of ¢ via the map f
considered in Theorem 8.2.2). Since ¢(w, 1) = w by design, it follows from (i) that
(as intended) the image of the c-root group under i) = iq|g () is the k-subgroup
Vo inside the root groups of R /i ((Spay,)2e) = Rk /k(SL2) relative to its diagonal
k-torus. In particular, if n = 1 then iy (Z(G)) = Hy,,k/k, S0 the minimal field of
definition over k for the geometric unipotent radical of iy ) (2(G)) is k(Vo) =: Ko.
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But this field of definition over k must coincide with that for 2(G), by Proposition
7.1.3(ii). Thus, we must assume Ky = K when n = 1.

REMARK 8.3.3. For arithmetic applications, the most basic case is [k : k%] = 2
(such as when k is a local or global function field). In such cases the only purely
inseparable finite extensions of k are /2™ form > 0, s0 kK2 = K? and V' is forced
to be a K2-line inside K. Hence, via K *-scaling we can assume V' = K2. But ¢(V)
is a nonzero K2-subspace of K meeting V"’ trivially, so it must be a complementary
K2line; ie., V' +¢(V) = K. Thus, G = 2(G) by (iv) above, so by (v) there is
only one k-isomorphism class among the k-groups G produced by this construction
for a given pair (K/k,n) when [k : k%] = 2.

Explicitly, by taking V' = K? in such cases, if we write ¢(V) = K2« for
some o € K — K? then we can say that the construction of G rests on the triple
(K/Ek,a,n) (see Remark 8.2.1), but the isomorphism class does not depend on a.

In general, without any hypotheses on [k : k2], the identification of Zg(c) (Do)
with Co in part (iii) shows that G = Z(G) if and only if (Vo)%, /1. = Rk/k(GL1), so
a necessary condition for the perfectness of G is that Ky = K (as is required when
n = 1, but generally fails otherwise when [k : k?] > 2).

We have constructed pseudo-split absolutely pseudo-simple k-groups 2(G) with
root system BC,, in terms of linear-algebraic data (K/k,V’',V,q) (provided that
Ky = K when n = 1), and in part (v) of Theorem 8.3.1 we characterized when
such k-groups are isomorphic in terms of simple operations on this data. But is
this construction exhaustive? There is a small complication: when n = 2 it is not
exhaustive (if [k : k%] > 8).

To understand what is special about the case n = 2, recall from Proposition
8.1.9 (with b as defined there) that if n > 2 then Kj = K, so Gy = Hy, g, for
some nonzero kKZ2-subspace Vi, C K satisfying k(V;) = K. However, we have
provided no reason that necessarily V, = K, or equivalently that Gj should be
standard (whereas Gy is standard for every G as in Theorem 8.3.1)! Here is such
a reason when n > 3: in such cases every short root in the C,-diagram is adjacent
to another short root, and together they generate a root system of type As, so
we can use centralizers of codimension-2 tori and standardness for type-As in all
characteristics to conclude that G must be standard for all such b when n > 3.

But this reasoning does not work if n = 2, and in fact there are more k-
groups to be built (when [k : k2] > 8). In effect, we need to introduce additional
linear-algebraic data, to play the role of the root space for non-multipliable non-
divisible roots: a nonzero kK?2-subspace V" C K that satisfies k(V") = K. This
subspace must satisfy some conditions in relation to ¢(V') and V' to ensure the
necessary condition that the ¢V (GLq)-centralizer in G normalizes the b-root group,
where {2c¢,b} is a basis of the root system of type Cs. Since (b, (2¢)V) = —1,
this normalizing property holds whenever V" is a subspace of K over the subfield
Ko := k(V) C K that contains kK? (where Vg := k- q(V) + V'); see [CGP, 9.8.3]
for the calculations. The case V" = K recovers the construction of G in Theorem
8.3.1 for n = 2, so this is primarily of interest when V" # K.

Consider the pseudo-split pseudo-reductive k-group G of minimal type with
root system of type BCsy provided by Theorem 8.3.1 using n = 2 and a 4-tuple
(K/k,V',V,q). Let V" be a nonzero proper Ky-subspace of K. (In [CGP, 9.8.3] it
is shown by elementary field-theoretic considerations that such V" exists for some
choice (V',V,q) if and only if [K : kK?] > 4; this happens for some K/k if and
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only if [k : k?] > 8, ruling out local and global function fields.) Fix a basis {c, b}
of ®(G, Dy) = BCy with multipliable ¢, and let G” be the k-subgroup of Z(G)
generated by G. and Hy» g C Ri/p(SL2) = G. The following is established in
[CGP, 9.8.3, Prop. 9.8.4, Prop.9.8.9]:

PROPOSITION 8.3.4. The k-group G" is absolutely pseudo-simple of minimal
type with Dy as a split mazimal k-torus, and K/k is the minimal field of definition
for its geometric unipotent radical. Moreover,

Zgr (Do) = (VO);(O//@ x (V//);(/k

inside Zg(Do) = Rg/x(D), ¢lgr = igr (so (kerigr)(ks) = 1), and (w,1) € G" (k)
fleVvV' nv”.

If (V' ¢ ,q,7") is another such 4-tuple with ¥ # K then the associated k-
group 4" is isomorphic to G if and only if there exist A\, u € K* such that

V' =V V= AV Y+ q(7) = MV +q(V)).

It is clear by consideration of the b-root group (~ V") that the k-groups pro-
duced by this result never arise among the pseudo-simple groups produced by The-
orem 8.3.1. Fortunately, essentially by reversing the long path of theoretical rea-
soning that motivated the conditions imposed in our constructions (including the
additional reasoning that explained why the case n = 2 might admit additional
possibilities beyond Theorem 8.3.1 but cases with n # 2 cannot), one can show
that we have constructed everything:

THEOREM 8.3.5. Fvery pseudo-split absolutely pseudo-simple k-group of min-
imal type with minimal field of definition K/k for its geometric unipotent radical
and root system BC,, is produced by the preceding constructions.

If [k : k%] = 2 then there is only one k-isomorphism class of such k-groups for
a given pair (K/k,n), and ig : G — Rk (G") is bijective on k-points for such G.

PROOF. See [CGP, Thm.9.8.6] for a proof of exhaustiveness of the construc-
tions. (The K *-scaling flexibility allows us to arrange further that 1 € V', and also
1 € V" for the additional rank-2 construction.) Uniqueness of the k-isomorphism
class given (K/k,n) when [k : k%] = 2 is then immediate via Remark 8.3.3.

It remains to show that if [k : k?] = 2 then i is bijective on k-points. Since
(kerig)(ks) = 1 for all of our constructions (due to the minimal type property),
we just need to check that ig(G(k)) generates G'(K). But G’ is a split connected
semisimple K-group that is simply connected, so it is generated by the K-points of
its root groups relative to a split maximal K-torus. Thus, it suffices to show that
ig is bijective between Dg-root groups. Such bijectivity is clear for roots that are
neither multipliable nor divisible. For multipliable roots ¢ the map U. — Ry /(Us,.)
is identified on k-points with the natural map V'@V ~ V'@ q(V) — K. But as we
noted in Remark 8.3.3, V' is a K?-line in K and ¢(V) is a complementary K?2-line
since [k : k%] = 2. O

In §7.4 the notion of root field and its associated properties (especially Propo-
sition 7.4.5) have been discussed only for absolutely pseudo-simple k-groups G such
that the irreducible root system ® of Gy, is reduced. We now extend this to cases
for which @ is non-reduced, associating a “root field” to the longest (i.e., divisible)
roots over kg, exactly as in cases with a reduced root system.
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Let G be an absolutely pseudo-simple k-group of minimal type such that G,
has a non-reduced root system. For a maximal k-torus T' C G, ® := ®(Gy_, T.)
is of type BC,, for n = dimT. If a € ® is divisible with root group denoted U,
then (G, )q := (Ua, U_,) is of minimal type and its maximal ks-torus S = a¥ (GL;)
satisfies ®((Gy,)a, S) = {£+a} (Example 7.1.7). The reducedness of this root system
implies that the notion of root field F, for (G, ), is already defined.

Since the Weyl group W (Gy,,Tk,) acts transitively on the set of roots in @
with a given length, so it is transitive on the set of divisible roots, the purely
inseparable finite extension F/ks is independent of a. Likewise, this extension is
independent of the choice of T' and is ks-isomorphic to its Gal(ks/k)-twists. Such
ks-isomorphisms are unique and hence constitute a Galois descent datum, so there
is a unique purely inseparable finite extension F/k such that F @y ks = F, over ks
for all such a (for all T').

DEFINITION 8.3.6. The root field of G is the extension F'/k constructed above.

The possibilities for Gy, are determined in Theorem 8.3.5, and the field F'® ks
can be described in terms of the linear-algebraic and field-theoretic data entering
into those constructions. This yields the following result (proved in [CP, 9.1.1-
9.1.3]) that extends to such G what has been established (e.g., Proposition 7.4.5)
for absolutely pseudo-simple k-groups with a reduced root system over kj:

PROPOSITION 8.3.7. Let G be an absolutely pseudo-simple k-group of minimal
type such that Gy, has a non-reduced root system. Let K/k be the minimal field of
definition of %.(Gy;) C G, and let F/k be the root field.

Then kK? C F C K, G%™ has a non-reduced root system over Fy and root
field F, and the natural map G — 2(Rp/x(G2™)) is an isomorphism

REMARK 8.3.8. By definition, G®%™" is the maximal quotient of G that is
pseudo-reductive of minimal type (i.e., G2!/ G orea, With G = Gp /R r(GF)).

The non-reducedness of the root system over F, for G®™" in Proposition 8.3.7 is a
special property of the subfield F C K over k since in general when [K : kK?] > 2
(as often occurs when [k : k?] > 2) there are proper subfields E C K over k such
that G2™" has a reduced root system over Ej; see [CGP, 9.8.17-9.8.18].

When [k : k?] = 2 something remarkable happens: the “minimal type” and
“pseudo-split” hypotheses in Theorem 8.3.5 are unnecessary. That is:

PROPOSITION 8.3.9. Assume [k : k?] = 2. Every absolutely pseudo-simple k-

group G with a non-reduced root system over kg is pseudo-split and of minimal type,
and H(k,G) = 1.

PRrROOF. To verify that G is of minimal type, we may assume k = k;. Now the
pseudo-split property holds, so G is a central extension

(8.3.9) 1 —-Z7Z—G—G—1

where Z = % is a central unipotent k-subgroup scheme and G is of minimal
type and hence is produced by the pseudo-simple construction in Theorem 8.3.1.
Note that Z contains no nontrivial smooth connected k-subgroup (as G is pseudo-
reductive). It suffices to show that the central extenson (8.3.9) is split.

The splitting criterion from [CGP, Prop. 5.1.3] used in the proofs of Proposition
6.2.17 and Corollary 7.5.11 reduces this splitting problem to a calculation with a
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Cartan k-subgroup of G. One such Cartan k-subgroup is described in Theorem
8.3.1(iii), and the linear algebra data there simplifies a lot since [k : k%] = 2 (e.g.,
we can assume V' = K2 and (V) is a complementary K>2-line in K). Hence,
although in general it appears to be very difficult to do calculations with (Vo)}(0 i
in the present case it becomes very tractable; see [CGP, Prop. 9.9.1] for the details.
This completes the proof that the “minimal type” property automatically holds!

Now we return to general k (not necessarily separably closed), and consider an
absolutely pseudo-simple k-group H with root system BC,, over ks and minimal field
of definition K /k for its geometric unipotent radical. The kg-group Hy, is pseudo-
split and of minimal type, so it is in the unique ks-isomorphism class attached to the
pair (K;/ks,n) as in Theorem 8.3.5. But over k itself there is likewise a unique (up
to k-isomorphism) pseudo-split absolutely pseudo-simple group G with root system
BC,, and minimal field of definition K /k for its geometric unipotent radical. Thus,
H is a ks /k-form of G, so to prove H is pseudo-split it suffices to show that G has
no nontrivial k,/k-forms.

It remains to prove that H!(ky/k, Aut(Gy,)) and H*(ks/k, G(ks)) vanish for
pseudo-split G. By Theorem 8.3.5, the natural map G(ks) — G'(Kj) is bijective.
Since Zg = 1 (Proposition 8.1.5), so G(ks) C Aut(Gy,), if all automorphisms
of Gy, are inner then we would have Aut(Gy,) = G(ks) = G'(K;), so the Galois
cohomology sets of interest would coincide with H! (K /K, G'(Kj)). But G’ = Sp,,,
as K-groups, and Sp,,, has vanishing degree-1 Galois cohomology over every field
(i.e., a symplectic space is determined up to isomorphism by its dimension).

Our task is reduced to showing when k£ = ks that every k-automorphism ¢
of G arises from a G(k)-conjugation. We can assume ¢(Dg) = Dy, and since
Na(Do)(k)/Za(Dg)(k) = W(®(G, Dy)) we can assume ¢ preserves a positive sys-
tem of roots . But ®(Gy, Dy) has no nontrivial automorphism preserving ®+,
S0 ¢ acts trivially on Dy and hence trivially on the commutative pseudo-reductive
Zc(Dg). The effect of pg on G’ coincides with the action of a K-point ¢ of the
adjoint torus D/Zg:. But for the long simple root 2¢ in a basis for ®(G’, D), the
action of t on ig(U.(k)) = V' @ ¢(V) must preserve the K2-line ig(Us.(k)) = V'
inside the K-line Uj,(K). Since t acts on U (K) through scaling by (2¢)(t), such
preservation means that (2¢)(t) € (K*)?. This latter property characterizes the
image of D(K) inside (D/Zg/)(K) for type-C,, so t arises from a k-point of the
Cartan k-subgroup Ry /i (D) of Rg/,(G’). Since ig : G(k) — G'(K) is bijective
(Theorem 8.3.5), ¢ arises from G(k). O

PROPOSITION 8.3.10. Let k be a field of characteristic 2 such that [k : k?] = 2,
and let G, K/k, and G’ be as in Theorem 8.3.5.

(i) If k is complete for a fized nontrivial non-archimedean absolute value and
K is equipped with the unique extension of that absolute value then the
bijection G(k) — G'(K) is a homeomorphism.

(ii) If k is a global function field then the natural map G(Ay) — G'(Ak) on
adelic points is a homeomorphism.

The proofs of these assertions reduce to a direct verification at the level of
root groups and Cartan subgroups (using that the pseudo-reductive construction
in Theorem 8.3.1 is perfect when [k : k?] = 2; see Remark 8.3.3). For example, on
root groups for multipliable roots the map on points over a local field is K?GK — K
defined by (z,y) + z+ay? (for « € K — K?), and this is visibly a homeomorphism.
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See [CGP, Prop.9.9.4(2),(3)] for further details. It follows that for arithmetic
computations with pseudo-reductive groups over such fields k we can often replace
the intervention of such a k-group G with the associated symplectic K-group G’.

To conclude our discussion of absolutely pseudo-simple k-groups G of minimal
type with a non-reduced root system over ks, we consider their automorphisms.
Recall from Proposition 6.1.2 that for any pseudo-reductive group H over a field k
and any Cartan k-subgroup C, the functor Auty - classifying automorphisms of H
restricting to the identity on C' is represented by an affine k-group scheme Auty,c
of finite type whose maximal smooth closed k-subgroup Zp ¢ is commutative and
identity component Z%yc is pseudo-reductive.

ExampPLE 8.3.11. If H is a connected reductive group and T' C H is a maximal
k-torus then Zyr =T/Z¢.

