Hamiltonian and Gradient Structures in the Toda Flows

Anthony M. Bloch^∗ Department of Mathematics University of Michigan Ann Arbor MI 48109 email: abloch@math.lsa.umich.edu

Michael I. Gekhtman^† Department of Mathematics University of Michigan Ann Arbor, MI 48109 email: gekhtman@math.lsa.umich.edu

this version: December 3, 1997

AMS Subject Classification:

Abstract

In this paper we consider gradient structures in the dynamics and geometry of the asymmetric nonperiodic tridiagonal and full Toda flow equations. We compare and contrast a number of formulations of the nonperiodic Toda equations. In the case of the full Kostant (asymmetric) Toda flow we explain the role of noncommutative integrability in its qualitative behavior. We describe the relationship between the asymmetric Toda flows and the symmetric and indefinite Toda flows, and prove in particular that one may conjugate from the full Kostant Toda flows to the full symmetric Toda flows via a Poisson map.

∗Research partially supported by the National Science Foundation PYI grant DMS–9496221 and AFOSR grant F49620-96-1-0100, by a Guggenheim Fellowship and the Institute for Advanced Study †Research partially supported by AFOSR grant F49620-96-1-0100

1 Introduction

The dynamics and geometry of the classical nonperiodic Toda lattice equations have generated a tremendous amount of research over the last couple of decades. This includes the original work of Toda [1975] on the Toda lattice, the work of Flaschka [1974] (see also Henon [1974]) who showed how to write the lattice flow in tridiagonal Lax pair form, and the work of Moser [1974] who analyzed the finite nonperiodic Toda lattice and its spectral properties. Kostant [1979] (see also Bogavavlensky [1976]) generalized these results to Toda lattices associated with arbitrary semisimple Lie algebras.

Moser showed that the nonperiodic Toda lattice equations are gradient on a level set of its integrals. Bloch [1990] and Bloch, Brockett and Ratiu [1992] showed that this gradient flow behavior is exhibited in the original Flaschka variables as a gradient flow with respect to the normal metric on an adjoint orbit of a compact Lie group. This flow takes the so-called double bracket form. It was also shown (see Bloch [1990], Bloch, Flaschka and Ratiu [1990]) that the original gradient flow of Moser can be written in double bracket form as a gradient flow on a projective space. A key part of our paper here involves showing how this gradient behavior extends to more general forms of the Toda flows (see also the work of De Mari and Pedroni [1996] discussed below).

An important aspect of Kostant’s work was that he wrote the Toda lattice in asymmetric tridiagonal form. This turns out to be more general than the symmetric form used in much of the literature. In the current paper we show how the Kostant Toda lattice equations may be viewed as a gradient flow and we discuss the relationship of this flow to double bracket flows on noncompact manifolds. The latter flows are a special case of the Kostant Toda flow and are related to the work of Faybusovich [1993] and Kodama and Ye [1996], [1996b] on Toda flows with indefinite metric (see also Brockett and Faybusovich [1991]). We shall call flows of this type “signed” Toda flows since they are defined by prescribing a signature matrix.

We also consider here the full Toda lattice , i.e. the Toda flows on generic orbits of the coadjoint action of the Borel subgroup. The key original paper in this area is that of Deift, Li, Nanda and Tomei [1986] (see also Symes [1980]), and this was followed by the work of Ercolani, Flaschka and Singer [1993] among others. While it is simple to conjugate from the tridiagonal asymmetric to the symmetric Toda lattice, this is much trickier in the full case, but we indicate a method for doing this. A recent paper on full symmetric Toda lattice is that of De Mari and Pedroni [1996], which discusses the gradient nature of these flows. Here we consider their analysis and its relationship with the Hamiltonian structure and level sets of the flow. We also consider the gradient nature of the nonsymmetric Kostant full Toda flow. Again, while this is apparent from its asymptotic behavior, understanding its geometry is more subtle than the symmetric case. We show that the gradient-like behavior is in fact essentially due to the noncommutative integrability (see Nehoroshev [1972]) of the full Toda flow. We give a sketch of the proof of noncommutative integrability here, but refer the reader to a related forthcoming paper, Gekhtman and Shapiro [1997], for further details. We also discuss briefly the “full QR” flows described in Deift, Li and Tomei [1989], where the flow is on the space of arbitrary n × n matrices – commutative integrability also holds in this setting.

The contents of the paper are as follows: In section 2 we review the necessary background and exhibit the gradient nature of the generalized Kostant and signed Toda lattices and full Kostant Toda flows. In section 3 we discuss the full Toda flows, showing how to conjugate the Kostant asymmetric flow to signed flows, proving this map is Poisson, and establishing the link with noncommutative integrability. In section 4 we make some concluding remarks.

2 The Gradient Nature of Generalized Toda Flows

We begin by describing a very general (Hamiltonian) formulation of the Toda flows. We shall then consider various special cases and discuss their gradient nature.

Let g be a complex semisimple Lie algebra with Cartan subalgebra h = a ⊕ ia. Let Φ denote the system of roots of g defined by h and let Δ denote the simple roots. Choose {h_j , e_α|j = 1, · · · , l, α ∈ Φ} to be a Chevalley basis of g with α_1, · · · , α_n denoting the simple roots. Here h_j lie in the real part a of h.

Let g_n be the normal real form of g and denote by b_+ its upper Borel subalgebra. Different types of Toda flows to be considered below are associated with different realizations of the dual space b^∗ as an affine subspace of g_n via the decomposition of g_n into the direct sum of subalgebras

g_n = g_0 + b_+ . (2.1)

Let g^⊥_0 be the annihilator of g_0 w.r.t the Killing form ⟨ , ⟩. According to the Adler-Kostant-Symes formalism (see e.g. Reyman and Semenov-Tian-Shanski [1994], Ratiu [1980]), one identifies b^∗_+ with ϵ+g^⊥_0 , where ϵ is a fixed element of b^⊥_+ ∩[g_0, g_0]^⊥.

