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0. Introduction.

In this paper I discuss the technique of weighted homogeneous coordinates
which has appeared in works of various geometers a few years ago and it seems has
been appreciated and armed by many people. In many cases this technique allows one
to present a nonsingular algebraic variety as a hypersurface in a certain space (a
weighted projective space) and deal with it as it would be a nonsingular hypersur-
face in the projective space. A generalization of this approach is the technique

of polyhedral projective spaces for which we refer to [5, 6, 15].
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Section 1 deals with weighted projective spaces, the spectrums of graded poly-
nomial rings. Most of the results from this section can be found in [7].

In section 2 we generalize the Bott theorem on the cohomology of twisted
sheaves of differentials to the case of weighted projective spaces. Another proof
of the same result can be found in [23] and a similar result for torical spaces is
discussed in [5].

In section 3 we introduce the notion of a quasismooth subvariety of a weighted
projective space. For this we define the affine quasicone over a subvariety and
require that this quasicone is smooth outside its vertex. We show that quasismooth
weighted complete intersections have many properties of ordinary smooth complete
intersections in a projective space. The work of Mori [19] contains a similar re-
sult but under more restrictive conditions. Pather surprisingly not everything
goes the same as for smooth complete intersections. For example, recent examples
of Catanese and Todorov show that the local Torelli theorem fails for some quasi-
smooth weighted complete intersections (see [4, 24]).

In section 4 we generalize to the weighted case the results concerning the
Hodge structure of a smooth projective hypersurfaces. Our proof is an algebraic
version of one of Steenbrink [23] and can be applied to the calculation of the De
Rham cohomology of any such hypersurface over a field of characteristic zero. The
present paper is partially based on my talks at a seminar on the Hodge-Deligne
theory at Moscow State University in 1975/76. It is a pleasure to thank all of its

participants for their attention and criticism.

1. Weighted projective space.

1.1. Notatiomns
Q= {qo,ql,...,qr}, ~ a finite set of positive integers;
lol = qp+...+q_;
S$(Q) - the polynomial algebra k[TO""’Tr] over a field k, graded by the condi-

#

9y > i=0,...,r; TP(Q) = Proj(S(Q)) - weighted projective space of
T+l

type Q. U= A ""-{0} = Spec(S(Q) - {(Ty,....,TO}; m= (Ty,.conT)
Abbreviations:
P’ = P(1,...,1), S5=5(Q, P=TPQ -

We suppose in the sequel that the characteristic p of k 1is prime to all ﬂi’

tion deg(Ti)

though many results are valid without this assumption. Ve also assume that
(qo,...,qr) =1.

The last assumption is not essential in virtue of the following:

Lemma. Let Q' = {aqo,...,aqr}. Then P(Q) = P(Q').
Really, S(Q')m = S(Q)am and hence in the standard notations of [12] we have
s(Q") = S(Q)(a). Applying ([12], 2.4.7) we obtain a canonical isomorphism

P(Q) = Proj(s(Q)) = Proj(s(@ ) = B(Q") .



We refer to 1.3 for more general results.

For any graded module M over a graded commutative ring A we denote by M(n)
the graded A-module obtained by shifting the graduation M(n)k = Mn+k .
By M we denote the 0 —Module, associated with M. PRecall ([12];

Proj(A)
2.5.2) that for any feAd

m
F(D+(f),M) = M(f) = {?:meMkd} R

where open sets D+(f) Spec(A(f)) form a base of open sets in Proj(a) .

1.2. Interpretations.

1.2.1. It is well known that a Z-graduation of a commutative ring is equivalent
to an action of a l-dimensional algebraic torus Gm on its spectrum. In our case
Gm acts on Aﬁl = Spec(S(Q)) as follows

s — 58 k[x,x‘lj

94
T,~T; 8X ", 1i=0,...,r
where Gm = Spec(k[X,X_l]) .
The corresponding action on points with the value in a field k'o> k 1is given
by the formulas

(r+l T+l

k'*xk >k

9z

q
0
(t,(ao,...,ar)) > (aot T )

The open set U = A" _ {0} is invariant with respect to this action and the uni-
versal geometric quotient U/ Gm exists and coincides with TP(Q) .
If k=€ 1is the field of complex numbers then the analytic space P?*" asso-
ciated to P(Q) 1is a complex analytic quotient space t™ - (0)/¢”  where
E* acts on Er+1 by the formulas
(£, (zgsneerz)) > (zotqo,...,zrtqr)
In view of this interpretation the space P(Q') from the lemma in 1.1 corresponds

to a noneffective action of G
m

1.2.2. For any positive integer gq we denote by uq the finite group scheme of

g-roots of unity. This is a closed subgroup of Gm with the coordinate ring
k[X]/(x3-1).

. . T .
Consider the action of the group scheme Moo= U X,,.,X qu on P which

is induced by the action u on S

Q
T, +T, 8 X,,
1 1 1

where _ii =X mod(Xqi-l) in the coordinate ring of u
q i
The homomorphism of rings S(Q) + S, T, > 'I'i * yields the isomorphism
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S(Q) = s"Q. It is easy to see that the corresponding morphism of projective spec-

trums is well defined and gives an isomorphism

P@Q) = Proj(SuQ) = P/ by -

In case k = €
Q™ = P (0)/ NG
where uQ(E) acts by the formulas
(g,(zo, . ,zr)) > (zogo,. .. ,zrgr)

g = (go,...,gr) » By = exp(Z'nibi/qi) . Osbi<qi.
1.2.3. The previous interpretation easily gives, for instance, that for Q =
{1,1,...,1,n} the weighted projective space P(Q) equals the projective cone
over the Veronese variety vn(IPr-l) .
For example, P(l,1,n), n#¥1 is obtained by the blowing down the exceptional

section of the ruled surface F, (when n=2 it is an ordinary quadratic come).

1.2.4. For Q= {l,ql,...,qr} the spaces IPP(Q) are compactifications of the af-
fine space AT, Indeed, the open set D+(T0) is isomorphic to the spectrum of
T T
the polynomial ring k —L,...,T—r . Its complement coincides with the weighted
0 0
projective space ]P(ql,.. .,qr) .

1.2.5. Weighted projective spaces are complete toric spaces. More precisely,
IP(qO,...,qr) is isomorphic to the polyhedral space P, of [6], where A =

A
r+l, _
{(xo,...,xr)e]R PIgx, = qo...qr}.

1.3. The first properties

1.3.1. For different Q and Q' the corresponding spaces TP(Q) and FP(Q') can

be isomorphic.

Let
di = (Ggoeeendy g59549000059,)
a; = L.c.m. (do,.. "di—l’di+1"“’dr)
a =L.com.(d,,...,d ).
0 T

Not h = = .
ote that ai|qi, (ai’di) 1 and aidi a

Proposition. (Delorme [7].) Let Q' = {qO/a,...,qr/ar} . Then there exists a
natural isomorphism P (Q) = P(Q') .

For the proof we consider the graded sugr:-ing s' = n§0 S(Q)an of 8(Q) and
note that §' = k[XO""’Xr] , where Xi = Til is of degree aqi/ai . But then
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S(Q') = S'(a) and hence Proj(S(Q')) = Proj(s') ([12],2.4.7). Now there exists also
an isomorphism Proj(S') = Proj(S(Q) (a>) = Proj (S(Q)) .

Corollary. Each P(Q) = (Q'), where (q('),...,q;,__l,q]',__'_l,...,q;) =1 for i=

O,...,r.

Corollary. Assume that 9; = 2 for i =0,...,r. Then P(Q) = P,
For example, it is so if all numbers Z.c.m. (qO""’qr)/qi are coprime. In
this case the previous fact was independently discovered by M. Reid.
Note that in case r = 1 we can use the previous corollary and obtain that
]P(qo,ql) = ]Pl for any 94097 - This fact however follows also from interpretation

l.2.2.

1.3.2. Remarks. 1. There is a certain difference between the identifications of
the proposition and of the lemma in 1.1. In terms of 3.5, the spaces TP(Q) and
P(Q') from the proposition are not projectively isomorphic.

2. It can be shown that the isomorphism P(Q) = PP(Q') of 1.3.1 induces an iso-

r

morphism of sheaves 0O_(n) = 0_((n- I b,(n)q,)/a), where b (n) are uniquely
P r i=0 i i i

determined by the property

n = bi(n)qi + ::i(n)di , Osbi<di .

1.3.2. Let G be a finite group of linear automorphisms of a finite-dimensional

vector space V over a field k. An element geG 1is called a pseudoreflection

*
if there exists an element eg eV and fg eV such that

g(x) = x + fg(x)eg for every xeV.

Lemma. ([3], ch.V, §5, th.4.) Let B be the symmetric algebra of V and A =B,
the subalgebra of G-invariant elements. Assume that #G is invertible in k.
Then the following assertions are equivalent:

(1) G 1is generated by pseudoreflections;

(ii) A 1is a graded polynomial k-algebra.

Example. g acts on S as a group generated by pseudoreflections.