In §9.1-89.2 we will discuss the classification of Galois-twisted forms of pseudo-
reductive groups H. This classification may appear to be a hopeless task, since
for absolutely pseudo-simple H there is no concrete description of the structure
of C' in non-standard cases for types B, C, and BC in characteristic 2 when the
universal smooth k-tame central extension of H is not of minimal type (as occurs
in abundance for those root systems over every imperfect field k& of characteristic 2
satisfying [k : k%] > 16; see [CP, App. B] for the construction of such k-groups).

Since Zp ¢ is unaffected by passage to the central quotient H/Zy that is al-
ways pseudo-reductive and of minimal type (see Lemma Lemma 9.1.9(ii)), and the
universal smooth k-tame central extension of H/Zp is of minimal type, analyz-
ing minimal-type cases over ks (where everything is pseudo-split) will yield that
Zm,c is connected for every pseudo-reductive group H (see Proposition 9.1.13)!
The structure of Zg ¢ will be crucial in §9.1-§9.2, especially the connectedness of
Zy,c (relevant to the notion of “pseudo-inner form”; see Definition 9.1.3, Lemma
9.1.9(ii), and Proposition 9.1.15). In the pseudo-split minimal-type case with C
containing a split maximal k-torus S of H, Zy ¢ will admit a concrete description
as a direct product indexed by a basis of ®(H,S) (generalizing the familiar direct
product structure of the split maximal tori in the adjoint central quotient of a
split connected reductive group). This requires case-analysis depending on the root
system, after reducing to absolutely pseudo-simple H.

The case of root system BC,, requires separate treatement, and is settled as
an application of our explicit description of all pseudo-split minimal type groups
with root system BC,, in Theorem 8.3.1 and Proposition 8.3.4. To formulate this
application, we need to set up some notation. Let G be an absolutely pseudo-
simple k-group of minimal type with root system BC,, over ks; and minimal field
of definition K/k for its geometric unipotent radical. Let T' C G be a maximal
k-torus, C = Zg(T), and G' = Gk /% k(Gk) (a K-form of Sp,,). Define the
“adjoint torus” T2 over k to be the quotient of T corresponding to the quotient
T /Zq C G'/Zg of the K-torus T" := Tk.

The action of the k-group Z¢ ¢ on G induces an action of (Zg,c)x on Gx and
hence on G’ (since Zg ¢ is smooth). This latter action is trivial on 77, so it defines
a k-homomorphism

f:Zac — Ripw(Zer ) =R (T' | Zer) = Ry (T).

It therefore makes sense to define the subfield F' C K to be the unique minimal
subfield over k such that f factors through Rp/k(TI%d).
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PROPOSITION 8.3.12. Ifn #2 then F = K and ifn =2 then kK? C F C K.
There exists a K -finite subfield F' € K'/? for which Za,c fits into a fiber square

0
Zag,c ——— Rp i (Trr)

| J

Rp/u(Tp) —— Rpr i (T3

using the natural maps along the bottom and right sides, and 0 is uniquely deter-
mined. Moreover, among all F' /K there is a unique such minimal extension F, /K.
The formation of Fy/K commutes with separable extension on k.

If T is split and A is a basis of ®(G,T) with unique multipliable root ¢ then
via the identification of T with GLlA using coroots we have

(8.3.12) ZG’,C = RFh/k(GLl) X H Rp/k(GLl)
beA—{c}

inside RFu/k(TFh) D) RK/k(TK)-

The product expression (8.3.12) is always applicable over ky (as T}, is split),
so Proposition 8.3.12 implies that Zg ¢ is connected. The proof of Proposition
8.3.12 amounts to solving the following problem: given an automorphism ¢’ €
Zer 1 (Ks) = (T"/Za)(K,), when does its action on G (K ) preserve the subgroup
G(ks)? This is largely a matter of systematic (though sometimes delicate) cal-
culations with root groups and Cartan subgroups. One first proves (8.3.12) via
computation with k,-points, and then recasts it in the fiber-square form that is
better-suited to Galois descent. See [CGP, Prop. 9.8.15] for further details.

9. Classification of forms

9.1. Automorphisms and Galois-twisting. The Existence and Isomor-
phism Theorems for split connected semisimple groups G over a field k characterize
isomorphism classes via root data. There are two approaches to classifying con-
nected semisimple groups G beyond the split case, over a general field k: Galois
cohomology associated to the split form, and the Tits classification that rests on
relative root systems (and treats the k-anisotropic case as a black box). The latter
is better-suited for generalization to the pseudo-semisimple case, but we first review
the context for each of these approaches.

The Galois cohomological approach rests on viewing a connected semisimple k-
group G as a ks /k-form of the unique split connected semisimple k-group Gy whose
root datum coincides with that of Gj,. The set of such G (up to k-isomorphism)
for a fixed Gy is in bijection with Hl(k,AutGO/k), where Autg, /i, is the smooth
automorphism scheme of G. The structure of Autg,/, informs this classification:
Autg, /i, is a smooth affine k-group with identity component Go/Zg, (defining a
notion of “inner form”) and constant component group equal to the automorphism
group of the based root datum (coinciding with the automorphism group of the
Dynkin diagram when Gy is simply connected or of adjoint type); e.g., Autg, /, =
Go/Z¢, when the Dynkin diagram does not admit a nontrivial automorphism. An
outcome of this approach is that G admits a unique quasi-split inner form.
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For example, if n > 2 then the A,,_;-diagram has automorphism group Z/2Z
and the non-split quasi-split k-forms of SL,, are the special unitary groups SU(h,,)
for the split hermitian form h, on k'™ relative to a quadratic Galois extension
k' /k, where hoy,(z,y) = 35 (x50 (y—;) +x—jo(y;)) for m > 1 and hopmi1(z,y) =
hom + oo (yo) for m > 1, with o denoting the nontrivial k-automorphism of ’.

The Tits classification (announced by Tits [Til, 2.7.1] and completed by Sel-
bach [Sel]) rests on a choice of maximal split k-torus S C G and the relationship
between the relative root system ®(G,S) of nontrivial S-weights on Lie(G) and
the absolute root system ®(Gy,,T),) for a maximal k-torus T O S. The pre-
cise formulation involves the k-anisotropic group 2(Z¢(S)) (called the semisimple
anisotropic kernel) and actions of Gal(ks/k) on Dynkin diagrams associated to G
and Z(Z¢(95)); we will review this when we generalize it to the pseudo-semisimple
case. There does not exist a corresponding “existence theorem” for general k since
usually there is no way to describe the semisimple anisotropic kernel; see [Til,
Table II] for an existence theorem in the semisimple case over interesting fields k.

It is natural to ask if these approaches generalize to pseudo-semisimple k-groups
H. There are some reasons for optimism:

(i) The functor Auty, : A~ Auta(Ha) on k-algebras is represented by an
affine k-group scheme Autg/;, of finite type [CP, Prop. 6.2.2]. Although
this k-group is generally not smooth (see [CP, Ex. 6.2.3] for examples over
any imperfect field), its maximal smooth closed k-subgroup Aut3y), can
be used to study k,/k-forms of H. We call such a form pseudo-inner if it
is obtained by twisting H against a class in H*(k, (Au i}‘}k)o). (In general
(Aut3y);,)? is larger than H/Zp; see Remark 9.1.16.)

(ii) There is a robust theory of relative root systems and associated relative
root groups for arbitrary pseudo-reductive groups [CGP, C.2.13-C.2.28].

REMARK 9.1.1. The existence of Auty, for pseudo-semisimple H is not a
formality since existence fails for many commutative pseudo-reductive H, such as
Ry /x(GLy) for any purely inseparable extension k’/k of degree p = char(k) > 0
(ultimately because for n > 1 the automorphism functor of G in characteristic p
is not representable; see [CP,; Ex.6.2.1]). The key to the existence proof is that
since (fiberwise) maximal tori in a smooth affine group scheme are conjugate fppf-
locally on the base [SGA3, XI, Cor.5.4], if T C H is a maximal k-torus then
the representability of Auty , is reduced to that of the T-stabilizer subfunctor of
Autyyp.

Over a finite extension of k this stabilizer subfunctor is covered by translates
of finitely many copies of the subfunctor Auty r classifying automorphisms of H
restricting to the identity on T' because the Z-span of the finite set ®(Hy,,T),) has
finite index inside X(T%,) (as Hgd is semisimple). This subfunctor is represented
by an affine k-group scheme of finite type since H is perfect [CGP, Cor.2.4.4,
Prop. A.2.11], so we are done. See [CP, Prop. 6.2.2] for further details.

Although in general there does not exist an automorphism scheme in the
pseudo-reductive case, there is a reasonable notion of “pseudo-inner form” beyond
the pseudo-semisimple case. This is inspired by the observation that for connected
reductive G, the natural map Autd Ik = Aut(()ﬁ(G) /i 1s an isomorphism because it
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is inverse to the natural isomorphism 2(G)/Zyq) ~ G/Zg. If G is a pseudo-
reductive k-group then suitable use of the equality C - 2(G) = G for a Cartan
k-subgroup C' C G yields [CP, Lemma C.2.3]:

LEMMA 9.1.2. The natural (AutZig 1, -action on P(G) uniquely extends to
an action on G.

This lemma motivates:

DEFINITION 9.1.3. Let G be a pseudo-reductive k-group. We say G is quasi-
split if it admits a pseudo-parabolic k-subgroup B such that By, is a minimal
pseudo-parabolic ks-subgroup of Gy,. A ks/k-form of G is pseudo-inner if it is
classified by an element of the image of

H (ks /k, (Aut$ig /i)° (ks)) — H' (ks /k, Aut(Gy,)).

There are difficulties with the Galois cohomological approach when studying
ks /k-forms of a pseudo-semisimple k-group H:

(i) The geometric component group of Auty), is always naturally a sub-
group of the automorphism group of the based root datum of Hy, [CP,
Rem. 6.3.6], but examples exist over every imperfect field for which it is
a proper subgroup [CP, Ex.6.3.8, Ex.C.1.6]. Hence, there can be sub-
tleties when trying to characterize in Galois-cohomological terms those
ks /k-forms obtained via pseudo-inner twisting.

(ii") The existence of a pseudo-split ks/k-form fails in every positive charac-
teristic [CP, Ex. C.1.2, C.1.6].

(ii”) If char(k) = 2, [k : k?] > 8, and k has sufficiently rich Galois theory then
there exists a (non-standard) absolutely pseudo-simple k-group with root
system over k, of any type B,,, C,,, or BC,, (n > 1) which does not admit a
quasi-split pseudo-inner kg /k-form; see Example 9.1.5. (These counterex-
amples are optimal because a pseudo-reductive group H over a general
field k& admits a quasi-split pseudo-inner k/k-form except possibly when
H is non-standard with char(k) = 2 and [k : k%] > 8 [CP, Thm. C.2.10];
the proof involves a degree-2 cohomological obstruction whose vanishing
characterizes the existence of a quasi-split pseudo-inner kg/k-form; this
obstruction is never seen in the semisimple case.)

Both (') and (ii’) are caused by field-theoretic obstructions that do not arise in
the absolutely pseudo-simple case away from characteristic 2 [CP, Prop. C.1.3(i),
Prop. 6.3.10].

REMARK 9.1.4. In connection with (ii’) and (ii”), it is natural to ask if a
pseudo-split k;/k-form or quasi-split pseudo-inner k,/k-form of a pseudo-reductive
k-group is unique when it exists. There are well-known affirmative results in the
connected reductive case, but the traditional proofs there rest on the Isomorphism
Theorem and Galois cohomological considerations respectively and neither of those
approaches works in the general pseudo-reductive case. (There is an Isomorphism
Theorem in the pseudo-split pseudo-reductive case [CP, Thm.6.1.1], but it goes
beyond combinatorial invariants.) The Tits-style classification in §9.2 provides a
way around these problems to give affirmative answers to the uniqueness questions
in general; see Corollary 9.2.10.
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In characteristic 2, the phenomena in (i’) and (ii’) persist in the absolutely
pseudo-simple case. More precisely, (i') occurs exactly for type Doy, with n > 2 (a
priori, any absolutely pseudo-simple instance of (i’) must have an irreducible root
system over ks admitting a nontrivial diagram automorphism, so it is either A,,
(m > 2) or D,,, (m > 4) or Eg, and hence must be standard by Theorem 7.4.8);
see Example 9.1.6 below. Likewise, the non-standard examples in (ii"”) with type
B,, C,, or BC, for n > 1 certainly fulfill (ii’); these are discussed in the following
example.

ExXAMPLE 9.1.5. In [CP, §C.3-§C.4] there are examples in characteristic 2 of
absolutely pseudo-split groups with any type B, C, or BC (with any rank n > 1)
which do not admit a pseudo-split ks /k-form; these also do not admit a quasi-split
pseudo-inner form, due to the absence of nontrivial diagram automorphisms (see
[CP, Lemma C.2.2]). All of these constructions ultimately rest on a single class of
examples for type A; = By = Cy, so we now sketch that core example; see [CP,
Ex. C.3.1] for further details.

Let k be a field of characteristic 2 admitting a quadratic Galois extension k' /k
with nontrivial automorphism o, and let K/k be a nontrivial finite subextension
of k2. For K' := k' @, K we seek a k’-subspace V' C K’ that generates K’ as
a k’-algebra and whose K’*-homothety class is stable under the action of ¢ but
for which no K’*-multiple of V' is o-stable. The idea is that Hy j /5 is then k'
isomorphic to its o-twist Hy () k7 /ks, and if this &’-isomorphism can be chosen to
satisfy the cocycle condition then Hy. g /i admits a k-descent G. Such a k-group
G cannot admit any pseudo-split ks /k-form! Indeed, suppose & were such a form,
so % and Gy = Hy /) are pseudo-split & /k’-forms of each other, and hence
are k’-isomorphic (by the uniqueness of pseudo-split forms). The description of ¥
in Theorem 7.2.5(ii) would then provide a o-stable member of the K’*-homothety
class of V' due to Proposition 7.2.3(ii), contradicting how V' was chosen.

To build (K/k, V') satisfying the above properties, we assume [k : k%] > 8 and
that Br(k) — Br(k’) has nontrivial kernel; e.g., k = s(z,y,2) and k' = L(y,z2)
for a finite field k of characteristic 2 and any quadratic Galois extension L/k(z).
Via Tate cohomology, the nontrivial kernel of Br(k) — Br(k’) is identified with
k* /Ny (K'™). Choose e € k* — Ny /1.(k'™) and define ¢, = /e € k'/2 — k; since
[k : k%] > 8, we can extend {t;} to a triple {t1,t2,t3} that is part of a 2-basis of k.
Let K = k(t1,t2,t3). For a primitive element a of k'/k, the k’-subspace

V' =k +Kk't1 + K (t2 + at3) + K't1(t2 + o(a)ts) C K’

is 4-dimensional and generates K’ as a k’-algebra, and o(V') = t;V’. Moreover,
the “root field” {¢’ € K'| V' C V'} is equal to k’. Since the o-invariant element

1 0
has order 2 and its action on Rg//p(SL2) carries Hyvry) g/ /i t0 Hyr grjpr, it
defines the desired &’/k-descent datum. The property that no member of the K’*-

homothety class of V' is o-stable uses that V' has root field k¥’ and that the square
t2 = e € k* is not a norm from &'.

(0 tl) € PGLy(K) = Ry (PGL) (k) C Ryer i (PGLy) ()

EXAMPLE 9.1.6. The phenomenon of absolutely pseudo-simple groups over im-
perfect fields k of characteristic 2 without a pseudo-split ks /k-form occurs in cases
of type Dg, for any n > 2 whenever k admits a quadratic Galois extension k'/k.