The generalized Toda flow on ϵ + g^⊥_0 is generated by the Hamiltonian H(L) = 1 2 < L, L > in the Poisson structure obtained as a pull-back of the Lie-Poisson bracket on b^∗_+ :

{f_1, f_2}_{ϵ+g}⊥_0 (L) = ⟨L, [π_+∇f_1(L), π_+∇f_2(L)]⟩ , (2.2) where gradients are defined w.r.t. the Killing form and π_+ is a projection on b_+ parallel to g_0. The corresponding equations of motion have the Lax form L̇ = [L, π_+(L)] = [π_{g0} (L), L] . (2.3)

Here π_{g0} = Id − π_+ . More generally, the higher Toda flow generated by the Hamiltonian H(L), where H is an invariant function on g , has the form L̇ = [L, π_+(∇H(L))] (2.4)

As is well-known (see e.g. Reiman and Semenov-Tian-Shanski [1994], Flaschka [1994]), equation (2.4) can be integrated by means of the factorization method. Furthermore, let f be a restriction to ϵ + g^⊥_0 of an Ad_{B+} -invariant function on g, where B_+ is the upper Borel subgroup. Then f is an integral of motion of the Toda flow and the Poisson bracket of any two such integrals f_1, f_2 is given by

{f_1, f_2}_{ϵ+g}⊥_0 (L) =< L, [∇f_1(L), ∇f_2(L)] > . (2.5)

In particular, if J is a Chevalley invariant of g, then {J, f}_{ϵ+b−} = 0 for any Ad_{B+} - invariant function f.

The above discussion provides a uniform description of Hamiltonian properties of the Toda flows associated with any decomposition (2.1). In contrast, when Bloch, Brockett and Ratiu [1990, 1992] showed that the generalized tridiagonal Toda lattice associated with a compact semisimple Lie group describes a gradient flows on level sets of integrals, the result seemed to be a special feature of the symmetric tridiagonal case. In their recent paper, De Mari and Pedroni [1996] used a modified Killing form to construct a positive definite metric, with respect to which the full generalized symmetric Toda flow is gradient. What we are about to show is that the gradient structure in Toda flows is even more general and can be observed in the nonsymmetric case too.

We recall firstly the corresponding result for the symmetric Toda flow. As we shall see, dealing with the asymmetric case requires a rather different approach.

Recall the definition of the normal metric on an orbit of a Lie group (see Besse [1987], Bloch, Flaschka and Ratiu [1990,1992]):

Let κ(, ) = − <, > be the Killing form and decompose g orthogonally relative to <, > into g = g^L ⊕g_L where g_L is the centralizer of L and g^L = Im adL. For X ∈ g denote by X^L the projection of X onto g^L. Then, given two tangent vectors to the orbit [L, X] and [L, Y ], the normal metric is defined by < [L, X], [L, Y ] >_N =< X^L, Y^L >. Note that for an arbitrary semisimple Lie algebra this metric will be indefinite. For an orbit in a compact Lie algebra it will be definite.

It was shown in Bloch, Brockett and Ratiu [1990, 1992] that the following holds: Let g_u denote the compact form of a complex semisimple Lie algebra.

Then

Proposition 2.1 The gradient vector field of the function H(L) = κ(L, N) on the adjoint orbit O of g_u containing the initial condition L(0) = L_0 with respect to the normal metric <, >_N on O is given by

L̇(t) = [L(t), [L(t), N]] . (2.6)

Now let A be a maximal abelian subalgebra of g_u and choose H = A ⊕ iA as the Cartan subalgebra of the complexification g of g_u. Choose a Chevalley basis as described above, with α_j denoting the simple roots as before.

Bloch, Brockett and Ratiu ([1990,1992]) proved the following result for the symmetric tridiagonal generalized Toda flow (see Bloch [1990]) for the sl(n) case):

Theorem 2.2 If N is i times the simple coweights of g then for L = l∑ j ib_j h_j + l∑ j ia_j (e_{αj} + e_{−αj} ) , (2.7)

equation (2.6) gives the generalized (tridiagonal, symmetric) Toda lattice equations on the level set of all integrals of the Toda flow. Explicitly, N is given by N = ∑ j ix_j h_j , (2.8)

where (x_1, · · · , x_l) is the unique solution of the system ∑ j x_j α_i(h_j) = −1, i = 1 · · · l . (2.9)

In the case of the symmetric full Toda flow Proposition 2.1 and Theorem 2.2 generalize, as shown by De Mari and Pedroni [1996] (see also Brockett [1993] and Bloch, Marsden, Krishnaprasad and Ratiu [1996] for metrics of this type) to the following:

Proposition 2.3 Let L be given by L = l∑ j ib_j h_j + ∑ λ∈Φ ia_j (X_λ + X_{−λ}) , (2.10)

where X_λ is a root vector with weight λ and let N be defined as before. Let J be the symmetric positive definite operator that assigns to an element of g_u zero if it lies in the Cartan subalgebra corresponding to the given Chevalley basis and multiplies it by the inverse of its weight otherwise. Then the gradient vector field of the function H(L) = κ(L, N) on the adjoint orbit O of g_u containing the initial condition L(0) = L_0 with respect to the modified normal metric < ·, J· >_N , on O is given by

L̇(t) = [L(t), J[L(t), N]] . (2.11)

and gives the full symmetric Toda flow.

The idea of the proof is simply that J “cancels out” the weight assigned by commuting with N.

2.1 The Signed Toda Lattice

Faybusovich [1993] and Kodama and Ye [1996] considered the signed Toda flows in the form L̇J = [LJ, π_s(LJ)] (2.12)

where L is a tridiagonal or full symmetric matrix and

J = diag(ϵ_1, . . . , ϵ_n) , ϵ_i = ±1 (2.13)

is a signature matrix.

Denote su(J) = {X ∈ sl(n, C ) : JX = −X^∗J} , (2.14) so(J) = {X ∈ sl(n, R) : JX = −X^tJ} , (2.15) S(J) = {X ∈ sl(n, R) : JX = X^∗J} . (2.16) It can be easily checked that for L symmetric, LJ ∈ S(J) and i (LJ − T r(LJ)Id) ∈ su(J). This suggests the following extension of the definition of the signed Toda flow to an arbitrary semisimple Lie algebra g . Let g_τ be a real form of g that corresponds to the positive eigenspace of an antilinear involutive automorphism τ. Assume that g_τ is compatible with the normal real form g_n . Then (see, e.g. Onischik and Vinberg [1990], chap. 5) g_n = (g_n) ∩ (g_τ ) + (g_n) ∩ (ig_τ ) We assume additionally, that there exists a direct sum decomposition

g_n = (g_n) ∩ (g_τ ) + b , (2.17)

where b is the upper Borel subalgebra in g_n .

Then, we have a decomposition (2.1) with g_0 = (g_n) ∩ (g_τ ) . One can choose ϵ = 0 and consider the corresponding Toda flow (2.3) on g^⊥_0 = (g_n) ∩ (ig_τ ) .

