Calculus 115 - Notes

Anthony Della Pella
Last update - July 2, 2020

1 Shortcuts to differentiation

1.1 Polynomials - derivative formulas

So far, we were dealing with the definition of the derivative. It turns out that there are formulas that can help
us with computing the derivative function.

For the power function, f(x) = 2™, n is any real number, we have:
f@) =[Gy =na?
For example: (22)" =2z, (1/23)" = (z73) = 3274, (2¢)' = ex*~ L.

The derivative of a constant is zero, because: f(z) =c=c2’ = f'(z) =c(2°) =c-0-271 =0.
The next property, is that the derivative commutes with multiplying by a constance c:

(c- f(x)) = cf'(2).
For example: (522) = 5(z?)" = 10x.

The derivative of a constant is zero, because: f(z) =c=c2’ = f'(z) =c(2°) =c-0-271 =0.
Another property, is “the derivative of the sum is the sum of the derivatives”:

(@) £g(@)) = (@) £4'(2) ]

Now, we can take the derivative of any polynomial:
flx)=a® 4+ 42 — 52+ 7= f'(x) =32> + 62 -5
Example 1.1.1. Let f(z) = 2 4+ /z + 1. Find the equation of the graph’s tangent line at z = 1.
So the point is (1,3). The tangent line will have a slope of f'(1). So
fl(x) =14+052"% = f(1) =15
So we need the line with slope 1.5 passing through (1, 3):
y—3=15—1)=y=150+15=15z+1)

1.2 Exponential Function

Here are the formulas:

Note that In(a) is just a number.

Ithis is the reason why e is so special
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Example 1.2.1. What is the derivative of a**?

(a*®) = ((a®)®)" = In(a")a*® =| kIn(a)a®

Skip to Section 3.5 - Trig Functions

Remark 1.2.2.
(sinz)’ = cosz

(cosz) = —sinz ‘

(tanz)’ = 1/cos®x = 1 4 tan’x

Exercise 1.2.3. In groups:

(22 +2™) =22 + mz™ !
2. (2cos(z) — sin(z))’ = —2sin(x) — cos(x)
(?

x? + cos(z))” = 2 — cos(x)

- W

(230)// — 111(2)221
5. Find a,b, ¢ such that f(z) = ax?® + bx + c and g(z) = 2% satisfy: f(0) = g(0), f/(0) = ¢’(0), '(0) = ¢'(0):

We have g(0) = 1,¢'(0) = In(2), ¢""(0) = In*(2).
We have f(0) = ¢, f'(0) = b, f"(0) = 2a = ¢ = 1,b = In(2),a = In*(2) /2

1.3 Product Rule, Quotient Rule
(f@)g(@) =f"-g+f-g
Example 1.3.1. 1. (sin(z) cos(x)) = sin(z)’ cos(z) + sin(z) cos(z)’ = cos(z) — sin®(z)
2. (@®) =(z-2) =lz+z-1=22
3. (f(@)?) = (fa) f(@) =ff+ff=2fF
nf@) - f(@)]

5. (sin?(z)4cos?(x)) = 2sin(z) cos(z)+2 cos(x)-— sin(z) = 0 This is not surprising since sin’(x)+cos?(z) =

1, it is a constant function.
!
( ! ) _fl9-4'f
g 9°

Proof. f/g=f-g~! so we use the product rule:

N
—~
~
—

8
S~—
S
—

I

Quotient rule:

(fgY=Ffg+f- @) =rg'+f-1.g7%g="5—

One more formula that you need:

(n(2)) = = =2~

8

Last Updated: July 2, 2020 2
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Exercise 1.3.2.
Please IGNORE parts i and iv.

1. [10 points] Given below is a graph of a function f{z) and a table for a function g{z).

Sz

2tk

= Jo| 1 |2]af 4
glz) Qa| 3 |1]|2] %
gz ]2 -2]3]3[-3

Give answers for the following or write “Does not exist.” No partial credit will be given.

i) - f(g(z)) at £ = 0

iv) Slo(f(x)] at = =3

v) flg'(3))

Last Updated: July 2, 2020
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Solution.

i) —f (z))at =0 By the chain rule %f[g[z]) = flglz)g’(z). At = =0 we have

ii) %ftﬂ:jgl:ﬂ::l at x =2 By the product rule %[I(I]g[l‘l] = f'(z)g(z) + f(x)g'(z). At
r =2 we have

F(2)g(2) + f(2)g'(2) = (2/3)(1) + (4/3)(1/2) = 4/3.

. At

I(IJ] _ [lz)glz) — flx)g'(x)

d
at x =4 By the guotient rule — [ =
] d [g(z)?