120 BRIAN CONRAD AND GOPAL PRASAD

These arise as pseudo-reductive central quotients G = R (¥ )/Z for suitable
purely inseparable finite extensions K /k and the quasi-split non-split k-group ¢ of
outer type Da,, that is split by &’. The idea is that by choosing K/k suitably, there
are many k’-subgroups Z’ between Ry (p2 X po)r and pg x pg such that o*(Z”)
is distinct from Z' yet is carried to Z’ by an involution swapping the po-factors (in-
duced by a diagram involution). The k-subgroup Z C R/, ((Z«)K) is a k’-descent
of Z', and pseudo-reductivity holds if Ry (p2 X po)r/Z’ contains no nontrivial
smooth connected k’-subgroup.

See [CP, C.1.3-C.1.5] for details of this construction and why it accounts for
essentially all standard absolutely pseudo-simple examples of (ii"). The hypotheses
on Z' obstruct the standard diagram involution from arising in mo(Autg),)(ks). If
n = 2 and k admits a cubic Galois extension then the preceding has a variant resting
on triality. This yields essentially all absolutely pseudo-simple groups (standard or
not) for which (i’) occurs; see [CP, Ex.6.3.9, Prop. 6.3.10].

Overall, we see that the cohomological approach encounters problematic phe-
nomena over specific classes of fields, especially in characteristic 2. Yet remarkably,
a Tits-style classification theorem for pseudo-semisimple k-groups holds in complete
generality, with a characteristic-free proof. An essential ingredient in the success
of the Tits-style approach for general pseudo-semisimple k-groups is that if G is
an arbitrary pseudo-reductive k-group then we can understand the structure of the
k-group

Za,c C Autac

introduced in Proposition 6.1.2 for Cartan k-subgroups C' C Gj e.g., using our
work in the minimal-type case, we shall see that Zg ¢ is always connected. (The
connectedness of Z¢ ¢ for absolutely pseudo-simple G of minimal type with a non-
reduced root system over ks was addressed in Proposition 8.3.12.)

Before we study Zg,c, and then deduce consequences for the classification in
the pseudo-semisimple case, we need to record a version of the Isomorphism Theo-
rem for pseudo-split pseudo-reductive groups. Consider a pseudo-reductive k-group
G admitting a split maximal k-torus 7. The pseudo-split commutative pseudo-
reductive k-group Zg(T) generally does not have a combinatorial description in
terms of Galois lattices. Moreover, the rank-1 pseudo-split absolutely pseudo-simple
k-subgroup G, generated by root groups for opposite roots +a generally does not
admit a notion of pinning when char(k) = 2. Indeed, Hy, /) in Proposition 7.2.3
only determines V' up to K *-scaling, and when G, is not of minimal type (as can
happen for suitable pseudo-split absolutely pseudo-simple k-groups G with root
system of any type B, C, or BC whenever [k : k?] > 16 [CP, App.B]) then we do
not even have a concrete description of G,!

To circumvent the absence of an entirely combinatorial framework for describing
pseudo-split groups, we shall work directly with k-isomorphisms between certain
basic building blocks of the groups. Let G and G’ be pseudo-split pseudo-reductive
k-groups with respective split maximal k-tori T and T7”. Fix a k-isomorphism
f:Za(T) ~ Zg/(T"), as well as k-isomorphisms f, : G, ~ G/, for corresponding
roots in chosen bases A C ®(G,T) and A’ C ®(G',T’) that are assumed to be
carried to each other under the restriction fr : T ~T' of f.

THEOREM 9.1.7 (Isomorphism Theorem). A k-isomorphism ¢ : G ~ G’ re-
covering f and {f.}acn exists when this data satisfies the necessary compatibilities
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that froa” =a'" and f, is equivariant with respect to fr for all a € A; ¢ is then
unique.

REMARK 9.1.8. Since there is no uniform characteristic-free description of
Aut(G,) akin to PGLa(k) in the reductive case, the characteristic-free proof of
Theorem 9.1.7 in [CP, Thm.6.1.1] uses a method entirely different from the clas-
sical proof via rational homomorphisms and structure constants. Adapting an idea
of Steinberg in the reductive case, one builds the graph of the desired isomorphism
as a pseudo-reductive k-subgroup of G x G’ via Theorem 5.4.3. A variation on the
same graph idea yields a pseudo-reductive version of the Isogeny Theorem in [CP,
App. Al

Returning to our considerations with a general pseudo-reductive k-group G and
Cartan k-subgroup C C G, the key to the structure of Zg ¢ is that its formation
is extremely robust:

LEMMA 9.1.9. Let G be a pseudo-reductive k-group.

(i) For a pseudo-reductive central quotient G of G, a Cartan k-subgroup
C C G, and its image C C G, the natural map Za,oc — Zgg is an
isomorphism.

(ii) For the Cartan k-subgroup C' = C N 2(G) of Z(G), the natural map
Za.c = Zya),cr induced by Autg o — Autyg),cr is an isomorphism.

The proof of (i) is based on dynamic techniques with open cells and rational
homomorphisms. For the proof of (ii), the idea is that if k¥ = ks then at the level
of an open cell, the root groups of G and Z(G) relative to the unique maximal tori
of C and C' coincide. An automorphism that restricts to the identity on a Cartan
k-subgroup must carry each root group into itself and is determined by its effect on
root groups. Hence, it is plausible that the map Zg.c — Zg(q),cr between smooth
k-groups is bijective on points valued in every separable extension of k, and so is a
k-isomorphism. See [CP, Lemma 6.1.2] for a complete proof of Lemma 9.1.9.

To understand the structure of Zg ¢, by Lemma 9.1.9 we may assume G is
pseudo-semisimple. In such cases C' is generated by analogues for rank-1 groups
when G is pseudo-split (such as when working over k;):

LEMMA 9.1.10. Let G be a pseudo-split pseudo-semisimple k-group with a split
mazimal k-torus T, and let A be a basis of ®(G,T). Let C = Zg(T). For the
Cartan k-subgroup C, := C NG, = Zg,(aV(GLy)) inside G, = (Ua,U—,), the
multiplication map

m: H c,—C
a€A
is surjective. If G%S is simply connected and G is of minimal type then m is an
isomorphism.

PROOF. To show that {C,}.ca generates C, we first note that {Gg}aca gen-
erates G by perfectness since W(®(G,T)) is generated by reflections r, coming
from Ng,(a"(GL1))(k) for a € A. Thus, if C' is the k-subgroup of C' generated
by {C,}aca then the pseudo-reductive k-groups C' - G, = (C' x G,)/C, (a € A)
generate G yet share the same Cartan k-subgroup Zer.g,(T) = C’. Hence, the
k-group G that they generate satisfies Zg(T) = C’ too, due to Theorem 5.4.3(i).

Now assume that G is of minimal type. This is inherited by each G, (Exam-
ple 7.1.7), so iglc, = iq,|c, has trivial kernel for each a. This realizes C, as a
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k-subgroup of Rk, /x(a¥(GL1)k,) C Rk r(a”(GL1) ) for each a. Assume further-
more that G5° is simply connected, so the multiplication map J[,ca a¥(GLy) =T
is an isomorphism. Hence, applying R /% ((-) ) implies that the composite map

[] ¢ ™ € <% Ryyi(Tx)
a€A
has trivial kernel, so kerm = 1. O

9.1.11. For G, C, and A as in Lemma 9.1.10, the natural k~-homomorphism

p: AutG7c — H AUtGa,Ca
a€A
carries Zg,c into Hae A Za,,c,- Since C is generated by the C,’s, it follows from
Theorem 9.1.7 in the special case of the trivial automorphism of C' that ¢ is bijective
on k-points. But then by the same reasoning ¢ is bijective on k’-points for every
separable extension field £’ /k (as we may use everything above after first applying
scalar extension up to such k). Equivalently, the homomorphism

(9.1.11) Za.c — ] Ze..c.
a€A

between smooth k-groups is bijective on k’-points for all separable extensions k'/k.
But it is a general fact (reviewed in the proof of [CGP, Prop.8.2.6]) that a ho-
momorphism between smooth groups of finite type over a field is an isomorphism
whenever it is bijective on points valued in all separable extension fields. Thus, we
have proved:

LEMMA 9.1.12. The map (9.1.11) is an isomorphism.

Note that the map in (9.1.11) makes sense without assuming G to be perfect,
and in this generality it continues to be an isomorphism due to the identification
of Zg,c and Zy ()¢ in Lemma 9.1.9(ii). In the connected reductive case, Lemma
9.1.12 recovers a well-known fact: if G is a split connected reductive group and
T C G is a split maximal k-torus then Zgr = T/Zg ~ [[,ca GL1 via t mod Zg —
(a(t)). In general, Lemma 9.1.12 opens the door to using concrete calculations in
rank-1 cases to prove:

PRrROPOSITION 9.1.13. For a pseudo-reductive k-group G and Cartan k-subgroup
C C G, the smooth commutative affine k-group Zg ¢ is connected and even pseudo-
reductive.

To prove Proposition 9.1.13 we may assume k = k; (so G is pseudo-split), and
then Lemma 9.1.12 allows us to assume that G is absolutely pseudo-simple of rank
1. By Lemma 9.1.9(i) we may replace G with G/%¢ so that G is of minimal type,
and then pass to the universal smooth k-tame central extension (clearly also of
minimal type) so that G ~ SLo.

The case of root system BC; is a special case of Proposition 8.3.12, so we may
assume instead that the root system is A;. Hence, kerig = 1 (Example 7.1.4), so
naturally G C R/, (G’) for G' := Gk /% xk(Gk). But for a choice of maximal
k-torus T C G we may pick a Levi k-subgroup L C G containing T' (Theorem
5.4.4). Upon identifying L with SLs carrying T to the diagonal k-torus D, we get

SLy Cc G C RK/k(SLZ)
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with D =T.

The possibilities for G = ig(G) are explicitly described in Theorem 7.2.5, so
essentially by definition of the root field F' of the pair (G, T') in Definition 7.4.3 we
compute that the resulting natural map Aut,(G) — PGLy(K) carries Zg ¢ (k) into

T*U(F) = Ryppu(Tp) (k) C Rie i (TR ()

for T2 := T /(T N Zg). A more refined version of the calculation (working system-
atically over all separable extensions of k), given in [CP, Lemma 6.1.3], upgrades
this inclusion to an isomorphism of k-groups

(9.1.13) Za.0 ~Rpn(TH),

affirming the connectedness of Zg . (The same technique even provides such a
k-isomorphism for general k without assuming 7' is k-split.) This completes our
sketch of the proof of Proposition 9.1.13.

REMARK 9.1.14. We can also prove a compatibility of Zg ¢ with Weil restric-
tion. To make this precise, let &’ be a nonzero finite reduced k-algebra, G’ a smooth
affine k’-group whose fiber over each factor field of £’ is pseudo-reductive, and C’
a Cartan k’-subgroup of G’. Define the pseudo-reductive k-group G := Ry /1 (G”)
and its Cartan k-subgroup C := Ry, (C”). By passage to the rank-1 minimal type
absolutely pseudo-simple case with G%S ~ SLs, Theorem 9.1.7 and calculations us-
ing the explicit description of Z¢g ¢ (depending on whether the root system is BCy
or Aj) yield a canonical isomorphism

Ry /u(Zarcr) =~ Za,c;
see [CP, Prop.6.1.7] for further details.

We noted in Remark 9.1.1 that if G is pseudo-semisimple then its automorphism
functor (on k-algebras) is represented by an affine k-group scheme Autg /. of finite
type. Thus, it makes sense to consider its maximal smooth closed k-subgroup
Autg),.. More specifically, H'(k, Autg),,) classifies isomorphism classes of ki /k-
forms of G. (The study of k/k-forms of G is not of interest for imperfect k because
such forms, though smooth and connected, are usually not pseudo-reductive.)

The structure of (Autg),)? is of interest for Galois cohomological purposes
(e.g., to define the notion of “pseudo-inner form”) and will also play an essential
role in the proof of a pseudo-semisimple Tits classification. In the semisimple case
this identity component is G/Z¢, and for a maximal k-torus T' C G we can describe
it as a quotient of a smooth group by a smooth central subgroup:

G/Za = (Gx(T/Za))/T,

where T is anti-diagonally embedded as a central k-subgroup of G x (T'/Zg). The
connectedness of Zg ¢ yields an analogous description in the pseudo-semisimple
case:

ProrosiTiON 9.1.15. If C is a Cartan k-subgroup of a pseudo-semisimple k-
group G then the natural k-subgroup inclusion

(G X ZG,C)/C — (Autan}k)O

is an equality. In particular, 2((Au SG“},C)O) =G/Z¢.
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It suffices to prove equality on kg-points for general k, and by connectedness it
is enough to prove equality up to finite index. Since G(ks)-conjugation is transitive
on the set of maximal ks-tori, and any automorphism of Gy, preserving 7}, must
permute the finite set ®(Gy,,T),) whose Z-span is of finite index in X(T%,) (as
G%ed is semisimple), it suffices to analyze automorphisms of Gy, that restrict to the
identity on Tj,. But such automorphisms act as the identity on Zg, (Tk,) = Ck,
[CGP, Prop.1.2.2], and Autg c(ks) = Za,c(ks). This completes the proof.

REMARK 9.1.16. In contrast with the connected reductive case, for which the
smooth k-group Aut% =G /Z¢ is perfect, generally for pseudo-semisimple G the
k-group (Auti;“}k)o is not perfect. For example, if G = R/, (SL,) for a nontrivial
purely inseparable finite extension k’'/k in characteristic p > 0 then (Autbg}k)o =
Ry /x(PGLy) due to the description of Zg ¢ provided by [CGP, Thm. 1.3.9]. The
phenomenon of (Autg), )" being strictly larger than G/Zg is the reason that we
speak of “pseudo-inner forms” rather than “inner forms” for pseudo-semisimple G.

REMARK 9.1.17. An immediate consequence of Proposition 9.1.15 and the in-
variance of Zg ¢ with respect to passage to a pseudo-reductive central quotient of
G in Lemma 9.1.9(i) is that if G is pseudo-semisimple then (Autzv"}k)o is naturally
invariant under replacing G with a pseudo-reductive central quotient. The same
does not hold without restricting attention to the identity component, as we already
see in the connected absolutely simple case, such as for type-Do,,.

9.2. Tits-style classification. The Tits classification of connected semisim-
ple groups G over a field k reinterprets parts of the Galois cohomological formu-
lation in terms of Dynkin diagrams with Galois action. We shall first review the
relationship between the two viewpoints, and then see how the use of Galois actions
on Dynkin diagrams sidesteps many difficulties seen in §9.1 when generalizing to
pseudo-semisimple groups (e.g., the absence of a pseudo-split k4/k-form, or of a
quasi-split pseudo-inner k;/k-form).

9.2.1. Let R = (X,®, XV, ®V) be a reduced semisimple root datum, and A a
basis of ®. Let (Gy, Bo, To,{Xa}aca) be a pinned split connected semisimple k-
group with this based root datum (so for each a € A, X, is a nonzero element in the
a-root space of Lie(Gy)); this pinned split connected semisimple k-group is unique
up to isomorphism. The subgroup I' C Autg, i (k) consisting of automorphisms
of (Go, By, To, { X4 }aca) maps isomorphically onto the geometric component group
mo(Autg, k) (ks), and the evident inclusion I' < Aut(R, A) is an equality due to
the Isomorphism Theorem for split connected semisimple groups. The subset

(9.2.1.1) H'(k, Aut(R, A)) = H' (k,I") C H' (k, Autg, /x)

classifies the quasi-split k-forms of Gy.