These pseudoreflections act by the formula

T, ~ T.08X.,
i Lo i

Tj->Tj, j#4i, i=0,...,n.

1.3.3. Proposition
(1) P(Q) is a normal irreducible projective algebraic variety;
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(ii) all singularities of TP(Q) are cyclic quotients singularities (in particu-
lar, P(Q) is a V-variety);

(iii) a nonsingular P(Q) is isomorphic to r-

For the proof of property (i) we remark that this property is preserved under

an action of a finite group and use interpretation 1.2.2. To see (ii), we use in-
r

terpretation 1.2.1. Let P = U Ui be the canonical covering of TP, where Ui =
i=0
+1
D+(Ti) . Consider the closed subvariety Vi = Spec(S/(Ti—l)) of Ar = Spec(S).
The action of Gm on Ar+l induces the action of u on Vi which, after iden-
i
tifying Vi with Spec(k[TO,...,Ti_l,Ti+l,...,Tr]) , can be given by the formulas
94
Tj - Tj 8X,%, §=0,...,i-1,i41,...,1

where notations as in 1.2.2,

It is easy to see that Ui = Vi/uq' and, since Vi = AT, we have property (ii)
of P(Q) . .

For the proof of (iii) we use 1.3.1 and the previous construction. By 1.3.1

we may assume that (qo,... .,qr) = 1. Then it is easy to see that

2931294412
the action of n on Vi is generated by pseudoreflections only in the case

i
q; = 1. It remains to apply 1.3.2.

1.4. Cohomology of O]P(n) .

1.4.1. Recall that O]P(n) denotes an OIP -Module associated to the graded S(Q)-
module S(Q)(n) . For any homogeneous fe S(Q) we have a natural homomorphism
S(Q)n + 8(Q) (n) ) (a+a/l) which defines a natural homomorphism @ S(Q)n >

HO(]P(Q) ,Om(n)) (the Serre homomorphism).

Theorem.

(i) o Sn > HO(]P, O]P (n)) 1is bijective for any neZ ;

0 for i# 0,r, neZ;

(1)  H (P,0,(@)

(iii) HY(P,0_(n)) = S .
P -n~|Q|

Proof. According to general properties of projective spectrums we can identify

U = Spec(S) -~ {m} with the affine spectrum of the graded OIP -Algebra & O]P (n)
neZ
([12], 8.3). The corresponding projection p:U+TP coincides with the quotient

morphism U - U/Gm from 1.2.1. Since p is an affine morphism we have

HY(U,0p) = B (B, p,(0))) = H (P, & 0p(m) = & H'(P,0 ().
neZ neZ

Now we use the local cohomology theory ([13]). We have an exact sequence
0 0 1
0 » H(m}(s) + S > H (U,OU) - H{m}(S) -0

and isomorphisms
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H?m}(s) = Hi'l(U,OU) , i>1.

It is easy to see that the homomorphism S ~ HO(U,OU) induces on each Sn the
Serre homomorphism an:Sn -+ HO(E,OP(n)) .  Since § is a Cohen-Macaulay ring, we
have

H%m}(s) =0, i#r+l.

This proves assertions (i), (ii) of the theorem.

For the proof of (iii) we have to use the explicit calculation of H;;ﬁ(s).
We have
r+1 _ r+l m -
H{m}(s) = 1';@ Ext (S/(TO,...,Tr) ,S)
+
= lig Bxc"(s/ (@™, 9)
m
m, _ ,.m m
where (T) = (TO""’Tr)'
Let V be a free S-module of rang r+1 with the basis (eo,...,er). Grade
V by the condition deg(ei) = qm and consider the induced gradation on its ex-
terior powers R (V) (where deg(ei A...Aei ) = m(qi 4. ..+ 9y )) . The Koszul

o 1 P P
complex for (T ) :
1 2 r+l
S« AV) <« A(V) « ...« A (W) <O

e, A...Aei > Z(—l)kTw e, A... A&, A...Ae
1 Pk ke t1 K D

defines a resolution of graded S-modules for S/(EP) and hence we have an isomor-

phism of graded S-modules
r+l r

Ext™1(s/(T™),8) = Hom( A (V),8)/Im(Hom(A(V),S)

14

(s/(T™) (=mlq])
Put
I - (s/ (™) (-m|Q ]y,
then
r+l o1
H{m}(S) = liﬂ Im’

where the inductive system is described as follows.

Let t" be the image of T O...T ¥ in I . It is clear that
ao,...,ar 0 r m
for O<a,<m t° form a basis of 1 . In this notation the transition
i a.,...,a m
0 r
map
: I~
um,m+s m Im+s
is multiplication by Tg...Ti and
m mts
u t = .
m,mts ao,...,ar) ao+s,...,ar+s
Let e be the image of &M in lim I . Module Hr+l(s) is a
8pseeedl CITERRFL = m {m}
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graded S-module and elements e a form its homogeneous basis. We have
Bgy-eesd .
e = m = - -_— — =
deg(ea eeisa ) deg(e‘a ...a ) (m a0)+... + (m ar) m’Q| .Z a,q;
0 r 0 r i=0
Thus we obtain that e with
8.,..4,a
0 r
r
n = -'Z a;qq (ai>0)
i=0
r+1 .
generate H{m}(s)n as a k-space. Since .
. _ r+l - -
dlm’ks—n-—Q = #{(bo,...,br) e N :-n |Q| i=2 biqi}
r
- r+l  _ _
= #{(ao,...,ar) eN, i .E aiqi} ,
i=0
we have
r+1 B
H{m}(s)n B s—n—|Q|'

It remains to notice that

r+1 .
H{m}(s)n = H (IP,OIP(n)) .

1.4.2. Let integers a be determined by the identity

w 3 qQ; _
Py = £ at’= 1 @-c 7.
n :

n=0 i=0

Then as a corollary of the previous theorem we have

an i=20

dimkHl(]P,()]P(n)) =40 140,z
a i=r
-n-|q} ’

In fact, Ps(t) is the Poincare series of the graded algebra S5(Q) (see 3.4) and
a = climkS(Q)n .

1.5. Pathologies
If P = P° then the following properties are well known.

(i) for any neZ O]P(n) is an invertible sheaf;

(ii) an invertible sheaf OIP(n) is ample;

(iii) the homorphism of multiplication S(n) 8 5(m) > S(n+m) induces the isomor-
phism OP(n) 9 O]P(m) = Om(n +m) ;

(iv) for any graded S-module M and neZ

M(n) = M8, Op (n)

]P]P

None of these properties is valid for gemeral P(Q) .

1.5.1. Let Q= {1,1,2}. The restriction of OJP (1) to D+(T2) is given by the
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- 1
S(Tz) module

= 18

S(l)(Tz) = { W a2« SZk—l}
TZ
T T
. - _0 1. 5
It is clear that S(l)(Tz) S(TZ)TZ + S<T2)T2 is not a free

one.

This is a counterexample to property (i).

1.5.2. On a weighted projective line P (qo,ql) all sheaves

(T )—module of rang
2

0. (n) are inverti-

i3

i i -] 1 S free-
ble. 1In fact, O]P (n) |D+(Ti) is associated to the S(Ti) module (n) (Ti) , fr

ly generated by T?/le , where n = kqi—qu and k/n, p/n are integers coprime

with qj and q; respectively.

Since P (qo,ql) = lPl (1.3.1), an invertible sheaf OP(n) is equal to some

O]P]_(bn) . Moreover, if T‘(]P,O]P(n))9‘ 0, then

brl = dimkI‘(]P,O]P(n)) -1.

Thus, O]P(n) is ample if dimkF(IP,OIP(n)) >2. But, if n<min{q0,q1} and n>0,

NR,0,(m) =0 (1.4.1).

This is a counterexample to property (ii).

1.5.3. 1In notations of 1.5.2 assume that q; = q0+l , q0>1 .

+q1+1 =0, bql+l<0. But

b
9

Then b =

0p (ag) 8 O (q;+1) = Opg (bqo) ] 0191 (bq1+l) = O]Pl (bq0+bq +1)

O]P (q0+ql+ 1) = OPl (bq0+ql+l) .

This is a counterexample to property (iii).

1.5.4. To obtain a counterexample to property (iv) we can take

that S(m)(n) = S(m+n) and use the counterexample from 1.5.3.

1.5.5. We refer to the paper of Delorme ([7]) for more details
ties of the sheaves O]P(n) . For example, one can find there a
the duality theorem for P(Q) , the particular case of which we

We remark also that according to Mori ([{19]) everything is

1

M = S(m) , note

concerning proper-
generalization of
have proved in 1.4.1.

well in the open

set V= n D where D, = u D+(Ti)' Namely, V is the maximal open sub-

k>1 k k qui

scheme such that O]P(l) |v  is invertible and (O]P(l) |V)Gm = O]P(m)]V, Yme Z .