”” &= [g.: = Lo(z)

=4 we have

[4)gl4) — f(4)g'(4) _ (=2)(20/3) — (0)(~1/3)
[g(4)? (20/3)°

= —3/10.

iv) %[g{f{z)]} at =3 We know g'{f(3)) = 1/2, so for values of v near f(3), g(3) looks

like a line with slope 1/2. So g(f({z)) “locks like” % flz)+b for some constant b, for x near
3. Since f(z) is “pointy” at = 3, 2f(x) + b looks like a vertically compressed version of
this pointy graph {near z = 3), which is still pointy. So g(f(x)) is also pointy at & = 3,
hence not differentiable.

v) f(g'(3)) By the table, g'(3) =3, so f(g'(3)) = f(3) = 2.

Last Updated: July 2, 2020
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Exercise 1.3.3.

8. [12 points] In the following table, both f and g are differentiable functions of z. In addition,
gz} is an mvertible function. Write vour answers in the blanks provided. You do not need to
show your work.

a. [3 points] If h(z) = :I.%l find h'{4).

h'(4) =

b. [3 points] If k{z) = fiz)g(z), find k&'(2).

K'(2) =

Last Updated: July 2, 2020
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Solution.

8. [12 points] In the following table, both f and g are differentiable functions of z. In addition,
g(x) is an invertible function. Write your answers in the blanks provided. You do not need to
show your work.

T 2 3 4 ]

flmy | 7162 o

o) | 213 2

glx) 1 4 | 7 11

g'(x) 1 21 3 2

a. |3 points] If h(z) = 'J%'L-;—: find h'(4).

W(4) = -15/4

b. 3 points] If k{z) = f(z)g(z), find &'(2).

[

K'(2) =

Last Updated: July 2, 2020
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Quiz #4. Please write you name: and email:
Let f(x) = €*® + tan(x).

1. [20 pt] Where is f(z) continuous?

2. [20 pt] Where is f(z) differentiable?

3. [60 pt]Find the equation of the graph’s tangent line at x =0

Last Updated: July 2, 2020
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Solution.

The function is differentiable and continuous as long as it is defined. e?? is defined anywhere whereas tan(z) =
sin(x)/ cos(z) is defined anywhere expect where where cos(z) = 0, that is for z = 7/2,7/2 4+ 7, 7/2 + 27, ....
and v = —7/2,7w/2 — 7, —7/2 =2, ..... We can write that f(z) is defined on (—o0, 00) expect for = 7/2+nxw
for any integer n.

f'(z) = ((€2)®) + tan’(z) = In(e?)e®® + 1 + tan?®(x) = 2€2* + 1+ tan?(z). So f/(0) = 3. Therefore, the tangent
line has slope 3 and passes through (0, 1), so the equation is:

y=3r+1

Last Updated: July 2, 2020 8
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1.4 Chain Rule

The chain rule helps us the take the derivative of a composite function. Say:

Then h/(z) is calculated in three steps. First, calculate the derivative of f(—). Then of g(x). Then plug in
g(z) in the box and get:

2 o) = 1'(9@)) ')

We can use this formula as long as g(x) # 0 and both ¢'(z) and f'(g(z)) exist.

Example 1.4.1.

e (cos?(x)) =2 cos(z) |- (—sin(x)) = —2cos(x) sin(x)

2
o () = e -2z = 2ze”

e (tan(sin(x))) = (1 + tan?|sin(x) |) - cos(x)
Group Work please complete parts i and iv in 77

Remark 1.4.2. If g(x) in not differentiable at some x = a it does NOT mean that f(g(x)) is not differentiable
at g(a). Here is an example.

Let g(x) = |z|, the absolute value of x. Since it has a sharp edge at = 0, it is not differentiable. Now, take
f(x) = 22, Notice: f(g(x)) = (|z|)? = 22, which is differentiable everywhere.

1.5 Trig Functions

We already gave the relevant formulas here: 77

1.6 Inverse Functions

When f(z) is invertible we can define the inverse g(z) = f~*(z). Then g(f(x)) = z. Now take the derivative.
we get:

1
f'(=)

=g (f@)f (@) = | [ O |ampn) =

Example 1.6.1.

o f(x)=tan(x). f~1(1) =7 (f'(2) is called arctan(z)). We have [f~!(2)]'|.=f@) = ﬁ so we just need
to find x such that f(z) = 1. Then the answer will be 1/f'(z). tan(x) = 1, so choose x = 7/4. Then
f/(m/4) =1+ tan?(7/4) = 1+ 12 = 2. So the answer is 1/2.

e We can do that in general: arctan’(z) = m with tan(z) = 2. tan/(z) = 1 + tan?(z) = 1 + 2. Thus
oy 1
arctan’(z) = T2

e arcsin’(z) = 1/ cos(x) with sin(z) = z. We can write cos(z) = /1 — sin?(z) = /1 — 22. So:

1
V1—22

arcsin’(z) =

Last Updated: July 2, 2020 9
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Exercise 1.6.2.

1. [12 points] The table below gives several values of a differentiable function f(z). Assume that
both fir) and f'(z) are invertible. Do not give approximations. If it is not possible to find
the value exactly, write NOT POSSIBELE.