Every connected semisimple k-group with root datum R over kg has a unique
quasi-split inner k-form, so we fix a quasi-split form G of Gy and study its inner
forms; this consists of the image of the map

(9.2.1.2) fHY(k,G/Zg) = H (k, Autg, ) — H' (k, Autgi).

To describe H!(k,G/Zg) we may try to partition it according to the kg-rational
conjugacy class of minimal parabolic k-subgroups in an inner form of G, but this
runs into a complication: as a map of sets, f is generally not injective even when
it has trivial kernel as a map of pointed sets. For example, if G = Gg = SL,, with
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n > 2 then we get the map H'(k,PGL,) — H!(k,PGL, x (Z/2Z)) whose fiber
through the Brauer class [A] of a central simple k-algebra A of dimension n? is a
singleton if and only if [4] is 2-torsion [C3, Ex. 7.1.12].

A key idea in Tits’ approach is to use relative root systems and Gal(ks/k)-
actions on Dynkin diagrams to keep track of minimal parabolic k-subgroups while
interpreting H'(k, Auty /k) in a useful manner, bypasing the failure of injectivity
of (9.2.1.2). This requires Tits’ “x-action” of Gal(ks/k) on the Dynkin diagram
Dyn(Gy,) for an arbitrary connected semisimple k-group G (possibly k-anisotropic).

We now extend these methods to the pseudo-reductive setting, initially working
over ks to define a notion of “canonical diagram” before we bring in k-structures
and Galois actions. Let ¢4 be a pseudo-reductive ks-group. For each maximal k-
torus 7 C ¢ and minimal pseudo-parabolic kg-subgroup £ O 7 in ¥, we get
a diagram Dyn(¥,.7, %) arising from the basis of the positive system of roots
(A, T) C O(¥Y,T); we denote it as Dyn(.7, %) when ¢ is understood from the
context. If (7', %) is another such pair in ¢ then there exists an element g € ¢ (k)
that carries (7, %) over to (F', ') due to Proposition 4.1.3 and Theorem 4.2.9
(over ks). Any such g induces an isomorphism of diagrams (i.e., respecting the
pairings of roots and coroots)

Dyn(g) : Dyn(7, %) ~ Dyn(7', #').

Likewise, if ¢ is pseudo-semisimple then we can choose ¢ € (Auty), )0 (ks) carrying
(7,%)t0 (7', #'), and consider the induced isomorphism Dyn(¢) between Dynkin
diagrams.

LEMMA 9.2.2. The isomorphism Dyn(g) is independent of the choice of g, and
likewise for Dyn(y) in the pseudo-semisimple case.

ProOOF. We treat the case of Dyn(p) with pseudo-semisimple ¢; the other case
goes similarly (and is easier). Let € = Z¢(.7), so € C #A. Any two choices of ¢
are related through composition against an element of the (.7, %)-stabilizer in

(Auti)e)° (ks) = (9 (ks) % Zg ¢ (ks)) /€ (ks),

so we just need to prove that every automorphism in the (7, %)-stabilizer acts
trivially on Dyn(.7, %). The action of Zg & (ks) on ¢ restricts to the identity on €
and hence likewise on both 7 and ® := ®(¥,.7), so the Zy «(k,)-action preserves
2% and acts as the identity on Dyn(.7, £). It therefore suffices to analyze the effect
of the (.7, #)-stabilizer in ¥ (ks), which is to say elements n € Ng(.7)(ks) that
preserve #. The class of such an n in W(¥,.7) = W(®) preserves the positive
system of roots ®(#,.7), so n has trivial image on W(®). In other words, n €

We have built canonical isomorphisms among all diagrams Dyn (7, £), transi-
tively with respect to choices of pairs (7, %). Define the canonical diagram

Dyn(¥%)

as follows: a vertex consists of a compatible choice of vertex on Dyn(.7, 8) for every
pair (7, %) as above, where “compatibility” is meant in the sense of the preceding
canonical isomorphisms, and its edges, etc. are defined in a similar manner.

Now consider a pseudo-reductive k-group G. By definition, the *-action of
Gal(ks/k) on Dyn(Gy,) makes each v € Gal(ks/k) carry a vertex a to its image
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(denoted v * @) under the composite isomorphism
Dyn(Gy,) = Dyn(7, %) ~ Dyn(".7,"%A) = Dyn(Gy,)

(using y-twisting in the middle via the canonical isomorphism Gj, ~ 7(Gy,)) for
any 7 and & inside 4 := Gy, as above. It is easily checked that y*a is independent
of the choice of (7, %), so this definition is intrinsic to G (and k4/k). Explicitly,
if A is the basis of ®(#,.7) then v* a = wy(y(a)) where wy, € W(®(Gy,, 7)) is
the unique element carrying v(A) to A.

The *-action of Gal(ks/k) on Dyn(G) := Dyn(Gy,) is continuous since the
open subgroup Gal(ks/k') acts trivially for &'/k such that Gy is pseudo-split.
The explicit description using w,’s shows that the evident equality of diagrams
Dyn(2(G)) = Dyn(G) is Gal(ks/k)-equivariant.

ExXaMPLE 9.2.3. If G is quasi-split, with B C G a ks-minimal pseudo-parabolic
k-subgroup and T' C B a maximal k-torus, then there is a natural Gal(k,/k)-action
on X (T}, ) that preserves the basis A of ®(Bg,, Tk, ), so wy = 1 for all v € Gal(k;/k).
Hence, this natural action on A C X(T},) coincides with the *-action.

Now assume G is pseudo-semisimple. There is an evident action of Aut(Gy,) =
Autg).(ks) on the diagram Dyn(G), and by Lemma 9.2.2 points in (Autg, ) (ks)
act trivially, so this defines an action of the finite geometric component group
mo(Aute)y ) (ks) on Dyn(G). Let T C Gj, be a maximal ks-torus. Since X(7T')q
is spanned by ®(Gy,,T), and any automorphism of Gy, that is the identity on T
must be the identity on C':= Zg, (T) (i.e., it comes from Zg o C (Autg),)?), we
see that the natural homomorphism

mo(Autg),) — Aut(Dyn(G))

is injective. In particular, triviality on Dyn(G) characterizes the automorphisms of
Gy, that arise from the identity component of Aute)y,.

To give an application to the study of ks /k-twists of G, for each v € Gal(ks/k)
let ¢y : 7(G,) ~ Gy, be the canonical kg-isomorphism arising from the k-descent
G. A ky/k-twist of G is built from ks-isomorphisms 7(Gy,) ~ Gy, of the form
[y ocy for ks-automorphisms f, € Auty, (G,) = Autg/i(ks) satisfying the cocycle
condition f,, = fy o7/(fy) and the “continuity” condition f, = 1 for all v in
some open subgroup of Gal(ks/k). Our characterization of (Autg),)°(ks) inside
Autg(ks) via triviality of the action on Dyn(G) implies that we can analyze
whether or not a given k;/k-twist of G arises from a continuous 1-cocycle v — f,
valued in (Autzv”}k)o(ks) by keeping track of the *-action on the canonical diagram
Dyn(G) throughout the twisting process. This has the following useful immediate
consequence:

PROPOSITION 9.2.4. The set H'(k, (Autg),,)?) classifies isomorphism classes
of pairs (H, ) consisting of a ks/k-form H of G and a *-compatible isomorphism
of diagrams ¢ : Dyn(H) ~ Dyn(G) induced by a ky-isomorphism Hy_ ~ Gy . (The
trivial class corresponds to such pairs for which ¢ arises from a k-isomorphism.)

Consider a maximal split k-torus S C G and a minimal pseudo-parabolic k-
subgroup P C G containing S. The set of such pairs (.9, P) is acted upon transitively
by G(k)-conjugation (Theorems 4.2.9 and 5.1.3), and by minimality P = M x U
for M := Z(S) and the k-split U := %, x(P) (Proposition 5.1.2). Fix one such
(S, P,M). It will be convenient to keep track of the k-anisotropic Z(M) only
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up to a central quotient. Since the central quotient M/Zy; is pseudo-reductive
with trivial center (Proposition 6.1.1) and inherits k-anisotropicity from M (as for
a central quotient of any k-anisotropic smooth connected affine k-group), the k-
anisotropic pseudo-semisimple derived group 2(M/Zyr) also has trivial center (by
[CGP, Lemma 1.2.5(ii), Prop.1.2.6]) and thus coincides with 2(M)/Zgnr)-

REMARK 9.2.5. The formation of M commutes with Weil restriction (so likewise
for the formation of (M) and Z(M/Zyr)).  To state this precisely, suppose
for simplicity that G = Ry /4(G’) for a finite extension field k'/k and pseudo-
semisimple k’-group G’. There is a unique maximal split k&’-torus S’ C G’ such that
S is the maximal split k-torus in Ry /,(S’), and Ry /p(Zar(5")) = Za R /1(S"))
(see [CGP, Prop. A.5.15]), so we define M’ := Zg/(S"). The precise claim is that
the obvious inclusion Ry, (M') C M is an equality.

The explicit description of the natural map ¢ : Gi» — G’ on points valued in
k'-algebras (see [CGP, Prop. A.5.7]) shows that ¢ carries Sy isomorphically onto
S'. Thus, g(My) C M'. Since the composition of Ry /(¢q) and G — Ry /i (Gyr) is
the canonical equality G = Ry /4 (G’), we obtain M C Ry (M) as required.

For a maximal k¢-torus .7 C My, the minimal pseudo-parabolic ks-subgroups
%A C Gy, containing .7 and contained in Py, are permuted transitively by the
subgroup Ny, (7)(ks) C M(ks) since (i) pseudo-parabolic ks-subgroups of Py,
are pseudo-parabolic in Gy, (Corollary 4.3.5), and (ii) the set of such ky-subgroups
of Py, is in bijective correspondence with the set of pseudo-parabolic k,-subgroups
of (P/U)g, = Mg, [CGP, Prop.2.2.10]. Thus, the natural subdiagram inclusion
Dyn(My,, 7, PB/Ux,) < Dyn(Gy,, 7, %) defines a subdiagram inclusion

t:Dyn(2(M/Zy)) = Dyn(2(M)) = Dyn(M) — Dyn(G)
that is independent of all choices and so is x-compatible.

REMARK 9.2.6. Let T' C M be a maximal k-torus, and let A be the basis
of ®(Gy,,Ty,) corresponding to a minimal pseudo-parabolic kg-subgroup of Py,
containing T,. Denote by Ay the set of roots in A with trivial restriction to
Sk.. The theory of relative root systems developed in [CGP, C.2.13ff.] ensures
that P corresponds to a basis A of the relative root system ®(G,S) and that
restriction to S, defines a surjection A — Ay — A whose fibers are the orbits for
the x-action on A — Ap. Under the labeling of G(ks)-conjugacy classes of pseudo-
parabolic kg-subgroups of Gy, by subsets of A = Dyn(G), Py, corresponds to Ag;
ie., Ay is a basis ®(My,, Tk, ). The inclusion ¢ thereby specifies the set Ag of “non-
distinguished” roots inside A as in Tits’ notion of index defined in [Til, 2.3] for
semisimple G.

Consider 4-tuples (¥, 7, .#, j) consisting of a pseudo-semisimple ks-group ¢, a
continuous action 7 of Gal(ks/k) on the canonical diagram Dyn(¥), a k-anisotropic
pseudo-semisimple k-group .# with trivial center, and a Gal(ks/k)-equivariant sub-
diagram inclusion j : Dyn(.#) < Dyn(¥). For example, any pseudo-semisimple
k-group G gives rise to such a 4-tuple (Gi,,*, Z(M/Zxr), 1) as above.

DEFINITION 9.2.7. An isomorphism (4,7, #,j) ~ (4", 7', .4, j') consists of
a kg-isomorphism f : ¢ ~ ¢’ such that Dyn(f) intertwines 7 and 7’ and a k-
isomorphism fo : # ~ #' such that j' o Dyn(fy) = Dyn(f) o j.

The Tits-style classification is:
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THEOREM 9.2.8. The isomorphism class of a pseudo-semisimple k-group G is
determined by the isomorphism class of the associated 4-tuple (G, ,*, 2(M),1).

The main task in the proof of Theorem 9.2.8 is to show that if G’ is a second
pseudo-semisimple k-group and we define M’ := Z/(S’) for a maximal split k-torus
S’ C G’ then the existence of an isomorphism of 4-tuples

(fafO) : ( ;657*/39(M//ZMI)’L/) = (Gksa*ag(M/ZM)aL>

implies triviality of the class of G’ in H! (k, Autgjy). Inspired by Tits’ simplification
(and correction) of his proof in the semisimple case, we will repeatedly perform
“reduction of the structure group” until we reach a structure group with trivial
degree-1 Galois cohomology; the analysis of the final structure group involves some
new problems that one does not encounter in the semisimple case. We sketch some
key ideas, and refer the reader to [CP, 6.3.11-6.3.16] for complete details.

The requirement in Definition 9.2.7 that Dyn(f) is compatible with *-actions
implies that the l-cocycle ¢ : v + f o (Yf)~! is valued in the group of k-
automorphisms of Gy, whose effect on Dyn(Gy,) is trivial, so ¢ expresses G’ as
a pseudo-inner k,/k-form of G. That is, we have achieved reduction of the struc-
ture group to

(Autg),)’ = (G x Za.c)/C

with C := Zg(T) for a maximal k-torus T C M.

Let P C G and P’ C G’ be minimal pseudo-parabolic k-subgroups. By Remark
9.2.6 and the compatibility of (f, fo) with ¢ and ¢/, the G(k;)-conjugacy class of Py,_
corresponds to the G’(ks)-conjugacy class of Pj, . In other words, by composing
f with a G(ks)-conjugation (i.e., changing ¢ by a coboundary valued in the image
of G(ks) in (Au SGn}k)O(kS)) it can be assumed that f(P,) = P . This achieves a
further reduction of the structure group to the stabilizer of P in (G % Zg,¢)/C.
Since N¢(P) = P by Proposition 4.3.6, this stabilizer coincides with (P x Zg,¢)/C.

Since P = M x U for a k-split smooth connected unipotent k-group U, the
structure group can be reduced further still, to

(M Dal ZG,C)/C = (@(M) X ZG’C)/C/

for the Cartan k-subgroup C” := Zg ) (T') in 2(M) where T" :=T'N 2(M) (and
Za.c preserves M = Z(S) inside G since it acts trivially on S C C).
For the natural map

q: (D(M) % Zg,c)/C" — (AutZiny )" = (Z(M) % Zgn,cr)/C',

via Proposition 9.2.4 applied to Z(M) we see that H!(q) carries the class of ¢ to
the class of the pair (Z(M’),Dyn((fo)r.)). This latter class is trivial since fy is
a k-isomorphism, so we achieve a final reduction of the structure group to kergq
provided that g is a smooth surjection.

In an evident manner, ¢ arises from the natural restriction map

p: ZG’C — Z.@(M),C"
This identifies ker ¢ with ker p, so we are reduced to proving:

PROPOSITION 9.2.9. The map p is surjective and kerp ~ Rp/,(GL1) for a
finite reduced k-algebra F.
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For a finite Galois splitting field E/k of T, Lemma 9.1.12 identifies pp with
the projection from a A-indexed product onto the Ap-indexed subproduct. Thus,
p is surjective with smooth connected kernel. In particular, ker p is a commutative
pseudo-reductive k-group.