2. Bott's theorem.

2.1. Sheaves 5]1?.



43

2.1.1. Let Qé be the S-module of k-differentials of S . This is a free module
. i
with a basis dTO""’dTr' Denote by Q; its exterior ith power A(Qé) (as
usual we put ﬂg = §). This is a free S-module with the basis {dTS A...Ade :
. 1 i
0< §) Ceen < siS r}. Grade Q;‘ by the condition

deg(dT A...AAT_ ) =q_ +...+¢q
sy CH $; N
We have an isomorphism of graded S(Q)-modules
i ~ - —_ " s -
QS ) S( g 44 ).

OSsl<...<siSr 1 i

For i = r we obtain

2ttt = s(-loh)

Let d:S - Ql be the canonical universal differentiation. By definition of the

S
partial derivatives we have
T ja
da = I ﬁ——dT,, aesS.
=0 %3
The k-linear map d extends to the exterior differentiation
i i+l
d: QS > QS

uniquely determined by the conditions
d(wAw') = dwaw' + (—1)lwAdw', we Q;, w'e Qg

d(d(w))

i
0, Vw e QS.

2.1.2. Recall the Euler formula:

r
Jda
na= I -+ q.T, Vae S(Q) .
. 3T, ’ *n
j=0 7y 1
Using the linearity of both sides of this identity we may verify this formula
s s

only in the case when a 1is a monomial TOO...Trr. But in this case it can be

done without any difficulties.

2.1.3. Define the homomorphism of grades S-modules
I N £ 1

by the formula

i k+1 .
A(de A...Ade Yy = I (-1) q T dT A...AdT  A...AdT
1 i k=l Sk %k 51 Sk 1
Lemma.
(1) A(waw') = A(w)Aw'-F(—l)lwAA(w') s we Q;, w'e Qg;
(i) A(da) = na, ae Sn;

(i11) A(dw) +d(a(w)) = nw, we (Qsi)n‘
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Using the linearity of A we may verify (i) only in the case w=de Ao MT

S,
1 i
w'=dT ,A...AdT , . But this is easy.
81 sj
Property (ii) is a corollary of the Euler formula. To verify property (iii)
it suffices to consider the case w= ade /\.../\dTS , ace€ Sk . We have
1 i

A(dw) = A(da/\dTS A...AdTS.) = A(da)/\dTS A"'Ade, - da/\A(dTS A"'Ade,) =
1 i 1 i 1 i

= kadT A...AdT = daAA(dT_ A...AdT )
S S, S S
1 i 1 i

= = N d ..oond =
d(a(w) d(aA(de A"'Ade,) da/\A(dTS A /\dTS')+ad(A( TS A A Ts )

1 i . 1 i 1 i
: £+1 "
= daAA(dT A...AdT_ ) +4+ad( T (-1) q T dT_A...AdT_ A...AdT_ ) =
1 51 L=t S¢S 1 N4 S
= dana(dT . dT )+ (T q_ )adT_ A...AdT
1 i =1 ¢ %1 53

Adding we get

i
A(Gw) +d(A(w)) = (k+ T q_ Jw = nw.
=1 St

2,1.4. It is easy to identify the sequence

0 —>Q§+1_A—>Q§_> saee _)Qé > S

with the Koszul complex for the regular sequence (qCTO,.. "qur) . Thus, we ob-
tain that it is an exact sequence.
Now put

-1, i+l A i
) = Im(ag >0Q)

i
S

o =

s Ker(Q;—A»Q

with the induced grading.
So, we have the exact sequences of graded S-modules:
0+ » ol ~ T »0, 121, nez

2.1.5. Define the sheaf E]IP on P(Q) by

—Si]lp = E; , where M denotes the sheaf associated to a graded S-module M.
Also we put

=i =i

QP (n) -Qs(n), neZ .

Since M-M 1is an exact functor we have exact sequences of sheaves on P(Q) :
=1 i =i-1 .
O—*&'Z]P(n)*gs(n)%ﬂIP (n) >0, iz1.
It is clear that for i = r+1, 5119 (n) = 0, thus for i=r

-t _ ortl _ _ _
Qp (@ =2, () = S-[q]) = 0 (n Q) .
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2.1.6. Note that in the case char(k) = 0 property (iii) in lemma 2.1.3 gives an
algebraic proof of the acyclicity of the De Rham complex

0+ k+sSa b o 5ot o,

2.2. Justifications.
In this section we try to convince the reader that the sheaves H]lP introduced
in the previous section are good substitutes for the sheaves of germs of differen-

tials Q]Ji,r on the usual projective space pr

2.2.1. Let P = P°. Let us show that
=i _ a1
Q]P (n) = Q]Pr(n) .

In this case
*
U=V(0_r(-1)) = Spec( & 0_, (n))
P P
neZ
is the complement to the zero section of the tautological line bundle V(O]Pr(’l))
on P° and the canonical morphism p:U > PY  is smooth.
The standard exact sequence

* 1 1.1
0+ pap >y >y » 0

induces the exact sequences
* i i 1 i-1
0-+p Q]P > QU+QU/]P@p*Q]P -~ 0.
The homomorphism
1
A QS + S (?aidT:,L -+ E_:aiqiTi)
i i
induces after restriction to U a surjective homomorphism of sheaves

1
A:QU—>0U

(here we use that (qi,char(k)) = 11!). It is easy to verify that A(p*Q;) = 0 and
hence A defines a surjective homomorphism

~ o1

A + 0

: QU/]P U*
Since Qllj/];’ is invertible we obtain that A is in fact an isomorphism.
Thus we have exact sequences

0 - p*Q]ji) - Qi > p*Q]j;l >

U 0

and applying p, we obtain exact sequences
0> & 2, @ > & a.(n) > @ Q;P‘l(n) > 0.
neZ neZ nezZ
It is easy to see that in this way we obtain exact sequence 2.1.5 of the definitiom

=i
of Q]P (n) .
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2.2.2. Lemma. In the notation of 1.3.2, let us assume that G 1is generated by
pseudoreflections and its order is invertible in k. Then the canonical homomor-

phism

i i G
g 7 W)

is an isomorphism of A-modules.

(resp. 9, ,.)

B/k IVA'S
is a free B-module (resp. A-module). Since B is a free A-module ([3],ch.5, 5,

Proof. Since B (resp. A) is a polynomial algebra, the B-module ok *

i . i i
th.5), QB/k is a free A-module. Let QA/k - QB/k be the canonical homomorphism
of A-modules (the inverse image of a differential form). It is injective (because
i
“a/x
its cokernel and

is free and it is injective over a dense open subset of Spec A). Let T be

i i
0> Ty ™ gy

>T~>0
be the corresponding exact sequence.

Now, for every G-B-module M, the homomorphism m > %E ég(m) is a projector
onto a direct summand (here we use the assumption that #G is invertible in k),
thus the functor ( )G is exact. Applying this functor to the above exact sequence,
we get an exact sequence

G G

i i
0~ QA/k > (QB/k > T >0

where (Q;/k)c, being a direct summand of a free A-module, is a projective A-module.

)

This shows that dim. proj. (TG)S 1 and, hence, depth (TG) >dim B-1. This implies
that TG = 0 if its localization (TG)P = 0 for any prime P of A of height 1.
Let Q be a prime ideal of B such that QnA =P and G, = {geG:g(Q = Q} be

the decomposition group of Q. Then (TG) = (TQ) Q- Coker(Q1 - (Rl )y Q.

P AP/k BQ/k
Let Gé be the inertia group of Q, the subgroup of G, of elements which act
GO G
trivially in the residue field K of B_ . Then B_>B' = (B) Y5(B ) Q=
y Q Q28 ( Q) ( Q) Ap s
the extension Béa AP is etale, the group Gé is a cyclic group of order e
equal to the ramification index of the extension B > B' ([3],ch.V, 5, n®°5). This
. . . . Gl G'
shows that @ 8, A' = Ql, and, hence, or = (Ql,) Q/ Q. Thus, it suffices
AP/k A 7Q B A B
P Q P Q
to show that
. G!
a3, = (o} ) °
Q Q
Passing to the completions, we may assume that BQ = K[[T]], Bé = K[[Te]] and a

generator g of Gé acts on BQ by multiplying T by a primitive e-th root of
unity ¢. Let t
Then

be a separable transcendence basis of K over k.



47

Qi = B, dt, A...Adt AdT

B 0 i1,
A direct computation shows that @r ) e Ql, .
BQ/k BQ/k

2.2.3, Let a: P’ > P be the natural projection P~ Pr/uQ = P(Q) from 1.2.2.