T 3| -2 —1 1] 1 2 3

flz) | -8 —4|-12[05 14|18 2

fiz) i 3 211205 |03]|01

a. [2 points] Let glz) = 3f(z) +4. Find ¢'(1).

Answer: gi)=
b. [2 points] Find (f~%)'(2).

Answer: (f~1)(2) =
c. [2 points| Let h(z) = f(e*). Find h'(In2).

Answer: h{lnZ) =

d. [2 points] Let j{x) = &=}, Find j'(-2).

Answer: i'l—2y =
. [2 points] Let k{z) = f(z)f{z — 2). Find ¥(1).

o

Answer: (] )=

£ [2 points| Let #(z} = ﬁ'l:'iie? Find #{0).

Answer: £0) =

Last Updated: July 2, 2020 10
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Solution.

1. [12 points] The table below gives several values of a differentiable function f(z). Assume that
both fix) and f'(z) are invertible. Do not give approximations. If it is not possible to find
the value exactly, write NOT POSSIBLE.

r |—3|-2| -1 0o 1| 2 3
fir) | 8| —-4[-12|05 14|18 2
ffiz)| a| & 2112 05 (03 01
a. [2 points] Let g(z) = 3f(z) + 4. Find g'(1).
Solution: g'(z)=3f{z),s04'(1) =3-05=15
Answer: gl = 1.5
b. [2 peints] Find (f1)'(2).
Solution: (f~*)(z) = ;, so (f~1)(2) = ! -1 _1_y
fi(fHa)) frif@)y 3 0l
Answer: (F71Y(2) = 10
c. [2 points] Let h(z) = f{e7). Find A'(ln2).
Solution: R'(z) = f'le*) - &%, 50 W{ln2) = (9] 2% = F{2). 2 = 0.3 . 2 = 06
Answer:  R(In2) = 0.6
d. [2 points] Let j{z) = e/'%). Find j'(—2).
Solution: j'(z} = ef=). f'{z), s0 §/(-2) = /=9 . f/[-2) =4 .3,
Answer: §-2) = Je
e. [2 points] Let k{z) = f(z)f{x — 2). Find k'(1).
Solution: K'(z) = f'lz)flz —2)+ f(z)f'(z —2), so
k(1) = FOFQ-2)+FOF(1-2) = FF(-1)+FLF(-1) = 05-(-12) + 14-2 =
—06+28=22
Answer: k(1) = 2.2
£ [2 points] Let £(z) = 7= Find #(0).
- _ =) flz+3) - flz+3)f(x)
Solution: £(x) = F=3)? , 5O
_ F0)fi3) - F3)f(0) _ 1.2-2-05-01 _ 24005 _ 235 —
Answer: E"[_U_] — 0.5875
O
Last Updated: July 2, 2020 11
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Exercise 1.6.3.
8. [12 points] In the following table, both f and g are differentiable functions of z. In addition,
gi(z) is an invertible function. Write your answers in the blanks provided. You do not need to
show your work.
x 2 3
flz) T 9
fiiz) || -2 2
glz) 1 11
glz) | 1 2
a. [3 points| If hiz) = % find A'{4).
h'(4) =
b. [3 points] If k{z) = f{z)g(z), find ¥'(2).
K(2) =
c. [3 points] If m(z) = g~*{z), find m"{4).
m'(4) =
d. [3 points| If n(x) = flgiz)), find n'(3).
n'(3) =
Last Updated: July 2, 2020 12
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Solution.

8. [12 points] In the following table, both f and g are differentiable functions of z. In addition,
g{z) is an invertible function. Write your answers in the blanks provided. You do not need to
show your work.

& 2 3 4 5]

flz)
fle) || 2 1|3 2
)

gl=
g'(z) 1|2 |3 2

a. [3 points| If kiz) = ﬁgl find h'{4).

h'(d) = -15/4
b. [3 points| If k{z) = f(z)g{x), find k'(2).

K(2) = 5
c. [3 points] If m(z) = g~ '{x), find m'{4).

m'(4) = 1/2
d. [3 points] If niz) = flg(z)), find n'(3).

n'(3) = 6

Last Updated: July 2, 2020 13
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Exercise 1.6.4.

2. [12 points|
Use the graph of the function f and the table of values for the function g to answer the

questions below.

x |[1]2] 3] 435 6
gx) [0 4] 0 |-18[-56 -120
g(x) | 6|1 |-10|-27 | -50 | -79
g (x) | -2 |8 |-14 | -20 | -26 | -a2

a. [6 points| Let h{z) = ﬁ%&iﬁ Find A'{1) or explain why it does not exist.

b. [6 points| Let k{x) = g{g(z)). Determine whether k is increasing or decreasing at z = 2.

Last Updated: July 2, 2020

14
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Solution.

2. [12 points|
Use the graph of the function f and the table of values for the function g to answer the
questions below.

x |1]2] 3] 4]a] 6
alx) [0 4| 0 [28] 56 -120
g(x) | 6|1 |-10|-27 | 50 79
e (x) |2 |8 |-14 | -20 | -26 | -32

a. [6 points] Let h(z) = ﬁ%ﬁ%ﬂ Find A'(1) or explain why it does not exist.