In particular, if we choose τ to be the unique antilinear involutive automorphism such that τ(e_{αi} ) = μ_ie_{−αi} , τ(e_{−αi} ) = μ_ie_{αi} , τ(h_i) = −h_i , (2.18) where μ_i = ±1, then the flow (2.3) can be restricted to the subspace of “tri-diagonal” elements in (g_n) ∩ (ig_τ ) having the form L = l∑ j b_j h_j + l∑ j a_j (e_{αj} − μ_je_{−αj} ) . (2.19)

The projection π_τ (L) is then determined to be

π_{g0} (L) = − l∑ j a_j (e_{αj} + μ_j e_{−αj} ) . (2.20)

We call the corresponding Lax equation (2.3) the generalized signed Toda lattice. Note that if g is sl(n) and τ is defined by (2.18) with μ_i = −ϵ_iϵ_{i+1}, then equation (2.3) takes the form (2.12).

A direct computation shows that π_{g0} (L) = −i[L, N] , where N is defined by (2.8), (2.9). Furthermore, it follows from (2.18), (2.19) that iL belongs to g_τ . Therefore, the generalized signed Toda lattice can be written in the double bracket form 2.6. Moreover, one can modify the argument from Bloch, Brockett and Ratiu [1990, 1992] in order to prove the following analogue of Proposition 2.1 and Theorem 2.2

Theorem 2.4 The generalized signed Toda lattice describes the gradient flow of the function H(iL) = κ(iL, N) on the adjoint orbit O of g_τ containing the initial condition iL(0) = iL_0 with respect to the (indefinite) normal metric <, >_N on O.

2.2 The Generalized Kostant Toda Lattice

Following Kostant [1979] we now choose in (2.1) g_0 to be equal to n, the nilradical of the lower Borel subalgebra, and ϵ = l∑ j=1 e_{αj} . (2.21)

In the case g = sl(n) the affine space ϵ + g^⊥_0 coincides with the set of lower Hessenberg matrices, i.e. matrices of the form L = b^T +ϵ , where b is upper triangular and ϵ_{jk} = δ_{j,k−1} .

The corresponding equation (2.3) is called the full Kostant Toda flow and its restriction to the symplectic leaf containing elements of the form L = l∑ j=1 b_j h_j + l∑ j=1 e_{αj} + l∑ j=1 a_j e_{−αj} , (2.22)

where a_j ≠ 0, j = 1, . . . , l is called the generalized Kostant Toda lattice.

Our key result here is that the Kostant Toda lattice equations are gradient on J_Λ, an isospectral orbit of Jacobi elements through a generic element of the form (2.22).

Let n^∗ be the nilradical of the upper Borel subalgebra and let π_n, π_n∗ be the projections of g onto n and n^∗ in the decomposition g = n + h + n^∗. Consider independent invariant polynomials H_1, · · · , H_l on g .

Lemma 2.5 T_LJ_Λ = span{[L, π_n∇H_k(L)], k = 1 · · · , l}. (2.23)

Proof. This follows from complete integrability. This is a set of commuting flows which span the tangent space to J_Λ at each point. ■

We have

Lemma 2.6 For any two tangent vectors [L, π_n∇H_m(L)] and [L, π_n(∇H_n(L)] the normal metric on J_Λ is given by

< [L, π_n∇H_m(L)], [L, π_n(∇H_n(L)] >_N =< π_n∇H_m(L), π_n∗ ∇H_m(L) > . (2.24)

Proof. We have to show that the form on T_LJ_Λ defined above is symmetric. Let σ be the antiautomorphism of g such that σ(e_{αj} ) = e_{−αj} , σ(h_j ) = h_j . Since L has the form (2.22), it is possible to find h ∈ h such that L̃ = exp(ad_h)L is stable with respect to σ . Note, however, that L̃ does not necessarily belong to g_n, the normal real form of g . Then σ(∇H_m(L̃)) = ∇H_m(L̃) , π_n∇H_m(L̃) = π_n exp(ad_h)∇H_m(L) = exp(ad_h)π_n∇H_m(L) and π_n∗ ∇H_m(L̃) = exp(ad_h)π_n∗ ∇H_m(L) = σ(π_n∇H_m(L̃)) . Therefore, < π_n∇H_m(L), π_n∗ ∇H_n(L) >=< π_n∇H_m(L̃), π_n∗ ∇H_n(L̃) > =< π_n∇H_m(L̃), σ(π_n∇H_n(L̃)) >=< σ(π_n∇H_m(L̃)), π_n∇H_n(L̃) > =< π_n∇H_n(L), π_n∗ ∇H_m(L) > ■ It should be noticed that the form (2.24) is, generally speaking, indefinite. It is definite, however, if L̃ ∈ g_n or , in other words, if a_j in (2.3) are all positive.

We can now prove the following:

Theorem 2.7 The Kostant Toda lattice flow X_H is a gradient flow on J_Λ with the respect to the normal metric and the function F =< L, N >.

Proof. For an arbitrary tangent vector δL to J_Λ we need to show dF ·δL =< X_H , δL >_N . By the lemma it is sufficient to consider δL = [L, π_n∇H_m(L̃)] for some m. Now dH · δL =< N, [L, π_n∇H_m(L)] >= − < [L, N], π_n∇H_m(L̃) > . On the other hand < X_H , δL >_N =< [L, L_−], [L, π_n∇H_m(L)] >_N =< L_+, π_n∇H_m(L) > . But [L, N] = L_+ − L_− and hence < [L, N], π_n∇H_m(L) >= − < L_+, π_n∇H_m(L) > . This gives the result. ■

We remark that this gives the Kostant Toda lattice flow as a gradient flow on a level set of its integrals with respect to the normal metric on a coadjoint orbit of the lower Borel algebra. In contrast, the result of Bloch Brockett and Ratiu [1992] described above shows that the symmetric Toda lattice flow is gradient on a level set of its integrals with respect to the normal metric on the compact Lie algebra in which is is naturally embedded.

2.3 The Full Kostant Toda Flows

To conclude this section , we establish the gradient nature of the higher full Kostant Toda flows (2.4) on g. Consider a manifold O^n_Λ = {Ad_gΛ : Ad_gΛ ∈ b^∗ + ϵ} . It is known (Kostant [1979]) that T_LO^n_Λ = {[L, ν] : ν ∈ n}. In particular, the higher Kostant Toda flows of the form L̇ = [L, π_n∇H(L)] , (2.25) where H(L) is an invariant function on g, are tangent to O^n_Λ .

We want to find a metric B( , ) (possibly indefinite) on O^n_Λ such that the flows (2.25) are gradient with respect to B( , ).