Let us show that

—~i G, .1
fip = a, (QIP) ,
where G = “Q and as ig the functor of invariant direct image ([11],5.1).
The action of G on P° is induced by one on S. Since SG is a polynomial

algebra, this latter action is generated by pseudoreflections and hence, by lemma
2.,2.2, we have an isomorphism of S(Q)-modules
P P N
s © %)

and, hence, an isomorphism of sheaves

i . G,.1
S5 = 2 -

Applying aS to the exact sequence (see 2.1.5)

i 1, oi-l
07 fpr = B2 8 7

0

R G . G
and using the exactness of a, (p is an affine morphism and ( ) is an exact
functor) we obtain an exact sequence:

G

i i-1
IO

G,
0+ a%w* ) @ty 0.
T ;i

r

Since ag(O ) = 0_ we obtain by induction that af(ﬂ
P E P

2.2.4, Let us show that -5; coincides with the sheaf 5; introduced for any
V-variety in [23].
Recall that
~i i
= 3 (R
Pp = 3.9
where j:W > P is the open immersion of the swooth locus of TP . In notations

of 2.2.3, let us consider a commutative diagram
- 31
aty — I pT

a' a

Wl P

-1 .
Here a' = ala™ (W) and j' 1is the natural immersion. Since W is smooth, the

action of ug on a (W) 1is generated locally by pseudoreflections. Then, by

lemma 2.2.2, we get
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i G, i
=a' (Q
Qw * a—l(w)

Since codim(P -W,P) 22 (P is a normal scheme) and P’ is smooth,

)

jreet oy =t
At Pr
Thus
oo g@d = g.@fet . ) = bt ) =atet)
T %* Q‘w * ® a_]_ (w) * * a_]_ (w) * ]Pr

2.3. Cohomology of ﬁ;(n) .

2.3.1. Let us consider the graded $(Q)-modules ﬁé , introduced in 2.1.4 and let

H?nﬂ denote the local cohomology group for a S-module M (cf. 1.4).

Proposition.
0, j#i+1, r+1

i iy o
H{m}(QS) -
K, §=4i+14rr+1.

Proof. We have exact sequences (2.1.4)

0>t > a0, 1
which, after applying the functor H%m}, yield the exact sequences of local coho-
mology
o b D iy @ e
Since Q; = §(-n) for some neZ and S is a Cohen-Macaulay ring, H%m}(ﬂg) = 0
if j # r+l1. Thus, we have an isomorphism

HJ{'m}(ﬁé) = H%;%(_ﬁ;_l) for j # r+l.

By induction, we obtain

-l =
“Hiy (@)

Mow, first terms of the Koszul complex from (2.1.4) give an exart sequence

o»ﬁé»szé»m»o,

i =i
H{m}(QS)

which easily implies that

1 =1
{m}(Q )

" s

This proves the proposition.

Corollary. 5; is a Cohen-Macaulay S-module if and only if 1 = r.
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2.3.2. For any subset Jc[0,r] = {0,...,r} denote by IQJI the sum I qj .
jed
Notice that IQ[O,r]' = |Q] in our old notatioms. Put a = d].mkS(Q)n

Theorem. Let h(j,ijn) = dimkl-l:l (]P,E]]i?(n)) . Then

h(0,i;n) = I - h(0,i-1sn), izl, neZ

#J i ol
h(j,isn) = 0, if i # 0,i,r, neZ
h(i,1;0) = 1, i=0,...,r
h(i,isn) = 0, n#0, i#71,0
h(r,isn) = b

a_ _| | - h(r,i-1;n), 120, neZ
py=r+l-1 19y

Proof. Using the same arguments as in the proof of theorem 1.4.1 we obtain the

exact sequence

—i

0~ }(Q ) SZ > 0 H (P, Q (n)) - H{m}(Qs) >0

and an isomorphism
@ ~ e, BN (®,IL @) .

{m} €2
Applying 2.3.1 we get that

0, =i —i, i A =i-1

H(P,0p(m) = (R = Ker(Qg = a5 ")

j =i - :

H (]P,Q]P(ﬂ>) =0, J # 0,i,r, ne Z

H(P,Op(n) =k, n=0, i#r

i =i :

H(]P,Q (n)) =0, n#0, i# 0,r
Now Q; & S(—‘Q I) and A 1is surjective (2.1). So, we get all the assertions

except the ]!ast one.

Consider exact sequence 2.1.5
O->§2(n)—>§2(n)+§2 (n)->0

and the corresponding cohomology sequence

r-1 = i-1

Hr_l(Qi(n)) - H ( ) - B (Q (m)) ~H (Q (m)) > HF (@p () > 0.

Since Q;(n) = (n—IQ |) we can apply theorem 1.4.1 and obtain that
#J-

dim B (2t (n)) = I a
ks pu=rs1oi 10l

Using this sequence and preceeding results we obtain the last equality.

2.3.3. C(Corollary.
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10 ®, 5% ()

0, if n<min{|QJ|: #3 = i}

(P, 0t () = 0, if n>-min{|Q,[: #J = r41-1} .

2.3.4, Corollary (Bott-Steembrink). If n>0 then
B (P05, () # 0

only when j = 0 and n >min{IQJ1: #3 =4} .

2.3.5. Corollary.

i .
(—l)£+l

h(oyi;n) = z a
£=0 p3-e 19l

i
™~

h(r,ij;n) = h(0,r-i;-n)

Here the first assertion immediately follows from 2.3.2 and to verify the second

one we have to consider the identity

h(r,1;m) - h(0,x-15-n) = h(0,r+l;-n) = dim BO(R, B (-n)) = 0 .

2.3.6. Corollary. If k=L, then

L, i even
Hy(P,T) =

0, i odad

1, p=gq
nPr () =

0, p#gq

This follows from the degeneracy of the spectral sequence Eg’q = Hq(InE%;) =
+
P q(X,E) proven by Steenbrink [23].

3. Weighted complete intersections.

3.1. Quasicones.
3.1.1. Let X be a closed subscheme of a weighted projective space P(Q) and

p: U > P(Q) be the canonical projection.

The scheme closure of p_l(X) in Ar+l is called the affine quasicone over

X. The point OQ¢ CX is called the vertex of CX'

Let J be the Ideal of X in P then the ideal I of C, in S is equal

W, p e, 0) = 0 X
to U,p (1) 0p W = n?ZH (IP,JOIP@o]P (n)) .
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3.1.2. Proposition.

(1) I 1is a homogeneous ideal of S(Q) ;

(ii) the maximal ideal m of the vertex of CX coincides with the irrelevant
ideal of the graded ring S(Q)/I and has no immersed components (i.e.
depthm(S/I) 21);

(i1i) The closed embedding Proj(S/I) » Proj(S) = P corresponding to the natural
projection § -+ S/I determines an isomorphism Proj(S/I) = X;

(iv) I 1is uniquely determined by the properties above.

This is an easy exercise in the theory of projective schemes, which we omit

(it will not be used in the sequel).

3.1.3. An affine variety V is called quasiconic (or quasicone) if there is an

effective action of G on V such that the intersection of the closures of all or-
m

bits is a closed point. This point is called the vertex of a quasicone.

3.1.4. Proposition. Let V be an affine algebraic variety over a field k. The
following properties are equivalent:

(i) V is a quasicone;

(ii) k[v] = P(V,OV) has a nonnegative grading with k[V]0 = k3

(iii) there is a closed embedding j:V A-AF+1 such that j(V) is invariant with

respect to the action of Gm on Ar+l defined as in 1.2.1;

(iv) there is a closed embedding j:V %-Ar+l such that the ideal of j(V) 1is
generated by weighted-homogeneous polynomials with integer positive weights
(i.e. homogeneous elements of some 5(Q) ) .
The proof consists of standard arguments of the algebraic group theory (cf.

[81, [20]).

Corollary. Any affine quasicone is a quasicone. Conversely any quasicone without

immersed components in its vertex is an affine quasicone for some Xc P(Q) .

3.1.5. A closed subscheme Xc P(Q) is called quasismooth (with respect to the em-

bedding X » P(Q) ) if its affine quasicone is smooth outside its vertex.
3.1.6. Theorem. A quasismooth closed subscheme X ¢ P(Q) is a V-variety.

Proof. Let CX be the affine quasicone over X and xe¢X be a closed point. In

notations of the proof of 1.3.2 let wi = Vir1C Let us show that for any vy swi

"z
over xd‘di is nomsingular in y. We have to show that the tangent space TC ()
X
*
is not contained .in the tangemt space Tv (y).Let p': CX + X Dbe the restriction
i
* -1
= - =’ . .
of p to Cy=Cy {0} and F=7p (x)red‘ The fibre F 1is an orbit of the
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*
point y with respect to the action of Gm restricted to CX' If

(§O""’;i—l’l;;i+l""’§r) denotes the coordinates of y, then F coincides with

r+l

the image of the map Gm = Spec(k[t,t~l]) - A = Spec(S) which is given by the

formula:
— 4 - 9y ey 0 qy#l 4,
(TO""’Ti-—l’Ti’Ti+l""’Tr) > (yOt T ot Lyt yeeesy B )
The tangent line to the curve F 1is the image of the corresponding tangent map and
defined by the equation
To=%0 = 9g¥g s 2Ty 7Yy = 44q¥i 0Tyt T A Ty T 9

It is clear that TF(y) ¢ T (y) = Vi and, since TF(y) c TC (y) , we obtain that
X

Vi
y is anonsingular point of Wi.

The end of the proof is the same as in the proof of 1.3.2: we obtain that
Uk<:X is locally isomorphic to the quotient of the nonsingular variety Wi by the

isot < i .
isotropy group Gy Gm of the point vy

3.2. Weighted complete intersections.

3.2.1. Assume that the ideal IcS of the affine quasicone CX of XcP is

generated by a regular sequence of homogeneous elements of the ring S(Q) . 1If
dl""’dk are the degrees of these elements then we say that X 1s a weighted com-

plete intersection of multidegree d = (dl,...,dk) and denote X by Vd(Q).