The determination of kerp as a k-group (rather than just an E-group) is a
delicate problem in Galois descent because the factor fields of the k-algebra F'
will not generally be separable over a purely inseparable extension of k (an issue
that does not arise in the semisimple case). Proposition 6.1.1 and Lemma 9.1.9(i)
allow us to assume Zg = 1, so by Corollary 3.2.5 (and Remarks 9.1.14 and 9.2.5)
we may assume G is absolutely pseudo-simple. The advantage of the absolutely
pseudo-simple case is that in such cases F' will turn out to be a product [, N
where each F,, is a field that is a compositum of separable and purely inseparable
extensions of k.

The crucial input over E is that for each a € A we have

2(Gp)a(Cr)a = Rir/p(GL1)

for a purely inseparable finite extension F,/E (by Proposition 8.3.12 when (Gg),
is of type BCy, and by (9.1.13) when (Gg), is of type Aj). The extension F./E
depends only on the length of a since Ng(T')(E) acts transitively on the set of roots
with a given length (as G is now absolutely pseudo-simple). In particular, the purely
inseparable extensions F. /F coincide for all a in an orbit for the %-action on A, so
by Galois descent F, = F, ®; E for a canonically determined purely inseparable
finite extension F,/k.

By using the link between the x-action and relative root systems, one finds
(after some work) that if {a;} is a set of representatives for the x-action on A — Ag
then the E'/k-descent ker p of ker pg = [[,ea_a, Rr/e(GL1) s [[; Re, . /x(GL1)
where L, C ks corresponds to the stabilizer of a in Gal(k,/k) under the x-action.
Thus, we may take F' to be [[, Fj for F; := L4, Fy, (so the index set is identified
with xA). This completes our sketch of the proof of Theorem 9.2.8.

The following application of Theorem 9.2.8 and its proof circumvents problems
that arose in Remark 9.1.4.

COROLLARY 9.2.10. Let G be a pseudo-reductive group over a field k.  Up
to k-isomorphism, G admits at most one pseudo-split ks/k-form and at most one
quasi-split pseudo-inner form.

In the pseudo-semisimple case, the pseudo-split assertion is an immediate con-
sequence of how the pseudo-split property is expressed in the Tits-style classification
in Theorem 9.2.8. Indeed, suppose G and G’ are pseudo-split pseudo-semisimple k-
groups that are k4 /k-forms of each other. The associated 4-tuples are (Gy,,7,1,¢)
and (G} ,7',1,/), where the x-actions 7 and 7' on the respective canonical dia-
grams of G, and G, are trivial and the diagram inclusions ¢ and «/ are vacuous
since the canonical diagram of the trivial group is empty. Hence, these 4-tuples are
isomorphic, so G ~ G’! The general pseudo-reductive case can be deduced from
the settled pseudo-semisimple case by close study of Cartan k-subgroups containing
split maximal k-tori; see [CP, Prop. C.1.1].

The proof of the quasi-split assertion in Corollary 9.2.10 rests on the work with
Galois descent in the proof of the Tits-style classification for the pseudo-semisimple
2(G) (e.g., Proposition 9.2.9); for further details see [CP, Prop. C.2.8].
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In view of Corollary 9.2.10, it is natural to ask for a characterization (e.g., in
terms of field-theoretic or linear-algebraic data) for when a given absolutely pseudo-
simple k¢-group admits a descent to a pseudo-split (absolutely pseudo-simple) k-
group. This is addressed in [CP, Rem. C.2.13], and a satisfactory characterization
is given there away from characteristic 2 (largely due to Theorem 7.4.8 and Propo-
sition 7.5.10); this is not to be confused with the task of building a pseudo-split
ks/k-form (which can fail to exist in the absolutely pseudo-simple case in every
positive characteristic) since no initial k-group has been given.

REMARK 9.2.11. The techniques in the proof of Theorem 9.2.8 can be used
to analyze the relative rank of absolutely pseudo-simple groups of type F4 over
imperfect fields k of characteristic 2. In the connected semisimple case the only
possible relative ranks are 0, 1, or 4 [Spr, 17.5.2(i)]. In the pseudo-semisimple
case relative rank 3 remains impossible, but relative rank 2 can occur (and the
possibilities with k-rank 2 are classified by conformal isometry classes of certain
anisotropic quadratic forms over k); this is addressed in [CP, App. D].

10. Structural classification

10.1. Exceptional constructions. So far we have encountered three classes
of non-standard absolutely pseudo-simple k-groups (of minimal type) with a re-
duced root system over kg:

(i) the k-groups SO(q) in §7.3 for regular quadratic spaces (V,q) satisfying
1 <dim V' < dimV over imperfect fields k of characteristic 2,

(ii) basic exotic k-groups in §7.5 for type Gy in characteristic 3 and types B,
(n>1),C, (n>1), and Fy in characteristic 2,

(iii) the pseudo-split k-groups G in Theorem 7.5.14 over imperfect fields of
characteristic 2; these have root system B, or C, with n > 2 and de-
pend on some auxiliary field-theoretic and linear-algebraic data, and G%S
is simply connected.

We shall now recall key features of the first two constructions so that we have some
context for the additional constructions that remain to be given (recovering (iii) in
the pseudo-split case).

The groups arising in (ii) are always non-standard and exist over every im-
perfect field of characteristic 2 or 3. Moreover, for types G2 in characteristic 3
and F4 in characteristic 2 we saw in Corollary 7.5.11 that (up to purely inseparable
Weil restriction) they account for all deviations from standardness in the absolutely
pseudo-simple case with those root systems over ks. Hence, for the purpose of an
exhaustive description of all non-standard groups, the main work is in character-
istic 2 for types B, C, and BC. We studied type BC in the (pseudo-split) minimal
type case in §8, so in this section we largely focus on types B and C (with a mini-
mal type hypothesis). In case (i) above, the ks-group SO(q)g, has root system B,
where dim(V/V+) = 2n, and SO(q) is non-standard except precisely when n = 1
and ¢(V+)/? is a line over a nontrivial extension field of k inside k'/2 (so SO(q)
is non-standard for some (V,q) over k with n = 1 if and only if [k : k%] > 2);
see Remark 7.3.2. Further work (see [CP, Prop.7.2.2]) shows that isomorphisms
between such SO(g) and SO(q’) arise from conformal isometries between (V, ¢) and
(V’,q"), akin to the well-known case of connected semisimple groups of adjoint type
B.
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Since G02n+1 = GL1 X SOzn+1 and SOQn+1 = Autsozwﬂ/k’ by Hilbert 90 the
ks /k-forms of SO, 41 are the k-groups SO(q) for non-degenerate quadratic spaces
(V,q) of dimension 2n+1 such that ¢ is conformal to the standard split quadratic
space gan+1. Such conformality over ks always holds since in the odd-dimensional
non-degenerate case in characteristic 2 we can arrange for the quadratic form to be
22 on the defect line by k-scaling. In contrast, for regular degenerate g as above,
SO(q) is generally a proper k-subgroup of Autss'rg(q) /i (due to “extra” conformal
isometries arising from an action of the short root field when it is larger than k;
see Example 7.4.6). This suggests that for (V, q) over ks, the ks-group SO(g) may
have a k-descent that is not an SO(¢’).

To motivate where to find such additional k-descents, recall that the automor-
phism scheme of a smooth quadric hypersurface in P?" is a form of GOg,,11/GL; =
SOg,,+1. This generalizes to certain non-smooth quadrics:

ProrosiTiON 10.1.1. Let D be a geometrically integral non-smooth quadric in
a Severi—Brauer variety X over k. Assume D is reqular at its ks-points. Then
Autpyy, is connected and affine, and Gp = P(Autpy,) is absolutely pseudo-simple
of type B with trivial center. The Cartan k-subgroups of Gp are tori.

See [CP, Rem. 7.3.2, Prop. 7.3.3] for a proof of this result. If X (k) # () then D ~
(g =0) c P(V*) = X for some (V, q) as above (the injectivity of ¢|y + is equivalent
to the regularity hypothesis on D), so Gp = SO(q) by [CP, Prop. 7.3.3(iii)]. Using
general X, the k-groups Gp generalize the SO(g)-construction.

REMARK 10.1.2. For Gp with ks;-rank n > 2, the root field is equal to k£ and the
minimal field of definition K /k for its geometric unipotent radical satisfies K2 C k.
To see this we may assume k = kg, so Gp ~ SO(q) for some (V, q) as above. The
long root groups of SO(q) are 1-dimensional (see [CP, Prop.7.1.3]), so the root
field is k, and Theorem 7.4.7(iii) implies that K? is contained in the root field.

Remarkably, the k-groups Gp are exactly the non-reductive absolutely pseudo-
simple groups G whose center is trivial and whose Cartan subgroups are tori. (Note
that any such G is trivially of minimal type, since Zg = 1.) The idea of the proof is
that since D depends functorially (with respect to isomorphisms) on Gp by [CP,
Prop. 7.3.3(ii), Rem. 7.3.2], it suffices to check the result after passing to a finite
Galois extension on k to reduce to the case where G contains a split maximal k-torus
T. In those cases the pseudo-split k-subgroups G, = (U,,U_,) for a € ®(G,T)
may have nontrivial center (unlike G) but inherit the minimal type property from
G (Example 7.1.7) and hence fall into the rank-1 classification scheme in Theorem
7.2.5. The Cartan subgroups of such G, must be tori when the same holds for G,
so this severely limits the possibilities for such G,. By taking that into account,
one finds that the constructions SO(q) for “pseudo-split” (V,q) with varying g|y +
are sufficient to exhaust all possibilities for G in accordance with the Isomorphism
Theorem (i.e., Theorem 9.1.7) because of the assumption that the Cartan subgroups
(whose structure is generally mysterious) are tori. See [CP, Prop. 7.3.7] for further
details.

Within the class of k-groups of the form Gp, the ones arising as an SO(gq) have
an intrinsic characterization:

ProOPOSITION 10.1.3. For D as above, the following conditions are equivalent:
(i) Gp ~S0(q) for some (V,q),
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(i) Gp contains a Levi k-subgroup,
(iii) the Severi-Brauer variety X is trivial (i.e., X = PY for some N).

The equivalence of (i) and (ii) is [CP, Prop. 7.3.5], and the equivalence of these
with (iii) is (part of) [CP, Thm. 7.3.6].

REMARK 10.1.4. The construction of Levi k-subgroups of SO(g) implies that
the non-empty non-smooth locus of D has codimension in D equal to 2n, where
(Gp)k. has root system B,,. Indeed, we may assume k = kg, so D = (¢ = 0) with

q=21Ta+++ Tap_1T2n + Coy(Q) +o 4+ Cdyﬁ

in suitable projective coordinates on Pfcv for some n > 1 and d = N — 2n > 0;
here, cg, ...,cq are linearly independent over k2. The root system for SO(q) = Gp
is By, and the singularities in Dy are the points where z1,...,2, vanish and
> V/Gy; = 0. Hence, the singular locus of Dy; is a linear space in Pg of codimension
2n+1, so it has codimension 2n in the hypersurface Dy. The formation of the non-
smooth locus commutes with extension of the ground field, so this closed locus in
D has codimension 2n as well.

The G p-construction goes beyond the SO(g)-construction even in arithmeti-
cally interesting cases: for every n > 2 and local function field k over a finite field
of characteristic 2 there exist basic exotic k-groups ¢ of type B,, that have k-rank
< n—1, and then ¥/Zy is such a Gp that is not of the form SO(q) (see [CP,
Ex.7.2.4]). The short root field of this Gp is k'/2, and ¢ admits a pseudo-split
ks/k-form (as does any basic exotic k-group!), so its maximal central quotient Gp
does as well. This pseudo-split ks/k-form of Gp admits a Levi k-subgroup by The-
orem 5.4.4 and so must be an SO(q’) by Proposition 10.1.3. Hence, this Gp is not
obtained by the SO(g)-construction but is related to it through kg /k-twisting.

Over general imperfect fields k of characteristic 2, the class of k-groups Gp
goes beyond even Galois-twists of the k-groups SO(q) (though that can only occur
if [k : k2] > 8, as we shall soon see). To understand this, first note that every SO(q)
admits a pseudo-split ks/k-form H [CP, Prop.7.1.2]. Any pseudo-split pseudo-
reductive k-group admits a Levi k-subgroup (Theorem 5.4.4), so H = SO(¢’) for
some (V’,¢q') by Proposition 10.1.3. Thus, it is equivalent to determine if Gp admits
a pseudo-split ks /k-form. A subtle degree-2 cohomological obstruction implies that
such a pseudo-split form exists if [k : k2] < 4 [CP, Cor.C.2.12]. This is optimal
because if [k : k?] > 8 and k has sufficiently rich Galois theory (more specifically,
if k& admits a quadratic Galois extension k’/k such that ker(Br(k) — Br(k')) # 1)
then for every n > 1 there exist k-groups Gp with ks-rank n which do not admit
a pseudo-split ks /k-form (e.g., the maximal central quotients of the type-B groups
constructed in [CP, C.3.1, C.4.1] are such k-groups).

We shall now build upon the Severi-Brauer construction Gp via fiber products
and universal smooth k-tame central extensions to make “exceptional” construc-
tions that account for all non-standard absolutely pseudo-simple G of minimal type
with root system B,, or C, (n > 1) over kg, with k any imperfect field of charac-
teristic 2. By considering universal smooth k-tame central extensions, it suffices to
make such k-groups G with G%S simply connected.

REMARK 10.1.5. In what follows, the “minimal type” hypothesis is an addi-
tional constraint precisely when [k : k%] > 16. To explain this, let ® be a root
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system of type B or C (with rank n > 1), and consider absolutely pseudo-simple
k-groups G such that Gj_, has root system & and G%S is simply connected. If
[k : k?] < 8 then Gabber proved that G is automatically of minimal type [CP,
Prop. B.3.1, Prop.4.3.3(ii)]. (The core of his proof is a study of the possibilities for
Vi, when K 2 C kand [K : k] < 8 in order to use a splitting criterion for central
extensions in [CGP, Prop.5.1.3] to show that the minimal type central quotient
map G — G/%¢ is an isomorphism. This leads to the verification of a property
introduced in Definition 10.2.9 that will be proved equivalent to “minimal type”
in Proposition 10.2.10 when G%S is simply connected.) In contrast, if [k : k%] > 16
then there exist such G over k that are not of minimal type; see [CP, B.1, B.2] for
the construction.

Consider D as above, so Gp has root system B,, over ks for some n > 1. If
n > 2 then the root field of Gp is £ by Remark 10.1.2. But if n = 1 then Gp of
type A; can have a root field larger than k. This explains the additional condition
on the root field imposed in the rank-1 case of the following definition (ensuring
that in such cases there is no intervention of a nontrivial Weil restriction).

DEFINITION 10.1.6. For n > 1, a type-B,, generalized basic exotic k-group is
the universal smooth k-tame central extension G of a k-group of the form Gp for
a non-smooth geometrically integral quadric D in a Severi—Brauer variety over k,
provided that G p has root field k if the non-smooth locus in D has codimension 2.

In this definition, G/Z¢g recovers Gp since the k-groups Gp and G/Zg have
trivial center (see Proposition 6.1.1), and the codimension-2 case at the end corre-
sponds to Gp with kg-rank 1 due to Remark 10.1.4. The k-groups G in Definition
10.1.6 are absolutely pseudo-simple and of minimal type (see [CP, Lemma 5.3.2] for
the latter), and for any separable extension k'/k of fields a k-group G is generalized
basic exotic of type B if and only if Gy is (as the same holds for groups arising from
the G p-construction, due to the characterization of that construction in terms of
non-reductive absolutely pseudo-simple groups whose Cartan subgroups are tori).