Let us fix a linear functional ϕ on h and look for a metric defined on T_LO^n_Λ by B([L, ν_1], [L, ν_2]) = ϕ(π_h[B_Lν_1, ν_2])) , (2.26) where B_L is a linear operator from n to n^∗. We need the following Lemma 2.8 For invariant functions H_1, H_2

ϕ(π_h[π_n∇H_1(L), π_n∗ ∇H_2(L)]) = ϕ(π_h[π_n∇H_2(L), π_n∗ ∇H_1(L)]) (2.27) Proof. Due to the invariance of H_1, H_2, we have 0 = π_h[∇H_1(L), ∇H_2(L)] = π_h([π_n∇H_1(L), π_n∗ ∇H_2(L)] + [π_n∗ ∇H_1(L), π_n∇H_2(L)] . (2.28) ■ Lemma 2.8 shows that if we define B_L on the subspace V ⊂ n spanned by {π_n∇H(L) : H is invariant} by B_Lπ_n∇H(L) = π_n∗ ∇H(L) , (2.29) then equation (2.26) defines a symmetric form on the subspace [L, V ] ⊂ T_LO^n_Λ .

Now consider an arbitrary extension of B_l from V to n, such that the form (2.26) is symmetric and let ∇_B be the gradient with respect to B( , ). Note that if B( , ) is positive definite on V then the extension can be made positive definite too. Lemma 2.9 Equation (2.25) describes a gradient flow L̇ = ∇_B F_H of the function F_H (L) = ϕ(π_h∇H(L)) . (2.30) Proof. For any δL = [L, ν] ∈ T_LO^n_Λ , δF_H (L) = ϕ(π_h[∇H(L), ν]) = ϕ(π_h[π_n∗ ∇H(L), ν]) = ϕ(π_h[B_Lπ_n∇H(L), ν]) = B([L, π_n∇H(L)], [L, ν]) . ■

3 The Geometry of the Full Kostant and Symmetric Toda Lattices

3.1 Poisson Maps

In this section we will be mainly concerned with the relationship between the full Kostant and full symmetric (signed) Toda flows in sl(n) . Our main goal here is to construct a Poisson map from an open subset of ϵ+b_− to S(J) that preserves the Toda flows, thus answering the question posed in Ercolani, Flaschka, Singer [1993]. Note, that the obvious linear Poisson map coming from the identification ϵ+b_− ≡ S(J) ≡ b^∗_+ does not have the requisite property.

Let L ∈ ϵ + b_− have distinct eigenvalues λ_1, . . . , λ_n , then L = Ad_C Λ , where Λ = diag(λ_1, . . . , λ_n) and C can be chosen to be in the form C = n v(Λ) with n lower triangular unipotent. Here v(Λ) is the Vandermonde matrix corresponding to λ_1, . . . , λ_n. Assume now, that λ_1, . . . , λ_n are real. Let us fix a signature matrix J and a diagonal matrix T (T is independent of L). We define an element β = β(L) of the group of upper triangular matrices by

β^∗ J β = C^{−1∗}T JC^{−1} , (3.1)

provided the factorization (3.1) is possible. Denote

L = ϕ(L) = Ad_βL . (3.2)

Theorem 3.1 The image under ϕ of the higher Toda flow (2.4)

L̇ = [(L^k)_−, L] (3.3)

on lower Hessenberg matrices is the higher Toda flow L̇ = [π_J (L^k), L] on S(J) = {X ∈ sl(n) : JX = X^∗J} , where π_J is the projection onto so(J) along the Borel subalgebra so(J) of J-orthogonal matrices.

Proof. From (3.1),

JL = JAd_{βC} Λ = Ad^{−1}_C∗_β∗ Ad_{JT} ΛJ = Ad^{−1}_β∗ L^∗ = L^∗J, (3.4)

therefore L ∈ S(J).

Now assume that L evolves according to the equation L̇ = [ν, L] , where ν is strictly lower triangular or, equivalently, Ċ = νC . Then

L̇ = [Ad_βν + β̇β^{−1}, L] . (3.5)

Equation (3.1) implies that J(Ad_βν + β̇β^{−1}) + (Ad_βν + β̇β^{−1})^∗J = β^{−1∗}(C^{−1∗}T JC^{−1}ν + ν^∗C^{−1∗}T JC^{−1} + (C^{−1∗}T JC^{−1})^·)β^{−1} = 0 , i.e. Ad_βν + β̇β^{−1} ∈ so(J).

Since L^k = Ad_βL^k, we have for ν = (L^k)_−

Ad_βν + β̇β^{−1} = L^k − (Ad_β(L^k)_+ − β̇β^{−1}) = π_J (L^k) . (3.6) ■ If J = Id and T is an arbitrary diagonal matrix with positive coefficients, then β in (3.1) is always well-defined. Moreover, in this case the image under ϕ of the flow (3.3) will be the symmetric higher Toda flow which is known to be complete. Thus one can view the map defined by (3.1), (3.3) as a regularization map: the flow (3.3) with initial data L_0 which a priori can have finite time blowups is mapped into the complete symmetric flow with initial data L_0 = ϕ(L_0) . Blowups in (3.3) then correspond to the moments of time when L(t) leaves the image of ϕ. Note also that since β in (3.1), (3.2) is upper triangular, ϕ maps tridiagonal flows into tridiagonal.

We want now to modify the definition of β by letting the diagonal matrix T depend on L and then see how the resulting map ϕ behaves with respect to Poisson structures on ϵ + b_− and S(J) defined by (2.2).

First, notice that if T depends on L, then a calculation similar to the one in the proof of Theorem 3.1 shows that Ad_βν + β̇β^{−1} −^1_2 f_T (L) ∈ so(J) , where f_T (L) = Ad_{βC} (T^{−1}Ṫ ) commutes with L . Then

L̇ = [π_J (L^k − 1 2 f_T (L)), L] . (3.7)

Next, we prove the following

Lemma 3.2 Let f_1, f_2 be restrictions to S(J) of two Ad_{B+} -invariant functions. Then

{f_1, f_2}_{S(J)} ∘ ϕ = {f_1 ∘ ϕ , f_2 ∘ ϕ}_{b−+ϵ} . (3.8)

Proof. Since f_i, i = 1, 2 are Ad_{B+} -invariant, we have δ(f_i ∘ ϕ) =< ∇f_i(L), Ad_βδL − [L, δββ^{−1}] >=< ∇f_i(L), Ad_βδL > . Therefore, ∇f_i ∘ ϕ(L) = Ad^{−1}_β ∇f_i(L) .