Solution: Using the quotient rule and the chain rule, we get
¢'(z)f (22 +3) — glz) /(22 +3) - 2
(f(2z +3))2
) = SWIG) - 9)f(3)-2

h'(z)

(f(6))*
6-25—0-0.752
(25)2
6 12
= —=—==24

b. [6 points| Let &{x) = g{giz)). Determine whether & is increasing or decreasing at = = 2.

Solution: Using the chain rule, we get

K{z) = glg(z)) g'(z)
K(2) = 4(g9(2))-4'(2)
= g(4)-9'2)
= [(-27)-1=-27

Since k'{2) < 0, we know that k(x) is decreasing at = = 2.

Last Updated: July 2, 2020 15
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Exercise 1.6.5.
2. [16 points| _
Graphed below is a function t{z). Define p(z) = z°t(z), g(z) = t{sin(z)), r(z) = s, and
s(z) = t{t{z)). For this problem, do not assume t{x) is quadratic.

Carefully estimate the following quantities.

a. [4 points] p'(—1)

b. [4 points] ¢'(0)

c. [4 points] r'{3)

d. [4 peints| s{0)

Last Updated: July 2, 2020
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Solution.
2. [16 points| _
Graphed below is a function t{z). Define p(z) = r®t(z), g(z) = t{sin(z)), r(z) = 515-'1? and
s(z) = t{t(z)). For this problem, do not assume t{z) is quadratic.

Carefully estimate the fellowing quantities.
a. [4 points] p'(—1)

Solution: By the product rule, p'(z) = 2rt(z) + x°t'(z). Estimating using the graph,
we have
p(-1) = 2A-1)t(-1} + (-1)*¢'(-1) = (-2)(-1) +4 =6.

b. [4 points| (D)
Solution: By the chain rule, ¢'{z) = t'{sin ) cos z. Estimating using the graph, we have

g'(0) = ¢'(sin0)cos 0 = £{0) = 2.

c. [4 points] r'{3)

Solution: By the quotient rule, r'(z} = %ﬂ Estimating using the graph, we

(3) = (3(3) + 1)t'(3) — 3t(3) _ —40-3(-1) _ 37

(a(3) +1)° 100 100

have

d. [4 points] (D)
Solution: By the chain rule, #'(z) = t/(#{z))#'(z). Estimating using the graph, we have

§'(0) = t'(2(0))2'(0) = £'(2) - 2= (-2)(2) = —4.

Last Updated: July 2, 2020 17
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Exercise 1.6.6.

5. [15 points| The graph to the right shows a func-

pehl price §fox
tion (7(b) that approximates the price of an cunce 1080
of gold (in dollars) as a function of the cost of a 5 5 5 5
barrel of cil for data between 2009 and 2011.° B I e
a. [3 points| Estimate G'(70). H””

Looo

oil price & bacrel

b. [5 points] Recall that (G—' is defined to be a function such that G—{F(b)) = b (or such

that GG '{y)) = y. where y is the price of an ounce of gold). Derive, using the chain
rule, a formula for (G~')" in terms of &'

c. [4 points| Using parts (a) and {b), estimate (G~')(G(70)).

d. [3 points] Explain the practical meaning of vour result in (c).

lcaa price from <hetpe ) fwww. gokl priceorgy »; ol from <hiep:/fen. wikipedinargwiki/Pricecd_petroleam >

Last Updated: July 2, 2020
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Solution.
5. [15 points| The graph to the right shows a func- gt peten i
tion (7(h) that approximates the price of an ounce - !
of gold (in dollars) as a function of the cost of a : : : 5
barrel of oil for data between 2008 and 2011.° Bl I e
a. [3 points| Estimate G'(70). -130--------
Solution: From the graph, it appears that B R et S e
between b = 70 and b = 80, & increases by 1000
about 70 as b increases about 10. Thus we e L i i b il price 3/ hasrel
estimate that &'(70) = 7 §/oz per 3,/barrel. L i ro w0
b. [5 points] Recall that G is defined to be a function such that G~ '(G(b)) = b (or such
that G{G~'{y)}) = y, where y is the price of an ounce of gold). Derive, using the chain
rule, a formula for (') in terms of G,
Solution: We know that G~ (G(b)) = b. Thus §G'(G(b)) = 1. Differentiating the left-
hand side of this using the chain rule, we have SG~1(G(b)) = (G1)(G(b)) - G'(b) = 1.
Thus (G~1)(G(b)) = 1/G'(b).
Alternately, if we start with &G{G~(y)) = y. we have iG{G‘l[y}] = 1. Applying the
chain rule to the left-hand side, we have GG (y)) - (G721 {y) = 1, so that (G~} (y) =
L/GNG ) ). (Obviously, with y = G{b), this is the same as the previous expression.)
c. [4 points] Using parts (a) and {b), estimate (1) [G{70)).
Solution: Using part {b), we have (G~1)(G(70)) = 1/G"(70) = 1/7 §/barrel per $/oz.
d. [3 points] Explain the practical meaning of your result in (c).
Solution: [(G~1)(G(70)) = 0.14 indicates that when the price of cil is 70 $/barrel, the
price of a barrel of il goes up by about 80.14 if the price of gold goes up by §1.
lgaa price ram <hitpe fwww. geklpricearg) »; @l from <hitp:ffen. wikipedinargfwiki /Pricesd_petroleum

Last Updated: July 2, 2020 19
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Exercise 1.6.7. Take a practice Gateway exam.

