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1 Shortcuts to differentiation

1.1 Polynomials - derivative formulas

So far, we were dealing with the definition of the derivative. It turns out that there are formulas that can help
us with computing the derivative function.

For the power function, f(x) = xn, n is any real number, we have:

f ′(x) = (xn)′ = nxn−1

For example: (x2)′ = 2x, (1/x3)′ = (x−3)′ = −3x−4. (xe)′ = exe−1.

The derivative of a constant is zero, because: f(x) = c = cx0 ⇒ f ′(x) = c(x0)′ = c · 0 · x−1 = 0.
The next property, is that the derivative commutes with multiplying by a constance c:

(c · f(x))′ = cf ′(x).

For example: (5x2)′ = 5(x2)′ = 10x.

The derivative of a constant is zero, because: f(x) = c = cx0 ⇒ f ′(x) = c(x0)′ = c · 0 · x−1 = 0.
Another property, is “the derivative of the sum is the sum of the derivatives”:

(f(x)± g(x))′ = f ′(x)± g′(x)

Now, we can take the derivative of any polynomial:

f(x) = x3 + 4x2 − 5x+ 7⇒ f ′(x) = 3x2 + 6x− 5

Example 1.1.1. Let f(x) = x+
√
x+ 1. Find the equation of the graph’s tangent line at x = 1.

So the point is (1, 3). The tangent line will have a slope of f ′(1). So

f ′(x) = 1 + 0.5x−0.5 ⇒ f ′(1) = 1.5

So we need the line with slope 1.5 passing through (1, 3):

y − 3 = 1.5(x− 1)⇒ y = 1.5x+ 1.5 = 1.5(x+ 1)

1.2 Exponential Function

Here are the formulas:
(ex)′ = ex 1

(ax)′ = ln(a) · ax

Note that ln(a) is just a number.

1this is the reason why e is so special
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Example 1.2.1. What is the derivative of akx?

(akx)′ = ((ak)x)′ = ln(ak)akx = k ln(a)akx

Skip to Section 3.5 - Trig Functions

Remark 1.2.2.
(sinx)′ = cosx

(cosx)′ = − sinx

(tanx)′ = 1/ cos2 x = 1 + tan2 x

Exercise 1.2.3. In groups:

1. (x2 + xπ)′ = 2x+ πxπ−1

2. (2 cos(x)− sin(x))′ = −2 sin(x)− cos(x)

3. (x2 + cos(x))′′ = 2− cos(x)

4. (2x)′′ = ln(2)22x

5. Find a, b, c such that f(x) = ax2 + bx+ c and g(x) = 2x satisfy: f(0) = g(0), f ′(0) = g′(0), f ′(0) = g′(0):
We have g(0) = 1, g′(0) = ln(2), g′′(0) = ln2(2).
We have f(0) = c, f ′(0) = b, f ′′(0) = 2a⇒ c = 1, b = ln(2), a = ln2(2)/2

1.3 Product Rule, Quotient Rule

(f(x)g(x))′ = f ′ · g + f · g′

Example 1.3.1. 1. (sin(x) cos(x)) = sin(x)′ cos(x) + sin(x) cos(x)′ = cos2(x)− sin2(x)

2. (x2)′ = (x · x)′ = 1x+ x · 1 = 2x

3. (f(x)2)′ = (f(x) · f(x))′ = f ′f + ff ′ = 2f · f ′

4. (f(x)n)′ = nf(x)n−1 · f ′(x)

5. (sin2(x)+cos2(x))′ = 2 sin(x) cos(x)+2 cos(x)·− sin(x) = 0 This is not surprising since sin2(x)+cos2(x) =
1, it is a constant function.

Quotient rule: (
f

g

)′
=
f ′g − g′f

g2

Proof. f/g = f · g−1 so we use the product rule:

(f · g−1)′ = f ′g−1 + f · (g−1)′ = f ′g−1 + f · −1 · g−2 · g =
f ′g − g′f

g2

One more formula that you need:

(ln(x))′ =
1

x
= x−1
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Exercise 1.3.2.
Please IGNORE parts i and iv.

Last Updated: July 2, 2020 3
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Solution.
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Exercise 1.3.3.
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Solution.
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Quiz #4. Please write you name: and email:
Let f(x) = e2x + tan(x).

1. [20 pt] Where is f(x) continuous?

2. [20 pt] Where is f(x) differentiable?

3. [60 pt]Find the equation of the graph’s tangent line at x = 0

Last Updated: July 2, 2020 7
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Solution.
The function is differentiable and continuous as long as it is defined. e2x is defined anywhere whereas tan(x) =
sin(x)/ cos(x) is defined anywhere expect where where cos(x) = 0, that is for x = π/2, π/2 + π, π/2 + 2π, ....
and x = −π/2, π/2−π,−π/2− 2π, ..... We can write that f(x) is defined on (−∞,∞) expect for x = π/2 +nπ
for any integer n.

f ′(x) = ((e2)x)′+ tan′(x) = ln(e2)e2x + 1 + tan2(x) = 2e2x + 1 + tan2(x). So f ′(0) = 3. Therefore, the tangent
line has slope 3 and passes through (0, 1), so the equation is:

y = 3x+ 1

Last Updated: July 2, 2020 8
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1.4 Chain Rule

The chain rule helps us the take the derivative of a composite function. Say:

h(x) = f(g(x))

Then h′(x) is calculated in three steps. First, calculate the derivative of f( ). Then of g(x). Then plug in
g(x) in the box and get:

d

dx
f(g(x)) = f ′( g(x) ) · g′(x)

We can use this formula as long as g(x) 6= 0 and both g′(x) and f ′(g(x)) exist.