Moreover, analogously to (2.5), we have

{f_1, f_2}_{S(J)}(L) =< L, [∇f_1(L), ∇f_2(L)] > .

Thus,

{f_1 ∘ ϕ , f_2 ∘ ϕ}_{b−+ϵ} =< L, [Ad^{−1}_β ∇f_1(L), Ad^{−1}_β ∇f_2(L)] >= {f_1, f_2}_{S(J)}(ϕ(L)). ■ Let us consider a particular choice of L-dependent T in (3.1) :

T = diag(ρ^{−1}_1 , . . . , ρ^{−1}_n ) J , (3.9) where the functions ρ_1 = ρ_1(L), . . . , ρ_n = ρ_n(L) are defined as coefficients in the decomposition

((λ − L)^{−1})_{11} = n∑ j=1 ρ_j λ − λ_j . (3.10)

In the tridiagonal case ρ_1, . . . , ρ_n are the so-called Moser coordinates (Moser [1974]) . Their importance is based on the fact that the data {λ_1, . . . , λ_n; ρ_1, . . . , ρ_n} determines a tridiagonal matrix L uniquely and, moreover,

λ_i, μ_i = log ( ρ_iΠ_{j≠i}(λ_i − λ_j) ρ_nΠ_{j≠n}(λ_n − λ_j ) ) , i = 1, . . . , n − 1 (3.11)

provide action-angle variables for the Toda lattice.

In the general case, λ_i, i = 1, . . . , n − 1 do not form a maximal family of involutive integrals, but it is still true (cf. Deift et. al. [1986]) that (3.11) is a set of canonically conjugate functions both on S(J) and ϵ + b_− . Note also that, considered as functions on sl(n), ρ_i are invariant under the adjoint action of SL(n − 1) imbedded into SL(n) as a right lower block.

If L evolves according to L̇ = [(L^k)_−, L] then it is known that

ρ̇_j (L) = −(λ^k_j − (L^k)_{11})ρ_j (L) .

It follows that π_J (f_T (L)) = π_J (Ad_{βC} (T^{−1}Ṫ )) = π_J (L^k) and therefore,

L̇ = [ 1 2 π_J (L^k)), L ] . Lemma 3.3 If T is given by (3.9) then

ρ_j (L) = ρ_j (L) , j = 1, . . . , n (3.12)

Proof. Since C = nv(Λ) and L = Ad_C Λ, (3.6) implies

ρ_j (L) = C_{1j} (C^{−1})_{j1} = (C^{−1})_{j1}. (3.13)

But this means that the first column of T JC^{−1} has all entries equal to 1 and , therefore coincides with the transpose of the first row of C. Then, by (2.2), all off-diagonal entries of the first column of β^∗ J β are zero and thus the only nonzero entry of the first row of β is (1,1) entry and the statement follows. ■ We call a matrix M generic if all its k × k left lower minors (k = 1, . . . , [n/2]) are nonzero (cf. Deift et. al. [1986], Ercolani-Flaschka-Singer [1993]). We have the following theorem (we remark in the tridiagonal case this result reduces to the usual conjugation by diagonal matrices of the Kostant flow to the signed symmetric matrices, which is known to sympletic):

Theorem 3.4 Let T be defined by (3.9) and assume that for generic L_0 ∈ ϵ + b_− the factorization (3.1) is well-defined. Then in the neighbourhood of L_0 the map ϕ : ϵ + b_− → S(J) is Poisson.

Proof. To prove the statement, it is sufficient to check the identity (3.8) for a fixed given system of coordinate functions on S(J). The system we are going to choose can be defined in the same way both for S(J) and ϵ + b_− . It will consists of functions (3.11) and restrictions of Ad_{B+} -invariant functions. This will enable us to use Lemmas 3.2, 3.3 to finish the proof. In fact Lemma 3.3 shows that the partial sets of action angle variables (3.11) are the same for L and L. The same is clearly true for the Ad_B+ -invariant functions. Below we show that these two sets of coordinates provide a complete set of coordinates.

For any generic M, there exists an upper-triangular matrix Γ = Γ(M), that

Ad_ΓM = [n/2]−1∑

k=0 e_{n−k,k} + [n/2]−1∑

j=0 x_j e_{n−j,n−j} + U (3.14)

where U is a strictly upper triangular matrix (see, e.g. Archangel‘skij [1979]).

Recall that symplectic leaves for (2.2) are orbits of the coadjoint action of B_+ and that the dimension of the orbit through a generic element is equal to n(n + 1)/2 − [(n + 1)/2]. If M = L ∈ ϵ + b_−, the functions x_j = x_j (L) are coadjoint invariants of B_+ . The stabilizer G_0 of Ad_ΓL under this action of B_+ consists of diagonal matrices D , satisfying d_{jj} = d_{n−j,n−j} .

Let U = (u_{ij}, i < j) . Then the monomials

y_i = u_{i,n−i+1} i = 1, . . . , [n/2] (3.15) y_{ij} = u_{ij}u_{j,n−i+1} i < j < n − i + 1 (3.16) y^′_{ij} = u_{ij}u_{n−j+1,n−i+1} i < j (3.17) y_{ijk} = u_{ij}u_{ki}u_{j,n−k+1} i < j, k < min(i, n − j + 1) (3.18) are invariant under the adjoint action of the stabilizer G_0. This means that we can view y_i, y_{ij}, y^′_{ij}, y_{ijk} as restrictions to ϵ + b_− of Ad_{B+} -invariant functions on sl(n) .

In particular, we can choose among these functions n(n − 1)/2 − [(n + 1)/2] + 1 independent ones, e.g. y_{ij1}, 1 < i < j < n; y_{1j} , j = 2, . . . , n − 1; y^′_{1j}, j = 2, . . . , [n/2] .