1.7 Implicit functions

Sometimes we are presented with an equation that includes functions. What we can is the take the derivative
of both sides an thus get an equation for the derivative.

Example 1.7.1. Suppose we have
y2x3 =4

And we need to find the derivative of y(x) when « = 1. Then we take the derivative of both sides. Remember
that y(z) is a function so we need to use the chain rule.

2uy'z3 + 3y%22 =0
This is an equation for the derivative. Plug in x = 1. We get:
2y(1)y' (1) +3y°(1) = 0= y/'(1) = —(3/2)y(1)
But what is y(1)? we have the original equation. We can plug in = 1 and get:
(1) =4 = y(1) = 42

So (1) = F3. To get a specific value, we need more information. For example, whether y(z) is increasing or
decreasing when x = 1.

Last Updated: July 2, 2020 20
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Exercise 1.7.2.

5. 13 points] The equation below implicitly defines a hyperbola.
=y =2rtay+y+2

a. 5 points] Find 22,

b. [4 points] Consider the two points (4,2) and (2, —1). Show that one of these points lies
on the hyperbola defined above, and one does not.

c. 4 points] For the point in part (b) which lies on the hyperbola, find the equation of the
line which is tangent to the hyperbola at this point.

Last Updated: July 2, 2020 21
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Solution.
5. 13 points] The equation below implicitly defines a hyperbola.

-y =2z24zy+y+2
a. |3 points] Find %.
Solution: We use implicit differentiation:

d d
23—2y§=2+(1-y+m~—y)+—3+0.

. dy |
Then solve for 3%

2r—-2—-y = d—y(::—-ﬂy—-—lj
dr
dy  2w—-2-y
de  z+2y+1

b. |4 points] Consider the two points (4,2) and (2, —1). Show that one of these points lies
on the hyperbola defined above, and one does not.

Solution:  For the point (4,2}, 2% —3? = 42 - 22 = 12 and 2xr 4+ 2y + 3y + 2 =
2(4) +4(2) + 2 + 2 = 20 are not equal, so (4,2) IS NOT on the hyperbola.

For the point (2, —1), z?—y? = 22— (—1)? = 3 and 2z+zy+y+2 = 2(2)+2(-1)-14+2 =3
are equal, so (2, —1) IS on the hyperbola.

c. [4 points] For the point in part (b) which lies on the hyperbola, find the equation of the
line which is tangent to the hyperbola at this point.

Solution: From part (a),
dy dx—2-y
de  x+2y+ 1
80
dy, _2A)-2-(-1)_3_,
i T Ty I A T

Then the equation of the tangent lineisy=3(z - 2)—-lory=3z-T.

Last Updated: July 2, 2020 22
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Exercise 1.7.3.

5. [12 points] Suppose a curve in the plane is given by the equation

sin{wzy) =y — 1.

a. [3 points] Verify that the point (x,y) = (1,1) is on the curve.

. . dy
b. [5 points] Calculate —.
|3 points culate -

c. [4 points] Find the equation for the tangent line to the curve at the point (1, 1).

Last Updated: July 2, 2020

23



MATH 115 (RSC) Notes - Anthony Della Pella 24

Solution.
5. [12 points] Suppose a curve in the plane is given by the equation
sin(mzy) =y — 1.

a. |3 points] Verify that the point (z,y) = (1,1) is on the curve.

Solution: At (1,1), the right hand side is sin(r) = 0 and the left hand sideis 1-1=10.
Therefore the point is on the curve since the right and left hand sides are equal.

b. [5 points] Calculate d—y
- dx
Solution: Taking the derivative with respect to = of the equation, we have

dy, dy
wcos(wzy) - (y T—) = o
Solving for %, we get
dy _ _ mycos(rzy)
dr 11— mrcos(wzy)

c. [4 points] Find the equation for the tangent line to the curve at the point (1, 1).

Solution: The slope of the tangent line to the curve is
d—ylil,lj _ m cos(m) _ T
dx 1—sweos(wr) 14w
The equation for the tangent line is
-
—-1= —1).
v 1+ m'l:ﬂ: )
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Exercise 1.7.4.
1. [12 points] The following questions relate to the implicit curve 222 + 4z — r?y% + 3y* = —1.

a. 6 points] Calculate 55.

b. 2 points| € is the only point on the curve that has a y-coordinate of 1. Find the
x-coordinate of ¢J.

c. [4 points] Find the equation of the tangent line to the curve at .
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Solution.