In case I 1is a principal ideal (F) and Fe S(Q)d we say that T X dis a

weighted hypersurface of degree d and denote X by Vd(Q).

*
3.2.2. 1In the sequel, CX will denote the punctured affine quasicone CX-{O}.

*
Let p: CX » X be the corresponding projection.

Lemma. Assume that X = Vd(Q) is quasismooth. Then

*
(1) PiC(CX) =0 if dim X23;

*
(ii)  any Gm—equivariant etale covering of Cy is trivial if dim X 22

*
(ii)’ ﬂl(CX) =0 if k=C and dim X>2;

. 1, *
(iii) H(C_,0.*) = 0, O<i<dim X.
x*7ey

Proof. (i) Since the local ring 0 is a complete intersection ring of dimen-

CX’O
sion 4, regular outside its maximal ideal, it is a factorial rimg ({13}, exp.XI).

%
This shows that Pic(CX) = Pic(CX). The latter group, being isomorphic to the
group of classes of invertible divisorial ideals of a graded commutative ring, is
trivial ([{10]). This proves (i).

(ii) A similar reference ([13], exp.X) shows that OC o 1s pure. Hence, every
X
*

etale covering of CX

is a restriction of an etale covering of C Moreover,

X
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the same is true for Gm—equivariant coverings. Let f:Y » CX be an irreducible
= n?l Bn is an
integral Z -graded k-algebra, and f 1is defined by an inclusion of graded rings

k[CX] cB. Let m= k[C]>o =

Gm—equivariant etale covering of CX . Then Y = Spec B, where B

k[CX]n be the maximal ideal of the vertex oeC_.

ngo X

Then mBCB>o and B/mB is a finite separable k-algebra. Since B 1is integral,

this easily implies that Bm =0 for m<0 and Bo is a finite algebra over

k[CX]/m = k. Since Bo is a subalgebra of an integral algebra B, this implies
that Bo is a field. Thus, we obtain that Y is a quasicone and its vertex is
the only point lying over the vertex of CX. Because f 1is etale and k 1s alge-

braically closed, this implies that £ is an isomorphism. This proves (ii).

(i1)' Let C_, be Gm—Equivariantly embedded into L" . The subgroup R, of posi-

tive real numl}J(ers of the group E* acts freely on C; . Intersecting every ]R+-
orbit with a sphere Sin-l of small radius ¢ with the center at the origin, we
get a map C; > ]R+>< Kg . wher: KE = S2n—l n CX . It is easily verified that this
map is a diffeomorphism of CX onto ]R+XKc . Now, since the vertex of CX is a

complete intersection isolated singularity, the space Ks: is (d-2)-connected

*
(d = dim CX = dim X+ 1) (see [14,18]). Thus, nl(CX) = Trl(KE) =0 if dim X=22.

To verify (iii) we again use the local cohomology theory. Since CX = Spec(S/1)
is affine,
i, * i+l i+l
*) = =
H(Cy,0.%) H{O}(CX,OC ) vy y(8/D) .
X X 0
Since 8/I, being a quotient of a regular ring by a regular sequence, is a Cohen-

Macaulay ring, Hﬁ’nl}<s/1) =0, if i+1 # dim(S/I) = dim X+1.
o

%
3.2.3. Remark. If char k>0, then Tr"lalg(cx) may be not trivial. For

example, nilg(An- {0}) # 0, because A" has nontrivial etale coverings.

3.2.4. Theorem. Under the conditions of the lemma
(i) Pic(X) =Z, if dim X23;

(i1) Wilg(X) =0, if dimX22;

(i)' nlgx) =0, if k=T and dim X22;
(iii) Hl(X,OX(n)) =0, nezZ, 0<i<dimX.

* *
Proof. Let L be an invertible sheaf on X. Since Pic(CX) =0, p (L) = OC*
X
1 1
- . - * = x
and is determined as a Gm sheaf by some character XLeH (Gm,Aut(OC n H ('Gm’Gm)

= Z . In this way we obtain a homomorphism £ : Pic(X) > Z . If X p*(L) = p*(L")
as G -sheaves, then 1L = p*m(p*(L)) =L' = p(:(p*L')) and, hence, f is injective.
This proves (i).

Let X' be an etale finite covering of X and A be a corresponding OX—

— * *
Algebra (i.e. X' = Spec(A)). Since the covering X' = X' XXCX of CX is a
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— *
Gm-equivariant covering, by lemma 3.2.2 (ii) we get that X' = Spec(p (A)) is tri-
vial.

Hence the G -0 x-Algebra B = p*(A) = A, 80.*% splits, i.e. B = B, xB,,
m CX OX CX 1
where Bi are nontrivial. Since Gm is connected, the Subalgebras Bl and 52

are invariant Subalgebras and we have a splitténg of Gm-Algebras B = le 32-
Applying p*m , we obtain that A= pfm(B) = p*m(Bl) x pim(Bz) splits. This
shows that the covering X' splits and proves (ii).

To prove (ii)' we apply Lemma 3.2.2 (ii) and notice that the canonical homo-
morphism ﬂl(C;) - ﬂl(X) is surjective because the fibres of C; + X are path-
wise connected.

To prove (iii) we note that

1% i,.% i - i
B7(Cy,0 ) = HT(Cy, 0,8, 0)) = H (X,0,8p,0,) = & H(X,0,8, 0p ().

0
b
CX P

But 0.8, O_(n) = 0_(n) and we can apply 3.2.2 and obtain (iii).
X0, P X

3.2.5. Remark. The proof of (i) easily gives that Pic(X) 1is generated by some
Ox(n) , where, in general, n # 1. For example, Pic(P(l,...,1,n)) is
generated by OH’(Z)'

3.2.6. One can also prove 3.2.4 (and its generalizations to torical spaces) using

the methods of [13] (cf. [9]).

3.3. The dualizing sheaf.

3.3.1. Recall that according to Grothendieck for any normal integral projective

Cohen-Macaulay variety X there is a sheaf wy (the dualizing sheaf) such that
. s *
B (X,F) = (Ext™ (XF,u0,)) (n = dim X)

for any coherent OX—Module F. The sheaf wy can be determined as the sheaf of
germs of differential forms which are regular at nonsingular points of X (see, for
example [161]).

In other words,

wy = 3,0

where j:Z > X is the open immersion of the nonsingular locus of X.

In this section we shall compute wy for a quasismooth weighted complete in-
tersection.

3.3.2. Lemma. Let X be a closed quasismooth subscheme of TP, C, be its pro-

X
jecting quasicone, Z be the nonsingular locus of X, then

Gm 1
Ps (QC§/X)|Z =0, .
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Proof. The embedding of smooth schemes C; + U defines an exact sequence

2 1 1
0~ J/1° >0 8,0, + 0 +0
* *
U/P "0,CY Cx/X
where J is the ideal sheaf of C; in U. Consider the surjective homomorphism
Z: Q%/P - OU from 2.2.1 (its construction does not use the assumption that P =
Pr , the latter is used only to check that A is an isomorphism). It is easy to
see that the induced map Z’:né*/x e OC* is well defined and is surjective.
X X
Gm
Since Py is exact, the map
G G

s (D) :p*m(ﬂé* ) > 0y
X/X
is surjective. Thus,it is sufficient to show that the restriction of the left hand
side sheaf to Z is an invertible sheaf.
This verification is local. Let xeZ and Zx be its neighbourhood of the
form W/G where W is a nonsingular subvariety of C§ of codimension 1 and G

is a finite subgroup of Gm constructed in the proof of theorem 3.1.6.

Since W is regularly embedded in C§, we have an exact sequence:

0. - Ql

1
0N > Q 8 >0 .
%
wicy CE/X 0 W~ "W/Z
X
Since NW/C is locally free of rank 1 we may assume (replacing W by smaller
X

one) that NW/CX = Ow.

It is clear that

m,. 1 G, 1
P, (0 8 0.) = p, (0 2] 0.
* c§/x OC W * c§/x Oc* W

X

1

Since x 1is nonsingular, G acts by pseudoreflections and hence pf(ﬂw/z )=0

G X
(see the proof of 2.2.2). Applying P*m to the above sequence we obtain
Gm 1 G
P (g ) 12, = 20 = 0,
X X

This proves the lemma.

3.3.3. Proposition. In conditions of 3.3.2
G
+1 .
wy = p*m(92§ ) (n = dim X)

Proof. ©Since X 1is a normal Cohen-Macaulay variety (it follows easily from 3.1.6),

by 3.3.1 it is sufficient to show that

G
m(Qn+l

n
Py * Yz = ol .
CX

z

Consider the exact sequence

1 -1 1, -1
0~ p*a, ~ Qé*lp (z) - Qc*|p (z) ~ 0.
X X
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G
Applying p*m and using 3.3.2 we obtain the exact sequence

1 Cn1
0~ 9, > py (ﬂc*)[z >0, >0.
X
Taking the exterior power we get

¢ +1
o = ol m, Jn

z ¥z OZOZ = Py (Qc§ )iz

13

q.e.d.