For an orbit through L_0, which is determined by the fixed values of x_j , j = 0, . . . , [n/2], we choose now the system of coordinate functions μ_j, λ_j, j = 1, . . . , n − 1 ; z_k = z_k(U), k = 2n + 1, . . . , n(n + 1)/2 − [(n + 1)/2] , (3.19)

where z_k are independent functions of y_i, y_{ij}, y^′_{ij}, y_{ijk}, such that they do not depend on u_{1j}, j = 2, . . . , n . Then off-diagonal elements of the first column ∇z_k(L) are all zero and, since μ_j are SL(n − 1)-invariant functions, we have {z_k, μ_j}_{ϵ+b−} (L) = ⟨L, [π_+∇z_k(L), π_+∇μ_j(L)]⟩ = ⟨L, [π_+∇μ_j(L), π_−∇z_k(L)]⟩ = ⟨L, [∇μ_j(L), π_−∇z_k(L)]⟩ = 0 . (3.20) Note now, that coordinates (3.19) can be defined on S(J) in absolutely the same way. Furthermore, due to Lemma 3.3 and Ad_{B+} -invariance of λ_j and z_k, we have μ_j ∘ ϕ = μ_j, λ_j ∘ ϕ = λ_j, z_k ∘ ϕ = z_k . Then the statement of the theorem follows from Lemma 3.2 and the fact, that λ_j, μ_j, j = 1, . . . , n − 1 are canonically conjugate. ■

3.2 Noncommutative Integrability

The next question we would like to address is the interplay between the Hamiltonian and gradient behaviour of Toda flows. As explained above and in Bloch, Brockett and Ratiu [1992], in the tridiagonal symmetric case, we have a gradient flow on the level set of the integrals, which is diffeomorphic to R^{n−1} . However, as was shown in Deift, Li, Nanda and Tomei [1986], level sets of the maximal Poisson commuting family containing higher Hamiltonians for full symmetric Toda flows in sl(n) are, in general, cylinders. In principle, this allows quasiperiodic behaviour of the higher Toda flows. This possibility, though, is ruled out by the well-known asymptotic properties of the flows, which do not change with a transition from the tridiagonal to full case and which are the main reason one might look for a gradient structure in the full symmetric or Kostant Toda flows.

The key to the explanation of this phenomenon from the Hamiltonian point of view is that there are many distinct maximal Poisson commutative families for the full Toda flows (this was first observed in Ercolani, Flaschka, Singer [1993] for the sl(4) case) and that one has to consider the level set of all the integrals. This level set is preserved under all higher Toda flows and diffeomorphic to R^{n−1} due to the noncommutative integrability of the Toda flow on a generic coadjoint orbit.

Indeed, in the proof of Theorem 3.4 we constructed the family (3.15)-(3.18) of Ad_{B+} -invariant functions whose restriction to the generic coadjoint orbit in ϵ + b_− provides a (Poisson-noncommutative) family of independent integrals for the Toda flow. The number of integrals in this family is equal to the dimension of the orbit minus the rank of sl(n) . Furthermore, the invariant polynomials of L can, from (3.14), be expressed via the integrals (3.15)-(3.18) and are in involution with any of them. This puts us into the framework of Nehoroshev’s theorem :

Theorem 3.5 (Nehoroshev [1972]) If a Hamiltonian system on a 2n-dimensional symplectic manifold possesses 2n − k independent first integrals F_1, . . . , F_{2n−k} such that F_1, . . . , F_k are in involution with all F_i, i = 1, . . . , 2n − k, then all trajectories lie on k-dimensional invariant tori or cylinders.

The same phenomenon can be observed for the Toda flow on generic coadjoint orbits in an arbitrary semisimple Lie algebra g. Indeed, it follows from unpublished results by Kostant on the structure of generic coadjoint orbits, that any generic element in ϵ + b_− can be brought to a normal form analogous to (3.14). Namely, let M = {β_1, . . . , β_r} be the maximal set of of strongly orthogonal positive roots, i.e. maximal subset of positive roots, such that for any two roots in it neither their sum nor their difference is a root. A description of M via the Kostant’s “cascade construction” can be found, e.g. in Lipsman and Wolf [1982] .

Let O_L be a generic coadjoint orbit O_ζ through L ∈ ϵ + b_− . Then the following result is true

Theorem 3.6 (Kostant) Let h_0 be an orthogonal complement in h to Span{[e_{−β} , e_β], β ∈ M} . If L ∈ ϵ + b_− is generic then there exists a unique element h_0 ∈ h_0 such that

L_0 = r∑ i=1 e_{−βi} + h_0 + ϵ ∈ O_L . (3.21)

The codimension of O_L in ϵ + b_− is equal to the dimension of the stabilizer of L_0 and is l − r .

Theorem 3.6 allows us to establish noncommutative integrability of the Toda flows on generic coadjoint orbits, which, in turn, makes Nehoroshev’s theorem applicable in this case.

Theorem 3.7 The Poisson subalgebra of first integrals of the Toda flow on O_L is generated by restrictions to O_L of Ad_{B+} -invariant functions on g and has functional dimension dim O_L − l . Its center is generated by restrictions of the Chevalley invariants of g .

We give a sketch of the proof of Theorem 3.7. Details can be found in the forthcoming paper by Gekhtman and Shapiro [1997].

Proof. By Theorem 3.6, for any generic L ∈ ϵ + b_− there exists b_L ∈ B_+ such that Ad^∗_{bL} L = L_0 = ∑_r i=1 e_{−βi} + h_0 + ϵ , where h_0 ∈ h_0 . Denote h_1 = h^⊥_0 and consider the factorization T = T_0T_1 of the maximal torus T corresponding to the linear space decomposition h = h_0 + h_1 . Then the stabilizer of L_0 under the coadjoint action is T_0 and b_L is defined uniquely up to a right multiplication by elements of T_0 . Let b_L = b̃_Lt_L be a factorization of b_L into the product of unipotent b̃_L and t_L ∈ T. We can make the choice of b_L unique by demanding that t_L belongs to T_1 .

For a generic element g ∈ g there exists a unique element L ∈ ϵ + b_− such that π_{b−} (g − L) = 0. Define now b_g to be equal to b_L as defined above. Note, that if β is an element from B_+ and β = β̃ t_0t_1 is its factorization into the product of unipotent β̃ , t_0 ∈ T_0 and t_1 ∈ T_1, then

b_{Adβ g} = (β̃t_0t_1b̃_Lt^{−1}_0 t^{−1}_1 ) t_1t_L = βb_gt^{−1}_0 . (3.22)

For any positive root α, define a function φ_α(g) = ⟨g, Ad_{bg} e_{−α}⟩ . (3.23) It can be shown that functions φ_α are independent on O_L .

It follows from (3.22) that φ_α(g) is semiinvariant under the adjoint action of B_+ : φ_α(Ad_βg) = ⟨g, Ad_{bg} Ad^{−1}_{t0} e_{−α}⟩ = χ_α(β) φ_α(g) . Moreover, if k is an integral vector such that ν = ∑ α∈Φ^+ kαα, kα ∈ Z annihilates

h_0 then a function θ^k(g) = Π_{α∈Φ}+ (φ_α(g))^{kα} (3.24)

is Ad_{B+} -invariant on g .

