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1 Derivatives

1.1 Speed

Consider position as function of time s(t).

t

s

•
(a, s(a))

•
(b, s(b))

Intuitively we sense that the movement starts slow and gets faster when the time goes by. Mathematically we
can quantify this intuition.
The Average velocity between t = a and t = b is:

s(b)− s(a)

b− a

And we know that this is the slop of the secant line, or “rise/run”. We sense that the velocity at a is smaller
than the velocity at b. We define Instantaneous velocity at a be letting the point b get closer and closer to
a while we record the slope of the secant line. Mathematically:

lim
h→0

s(a + h)− s(a)

h

Note that we must do this dynamic procedure from both lines of a. Graphically, we end us with the slop of the
tanget line at a. This explains we we “sense” that the velocity at t = a is smaller than at t = b.

t

s

•
(a, s(a))

•
(b, s(b))

Remark 1.1.1. While velocity can be positive or negative, Speed is defined to be the magnitude of the
velocity. Suppose the I drive at a constant speed of 50 mph from point A to point B, and then drive from point
B to point A at 30 mph. The trip is finished at t = c. The average velocity between t = 0 and t = c is 0 since
s(0) = 0 = s(c). However, the average speed is not. Assume that the distance is 150 mile. Then for 3 hours I
drove 50 mph, and for 5 hours I drove 30 mph. c = 8 hours. The average is

3 · 50 + 5 · 30

8
= 300/8 = 37.5mph.

In general, the speed between t = a and t = b is:

speed =
total distance covered between time a and time b

b− a
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Exercise 1.1.2.

1. Estimate Angelica’s instantaneous velocity 3 minutes into the race.

2. Estimate Simona’s instantaneous velocity 120 minutes into the race.

3. Who was ahead after 5 minutes — Angelica / Simona / Cannot be determined?

4. Who was running faster exactly 1 minute into the race — Angelica / Simona / Cannot be determined?

5. In describing the race later, Simona says that her average velocity during the entire race was 2.8 meters
per second while Angelica says that after the first 5 minutes, her average velocity for the rest of the race
was 3.1 meters per second. Assuming their statements and the table of values above are accurate, who
won the race? Or is there not enough information to decide? Explain your reasoning.
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Solution. � 3 min = 180 sec. The best estimate is to compute the secant line from the left, from the
right and then average. We use a trick of calculating the slope using one point to the left and one
to the right. It is just as good as an estimation, just quicker. So we use (168,384),(198,463). We get:
(463-387)/(198-168)=76/30≈2.53 m/s

� (303-248)/(135-114)=55/21≈2.61 m/s

� At t = 300 simona was ahead by 29 meters.

� We can compute the slopes, but it is apparent that the approximations would be too close to give a clear
cut answer.

� Based on the average velocity, Simona has finished after (2500)/2.8 = 892.9 seconds. Angelica ran 737
meters at the first 5 minutes. For the rest of the (2500-737) meters , she ran at average velocity of 3.1m/s
so it took here: (2500-737)/3.1≈568.7 seconds. Add the 5 minutes to it to get a time of 868.7. Thus
Angelica has finished the race in about 25 seconds less than Simona.
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1.2 Derivatives

This is a complete analogy of the previous section, only this time we are talking about how functions f(x)
change, not necessarily position as a function of time.
For any pair of points on the graph, we have a formula for the slope of the secant line, using rise over run:

f(b)− f(a)

b− a

We can talk about instantaneous slope, or the slope of a tangent line, or the derivative at x = a, using the
same limit procedure of letting the point b be closer and closer to a.

Graphically:

� f ′(a) > 0, the function is increasing around x = a.

� f ′(a) < 0, the function is decreasing around x = a.

� f ′(a) = 0, then the function is neither around x = a. This is called a Critical Point. Possibly a max/min
point.

A critical point of f(x) is a point x = a where f(a) = 0 or f(a) does not exists.

x

y

•

•

•

•f ′(x) = 0

f ′(x) < 0

f ′(x) = 0

f ′(x) > 0

Example 1.2.1. Compute algebraically f ′(2) for f(x) = x2 + x + 1.

f ′(2) = lim
h→0

f(2 + h)− f(2)

h
= lim

h→0

4 + 4h + h2 + 2 + h + 1− 4− 2− 1

h
= lim

h→0

5h + h2

h
= lim

h→0
5 + h = 5

The last inequality is due to the fact that g(h) = 5 + h is a continuous function, thus we can plug in to get the
limit.
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Exercise 1.2.2.
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Solution.
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Exercise 1.2.3.
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Solution.