1. [12 points] The following questions relate to the implicit curve 222 + 4r — 2%y 4 3y* = —1.

a. 6 points] Calculate %
Solution: Differentiating both sides with respect to x, we get

. 5 dy 5 dy
dr + 4 — 2ry® — 2%y = 4+ 129° = =0
+ d Iyd:r+ yd:r

Moving all terms with no % to the other side and factoring out % gives us

dy . . .
Ey(l?.y‘* —20%) = 213% — 4z — 4.

So . .
dy 2xy*—dz-4 ay'-2xr-2

dr  12y% —2x%y  6y? — 22y

b. 2 points] € is the only point on the curve that has a y-coordinate of 1. Find the
z-coordinate of €.

Solution: Plugging y = 1 into the equation for the curve gives us
20 +4r — 2" + 3= -1
Moving all the terms to the left, we get

24 dz4+4=0.

This factors as (z 4+ 2)° =0, s0 2 = -2.

c. [4 points] Find the equation of the tangent line to the curve at Q.

Solution: To find the slope, we plugin x = —2and y=1 to %Iy_
—24+4-2
—_— =

6—4
Thus, the tangent line is the horizontal line passing through (), which has equation y = 1.

slope =
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1.8 SKIP

1.9 Linear Approximation

Let y = f(x) be a function. The tangent line approximation of f(x) at the point (a, f(a) is:

ly=1@) = f(a) + f(a) (& —a)|

This is also the tangent line. We call it “approximation” because we can use the tanget line to approximate
the values of f(x) in the vicinity of = a. For a point b near a we have:

f®) = f(a) + f'(a)(b—a)

Example 1.9.1. Suppose that we are given that f(2) =5 and f’(2) = 3. Approximate f(2.1).
We use the tangent line approximation.

FRD~ f2)+ f(2)(21-2) =5+3(0.1) =53

Graphically:

True value f(z) Error E(z)

Tangent
line

<—— Approximation

f'(a)(z — a)

fla)

Figure 3.40: The tangent line approximation and its error

The error is defined as:

| E(z) = f(z) — (x) = f(2) — f(a) — f'(a)(a—2)]

Remark 1.9.2. e In order to to give the value of the error at the point x = b we need to know the actual
value of f(x) at z = b.

e We have a way to evaluate the error if we know the second derivative at the point x = a

E(b) ~ f//2(a> (b o a)2

e Graphically we can see that if f”(a) > 0 and the function concave up, then the error is positive. So we
underestimate using the tanget line approximation. Otherwise - we have an overestimate.

f"(a) >0 underestimation
f"(a) <0 overestimation
f"(a) =0 can’t tell
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Exercise 1.9.3.
6. (15 points] Given below is the graph of a function h(t). Suppose j(t) is the local linearization
of h(t) at t = %
y
L

a. 5 points] Given that A’ [%] = 55, find an expression for j(t).

b. [4 points] Use your answer from (a) to approximate h(1).

c. |3 points] Is the approximation from (b) an over- or under-estimate? Explain.

d. 3 points] Using j(i) to estimate values of h(f), will the estimate be more accurate at

t=loratt= —i'? Explain.
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Solution.
6. |15 points] Given below is the graph of a function h(t). Suppose j{t) is the local linearization
of h(t) at t = %
y

(=5

a. 5 points] Given that h’[%] = 55, find an expression for j(t).

Solution: The local linearization is the tangent line to the curve. We know this line has

slope hx{ij = é,_ and it goes through the point (%, il], so it has equation

1 2, 7
— = {t==
V- 3{ 3]

using point slope form. Solving for y we have y = #t — +. So j(t) = &t — &. stuff

b. 4 points, Use your answer from (a) to approximate h{1).

Solution: Since j(t) approximates hit) for t-values near %, we have

A1)~ (1) =31 - 5 =7

L

c. |3 points] Is the approximation from (b) an over- or under-estimate? Explain.

Solution: The approximation in (b) is an underestimate. The function h(t) is concave
up at ¢t = 7/8 which means the graph lies above the local linearization for t-values near
T/8. Since we are using the local linearization to estimate the function value, our estimate

will be less than the actual funection value.

d. [3 points] Using j(f) to estimate values of A(f), will the estimate be more accurate at
t=1loratt= —;"-’ Explain.

Solution: The estimate at ¢ = 3/4 will be more accurate. This can be seen by drawing
the tangent line and measuring the vertical distance between the estimated value and
the function value at the ¢ values 3/4 and 1. The line is much closer to the function at

t =3/4 than it is at £ = 1.
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Exercise 1.9.4.