3.3.4. Theorem. Let X

Vd(Q) be a quasismooth weighted complete intersection of
multidegree 4 = (dl,...,ds)f Then
oy = OClal - la

where [d| = 4 deeekd .

1
Proof. Llet I be the ideal of the projecting quasicone over X and B = S/I.
There is an isomorphism of graded A-modules
2— LIS

I/1° = B( dl) + + B( ds)

The exact sequence
2 1 1
0+ 1I/1° » QS@SB > QB - 0

gives the homomorphism

. r+l-g ~ S 2 r+l-s 1 2+1 1 _
£:ap (-]d]) = a1/1 8, A (9p) > A (a)8.B = B( [e1D)
Since C; is smooth, the restriction of £ to C§ is an isomorphism. Hence
r+l-s
2 * = B(|£I - ]Ql) .
CX

It remains to use the above proposition.

3.4. The Poincare series.

3.4.1. Let A = ngo An

series is defined by

be a graded k-algebra of finite type. Then its Poincare

PO = I (dima ).
n=0

If Xoyeee,X are homogeneous generators of A and seeesq are its degrees,
0 T 8 g 90 r

then PA(t) is a rational function of the form
r qi
P (t) = F(&)/ 0, -t )

where F(t) is a polynomial ([2], 11.1).

3.4.2. Assume that A = S(Q) is a graded polynomial k-algebra. Then ([3], ch.V,
§5, n°l)
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( 1/ r 1 qi
Psg(® = /3B -t D)
Let fl,...,fS be a regular sequence of homogeneous elements of the ring S$(Q
and d,,...,d_ be its degrees, let A = S(Q)/(f,,...,f ). Then
1 r 1 s
M ] di r qi
() = L-thH/m -t .

i=0
This formula follows from the above formula. Put a0 - s(Q, A= S(Q)/(fl,-‘,f
Then AT = Al—l/(fi) and obviously
d

i
t P, . (t) +P . (t) =P
Al—l Al

i

110
A

Thus
di
P () = (-t P . . (v), i=1,...,s
Al Al 1

and we obtain our formula.

3.4.3. For X = Proj(A) we put
[N n
PX(t) = ngo(dlmkﬂ X, 0, .

Lemma. Let m = nQO An be the irrelevant ideal of A. Assume that depthm(A) =2

(for example, A is normal). Then
P, (t) = P (t)

The same argument as in the proof of 3.2.4 (iii) and 1.4.2(i) shows that the Serre

homomorphism of graded algebras
0
A~ o 0 (X0,(n))

is bijective.

3.4.4, Theorem. Let X = Vd(Q) be a quasismooth weighted complete intersection,
Px(t) = nz antn be the powgr series defined above. Then
d

s ., r q,
P_(t) = Hl(l-tl)/ﬂ(l—tl)
X i= i=0

0

Corollary. Define pg(X) = dimkHdlm X(X,OX) , then in notations of the theorem

PgVal®) = a(q| _ |q

Indeed, since o, = OX(|§J —{Ql) is the dualizing sheaf (3.3.4) we have that

dim gdim X(x,OX) = dim

- a4 0 =
K Hom(OX,wX) = dlmkH (X,mx) = a

k laf - fal -

3.5. Examples.
3.5.1. We shall say that two closed subvarieties XcP and X'cP' are affine

)

).
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isomorphic if their affine quasicones are isomorphic and projectively isomorphic if

their quasicones are Gm—isomorphic. It is clear that in general there are only two
implications

projectively isomorphic = affine isomorphic

projectively isomorphic => isomorphic

between these three notions.

3.5.2. Weighted plane curves. A quasismooth hypersurface X = Vd(Q) in a weighted

projective plane T (qo’ql’qZ) is a smooth projective curve. Its dualizing sheaf
coincides with the canonical sheaf sz; and we have (3.3.4):

oy = 0y(d-qy-q;1,) -
Its genus is calculated by the formula

g = coefficient at 1:d-|QI in the formal series

93

2
a-thra, a-ch

The affine quasicone of such a curve is given by a weighted-homogeneous equation
f(xo,xl,xz) = 0 with an isolated singularity at the origin. Such singularities
were studied by many authors ([1,8,18,20]).
Let
m=d-qy-q9 -9
Each weighted plane curve with m< O is affine isomorphic to one of the fol-

lowing curves

i (qo,ql,qz) d Equation Name
P (1,1,1) 1 XO =0
k2,2
P (1,k,k) 2k X +xl+x2 =0 A2k—1 s k=1
2k+1 2
+1,2k+1 -
P (2,2k+1,2k+1) 4k+2 XO +}>\{1+x2 0 A2k s k=1
k-1 ~
P (2,k-2,k-1) 2k-2 Xy +xlxo+x2 0 Dk R k24
4 2
P (3,4,6) 12 x0+xl+x2 =0 E6
3 3
4 =
P (4,6,9) 18 xoxl+xl+x2 0 E7
5 3 2 _
P (6,10,15) 30 J )(0-¥-x1+x2 = 0 E8

The equations of corresponding projecting quasicones are well known two-dimensional

singularities, which are called the platonic singularities, Du Val singularities,

Klein singularities, ADE singularities, double rational singularities, simple sin-

gularities, O-modal singularities.

Note that any curve which is affine isomorphic to a curve of type Dk or E
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is projectively isomorphic to this curve.
It is clear that all such curves with m< (0 are isomorphic to Pl
When m=0 each weighted plane curve is projectively isomorphic to one of the

following curves:

P (qo,ql,qz) d Equation Name

P (1,1,1) 3 x3+x3+x3+axxx =0, a3+27#0 E or P
0 1 2 012 6 8

P (1,1,2) 4 xg+xi+x§+ax3xi =0, at- 440 E, or X

P (1,2,3) 6 xo+xltxbtaxd =0, 4a>+27 # 0 By or Jog

It can be shown (V. I. Arnold) that for any fixed m there is only a finite
number of collections (qo,ql,qz;d) for which there is a smooth weighted plane
curve Vd(qo,ql,qz).

For m=1 there are exactly 31 collections. The corresponding affine quasi-
cones have a canonical quasihomogeneous singularity embeddable in Al3. There is
a natural correspondence between the 31 collections and the 31 possible signatures
of the Fuchsian groups of the first kind with compact quotient for which the alge-
bra of automorphic forms is generated by three elements ([8,25]).

0f course, a general smooth projective curve is not isomorphic to any weighted

plane curve.

3.5.3. Surfaces. There are no classification results in this case, there are only
some interesting examples.
Let f(xo,xl,xz) = 0 be an equation of a smooth weighted plane curve Vd(Q).

Then the equation

f(xo,xl,xz)ﬁ-xg =0
defines a quasismooth hypersurface Vd(qo’ql’qz’l)'

For curves with m = 0 we obtain in this way dell Pezzo surfaces [15] of de-
gree 3, 2 and 1 respectively (M. Reid).

For curves with m = 1 we obtain simply-connected projective surfaces with
the dualizing sheaf wy * OX . Resolving its singularities (which are double ra-
tional points) we get minimal models of nonsingular K3-surfaces. One example of
such a surface is the following Klein surface:

7 3,.2 42
V42(6,14,21,1) s x0+xl+x2+x3 =

This surface has 3 singular points
(1,-1,0,0) of type Al
(0,-1,1,0) of type A6
(-1,0,1,0) of type A

0 .

9 -
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For any such surface the complement to the curve Xq = 0 is isomorphic to the

affine surface with an equation
f(xo,xl,xz) +1=0

which is diffeomorphic to the Milnor space Fo for the singularity f(xo,xl,xz) =0
([18]). This fact can be used for the explanation of some observations in the sin-

gularity theory by means of the theory of algebraic surfaces (see [21]).

3.5.4. Multiple spaces. Let X - Pr_l be a finite Galois covering with a cyclic
automorphism group of order m branched along a smooth surface WC'Pr_l of degree
d. Let f(XO""’xr—l) = 0 be the equation of W. Assume that (d,char(k)) = 1.
Then X is isomorphic to a weighted quasismooth hypersurface

m
Vd(Q) 'f(XO""’xr—l) + x, = 0

where Q= {1,...,1,d/m}.

It is easy to see that such X 1is smooth. From 3.2.4 we obtain that all such
varieties are simply-connected if r23 (i.e. ﬂilg(X) =0 or nl(x) =0 if
k=LC) (cf. [22]). Moreover, Pic(X) = Z if r=z4.

The Poincare series PX(t) has the form (3.4.4) :

P (1) = (1—td)/(l—t)r(1—td/m) = (1+ td/m+---+td(m_l)/m)/(l—t)’r .
In particular,
m-1
p (X) = the coefficient at td_r_d/m = dm-l-s) _ 1
g s=0 m
r-1

For example

m=2, r=2 (hyperelliptic curve) p.=d/2 -1

g
m=2, r=13, d=6 (K3-surface) pg =1.