For any absolutely pseudo-simple k-group H with a reduced root system over
ks, the root field and minimal field of definition over k for the geometric unipo-
tent radical are unaffected by passage to a pseudo-reductive central quotient ([CP,
Rem. 3.3.3] and Proposition 6.2.2). Hence, G has root field k& and the minimal field
of definition K/k for its geometric unipotent radical satisfies K2 C k.

For n > 2, the basic exotic k-groups of type B,, are precisely the k-groups G in
Definition 10.1.6 for which the short root field F. coincides with minimal field of
definition K /k for the geometric unipotent radical (as may be checked over k4 via
Proposition 7.2.3(ii) and Theorem 7.5.14 over ks with V = K, and V5 a ks-line).
The link to the basic exotic construction goes further: for any G as in Definition
10.1.6 with n > 2 and minimal field of definition K/k for its geometric unipotent
radical, we shall soon give a canonical procedure to “fatten” its short root groups
over k, to become Rk /i (Ga) and thereby obtain a basic exotic k-group containing
the generalized basic exotic k-group G.

Put another way, for n > 2 a type-B,, generalized basic exotic k-group with
minimal field of definition K/k for its geometric unipotent radical (so K? C k
by Remark 10.1.2) is obtained from a basic exotic one with the same K/k by
“replacing” each short root group Rg_ /i, (Ga) with the k,-subgroup corresponding
to a nonzero ks-subspace V C K satistying ks (V) = K. (No such V # K exists
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when [K : k] = 2, as occurs whenever [k : k?] = 2, so the need for Definition
10.1.6 occurs if and only if [k : k%] > 2.) The type-B,, generalized basic exotic
groups for n > 2 were initially found via this latter perspective in the pseudo-split
case by inspecting the possibilities in Theorem 7.5.14. The desire to remove the
pseudo-split condition eventually led to the discovery of the G p-construction that
underlies a more satisfactory definition (for all n > 1).

Here is a canonical link between the generalized basic exotic case and the basic
exotic case, via a fiber-product construction in the spirit of Theorem 7.5.7.

ProproOSITION 10.1.7. Let G be a type-B,, generalized basic exotic k-group with
n > 2, and let K/k be the minimal field of definition for its geometric unipotent
radical. Let G’ be the connected absolutely simple K-group G /% k(G) of type
B,.

The K-group G’ is simply connected, and if m : G' — G s the very special
K-isogeny for G' then for f := Rg/x(m) the image G := f(G) C RK/k(é/) s a
Levi k-subgroup of RK/k(é/). In particular, the k-group f~1(G) containing G is a
basic exotic k-group with associated invariants (K/k,G').

The proof of this result is immediately reduced to the case k = ks, so (by The-
orem 5.4.4) G contains a Levi k-subgroup L that in turn contains a split maximal
k-torus of G. Since Lx — G’ is an isomorphism (by the definition of L being a
Levi k-subgroup of G), everything can then be verified by computations with open
cells; see [CP, Prop. 8.1.3] for the details.

There is a notion of “very special quotient” G — G for any G as above, with
G semisimple and simply connected of type C,, (see [CP, Def.8.1.5]). This is an
important ingredient in a “basic exceptional” construction for type Bs given in
[CP, §8.3] that goes beyond the generalized basic exotic construction when n = 2
and [k : k%] > 16, but it will not be described here.

REMARK 10.1.8. The need for the additional (minimal type) basic exceptional
construction when n = 2 is due to reasons similar to what we saw for BCy in
Proposition 8.3.4 and the discussion immediately preceding it (namely, a field-
theoretic invariant for n > 2 can be replaced with an appropriate vector subspace
of the same field-theoretic invariant if n = 2 and [k : k%] > 8). Such additional
k-groups exist if and only if [k : k?] > 16 (see [CP, Rem. 8.3.1]), and are studied in
detail in [CP, §8.3].

For n > 2, a type-C,, analogue of Definition 10.1.6 uses a fiber-product con-
struction similar to the type-C,, basic exotic case resting on Theorem 7.5.7. (If
n = 2 then Cy = By but this variant of Definition 10.1.6 is new: relative to the
pseudo-split basic exotic construction for a given (K/k,n), it fattens the long root
groups rather than shrinking the short root groups.)

This type-C analogue rests on data (K/k, K'/k,G',G,j) defined as follows.
Fix a nontrivial purely inseparable finite extension K/k satisfying K2 C k, and fix
n > 2. Let G’ be a connected semisimple K-group that is absolutely simple and
simply connected of type C,, with 7 : G — G its very special isogeny.

Let G be a k-group that is either absolutely simple and simply connected of
type B,, or is a type-B,, generalized basic exotic k-group whose geometric unipotent
radical has minimal field of definition K'/k contained in K/k; define K’ = k when
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G is semisimple. Assume there is given a k-subgroup inclusion
. = —!

such that the associated K-homomorphism G g — G identifies G with the quotient
és; (recovering j via ix). Finally, we impose the most subtle hypothesis: assume
J(G) is contained in the image of f := Ry /(7).

Note that if G is absolutely simple then such an inclusion j amounts to iden-
tifying G with a Levi k-subgroup of RK/k(él) via j (see [CGP, Lemma 7.2.1]),
so in such cases we have specified exactly the setup for the type-C,, basic exotic
construction.

ProrosITION 10.1.9. The fiber product
G= é XRK/k(a/) RK/k<G/)

is absolutely pseudo-simple of minimal type, K/k is the minimal field of definition
for its geometric unipotent radical, and the natural map Gg — G’ identifies G’
with G%. In particular, G%S is simply connected and Gy, has root system C,.

The main idea in the proof of Proposition 10.1.9 is to introduce an auxiliary
basic exotic k-subgroup and use its properties to analyze G. More specifically, we
may assume k = kg, so G contains a Levi k-subgroup L; this is also a Levi k-
subgroup of RK/k(é/). Since L C im(f), it follows that f~1(L) is a basic exotic k-
group, so f~1(L) is smooth and even absolutely pseudo-simple of type C,,. A choice
of Levi k-subgroup L of f~1(L) then enables one to carry out calculations with root
groups and open cells to establish the desired properties of G (e.g., smoothness);
see [CP, Prop. 8.2.2] for the details.

REMARK 10.1.10. For any separable extension of fields k'/k, an absolutely
pseudo-simple k-group G arises from the construction in Proposition 10.1.9 if and
only if Gy does over k/. The implication “=" is obvious, and for the converse
direction we shall use the procedures in Proposition 10.1.9 that reconstruct from
the fiber product some of the data that enters into the construction.

Suppose Gy is a fiber product in the desired manner. Let K/k be the minimal
field of definition over k for the geometric unipotent radical of G, and define G’ =
G52 Note that the formation of K/k and G’ are compatible with scalar extension
along kK — k', and so is the very special isogeny 7 : G/ — G. The following
properties hold because they are all satisfied after scalar extension to k': K? C k,
G’ is absolutely simple and simply connected of type C,, with n > 2, the map G —
Rk /i (G") has trivial kernel, the image Gof f:= Rk () is either absolutely simple
and simply connected of type B, or is type-B,, generalized basic exotic, the minimal
field of definiton K’/k for the geometric unipotent radical of G is a subextension of
K/k (as purely inseparable extensions of k), and the K-homomorphism G — G
corresponding to the inclusion j of G into Ry (G') is identified with G (using
that K’ C K over k).

Consequently, the 5-tuple (K/k, K'/k,G’, G, j) satisfies the conditions required
in Proposition 10.1.9 (in particular, G C im(f) by design). Hence, f~!(G) is as in
Proposition 10.1.9, and this coincides with G inside R/, (G") because this can be
checked over k’.
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The description of G as in Proposition 10.1.9 yields (see [CP, 8.2.4]) that
the short root groups of Gy, have the form R,/ (Ga) and the long root groups
are given by V. C Rk, sk, (Ga) for some nonzero kg-subspace V' C K, such that
ks(V) = K. (so dimV > 1 when K’ # k, whereas long root groups for type-C,
generalized basic exotic groups are 1-dimensional). The root field F' of G coincides
with the long root field (as in Theorem 7.4.7(iii)), so F is the maximal subfield of
K over which V is a subspace.

We have G = 2(Rp),(GR™)) by Proposition 7.4.5. The F-group G%™" can
also be constructed as in Proposition 10.1.9. Indeed, by Remark 10.1.10 it suffices
to check over Fy = F ®y, ks, so we may (and do) assume k = ks. We can use the
F-vector space structure on V' and Theorem 7.5.14 to make an F-group H' that is
a fiber product as in Proposition 10.1.9 such that G ~ Z(Rp/,(H’)). But then the
natural map Gr — H' identifies H' with G2™" by [CP, (2.3.13)], so G%™ arises as
in Proposition 10.1.9 as claimed. Returning to general k (not necessarily separably
closed), since G%™" has root field F we see that the intervention of nontrivial Weil
restrictions is avoided in the following definition via a condition on the root field:

DEFINITION 10.1.11. For n > 2, a type-C,, generalized basic exotic k-group is a
k-group G arising as in Proposition 10.1.9 for which the root field is k.

REMARK 10.1.12. The centralizer of a split maximal k-torus in a pseudo-split
generalized basic exotic k-group of type B, or C, (n > 2) can be described as a
direct product similar to (7.5.1) by using Lemma 9.1.10; see [CP, Prop. 8.2.5].

By design, the condition of equality between the root field and the ground field
holds for generalized basic exotic groups of types B and C, as well as for basic exotic
groups of types F4 or Go (and for the rank-2 basic exceptional groups addressed
in Remark 10.1.8). Thus, we get a strictly larger class of groups by incorporating
WEeil restrictions:

DEeFINITION 10.1.13. A generalized exotic group G over an imperfect field k
of characteristic p € {2,3} is a k-group isomorphic to Z(Ry,,(G")) for a nonzero
finite reduced k-algebra k' and a k’-group G’ whose fiber G over each factor field
ki of k' is any of the following: basic exotic of type Gz, basic exotic of type Fy,
type-B or type-C generalized basic exotic, or basic exceptional of type By = Cs.

Any such k-group G is pseudo-semisimple, and if &’ is a field purely inseparable
over k then the root system of Gy, coincides with the reduced and irreducible
root system of G},. In particular, for general k'/k as in Definition 10.1.13, the
group Gy, is a direct product of non-standard pseudo-semisimple kg-groups with
a reduced root system and G is absolutely pseudo-simple precisely when %’ is a
field purely inseparable over k. Moreover, G is of minimal type (see the discussion
following Definition 7.1.2) and G is simply connected (by [CGP, Thm.1.6.2(2),
Prop. A.4.8]).

REMARK 10.1.14. By Proposition 9.1.13, the maximal smooth k-subgroup
Zg,c = Autg'o of the scheme of automorphisms of G restricting to the iden-
tity on C is always connected (and even pseudo-reductive). For certain absolutely
pseudo-simple G we have given an explicit description of Zg ¢ exhibiting the con-
nectedness: Ry (T"/Z¢) in the standard case where Ry /(T") is the preimage
of C' in the central extension Ry /i (G’) of G (use Lemma 9.1.9(i), Remark 9.1.14,
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and Remark 6.1.3), (9.1.13) for G of minimal type with root system A; over ks,
and Proposition 8.3.12 for G of minimal type with root system BC,, over ks. Such
a description of Zg ¢ for absolutely pseudo-simple generalized exotic groups with
ks-rank > 2 is given in [CP, Prop. 8.5.4].

The property of being generalized exotic is insensitive to scalar extension to
ks. Indeed, this is an immediate consequence of Galois descent and the following
result that proves the input data (k'/k,G’) is uniquely functorial with respect to
isomorphisms among such k-groups G' = Z(Ry/1(G)).

PROPOSITION 10.1.15. Let k' and ¢ be nonzero finite reduced k-algebras and
let ' and H" be groups over k' and ' respectively such that the fiber 4] and
over each respective factor field ki and l; of k' and €' is absolutely pseudo-simple
of minimal type. Assume the root field of 9! is equal to k. for each i, and that the
root field of 7 is U for each j.

Every k-isomorphism o : G := PRy /i(9')) ~ P(Rp (")) =2 H arises
uniquely from a pair (p, ) consisting of a k-algebra isomorphism o« : k' ~ ¢ and a
group isomorphism ¢ : 4’ ~ ' over a.

PROOF. By Galois descent we may assume k = k;, so each factor field &} of &’
and ¢} of £’ is purely inseparable over k. Thus, the natural map Ry /r(4;)r, — ¢/
is a smooth surjection with connected unipotent kernel [CGP, Prop. A.5.11(1),(2)],
so the maximal geometric reductive quotient of Ry /(%) is the same as that of
the absolutely pseudo-simple k;-group ¢/. This quot/ient is perfect, so it is also the
maximal geometric reductive quotient of the derived group G; := Z(Ry/1(9;)) by
[CGP, Prop. A.4.8]. Hence, each G; is absolutely pseudo-simple over k yby Lemma
3.2.1, and is of minimal type (by behavior under Weil restriction and passage to
normal subgroups reviewed immediately after Definition 7.1.2); the same likewise
holds for Hj = .@(Rg;/k(%l))

Since [[ G; = G and [[ H; = H, by Proposition 3.2.2 and dimension considera-
tions {G;} is the set of minimal nontrivial smooth connected normal k-subgroups of
G and {H;} is the analogous such set for H. Hence, each k-isomorphism o : G ~ H
arises uniquely from a bijection 7 : I ~ J and k-isomorphisms o; : G; ~ H(;). This
reduces our task to the case where k' and ¢ are fields.

Using that &’ is the root field for ¢’ by hypothesis, we claim that k'/k is
the root field for G. To compute the root field of G, consider the root system
® = O(G,T) for a maximal k-torus T C G; this is naturally identified with the
irreducible root system ®(¥¢’,.7’) for the unique maximal k'-torus &’ C ¢’ such
that T' C Ry /(7). Fix a root a € ® with maximal length (this is any root when
® is simply laced, and is a divisible root when ® is non-reduced). Let G, be the
rank-1 pseudo-simple k-subgroup generated by the +a-root groups of G, and define
¢! likewise; these have root system A; (since a is divisible when ® is non-reduced).
These rank-1 groups inherit the minimal type property from G and ¢’ respectively,
so kerig, and kerig are trivial (see Example 7.1.4). The root fields of G and ¢’
coincide with those of G, and ¥, respectively: if ® is reduced then this is part of
Theorem 7.4.7, and if ® is non-reduced then this is Definition 8.3.6. Our task is
reduced to showing that G, has root field &'.

Open cell considerations imply that the roots for Ry /4 (¥,) relative to a¥ (GL;)
are +a, and the root groups coincide with those of G,. Hence, G, = Z(Ry /(%))
by Remark 3.1.11. By Theorem 7.2.5, the group ¢, with root system A; and root
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field k/ has the form HV’,K’//C’ or PHV’,K’//C’ with {C € K’ ‘ CV/ C V/} = ]’C/ when
k' is imperfect of characteristic 2, and ¢, is equal to SLg or PGL2 otherwise. It is
then immediate that G, has root field k" (using the good behavior of Hy /s and
PHy: g1 under ZoRyy ), [CP, Ex.3.1.6] when k is imperfect of characteristic 2).