6. (10 points] Calvin is stuck in the desert, and he needs to build a cube out of cactus skins to
hold various supplies. He wants his cube to have a volume of 81 cubic feet, but he needs to
figure out the side length to cut the cactus skins the right size. He has forgotten his trusty
caleulator, so he decides to figure out the side length of his cube using calculus.

a. [5 points] Find a local linearization of the function f(z) = (z + 8)Y/% at x = 0.

b. [3 points] Use your linearization to approximate (8.1)1/%.

c. 2 points|] Should your approximation from part b. be an over-estimate or an under-
estimate? Why?
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Solution.

6. (10 points] Calvin is stuck in the desert, and he needs to build a cube out of cactus skins to
hold various supplies. He wants his cube to have a volume of 8.1 cubic feet, but he needs to
figure out the side length to cut the cactus skins the right size. He has forgotten his trusty
calculator, so he decides to figure out the side length of his cube using caleulus.

a. [5 points] Find a loeal linearization of the function f(z) = (z + 8)"/% at = = 0.

Solution: The derivative is f'(z) = %(m 4+ 8)7%, To find the local linearization we
compute f'(0) = 4(8)~2/ = & and f(0) = 2. The equation for the tangent line to f at
x=01is y — 2= <5x. So the local linearization of f near r =0 is

1

b. [3 points] Use your linearization to approximate (8.1)'/%.

Solution: We need to approximate (8.1)%% = f(0.1). According to our local lineariza-
tiomn, . 941
0.1) A= Li01) = ==(0L1) + 2 = ==,
F(0.1) % L(01) = 75(0.1) + 2 = ==

c. (2 points] Should your approximation from part b. be an over-estimate or an under-
estimate? Why?

Solution:

The second derivative of f is f"(z) = —%(x + 8)~*/*. For values of « near 0, the second
derivative will be negative which means f is concave down near 0. This means our
estimate is an overestimate.

Please ignore part c in the next one.
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Exercise 1.9.5.

2. 12 points]
Use the graph of the function f’ and the table of values for the function g to answer the
questions below. Each problem requires only a small amount of work, but you must show it.

X [20]-10] 0 |10 ] 20 | 30
gx) [0 | 4 | 0 [-18 |56 |-120
g(x)| 6 | 1 |-10]-27 | -50 | -79

fd
h

a. [3 points] Write a formula for the local linearization of g near x = 10 and use it to ap-

proximate g{10.1).

b. (3 points] Using the table, estimate g"{—10).

c. 3 points| If f(3) = 30, find the exact value of f(1).

32
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Solution.
2. [12 points]

Use the graph of the function f' and the table of values for the function g to answer the
guestions below. Each problem requires only a small amount of work, but you must show it.

gx) [0 | 4 [0 [-18] 56 |-120
c(x)| 6 | 1 |-10]-27|-50| -79

1 2 3 4 5 6

a. 3 points] Write a formula for the local linearization of g near x = 10 and use it to ap-
proximate g{10.1).

Solution:

i

glz)
g(10.1)

9(10) + g'(10)(z - 10)
g(10) + ¢'(10)(10.1 — 10)
= 18+ (—27)(0.1) = —20.7

o

. 3 points] Using the table, estimate g”(—10).

_|":'L r
Solution: Note that g"(z) = iiﬂ:) We will use the two z-values closest to -10:
= —20and =10

(0) — g'(—20 =10-16 16 -4
g.l’.rlilujlg g( } g'. } — — ZTZ—D.E
0 (—20) D—(—20) 20 5

c. 3 points] If f{3) = 30, find the exact value of f{1).

Solution: By the Fundamental Theorem of Calculus,

3
£(3) - F(1) = f1 f(z)d.

This integral represents the area under f'(z) and above the z-axis between z = 1 and

x = 3. Using basic geometry, this area is 40. Thus, f(3) — f(1) = 40, s0 f(l) =
£(3) — 40 = 30 — 40 = —10.

ri
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Quadratic Approximation - Not in the book, only in class

Suppose f(z) = cos(z) and we would like to use a linearization at x = 0. Notice that cos(0) = 1
and cos’'(0) = —sin(x)|,—o = 0 so the linear approximation is just y = 1. This is not good. So
the have the quadratic approximation at = = a:

Q) = f(@) + @)z —a) + 12 0 — a
Notice: Q(x) is the best quadratic polynomial one can fit to f(x) at z = a. Also:
* f(a) = Qa)
* ['(a) = Q'(a)
. "(a) = (a)

Example 1.9.6. Let f(x) = cos(z). Find the quadratic approximation at z = 0.
So we have cos’(0) = — cos(x)|,—0 = —1. We get:
L,

Qz) = 1—530

Approximate cos(7/6). We get 1 — 0.5(/6)? = 0.863. The real value is v/3/2 = 0.866.
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Exercise 1.9.7.
5. [12 points] In Srebmun Foyoj, Maddy and Cal are eating lava cake. Let T{v) be the time {in

seconds) it takes Maddy to eat a v em® serving of lava cake. Assume T'(v) is invertible and
differentiable for 0 < v < 1000. Several values of T(v} and its first and second derivatives are
given in the table below.
v 1 15 a0 o | 150 200 | 300
T{v) 11 22 84 194 | 393 ald | 912
T'{v) 2.4 1.9 1.8 | 3.6 3.7 0.9 | 175

T"(v) | -0.11 | -0.08 | 0.05 | 0.04 | -0.04 | -0.05 | 0.59

Remember to show your work carefully.

a. [4 points] Use an appropriate linear approximation to estimate the amount of time it

takes Maddy to eat a 64 cm® serving of lava cake. Include units.