It is very useful for the construction problems in algebraic geometry to con-

sider also weighted multiple planes, cyclic coverings of weighted projective spaces.

For example, the Klein surface from 3.5.3 is such a multiple plane.

4. The Hodge structure on the cohomology of weighted hypersurfaces.

4.1. A resolution of 5;.
Let X = VN(Q) be a quasismooth weighted hypersurface, Cx its affine quasi~

cone, IcS(Q) the ideal of C fe S(Q)N its generator, A = S(Q)/I the coor-

X’
. . * = -

x* M the maximal ideal of the vertex of C,, Ck = Cy {0} .

Since X is a V-variety (3.1.6) its cohomology has (in case k = L) a pure

dinate ring of C

Hodge structure and the corresponding Hodge numbers are calculated by the formula
(see [23])

P>q - A4 q oP
hE(x) dlmk(H (X,QX)) .



61

In this section we shall construct a suitable resolution for the sheaf 55.

4.1.1. Define a k-linear map

df:QS—>QS , iz20

setting for homogeneous elements of the S-module Q; (2.1.1)

i+l |§I wAdf

df(w) = fdw + (-1)

where |w| denotes for brevity the degree of w.

Loz - : .
(1) de(waw') = d (wmw' + (—1)1wl\df(W') , We Q:SL , w'e QJS;
(1) 4 d W) =0, VWEQ;;

(111)  dd W) = @ +|§|)dedw, vueal

: wl i
(iv) df(dw) = IEJ dfadw, VYwe QS;
i+1) .

1
4 (0 ) = () Ly

This is directly verified.
Ker(Qé-é*Ql_l

3 ) (2.1.4).

Let us show that df induces a linear map of S-modules 5; =
Lemma (continuation).
. - i,
VD) dA) = -84 W), wed;
.. —1 —i+1
(vii) df(Qs) CQS .
It is clear that (vii) follows from (vi). Let us prove (vi). Recalling pro-

perties of the map A (2.1.3), we obtain

8(d ) = a(faw+ (-1 |§| wAdf) = £A(dw) + (-1) L ’%' AQundf) =
= —fd(A(w))+f|w|w+(—l)i+l l%' A(w)AdE - |w|fw =
= —fa(a@) + (-1t ’%‘ A AE = ~d (A(w))
4.1.2. Properties (ii) and (v) of the lemma make possible to introduce the follow-

ing complex R; of graded S-modules:

K _ ok, .
Ri = QS((k—l)N)

- k, ..k _ktl
d = (-1)"d_:R; > R]

Property (vi) implies that the homomorphisms A : Qg - Q:_l determine morphisms

of complexes

a:Rg >R [-1] .

Property (vii) shows that
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— _ _k .
R, = (g ((k-1M))
is a subcomplex of R; such that
Ri = Ker(Ri > Ri_l[—l])
Ri_l[—l] = Im(Ri - Ri_l[—l]) .

Thus we have the exact sequence of complexes of graded S-modules:
0~+R, »R +R, . [(-1]1>0, iecZ.
i i i-1

4.1.3. The multiplication by f defines the inclusion of graded S-modules

k k —k =k
9+ QS(N) R g > QS(N> s

which induces the inclusion of complexes

S —
SN L |

Consider the corresponding quotient complexes

/Ry Ky =R, /R .

X R
i i-1
The exact sequence of complexes from 4.1.2 induces the exact sequence of com-~

plexes of graded S-modules:

0~ K, >K >K j[-1] 0.

4.1.4, Lemma (De Rham). Let A be a commutative ring, wezAr+l be a regular

sequence of elements of A, he R(Ar+1) , psr. Then wah =0 iff 4 EPX (Ar+l)
such that h = wag.

This is a reformulation of the theorem of acyclicity of the Koszul complex for
a regular sequence.

We shall use this lemma in the following situation: A 1is the coordinate ring

of C, AT Q;/fﬂé, w is the image of df in Qé/fﬂé.
Since C; is smooth, the jacobian ideal
6, = ( g—io,...,—g%o) <S(Q)
is mo—primary and hence df determines a regular sequence.
It is clear that the differential of the complex Ki coincides (up to the
multiplication by a constant) with the exterior multiplication by df. Since

s
s _ 1 1
K, = A(QS/fQS)

we may use the De Rham lemma and deduce

Corollary:
Hq(K;) =0, q#r+l, VieZ.
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4.1.5. Proposition.

Hq(E;) =0, q20, iez

Proof. The above corollary and exact sequence 4.1.3 imply that

q5% _ wq=1=* Q=2 =
RIE) = 897 (1) = TR ), gsr

Since for q< 0 and q>r Hq(E;) = 0 we obtain the assertion of the proposition.

4.1.6. Define a graded A-module ﬁz by the equality
=i —i+l, _ —i, =i dF —ip1 ~i+1
Ker(KiV*Ki ) = Ker(QS(N)/QS — Qg (2N)/Qs

Then we deduce from 4.1.5 that the sequence of graded A-modules

ot -

A ™)

I~ PN S o —i+1 —r =, . _ .
0 > @, > Qg /0y » g~ (2N/A5 (M) > =+ + > A ((x-1IN) /A ((r-1-1)N) > 0

is a resolution of 5:.
Taking associated sheaves on X = Proj(A) , we obtain the resolution of the

=i
sheaf QA'

0> Ty > Tp () /> +v e > To ((x=1N) /[R5 ((x=1-1)N) > 0 .

4.1.7. We are almost at the goal. It remains to show that the sheaf Ez coincides

with the sheaf 5; defined as in 2.2.4 by setting 5; = j*(QG) , where U =
X - Sing(X) .

Let Z be an open set of nonsingular points of X such that 5;[2 = Q; and
e 0 =o0le, 0. We have the exact sequence of locally free sheaves

P 0 z PO Z
r P
d 1 1
0~ NX/I’|Z — L8, 0, > ~0
T

where NX/E’IZ = OZ(—N) is the normal sheaf of Z-P .

This sequence determines exact sequences

i i d i+l
0~ Qz > Q]P(N) QO]P OZ —_— QZ (¢D)

which can be extended to the right to obtain the resolution

i i i+l
0~ QZ - Q]P(N) BOIP OZ > QIP (2N) @O]P OZ >

Since

. itk i+k
2 0L ((1+ KN/ (k)| z

itk
Tp (AroM e, 0

we see that this resolution is the resolution of ﬁi (4.1.6) restricted on Z.
Hence

=i _ i

Blz - of

and we obtain that



=i _ ~i
Q= QX .
Thus, we have constructed the resolution of 5;
~i i i r . r
0 - QX - QP(N)/QP - > QP ((r—1+l)N)/Q]P ((x-1)N) - 0 .

4.2. The Griffiths theorem.

This theorem generalizes for weighted hypersurfaces a result of [11] and allows
to calculate the cohomology Hl(X,ﬁi) as certain quotient spaces of differential

forms on P with poles on X.

4,2.1. Denote by KP  the pth component of the resolution of 5; from 4.1.7:

i+ —i+
kP = 0 P (M) /G, P ()
Using the exact sequence
0~ §;+p(pN) > 5j]i)+p((p+l)N) kP 50

and the theorem of Bott-Steenbrink (2.3.4) we obtain that

1, kP = 8% ,k?) =0, q>0, p>0
q 0y _ ,q 0y . patl —i _ k, g=i-1
HA(X,KT) = HY(P,K7) = H' "(P,Qp) = { 0, qfi-l

Put
L= Ker(Kl > Kz)

Then we have the exact sequence of sheaves

0 - 5; > KO + L >0

which gives the exact cohomology sequence
-1 ~i
RS LRC S AT SYC N IS 13(x,k%) > HIK,L) > ooe

The sequence

2 r-i-1
>

0~>L ~» Kl > K > eee > K 0

is an acyclic resolution of L. Thus we have

Hix,L) = sYrx,xY) =0, g¢>r-i-2

r-i-2

H (X,L) r-i-1 r—1—2) _

)/Iml(X,K

#

T(X,K

T(P, A, ((r-DN) /T (P, 25, ((r-i-1)N)) +

Imr(f,ﬁ;‘l ((x-1-1)N)

4.2.2., Theorem (Weak Lefschetz theorem). The homomorphism
nl(x, 80 > 1iex,x% = Hq+l(IP,Q]1P)

is an isomorphism, if gq>r-i-1 and an epimorphism if g=r-i-1.
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Proof. Follows from the exact cohomology sequence 4.2.1 and the above calculation

of HY(x,L) .

Corollary. Assume that k =L . Then we have an isomorphism of the Hodge struc-
tures

x,e) = e,
if n # r-1 and an epimorphism

il - ute,) .

For n2r-1 this directly follows from the theorem. For n< r-l1 we use the

Poincare duality for V-varieties (which are rational homology varieties).

Since the Hodge structure of I is known and very simple (2.3.6) we see

r-1

that, as in the classic case, only cohomology H (X) are interesting.