We have proved that k'/k is the root field for G. Likewise, ¢'/k is the root
field for H. The existence of o then implies that k¥’ = ¢’ as purely inseparable
extensions of k. Upon identifying &’ and ¢ uniquely in this manner, the natural
maps G — ¢’ and Hy — 7' are the maximal pseudo-reductive quotients of
minimal type (see [CP, Prop.2.3.13]), so o4 induces a k’-isomorphism ¢ that is
the unique one which does the job. O

By Theorem 7.4.8, in the absolutely pseudo-simple case standardness can only
fail over imperfect fields k of characteristic 2 or 3. For any such k, the generalized
exotic k-groups account for all deviations from standardness over k in the minimal
type case when the root system over kg is reduced:

THEOREM 10.1.16. The non-standard absolutely pseudo-simple k-groups G of
manimal type for which Gy, has a reduced root system and G%S is simply connected
are the generalized exotic k-groups that are absolutely pseudo-simple.

Let us sketch the proof of Theorem 10.1.16. The main point is that Proposition
7.4.5 reduces the problem to the case of G whose root field is k, for which the aim
is to show that such G are precisely the groups given by either the basic exotic
construction for types F4 or Go, the generalized basic exotic construction of types
B or C, or the rank-2 basic exceptional construction. We may assume k = k,. Since
G is of minimal type and has a reduced root system, ker i = 1 (as noted in Example
7.1.4). The root field condition ensures that the minimal field of definition K/k for
the geometric unipotent radical of G satisfies K” C k (use Theorem 7.4.7(ii),(iii) if
G has rank > 2 and Theorem 7.2.5 in the rank-1 case).

Inspection of open cells shows that the known constructions exhaust all possi-
bilities. More precisely, for types Gy and F4 we see via Theorem 7.4.7(ii),(iii) and
consideration of a Levi k-subgroup L C G that the image of ig : G — Rk /(LK)
is a basic exotic k-group. (This recovers Proposition 7.5.10 with a new proof, but
does not recover Corollary 7.5.11.) Theorem 7.2.5 and the explicit description at
the end of Remark 7.3.2 settle the rank-1 case, and Theorem 7.5.14 settles types
B,, and C,, for n > 2 (using some additional elementary calculations when n = 2 to
show that the rank-2 basic exceptional construction — which we have not discussed
— accounts for the cases that are not generalized basic exotic; see [CP, Thm. 8.4.5]
for details). This completes our sketch of the proof of Theorem 10.1.16.

10.2. Generalized standard groups. Over every imperfect field k& of char-
acteristic p € {2,3}, we have built non-standard pseudo-split absolutely pseudo-
simple k-groups realizing all of the exceptional possibilities for the root system.
The most concrete non-standard absolutely pseudo-simple groups occur in charac-
teristic 2: the centerless k-groups SO(q) of type B,, (n > 1) in §7.3, the k-groups
Hy, g1 of type Ay in Definition 7.2.1, and the pseudo-split groups of minimal type
given by Theorem 7.5.14.

Building on those groups and basic exotic k-groups (Definition 7.5.9), we de-
fined generalized basic exotic k-groups in §10.1 (see Definitions 10.1.6 and 10.1.11).
For p = 2, birational group laws were used in §8 to build all pseudo-split absolutely
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pseudo-simple k-groups of minimal type with root system BC, for any n > 1.
We shall combine all of the preceding constructions to generalize the standard
construction, and characterize the k-groups obtained in this manner (yielding all
pseudo-reductive k-groups except possibly when char(k) = 2 and [k : k%] > 2, as
well as all pseudo-reductive k-groups of minimal type without restriction on k).
Consider pairs (G', k' /k) consisting of a nonzero finite reduced k-algebra k&’ and
a smooth affine k’-group G’. We defined the standard construction over k in terms
of Weil restrictions Ry, (G") with (G, k" /k) for which the fiber G} of G’ over each
factor field &} of & is connected reductive. The pair (G’, k’/k) is not determined by
the pseudo-reductive k-group G obtained from that construction (e.g., see (2.2.3),
but recall from Proposition 2.2.7 that we can always arrange for such G} to be
semisimple, absolutely simple, and simply connected without affecting the standard
pseudo-reductive ). Limiting G’ as follows will circumvent non-uniqueness.

DEFINITION 10.2.1. For a nonzero finite reduced k-algebra k' and smooth affine
k'-group G’, the pair (G', k' /k) is primitive if the fiber G} over each factor field k]
of k is in any of the following three classes of absolutely pseudo-simple k}-groups:

(i) connected semisimple, absolutely simple, and simply connected;
(ii) basic exotic, generalized basic exotic, or rank-2 basic exceptional (as
defined in [CP, Def. 8.3.6]);
(iii) absolutely pseudo-simple of minimal type with a non-reduced root system
over k; ; and root field equal to k;.

(In case (iii), the notion of root field is as in Definition 8.3.6.)
If (G',k'/k) is a primitive pair then the associated pseudo-semisimple k-group
9 = 2Ry /x(G))
satisfies some good properties: it is of minimal type since that property is preserved
under Weil restriction [CP, Ex. 2.3.9] and is inherited by smooth connected normal

subgroups [CP, Lemma 2.3.10], and %ESS is simply connected (as it is the direct

product of the analogous such geometric quotients for the fibers G} over the factor
fields & of k', due to [CP, Prop. 2.3.13]). Moreover:

LEMMA 10.2.2. The center Zg is k-tame.

The idea of the proof of Lemma 10.2.2 is to show that Zy C Ry /k(Zar) =
[I; Rer/i(Za:) and Zg; is ki-tame for each i; see (the proof of) [CP, Prop.9.1.6]
for the details.

DEFINITION 10.2.3. A generalized standard pseudo-reductive k-group is a k-
group that is either commutative pseudo-reductive or of the form

G=(@xO)/¥
where: & := PRy /(G")) for a primitive pair (G',k'/k), € is the Cartan k-
subgroup ¥ NRy/,(C’) of & for a Cartan k'-subgroup ¢’ C G’, C'is a commutative
pseudo-reductive group fitting into a factorization diagram
(10.2.3) ¢ 20 Zyy

of the canonical map ¥ — Zy « arising from the conjugation action of € on ¢,
and ¥ is embedded anti-diagonally as a central k-subgroup of ¥ x C.
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In the preceding definition, Zy « is the k-group defined as in Proposition 6.1.2;
it is commutative and pseudo-reductive (see Proposition 9.1.13). Moreover, the
k-group (¢ x C)/% is automatically pseudo-reductive because it is an instance of
the construction in Proposition 2.2.1, and C' is a Cartan k-subgroup of G because
it is easily seen to be its own centralizer in G (as ¥ is its own centralizer in ¥).

EXAMPLE 10.2.4. Every standard pseudo-reductive k-group is generalized stan-
dard, due to Proposition 2.2.7. In the context of the standard construction (so only
case (i) in Definition 10.2.1), we have ¥ = Ry (G"), € = Ry, (T") for a unique
maximal &'-torus 7" C G', and Zg 4 = Ry /(1" / Zcr).

PROPOSITION 10.2.5. If G is a pseudo-reductive k-group then it is generalized
standard if and only if 2(G) is generalized standard. Likewise, if G = G/Z is a
pseudo-reductive central quotient of G then G is generalized standard if and only if

G is generalized standard. The same holds with “standard” in place of “generalized
standard” throughout.

The first equivalence is [CP, Cor. 9.1.14], but the proof below is much simpler.

Proor. We treat “generalized standard”, and the same arguments apply with-
out change for “standard”. To prove the first assertion, suppose G is generalized
standard, arising from a 4-tuple (G',k'/k,C’,C) and factorization diagram as in
Definition 10.2.3. Clearly 2(G) arises from (G',k'/k,C’, ¢(%€)) (with the evident
factorization diagram).

Conversely, assume 2(G) arises from a 4-tuple (G, k' /k,C’, C) and factoriza-
tion diagram as in (10.2.3). Perfectness of 2(G) forces C = ¢(€), so 2(G) =
94 /(ker ¢) with ¥ := P(Ry/,(G’)). Note that Z(G) is a central quotient of ¢,
since the conjugation action of ker¢ on ¢ is classified by the homomorphism
Yoo :kerp = Zy 4 that is trivial.

The Cartan k-subgroup € /(ker ¢) = ¢(%€) = C of Z(G) uniquely extends to a
Cartan k-subgroup C* of G' (see [CGP, Lemma 1.2.5(ii),(iii)]), and G = 2(G) - C".
The conjugation action of C% on 2(G) is classified by a homomorphism

C*' — Zo) e/ (xerd) = Za%

(equality by Lemma 9.1.9(i)) extending the canonical homomorphism ¢ — Zy «.
In this way we get a 4-tuple (G',k'/k,C’,C%) and factorization diagram for the
generalized standard k-group

(4% C"/E = (2(G) xC")/6(%) =G
(as 2(G) N Ct = C = ¢(%)).

Next, we show that the generalized-standard property for G is equivalent to
the same for a pseudo-reductive central quotient G. By the preceding, we may
assume G (and hence G) is perfect. Since a perfect generalized standard k-group
is of the form ¢ /(ker ¢), in view of the bijection ¢ +— € := €/ 2 between the sets
of Cartan k-subgroups of ¢4 and of any pseudo-reductive central quotient ¥/% we
see immediately that G is generalized standard if and only if G is (using the same
(G',K'/k) for each). O

If a pseudo-reductive k-group G arises via the generalized standard construction
for some 4-tuple (G, k' /k,C’,C) then C is identified with a Cartan k-subgroup of
G and moreover Z(G) = Z(Ry /,(G'))/Z for a central k-subgroup Z := ker ¢ that
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is k-tame by Lemma 10.2.2. In particular, Z(Ry /i (G")) is uniquely determined
by G: it is the universal smooth k-tame central extension of Z(G)! Taking into
consideration Proposition 10.1.15, we obtain:

COROLLARY 10.2.6. The triple (G, k' /k, j) incorporating the k-homomorphism
J 2R k(G") = G (a central quotient map onto Z(G)) is uniquely determined
by G up to unique isomorphism.

If G is generalized standard then for any 4-tuple (G',k'/k,C’,C) giving rise
to G via the generalized standard construction, not only is the resulting triple
(G',K'/k,j) uniquely determined by G up to unique isomorphism, but it can be
arranged that C is any Cartan k-subgroup of G that we wish. To prove this,
first note that the proof of the initial assertion in Proposition 10.2.5 reduces this
to the pseudo-semsimple case by passing to Z(G) because C — C N 2(G) is a
bijection between the sets of Cartan k-subgroups of G and of 2(G) (due to [CGP,
Lemma 1.2.5(ii),(iii)]). Now we may assume G is perfect, so by Lemma 10.2.2 it is
generalized standard if and only if the universal smooth k-tame central extension
G of @ has the form 2Ry /1(G")) for a primitive pair (G', k’/k). The set of Cartan
k-subgroups C' of such a G is in bijective correspondence with the set of Cartan
k'-subgroups C”" of G’ via the condition C' = ¢/Z for ¢ := G N Ry ;4(C’) and
Z :=ker(G — G), in which case

G=G/Z=(GxC)|¥¢

gives a generalized standard description (where C' — Zg & arises from the conjuga-
tion action of C' = ¢/Z on ¥).

We summarize these conclusions as follows, recording the extent of the non-
uniqueness of the data giving rise to a specified generalized standard pseudo-
reductive k-group.

ProproOSITION 10.2.7. If G is a generalized standard pseudo-reductive k-group
and (G', k' /k) is the associated pair as in Corollary 10.2.6 then for every Cartan
k-subgroup C' of G there exists a unique Cartan k'-subgroup C' of G’ such that the
central quotient map

Y =9[Ry r(G")) - 2(G)

carries € := Ry, (C') NG onto C N P(G). Moreover, for any such C' and C' the
4-tuple (G', k' [k, C',C) and the factorization diagram

(10.2.7) C — C — Zyc),cna(c) = 29.%

arising from C-conjugation on 2(G) give rise to G wvia the generalized standard
construction.

The equality in (10.2.7) is a special case of Lemma 9.1.9(i). Since we have the
flexibility to require that a “generalized standard” description of a given pseudo-
reductive k-group rests on a chosen Cartan k-subgroup C' C G (even prior to
knowing that G is generalized standard!), we immediately deduce from Proposition
10.2.7 the following result via Corollary 10.2.6 and Galois descent:

COROLLARY 10.2.8. A pseudo-reductive k-group G is generalized standard if
and only if Gy, 1s generalized standard, and likewise for “standard” in place of
“generalized standard”.
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The relevance of Corollary 10.2.6 in the proof of Corollary 10.2.8 is that for a
Cartan k-subgroup C' C G, the triple (H', K’ [k, i) with a primitive pair (H', K'/ks)
corresponding to the generalized standard presentation of Gy, relative to Cy, via
Proposition 10.2.7 has a canonically associated k-descent (G', k' /k, j) that together
with C underlies a generalized standard presentation for G.

To characterize when a pseudo-reductive k-group is generalized standard, we
require a notion that refines “minimal type”:

DEFINITION 10.2.9. A pseudo-reductive k-group G is locally of minimal type if
the subgroup of G, generated by any pair of opposite root groups (relative to a
maximal kg-torus) is a central quotient of an absolutely pseudo-simple ks-group of
minimal type.

This condition depends on G only through its derived group (as 2(G), con-
tains all root groups of Gy, relative to a maximal k,-torus). As the terminology
suggests, if G is of minimal type then it is locally of minimal type. Indeed, we may
assume k = kg, and then for a maximal k-torus T' C G the minimal type property
for G is inherited by G, for each a € ®(G,T) due to Proposition 7.1.5 and the
explicit description of G, in terms of centralizers and derived groups in Remark
3.2.8. Here is a partial converse, refining Lemma 9.1.10.

ProprosITION 10.2.10. Let G be a pseudo-semisimple k-group locally of minimal
type such that G%S is simply connected. Then G is of minimal type.

PrOOF. We may and do assume k = k;. For a maximal k-torus T' C G, Cartan
k-subgroup C' := Zg(T'), minimal field of definition K/k for #,(G3) C Gy, and
G = Gk /%ux(Gk), we want to prove the triviality of G5 := C Nkerig where
ig : G — R rp(G’) is the natural map. For any a € ®(G,T), let G, denote the
rank-1 pseudo-simple k-subgroup (U,,U_,) C G.

The Cartan k-subgroup C, := Z¢, (a"(GL1)) of G, is equal to CNG,, (since the
isogeny complement (kera)® , C T to a¥(GL;) centralizes G,), and G, Nkerig =
keric, (see Example 7.1.7), so C,Nkerig = 6, . For a basis A of ®(G,T') we have
T =1],ca a”(GLy) since ng = G is simply connected. Hence, the composition

iglc

HaEA Ca L) C — RK/k(TK) — RK/k(G/)

has kernel HaeA %c,. The map 7 is surjective by Lemma 9.1.10, so HGGA 6, —

6c is surjective. It therefore suffices to prove that each é¢, is trivial. Since (Ga)%S
is generated by a pair of opposite root groups in G%S (Example 7.1.7), and the
latter group is simply connected, (Ga)%s = SL5. Thus, we may replace G with G,
to reduce to the case that G is absolutely pseudo-simple of rank 1.