The number of linearly independent vectors k such that ν annihilates h_0 is equal to the number of positive roots minus the rank of the matrix (α(η_i))_{α∈Φ}+ , where η_i, i = 1, . . . , dim h_0 is a basis of h_0. Clearly, this rank is equal to dim h_0 = l − r. Thus the number of independent functions on O_L, θ^k, is equal to dim O_L − l . On the other hand if H is an invariant polynomial on g, then H(L) = H(Ad^{−1}_{bL} L) can be expressed in terms of the functions θ^k and is in involution with any of them. ■ To conclude this section, we compare the behaviour of the full Kostant Toda flows with that of more general Toda flows defined on the whole space of n × n matrices, namely, the QR-flows that were extensively studied and shown to be completely integrable by Deift, Li and Tomei [1989]. The evolution in this case is given by the Lax equation Ṁ = [M, M_− − M^T_− ], (3.25)

where M_− is a strictly lower triangular part of M. Note that we have applied a transposition to the equation originally considered in Deift, Li and Tomei [1989].

It is known that if the initial data M(0) belongs to the open set of elements with distinct real eigenvalues in the space of real n × n matrices, then as t tends to ∞, M(t) tends to an upper triangular matrix with diagonal entries arranged in ascending order. This (a) indicates a gradient-like behaviour and (b) suggests that as in the case of full Kostant Toda flows, invariant manifolds have dimension (n − 1) which is much smaller then half the dimension of a generic symplectic leaf, equal in this case to n(n − 1) . Recall that the maximal Poisson commuting family constructed in Deift, Li and Tomei [1989] contains two subfamilies of integrals: one coincides with the maximal family of B-invariant Poisson commuting integrals for the generic symmetric or Kostant Toda lattice and the other consists of functions invariant under the conjugation by elements of the orthogonal group. Elements of the latter subfamily generate periodic flows.

Our first remark here is that, as in equations (3.1) and (3.2), the flows of (3.25) can be conjugated to, generally speaking, linear combinations of higher symmetric Toda flows. We shall not discuss here how to make a conjugation map Poisson, but limit ourselves to establishing noncommutative integrability of (3.25).

Theorem 3.8 The Poisson subalgebra of first integrals of the Toda flow (3.25) on generic symplectic leaves has functional dimension (n − 1)^2 . Its center is generated by the Chevalley invariants of T r(M^2), . . . , T r(M^n).

Proof. We refer to Deift, Li and Tomei [1989] for the fact that if a function f_1 (respectively f_2) is invariant under the conjugation by elements of the upper triangular (resp. orthogonal) group, then f_1 and f_2 are in involution and both f_1 and f_2 are in involution with any Chevalley invariant.

Let A_1 (resp. A_2) denote the subalgebra of functions on gl(n) invariant under the conjugation by elements of the upper triangular (resp. orthogonal) group. We refer to Deift, Li and Tomei [1989] for the fact that if f_1 ∈ A_1 and f_2 ∈ A_2 then f_1 and f_2 are in involution and both f_1 and f_2 are in involution with any Chevalley invariant. Note also that the family of independent Casimir functions that defines generic symplectic leaves belongs to A_1 + A_2.

Thus, it is sufficient to show that the functional dimension of the subalgebra of functions on gl(n) generated by A_1, A_2 is n^2 − n. By Theorem 3.7, A_1 is generated by n(n − 1)/2 integrals and Casimirs. On the other hand, A_2 is generated by matrix elements of the upper triangular factor U in the Schur decomposition M = OUO^T , so its functional dimension is n(n + 1)/2. Since A_1 ∩ A_2 is generated by the Casimir function T r(M) and the Chevalley invariants T r(M^2), . . . , T r(M^n), the statement follows. ■

4 Conclusions

In this paper we have proved a number of properties describing the qualitative behavior of a fairly general class of Toda flows. We conclude by mentioning some related issues.

While the symmetric flows are known to have long time existence, it is known that this is not true in general in the nonsymmetric case (either tridiagonal or full). Kodama and Ye [1996], Brockett and Faybusovich [1991], and Faybusovich [1993] for example showed that the signed Toda flows may experience a blow up in a finite time. On the other hand Gekhtman and Shapiro [1997] found necessary and sufficient conditions for completeness of the Kostant Toda flows. Similar conditions may be found for other flows discussed here. For example the result of Gekhtman and Shapiro may be extended in order to find a criterion for solution of signed Toda lattice to be everywhere nonsingular as follows:

Let the signature matrix S be equal to diag(ϵ_1, . . . , ϵ_n), ϵ_i = ±1 . Let L in (2.12) be tridiagonal and set D = diag(d_1, . . . , d_n) = diag(1, ϵ_2a_1, ϵ_2ϵ_3a_1a_2, . . . , ϵ_1 · · · ϵ_na_0 · · · a_n) . Then L̃ = D^{−1}LSD has entries one on its subdiagonal and the (i, i + 1) entry of L̃ is ϵ_iϵ_{i+1}a^2_i .

Let λ_1 > . . . > λ_s, s ≤ n, be distinct eigenvalues of L(0)S and C(L(0)) be the matrix whose columns constitute a Jordan basis of the upper triangular Jordan normal form of L(0)S. Then columns of C̃ = D^{−1}C(L(0)) form a Jordan basis for L̃(0).

Let μ_i = sign(d_i(0)) . Denote by C^{1,...k}_{i,...,i+k−1} a minor of C(L(0)) formed from the k first columns and the ith , ... ,i + k − 1th rows. Then one can show that flow (2.12) is complete if and only if

(1) all λ_i (i = 0, . . . , s) are real,

(2) for any k = 1, . . . , n − 1 all numbers μ_i · · · μ_{i+k−1}C^{1...k}_{i...i+k−1} ( i = 1, . . . , n − k) are nonzero and have the same sign.

The geometry of convex polytopes has been very useful for understanding the qualitative behavior of the Toda flows. Van Moerbeke [1976] and Deift, Nanda and Tomei [1983] observed that an isospectral manifold of Jacobi (symmetric, tridiagonal) matrices with nonnegative off diagonal elements, i.e. a Toda orbit, is homeomorphic to a convex polytope. In a Bloch, Flaschka and Ratiu [1990] it is shown, by studying the Kähler geometry of the Toda flows, that this polytope is in fact the image of a momentum map. The usual tridiagonal flow thus remains in such a polytope.