4,2.3. Put

i,r-i—l( i, r-i-1

Bo

X) =h (X) - a

where
1, r = 2i
0, r #21i.
Then we obtain that

hé’r'l'l(x) = dimkHr'i“z(x,L)

Hence by calculations of 4.2.1 we obtain

Theorem (Griffiths-Steenbrink).
i, r-i-1 . r . r i
h0 X) = dlmk(P(P,QP((r—1)N))/T(P,QP((r i-1)N)) +

Inl (P, Q;:P—l((r-i—l)N)))

4.3. Explicit calculation.
4,3.1. Let

af of

)-'-:——)
BTO aTr

b = (

be the jacobian ideal with respect to a generator fe¢ S(Q)N of the ideal of the

affine quasicone C, of a weighted quasismooth hypersurface Xc P(Q) .

X
By the Euler formula 2.1.2 each %% is a homogeneous element of S(Q) of
i
degree N-—qi. Hence the ideal ef is homogeneous and the quotient space
S(Q)/ef has a natural gradation. Since 6. 1is my-primary this quotient space

is finite dimensional.
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4.3.2, Theorem (Steenbrink). Assume that char(k) = 0. Then

i, r~i-1 =
Bo (0 = am (@780 (_syy_|q

Proof. We have a natural isomorphism of graded $(Q)-modules:
r+l
ag /05 (-M)Adf = (5(Q)/6,) (-[a]) .

Since (see the proof of theorem 2.3.2)

—i =
F(]P,QIP(a)) = (Qs)a, Vae Z
and the differential F(E,Q;(a)) -+ (P, Q;jl(a+N)) corresponds to the operator

df from 4,1.1, we can reformulate theorem 4.2.3 in the following form:

i,r-i-1 _ as o~ sr-1, ~
hy ®) = dim (25/a.05  (-N) + £a( N))(r-i)N .
Thus it remains to construct an isomorphism of graded S-modules
Sr,q or-1 =r ~ rt+l, r
Q - -N) = - .
g/dg (M) + £0 (M) = @ 7T/ (-N)Adf
By property (iii) of lemma 2.1.3, we obtain that the k-linear map

=r r+1
HEY)
d S > QS

is in fact an isomorphism of graded S-modules (here we use that char(k) = 0!).

By property (iii) of lemma 4.1.1, we set

—=r-1 r
d(deS (-N)) < QS(—N)Adf .

In fact, we have here an equality. Since d is S-linear it is sufficient to show

that all forms

=r-1
dxil/\. -oAdxg Adf e d(deS (-0
r
But
d(d_(A(dx, ...dx, ))) = d(d (ril(-1)5+1x dx A...Ad& Ave.ndx, )) =
f i i f s=1 i i i i
1 r s 1 S r
r s+1 )
= d(rfdx. A...Adx, + (-1) a(Z(-1)7 "x, dx. A...Adx_ A...adx, )Adf) =
i i i1 1 1
1 r s 1 s r
= ¢ dx, A...Adx. Adf
i i
1 r

where a,c are some rational numbers which we are too lazy to write down explicitly.

Thus d dinduces an isomorphism

=r,;, =r-1 ~ ST+l T
QS/deS -N = o /Qs(—N) daf .
We have
r r r+l
d(fQS) < deQS + st
But, since fe Sf (the Euler formula), fQ;+1<:Q;Adf and hence

r

d(fﬂ;) < dfagg .
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Thus

—r r-1
£ (-N) < defie (-,

and we are through.

4.3.3. The theorem above can be reformulated in the following form. Define a

function £:Z 5‘51 >Z by
_1 z _ r+l
£(a) = N i§0 (ai+-l)qi, a= (ao,...,ar)e Z =0
Let {Ta}aEJ be a set of monomials of 8(Q) whose residues mod ef generate
the basis of the space S(Q)/Bf (such monomials are called basic monomials). Then
i, r-i-1

ho (X) = HaeJ: £(a) = r-i} .

4.4. Examples and supplements.

4.4.1. Suppose f(TO,...,Tr)e S is of the form
_ N
f(To,...,Tr) = Tr + g(TO,... )

b
If (T )beJ s

b,
of S(qO""’qr—l)’ then the set {T Tr

’Tr—l

are basic nomomials gor g(To,...,T ) considered as elements

r

r-1
:beJdt, OsbrsN-—Z} is the set of basic

monomials for f.

This implies that
b +1
#Hbed' : £(b) + T = r- i)

#HbeJ ' :r-1-1<£(b)<r- i} .

]

i,r—i—l(

R

X)

This formula was obtained in [11] in the homogeneous case.

4.4.2. More generally, if

- m
E(Tgse s = 8Ty, ) + T
then
R TRy = Hbedtrr-1-1 4 Bep) cr-i-B) .
0 N N
For example, if g 1is homogeneous then X is a multiple space (3.5.4) and we ob-
tain
hyr‘Lﬂ(m = #Hbez" :(r-1-2)N+m< |b| < (r-i-1)N-m, 0sb, <N-2}

where |b| = b, + <+ + b (cf. III, 8.8).

0 -1
This can be written in more explicit form
firoi-1 (r-i-1)N-m
h = I c
0 s

s=(r-i-2)N-m

where ey is the coefficient at t° 1in (L + +o¢ + tN~2)r .
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) = P (Q') be the hypersurface defined by the poly-
.1. Then

4.4,3, Let YcP (qO""’qr—l
nomial g(TO""’Tr) from 4.4
i,r-i-2

h0 (Y) = #{be J' : £(b) = r-i-1} .

Assume now that k = €. The exact sequence of Hodge structures
vee s wtx) > wlaen 8ty -y s e o e

(dual to the compact cohomology sequence) determines the morphisms of the Hodge
structures:
-1 i+
4, m T e - - v
which are obviously induced by the analogous morphisms

wl (e @) -1 » 5 @ @)

Applying the Weak Lefschetz theorem (4.2.2) we have that i, is an isomorphism
if 1i#0, r-1. Thus for U= X-Y

B (U) = 0, 1i#0,r-1.

The Hodge structure on Hr_l(U) has the following form

e (W) =0, 1411

W, r-1 r-2
Gri @™ W) = W) (-1

W r-1 _ -1
Gl (T = BT @
where
Hh) ) = Goker (BT (1) (-1) » KX L (1))
B2 (1) = Rer (17 2(1) (1) — K'(X))

For the Hodge numbers hp’q(U) we obtain (cf. [19])

Wl =0, if p+q# r-l,r

i,r—i—l<

h Uy = hé’r"i‘l(x) = Hbed' :r-i-l1<L(b)< r-i}

—l,r—i—l(

]

et T W) = n Y) = #{bed' : £(b) = r-i-1}

i
0
where we recall that

J' = {bez : : Tb are basic monomials for g(TO,...,Tr_l)}.

0

4.4.4. The calculations of 4.4.3 presents an interest since the open affine sub-
set UcX 1is isomorphic to the nonsingular affine variety in 'Ar with the equa-
tion

g(xo,...,xr_l) =1,

This variety plays an important part in the theory of critical points of

analytic functions. The cohomology space Hr-l(U) is isomorphic to the space of
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the vanishing cohomology of the isolated critical point Q¢ ¢t of the analytic

function t = g(zo,...,zr_l) ([18]). 1Its dimension (the Milnor number)
= 1 = '
u dlmCC[TO,...,Tr_l]/Gg #3

It can be seen from above as follows:

r-1 . r-2 s
dimCHr-l(U) 5 hé'r‘l“loo + oz hé_l’r i-1

i=0 i=1
#{beJ': £(b) <r}

it

() =

and so we have to show that for any basic monomial Tb £(b) <r or, equivalently,

b r-1
deg(T ) < L (N-q,) = N - IQ'! .
i=0 *
Let
' b
y = #{beJ' : deg(T ) = k}
k
X, (2) = Iz
£ k
Then ([1])
r-1 ZN_qi_1
x (z) = 1
g i=0 ql_l
It is clear that xg(z) is of degree n = rN-ZfQ'I and hence for k>n Uk =0.
This proves the assertion above.
Note that the Hodge numbers of Hr_l(U) can be expressed in terms of vy as
follows
i,r-i-1 _
h O = 2 iym-]q] < k< (e-1)N-]Q| Mk
hi,r—i v = .
® = ¥ syn-|q|
The symmetry of the Hodge numbers is in the accord with the symmetry of Wy
P © Hpg
4.4.5, Llet X = Vn(Q) be a quasismooth surface (r=3). We know that
2% = 1200 = Haed:La) = 1) = b ql
1,1
h?> (X)) = #flaeJ:l(a) = 2} =
Yan- |
2,0 1,1
b, (X) = 2h"°°(X) + 7T (X) = 2 +q ,
2 ¢ y-lo| T Fon-|q]
where
r N-q, q.
fn 2= 1 (2 1-1)/(z *-1)
k .
i=0
3

It is clear that in notations of 3.4.4. 1In case P (Q) = P~ we

"N-fo| T ®N-Iq|
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have

mw 2 = (N1 (21 = Lzt oo 42D
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