Now by hypothesis G = H/Z for an absolutely pseudo-simple H of minimal
type and Z C Zy. Since G%S = SL, is simply connected, so the central quotient
map H%S — G%S is an isomorphism, the equality of the minimal fields of definition
over k for the geometric unipotent radicals of G and H (see Proposition 6.2.2)
identifies iy with ig o ¢ for the central quotient map ¢ : H — G. It follows that

%c = q(€n) is trivial (as H is of minimal type). O

The “minimal type” property can fail in the standard absolutely pseudo-simple
case over every imperfect field (see Example 6.2.6), but “locally minimal type” is
truly ubiquitous: it is an immediate consequence of Theorem 7.2.5, Proposition
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6.2.15, and Proposition 8.3.9 that every pseudo-reductive k-group G is locally of
minimal type except possibly when char(k) = 2 and [k : k%] > 2. Here is a large
supply of pseudo-reductive groups locally of minimal type over arbitrary fields:

ExampLE 10.2.11. If G is a generalized standard pseudo-reductive k-group
then it is locally of minimal type. To prove this we may assume k = kg, and
by Proposition 10.2.5 we may replace G with Z(G) so that G is perfect. Now
G=%9/Z for 9 := PRy ,(G")) with a primitive pair (G’, k’/k) and central closed
k-subgroup Z C Z(Ry/k(G')). For each factor field kj of k', let G} be the kj-
fiber of G'. Consider the pseudo-simple normal k-subgroups G; := ¥;/Z; of G,
where %; = P(Ry /1 (G})) and Z; = ZNY;. Each G; is generalized standard by
normality in GG, and these pairwise commute and generate G, so we may treat each
G; separately to reduce to the case that k' is a field.

For a maximal k-torus T' C @G, the Cartan k-subgroup Zg(T) has the form
(4 NRy/x(C"))/Z for a unique Cartan k-subgroup C' C G’ (argue as in the han-
dling of Cartan subgroups in the proof of Proposition 10.2.5). Thus, upon writ-
ing ¢! = Zg/(T') for a unique maximal k’-torus 77 C G’, we have canonically
®(G,T) = ®(G',T") since pseudo-reductive central quotients of pseudo-reductive
k-groups have the same root system (as we see via consideration of an open cell,
for instance).

For each a € ®(G,T) and the corresponding a’ € ®(G',T’), clearly G, is a
central quotient of Hy := Z(Ry /1(GY/)). It is therefore enough to show that H,
is of minimal type, and by Proposition 7.1.5 that reduces to Ry /. (G.,) being of
minimal type. Since G’ is of minimal type (by inspection of the possibilities for G’
in the definition of the generalized standard construction!), so the same holds for
G, (Example 7.1.7), it suffices to check that Ry, preserves the property of being
of minimal type, and that in turn is an elementary verification with the definitions
(see [CP, Ex.2.3.9] for the details).

The preceding discussion of ubiquity of the “locally minimal type” property is
optimal because if char(k) = 2 and [k : k?] > 2 then for any n > 1 there exist
pseudo-split absolutely pseudo-simple k-groups G with non-reduced root system
BC,, such that G is not locally of minimal type. Examples of such G are given
in [CP, B.4] (built as quotients of k-subgroups of Weil restrictions of symplectic
groups, without any appeal to birational group laws).

Continuing to assume char(k) = 2, if we consider pseudo-reductive k-groups
G with a reduced root system then one can do better with the degree bounds.
To be precise, such a G is locally of minimal type whenever [k : k?] < 8 (see [CP,
Prop. B.3.1]), but whenever [k : k2] > 16 there exist pseudo-split absolutely pseudo-
simple k-groups G not locally of minimal type (see [CP, 4.2.2] for examples with
root system Aj, and those are used to make others with root system B,, or C,, for
any n > 2 in [CP, B.1, B.2]).

REMARK 10.2.12. According to Proposition 6.2.9, for a non-reductive abso-
lutely pseudo-simple k-group G, ig is an isomorphism if and only if G is standard
and the order of the fundamental group of G%S is not divisible by the characteristic
p of k. If i is an isomorphism then G is clearly of minimal type. If moreover G is
standard (which is the case if i is an isomorphism), then the root system of Gy,
is reduced. Now we will assume that the root system ® of Gy, is reduced and the
order of the fundamental group of G%S is not divisible by p, and explore when G
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fails to be standard (equivalently, i fails to be an isomorphism). So let us assume
that G is not standard.

Since the root system ® of G, has been assumed to be reduced, Theorem 7.4.8
gives that k is imperfect with p € {2,3} and that if p = 3 then ® is of type Gs
whereas if p = 2 then @ is of type F4 or B,, or C,, with some n > 1 (where B; and
C; mean Ap). The group G%S must be simply connected: this is obvious for types
F4 or Go, and it holds for types B and C (with p = 2) since we assumed that the
fundamental group of G%S has order not divisible by p.

If G is of minimal type then kerig = 1 (as noted in Example 7.1.4), so in
such cases G must be generalized exotic due to Theorem 10.1.16 and thus ig is
not surjective. The minimal type property is automatic for types Go and Fy by
Corollary 7.5.11. On the other hand, if G, has a root system of type B or C (of
some rank n > 1), so p = 2, then G is locally of minimal type by [CP, Prop. B.3.1]
(and hence is of minimal type by Proposition 10.2.10 unless [k : k?] > 16).

As a special case, we recover (with an entirely different proof) Tits’ result in
[Ti3, Cours 1992-93, II] that i is an isomorphism when ® has trivial fundamental
group (i.e., types Eg, Fy, and G2) assuming p # 2 for F4 and p # 3 for Gs.

The appearance of the root systems B,,, C,, and BC,, (n > 1) in examples of
pseudo-split absolutely pseudo-simple groups not locally of minimal type is natural,
in view of Theorem 7.4.8 and Corollary 7.5.11. The main reason for our interest in
the “locally of minimal type” property is due to:

THEOREM 10.2.13. A pseudo-reductive group G is generalized standard if and
only if it is locally of minimal type.

Proor. In Example 10.2.11 we established the implication “=". For the con-
verse result we may assume k = k; (Corollary 10.2.8) and G is perfect (Proposition
10.2.5). Letting ¢ : G — G be the (pseudo-semisimple) universal smooth k-tame
central extension, it suffices to show that G = Z(Ryy /k(G")) for some primitive pair
(G', k' /k). We first check that G is locally of minimal type.

For a maximal k-torus T C G and its isogenous image T' C G we have naturally
®(G,T) = ®(G,T) since G is a central pseudo-reductive quotient of G. For each
a € ®(G,T) the centrality of ker g implies (via consideration of open cells) that
the a-root group of G maps onto that of GG, so ¢ carries 6,1 onto GG, with kernel
that is k-tame (since ker ¢ is k-tame by design). But (é )SS = SLs since this group
is generated by a pair of opposite root groups in the connected semisimple group
GSS that is simply connected (due to the characterization of G) Hence, G, is the
umversal smooth k-tame central extension of G,.

The k-group G, is absolutely pseudo-simple of rank 1, and it admits a pseudo-
simple central extension of minimal type (as G is assumed to be locally of minimal
type). Thus, by a systematic study of the structure of rank-1 pseudo-simple k-
groups (via Theorem 7.2.5(i) and Proposition 6.2.2 for root system Aj), the univer-
sal smooth k-tame central extension G, of G, is of minimal type; see [CP, Lemma
5.3.2] for the details.

We have shown that G is locally of minimal type, so it is of minimal type by
Proposition 10.2.10. By replacing G with G we may arrange that G%S is simply con-
nected, and aim to find a primitive pair (G’, k'/k) such that G = 2 (R, (G")). The
pseudo-simple normal k-subgroups G; of GG are of minimal type, and by Proposition
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3.2.4(ii) multiplication 7 : [[G; — G is a surjective homomorphism with central
kernel. But G%S is simply connected, so 7 is an isomorphism by Lemma 9.1.10. We
may therefore treat each G; separately, so now G is (absolutely) pseudo-simple.

Consider the irreducible root system & of G. Since G is absolutely pseudo-
simple and of minimal type, if ® is non-reduced then G has the desired form (using
Weil restriction from its root field) due to Proposition 8.3.7.

Assume instead that ® is reduced. We shall separately treat the cases that G
is standard or not standard. Suppose G is standard. By inspection, G is a central
(pseudo-reductive) quotient of Ry /4 (G’) for a finite extension &’/k and connected
semisimple k’-group G’ that is simply connected. But then the minimal fields of
definition over k for the geometric unipotent radicals of G’ and Ry (G”) coincide by
Proposition 6.2.2, so this common field is equal to k' /k (see [CGP, Thm. 1.6.2(2)]).
Hence, G55 is a central quotient of G’ yet is simply connected (as it is a k’-descent
of G%S), so naturally G’ ~ G35 and we get a factorization

Rk’/k(G/) — G (Z—G> Rk//k(Gl)

of the identity map. This forces ig to be an isomorphism.

Finally, assume G is not standard. In this case k must be imperfect of charac-
teristic 2 or 3 (by Theorem 7.4.8) and the non-standard absolutely pseudo-simple
k-groups G of minimal type with G%S simply connected are given as in Theorem
10.1.16. Hence, G has the desired form due to Definition 10.2.1. O

An application of Theorem 10.2.13 and our preceding discussion of all cases
of failure of the “locally minimal type” property, we see that if G, has a reduced
root system then G is generalized standard except possibly when char(k) = 2 and
[k : k?] > 16, and that whenever char(k) = 2 and [k : k%] > 16 there exist pseudo-
split absolutely pseudo-simple k-groups that are not generalized standard (with any
desired root system of type B or C with any rank n > 1). In particular:

COROLLARY 10.2.14. FEvery pseudo-reductive k-group is standard except possi-
bly if k is imperfect with char(k) = p € {2,3} and one of the following holds: the
root system ® of Gy is non-reduced (only possible when p = 2), some irreducible
component of ® has an edge of multiplicity p, or p = 2 with [k : k?] > 2 and ® has
an irreducible component of type Ay.

The proof of Corollary 10.2.14 when char(k) # 2, 3 or in characteristic p € {2, 3}
with [k : kP] = p has nothing to do with non-reduced root systems or the explicit
non-standard constructions that occupied much of §7-§8.
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W(G,T), 32
W, 35
Xes 99
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relation to standardness, 71
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Za, 9
Za,c, 64
central quotient, 120
connectedness, 115, 119, 121
derived group, 120
rank-1 subgroups, 121
WEeil restriction, 122
ZG(H)7 9
Za(N), 21
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absolutely pseudo-simple, 29
absolutely pseudo-simple group
BCy,-construction, 110, 111

Fy4, Ga, 95
non-standard case, 88
anisotropic kernel, 116
Weil restriction, 126
Aut-scheme
diagram automorphisms, 117
existence, 116
pseudo-semisimple group, 85, 116
rank-1 subgroups, 121
structure of (AutSG“;k)O, 122

basic exceptional groups, 133, 138
basic exotic group, 138
Cartan subgroup, 90
construction, 94
definition, 95
link to standardness, 96
properties when [k : kP] = p, 97
birational group law, 103-109
affineness criterion, 107
construction, 109, 111
strict, 106
BN-pair, 39, 54
standard, 55
Bruhat decomposition, 35
pseudo-split case, 39, 48



148 BRIAN CONRAD AND GOPAL PRASAD

smooth connected groups, 51

canonical diagram, 124
Cartan subgroup, 13, 120
as maximal torus, 81, 130
basic exotic case, 90
generalized standard case, 140
center, 9
central quotient, 13
minimal field of definition, 66
pseudo-reductivity, 63
root group, root system, 65
standardness, 19
surjectivity of £z7, 67
Za,c, 120
centralizer, 9
Chevalley structure theorem, 107
closed set of roots, 34
conformal isometry, 87
SO(q), 130
conjugacy
maximal split tori, 43
maximal split unipotent/solvable
subgroup, 49
minimal pseudo-parabolic subgroup, 48
connectedness of Zg ¢, 115, 119, 121
coroot, 31, 54

divisible root, 27

dynamic method, 19-24

Dynkin diagram
action by (AutSG“}k)O(k), 124
action of AutSG“}k, 125
*x-action, 124

generalized basic exotic
properties, 132-133
type B, 132
type C, 133-135
generalized basic exotic group, 138
generalized exotic group, 135, 137
generalized standard group, 138
Cartan subgroup, 140
locally of minimal type, 143
properties, 139

Isomorphism Theorem, 119

ker(ig)
central kernel, 71
non-reduced root system, 102
triviality of ks-points for BC,, 101
k-radical, 6
k-tame, 68, 138
central extension, 69, 70
k-unipotent radical, 5
k-wound, 47

Levi subgroup, 10, 59, 73, 137
existence, 60

linear structure, 26

locally of minimal type, 141
counterexample, 142
generalized standard, 142—-144

minimal field of definition, 65
central quotient, 66
geometric unipotent radical, 80, 88
root field, 88

minimal type, 73
F4, Go, 95, 129
GP™t quotient for BCy,, 112
properties, 75
relation to locally of minimal type, 141
Weil restriction, 73

module scheme, 98

multipliable root, 27

non-degenerate, 9
non-reduced root system, 102, 138
normal subgroup, 12, 13, 75

open cell, 34

parabolic set of roots, 34
pseudo-parabolic subgroup, 34
primitive pair, 138
pseudo-complete, 40
pseudo-parabolic subgroup, 41-42
Weil restriction, 40
pseudo-inner, 117
pseudo-parabolic, 23
pseudo-parabolic subgroup
conjugacy, 48
k-split solvable subgroups, 42
Lie algebra, 48
maximal split unipotent subgroup, 49
minimal, 34, 47
parabolic set of roots, 34
properties, 23-24
pseudo-completeness, 41-42
rational points, 55
relative roots, 53
self-normalizing, 46
separable field extension, 45
pseudo-reductive, 6
pseudo-reductive group
central quotient, 13, 63
generalized standard, 137
Isomorphism Theorem, 119
Levi subgroup, 60
locally of minimal type, 141
maximal quotient of minimal type, 112,
135
non-reduced root system, 109
non-standard, 137
non-standard case, 144
normal subgroup, 12, 13
pseudo-simple normal subgroups, 29-31
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root datum, 31
separable field extension, 12
SO(q), 83
standard construction, 17-19
torus centralizer, 12
Weil restriction, 6
pseudo-semisimple group, 6
Aut-scheme, 116
isomorphism classification, 81
pseudo-simple, 29
pseudo-split, 25
rank-1 case, 78
pseudo-split form
existence, 117-118
uniqueness, 117, 128

quasi-split pseudo-inner form
obstruction, 117-118
uniqueness, 117, 128

relative coroot, 54
relative root system, 53
relative Weyl group, 52, 53
root, 27
root datum, 31
root field, 86

BC,,-cases, 112

long, short, 87

rank-1 subgroups, 86

relation to minimal field of definition of

% (Gy), 88
root group, 28, 54
central quotient, 65
properties, 56
root system, 32

scheme-theoretic center, 9
separable field extension
ba, 73

generalized basic exotic group, 132, 134

generalized exotic group, 136
generalized standard group, 140
k-unipotent radical, 5
minimal type, 73
pseudo-parabolicity, 45
pseudo-reductivity, 12
Rus,i(H), 47
standardness, 70
Severi-Brauer variety, 130-131
standard pseudo-reductive group
absolutely pseudo-simple case, 89
characterization, 71
construction, 17-19
counterexamples for types B and C, 97
reduced root system, 65
separable field extension, 70
strict birational group law, 106

Tits system, 39

Tits-style classification, 126-128
torus centralizer, 12

unipotent group scheme, 21
universal smooth k-tame central extension,
70, 140

very special isogeny, 91-92
very special quotient, 91

‘Weil restriction, 5
anisotropic kernel, 126
definition, 9
minimal type, 73
properties, 5, 14-16
pseudo-completeness, 40
pseudo-parabolicity, 23
pseudo-reductivity, 6
Za.o, 122

Weyl group, 32
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