Polytopes are also useful in considering the tridiagonal flows where the off-diagonal elements are not taken to be positive. Tomei [1984] considered the manifold formed when one allows the off diagonal elements of the Jacobi matrices to change sign, but nonetheless requires the matrix remain symmetric. In other words, Tomei analyzed the topology of the set of real symmetric tridiagonal matrices with fixed eigenvalues. This turns out to be a smooth orientable manifold, but one that is closely related to a manifold formed by “glueing” polytopes of the type described above together. In fact this manifold (call it M_{λ1,λ2...λn} ) turns out to be a “small cover” of a permutohedron P_n in the sense of Davis [1987] and Davis and Januszkiewicz [1991]. Kodama and Ye [1996c] carried out a similar construction, but using a glueing rule derived from the indefinite Toda flows. The idea is to glue together isopectral sets of Jacobi matrices of fixed signature, and to use the dynamics of flows to give the glueing rule.

It would be interesting to pursue the role of convexity in understanding the Kostant and full Toda flows – we intend to pursue this idea in a future publication.

In conclusion, we note that we have given here a rather general description of the various kinds of finite Toda flow, symmetric and nonsymmetric, tridiagonal and full, indicated how to pass from one to another, and described their qualitative nature, including the relationship of their gradient to their Hamiltonian properties.

Acknowledgment: We would like to thank R. Brockett, P. Deift, H. Flaschka, Y. Kodama, T. Ratiu and S. Singer for useful remarks.

References

Arhangelskij, A. A. [1979], Completely integrable Hamiltonian systems on the group of triangular matrices, Mat. Sb. 108 (4), 134-142 .

Besse, A [1987], Einstein Manifolds, Springer Verlag.

Bloch, A. M. [1990], Steepest descent, linear programming and Hamiltonian flows, Contemp. Math. AMS 114, 77-88.

Bloch, A. M., R. W. Brockett and T. Ratiu [1990] A new formulation of the generalized Toda lattice equations and their fixed point analysis via the moment map. Bulletin of the AMS 23 (2), 447-456.

Bloch, A.M., R.W. Brockett and T.S. Ratiu [1992] Completely integrable gradient flows. Comm. Math. Phys. 147, 57–74.

Bloch, A.M., H. Flaschka, and T.S. Ratiu [1990] A convexity theorem for isospectral sets of Jacobi matrices in a compact Lie algebra. Duke Math. J. 61, 41–66.

Bogayavlensky, O.I. [1976], On perturbations of the periodic Toda lattice Comm.

Math. Phys. 51, 201–209.

Brockett, R.W. [1988] Dynamical systems that sort lists and solve linear programming problems. Proc. IEEE 27, 799–803 and Linear Algebra and its Appl. 146, (1991), 79–91.

Brockett, R.W. [1993] Differential geometry and the design of gradient algorithms.

Proc. Symp. Pure Math., AMS 54, Part I, 69–92.

Brockett, R. W. and L. E. Faybusovich [1991], Toda flows, inverse spectral problems and realization theory, Systems and Control Letters, 16, 79-88.

Davis, M. W. [1987], Some aspherical manifolds. Duke Math. J. 5, 105-139.

Davis, M. and T. Januszkiewicz [1991], Convex polytopes, coxeter orbifolds and torus actions, Duke. Math. J. 62, 417-451.

Deift, P. A., L.-C. Li, T. Nanda and C. Tomei [1986], The Toda lattice on a generic orbit is integrable, Comm. Pure Appl. Math. 39, 183-232.

Deift, P. A., L.-C. Li and C. Tomei [1989], Matrix factorizations and integrable systems, Comm. Pure Appl. Math. 42, 443-521.

Deift, P. T. Nanda and C. Tomei, [1983] Differential equations for the symmetric eigenvalue problem. SIAM J. on Numerical Analysis 20, 1–22.

de Mari, F. and M. Pedroni [1996], Toda flows and real Hessenberg manifolds, preprint.

Ercolani, N. M., H. Flaschka and S. Singer [1993], The geometry of the full Kostant- Toda lattice. Progr. Math. 115, 181-225.

Faybusovich , L. E. [1993], Hamiltonian and system-theoretic properties of the HRalgorithm. J. of Math. Systems, Estimation, and Control 3, 129-146.

Flaschka, H. [1974], The Toda lattice I. Phys. Rev. B 9, 1924-1925. Flaschka, H [1994], Integrable systems and torus actions. Lectures on Integrable Systems (Sophia-Antipolos, 1991), World Scientific.

Gekhtman, M. and M. Shapiro [1997], Completeness of real Toda flows, Math.

Zeitschrift, 226 (1997), 51-66.

Gekhtman, M. and M. Shapiro [1997], Noncommutative and commutative integrability of generic Toda flows in simple Lie algebras, preprint.

Henon, M [1974], Integrals of the Toda lattice. Phys. Rev. B 9, 1921-1923. Kodama, Y. and J. Ye [1996], Toda hierarchy with indefinite metric. Physica D 91, 321-339.

Kodama, Y. and J. Ye [1996b], Iso-spectral deformations of a general matrix and their reductions on Lie algebra. Comm. Math. Phys 178, 765-788.

Kodama, Y. and J. Ye [1996c], Toda lattices with indefinite metric II: topology of isopspectral manifolds.

Kostant, B. [1979] The solution to a generalized Toda lattice and representation theory. Adv. in Math. 34, 195-338.

Lipsman, R. L. and Wolf, J. A. [1982] Canonical semi-invariants and the Plancherel formula for parabolic groups. Trans. AMS 269, 111-131.

Moser, J. [1974] Finitely many mass points on the line under the influence of an exponential potential. Batelles Recontres, Springer Notes in Physics, 417-497.

Nehoroshev, N. N. [1972], Action-angle variables and their generalizations. Trans.

Moscow Math. Soc. 26, 180-197.

Onishchik, A. L. and Vinberg, E. B. [1990] Lie Groups and Algebraic Groups. Berlin Heidelberg New York: Springer.

Symes, W. W. [1980] Hamiltonian group actions and integrable systems. Physica D 1, 339-376.

Ratiu, T. S. [1980], Involution Theorems, Sprinter Lecture Notes 775, 219-257.

Reyman, A.G. and and Semenov-Tian-Shansky, M. A. [1994] Group-theoretical methods in the theory of finite-dimensional integrable systems Dynamical Systems VII, Encyclopedia of Math. Sci., Springer-Verlag, Berlin-Heidelberg-New York.

Toda, M. [1975] Studies of a non-linear lattice. Phys. Rep. Phys. Lett. 8, 1-125.

Tomei, C. [1984] The topology of isospectral manifolds of diagonal matrices. Duke Math. J. 51, 981-996

van Moerbeke, P. [1976] The spectrum of Jacobi matrices. Inventiones Math. 37 (1976), 45-81.