Answer:

b. [4 points] Use the quadratic approxdmation of T'{v) at v = 200 to estimate T{205).
(Recall that a formula for the quadratic approximation Q(z) of a function fiz) at z =a

is Q(z) = f(a) + f'(a)(z — a) + L2 (z — a)2.)

Answer: T[205) =

c. [4 points] Let C{v) be the time (in seconds) it takes Cal to eat a v cm® serving of lava

cake, and suppose C(v) = T(/7). Let L{v) be the local linearization of C'(v) at v = 100.
Find a formula for L{v). Your answer should pot include the function names T" or O

Answer: L{v) =
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Solution.

5. [12 points] In Srebmun Foyoj, Maddy and Cal are eating lava cake. Let (v} be the time {in
seconds) it takes Maddy to eat a v em® serving of lava cake. Assume T(v) is invertible and
differentiable for 0 < v < L000. Several values of T{v) and its first and second derivatives are
given in the table below.

u 10 15 60 | 100 | 150 | 200 | 300
T(v) 11 22 824 | 194 | 3893 | 513 | 912
Tiv) | 24 1.9 1.8 | 3.6 3.7 0.9 | 175
T"(v) | -0.11 [ -0.08 | 0.05 | 0.04 | -0.04 | -0.05 | 0.59

Remember to show your work carefully.

a. [4 points] Use an appropriate linear approximation to estimate the amount of time it takes
Maddy to eat a 64 cm® serving of lava cake. Inelude units.

Solution: The closest point in the table to v = 64 is v = 60, so this is the appropriate
choice for the tangent line approximation. Based on the table, the line will go through
(60, 84) and have slope 1.8, so it must be L{v) = 84 + 1.B(v — 60}. Plugging in 64 for v,
we get an estimate of 91.2 seconds,

Answer: 91.2 seconds

b. [4 points] Use the quadratic approximation of T'{v) at v = 200 to estimate T(205). {Recall
that a formula for the quadratic approdmation Q) of a function f{zr) at © = e is

Q(z) = fla) + f'(a)(z — a) + Lf&(z —a)?))
Solution: Let (Q{v) be the quadratic approximation of Tv) at v = 200, Then

(200 —0.05
[2 :'(-u—zm]? = 513+D.9(E—EDD]+TEU—2D{J]2.

Q(v) = T(200)+T"(200) (v—200)+

So the resulting approximation of T(205) is given by

0.05

T(205) = Q(205) = 513+0.9(205—200) — == (205 —200)? = 513+4.5—0.625 = 516,875,

Answer: TY{205) = 516.875

c. [4 points] Let C(v) be the time {in seconds) it takes Cal to eat a v cm? serving of lava

cake, and suppose C(v) = T'(/v). Let L{v) be the local linearization of Cv) at v = 100.
Find a formula for L{v}). Your answer should pot include the function names 7" or .
Solution:  We know L{v) = C{100)4+C"{1007{v—100%. We also know C{100) = T(10) = 11,
So we need to find CU{100).

1

Since Cfv) = T'(v/v), we apply the chain rule and see that C'(v) = ?Tr[v'{?-_‘]- Using
v

1 24
the table above, we then find that C'(100) = ﬁf{"’[lf}] - 0.12.
So L(v) = 11+ 0.12(v — 100}.
Answer: L{v) = 11+ 0.12(v — 100}
O
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1.10 MVT

Theorem 3.7: The Mean Value Theorem

If f is continuous on a < x < b and differentiable on a < = < b, then there exists a number
¢, with @ < ¢ < b, such that
_ f(b)— f(a)

flo =110
In other words, f(b) — f(a) = f'(c)(b — a).

flz)

Secant line: Slope =

b) —
IO=1@) )

L (af(a)
- . Tangent line: Slope = §”(c)
. ¢ b :

Figure 3.44: The point ¢ with f'(c) = f{bz), :i{u)

This theorem tells us that we can take a CTS and differentiable function, draw a secant line,
and then it is guaranteed that for some middle point we can find a tangent line with the same
slope as the secant line.

Example 1.10.1. Consider the following graph:

Dose this function satisfy the hypotheses of the MVT? NO!

Indeed, the secant line between a and b has a slope 0, but no point on the graph has derivative
0.

On the other hand, if we “smooth” the function up, then MVT applies. The tip will have a
derivative of 0 — similar to downward facing parabola.
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