We can give a general formula for the tangent line of f(x) at a point x = a when f(x) is differentiable there:

`(x) = f ′(a)(x− a) + f(a)

1.3 The Derivative Function

If f(x) is differentiable on an interval, we can define a function assigning to each point its derivative. We get
the derivative function:

Now we can relate the graph of f ′(x) to the graph of f(x):
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x

f ′(x)

•
f(x) is ↘ then ↗

x

f(x)

• local minimum

x

f ′(x)

•
f(x) is ↗ then ↘

x

f(x)

•

local maximum

x

f ′(x)

•
f(x) is ↗ then ↗

x

f(x)

•
inflection point

x

f ′(x)

•
f(x) is ↗ then ↗

x

f(x)

•
inflection point

We can always move f(x) up or down without changing the slope, thus without changing the derivative. A few
formulas:

f(x) = k ⇒ f ′(x) = 0
f(x) = mx + b⇒ f ′(x) = m
g(x) = f(x) + k ⇒ g′(x) = f ′(x)

f(x) = xn ⇒ f ′(x) = nxn−1

Remark 1.3.1. If f ′(a) exists then f(x) is continuous at x = a. So differentiability implies continuity but

NOT the other way around.

When a function is not differentiable?

� Not defined at the point.

� Not continuous at the point.

� Not “smooth” at the point, i.e. has a sharp edge or V-like shape.
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Exercise 1.3.2.
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Solution.

Note that the derivative does not exists for x = 1, x−3, and the slope to the left of x = 1 is a little less extreme
than the one to the right of x = 1.
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Exercise 1.3.3.
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Solution.
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Quiz #3. Please write you name: and email:
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Solution.

1.4 Interpretation of The Derivative

f ′(x) represent the instantaneous change of the function. Another notation is

f ′(x) =
df

dx
=

dy

dx

In term of units, it has units of (units of y)/(units of x) . (Note to instructor - the following example should

be presented on the board. The next two exercises are group work).
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Exercise 1.4.1.
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Solution.
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Exercise 1.4.2.
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Solution.
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Exercise 1.4.3.
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Solution.

1.5 The second derivative

The second derivative is the derivative of the derivative.
Graphically:
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x

f ′′(x)

•
f(x) is ∩ then ∪

x

f(x)

•

x

f ′′(x)

•
f(x) is ∪ then ∩

x

f(x)

•

In the context of position s as a function of time t, recall that s′(t) = v(t) the velocity. Thus, s′′(t) = v′(t) = a(t)
the acceleration.
(Note to instructor - the following example should be presented on the board. The next two exercises are group
work).
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Exercise 1.5.1.
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Solution.
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Exercise 1.5.2.
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Solution.
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Exercise 1.5.3.
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Solution.

1.6 Differentiablity

At this section we will concentrate on what we already know: We say that a function f(x) is differentiable at
x = a if f ′(a) exists (and finite).

If f ′(a) exists then f(x) is continuous at x = a. So differentiability implies continuity but NOT the other way

around.
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When a function is not differentiable?

� Not defined at the point.

� Not continuous at the point.

� Not “smooth” at the point, i.e. has a sharp edge or V-like shape.

Conversely:

If f(x) is differentiable at x = a, i.e. f ′(a) exists, then all must be true:

� f(x) is defined at x = a.

� f(x) is continuous at x = a.

� the graph of f(x) is smooth at x = a.

Here are a few examples of functions that are not differentiable at x = 0:

x

f(x)

◦

f(x) is not defined at x = 0

x

f(x)

◦
•

f(x) is not continuous at x = 0

x

f(x)

•

f(x) = |x|, has a sharp edge at x = 0

x

f(x)

f(x) =
√
|x|, has a slop ∞ at x = 0
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Exercise 1.6.1.
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Solution.
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Exercise 1.6.2.
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Solution.
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