Example 1.4.1.

� (cos2(x))′ = 2 cos(x) · (− sin(x)) = −2 cos(x) sin(x)

� (ex
2

)′ = e x
2
· 2x = 2xex

2

� (tan(sin(x)))′ = (1 + tan2 sin(x) ) · cos(x)

Group Work please complete parts i and iv in ??

Remark 1.4.2. If g(x) in not differentiable at some x = a it does NOT mean that f(g(x)) is not differentiable
at g(a). Here is an example.
Let g(x) = |x|, the absolute value of x. Since it has a sharp edge at x = 0, it is not differentiable. Now, take
f(x) = x2. Notice: f(g(x)) = (|x|)2 = x2, which is differentiable everywhere.

1.5 Trig Functions

We already gave the relevant formulas here: ??

1.6 Inverse Functions

When f(x) is invertible we can define the inverse g(x) = f−1(x). Then g(f(x)) = x. Now take the derivative.
we get:

1 = g′(f(x))f ′(x)⇒ [f−1(z)]′|z=f(x) =
1

f ′(x)

Example 1.6.1.

� f(x) = tan(x). f−1(1) =? (f−1(z) is called arctan(z)). We have [f−1(z)]′|z=f(x) = 1
f ′(x) so we just need

to find x such that f(x) = 1. Then the answer will be 1/f ′(x). tan(x) = 1, so choose x = π/4. Then
f ′(π/4) = 1 + tan2(π/4) = 1 + 12 = 2. So the answer is 1/2.

� We can do that in general: arctan′(z) = 1
tan′(x) with tan(x) = z. tan′(x) = 1 + tan2(x) = 1 + z2. Thus

arctan′(z) =
1

1 + z2

� arcsin′(z) = 1/ cos(x) with sin(x) = z. We can write cos(x) =
√

1− sin2(x) =
√

1− z2. So:

arcsin′(z) =
1√

1− z2
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Exercise 1.6.2.
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Solution.
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Exercise 1.6.3.

Last Updated: July 2, 2020 12



MATH 115 (RSC) Notes - Anthony Della Pella 13

Solution.
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Exercise 1.6.4.
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Solution.
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Exercise 1.6.5.
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Solution.
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Exercise 1.6.6.
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Solution.
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Exercise 1.6.7. Take a practice Gateway exam.

1.7 Implicit functions

Sometimes we are presented with an equation that includes functions. What we can is the take the derivative
of both sides an thus get an equation for the derivative.

Example 1.7.1. Suppose we have
y2x3 = 4

And we need to find the derivative of y(x) when x = 1. Then we take the derivative of both sides. Remember
that y(x) is a function so we need to use the chain rule.

2yy′x3 + 3y2x2 = 0

This is an equation for the derivative. Plug in x = 1. We get:

2y(1)y′(1) + 3y2(1) = 0⇒ y′(1) = −(3/2)y(1)

But what is y(1)? we have the original equation. We can plug in x = 1 and get:

y2(1) = 4⇒ y(1) = ±2

So y′(1) = ∓3. To get a specific value, we need more information. For example, whether y(x) is increasing or
decreasing when x = 1.

Last Updated: July 2, 2020 20
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Exercise 1.7.2.
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Solution.
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Exercise 1.7.3.
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Solution.
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Exercise 1.7.4.
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Solution.
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1.8 SKIP

1.9 Linear Approximation

Let y = f(x) be a function. The tangent line approximation of f(x) at the point (a, f(a) is:

y = `(x) = f(a) + f ′(a)(x− a)

This is also the tangent line. We call it “approximation” because we can use the tanget line to approximate
the values of f(x) in the vicinity of x = a. For a point b near a we have:

f(b) ≈ f(a) + f ′(a)(b− a)

Example 1.9.1. Suppose that we are given that f(2) = 5 and f ′(2) = 3. Approximate f(2.1).
We use the tangent line approximation.

f(2.1) ≈ f(2) + f ′(2)(2.1− 2) = 5 + 3(0.1) = 5.3

Graphically:

The error is defined as:
E(x) = f(x)− `(x) = f(x)− f(a)− f ′(a)(a− x)

Remark 1.9.2. � In order to to give the value of the error at the point x = b we need to know the actual
value of f(x) at x = b.

� We have a way to evaluate the error if we know the second derivative at the point x = a

E(b) ≈ f ′′(a)

2
(b− a)2

� Graphically we can see that if f ′′(a) > 0 and the function concave up, then the error is positive. So we
underestimate using the tanget line approximation. Otherwise - we have an overestimate.

f ′′(a) > 0 underestimation
f ′′(a) < 0 overestimation
f ′′(a) = 0 can’t tell

Last Updated: July 2, 2020 27
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Exercise 1.9.3.
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Solution.
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Exercise 1.9.4.
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Solution.

Please ignore part c in the next one.
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Exercise 1.9.5.
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Solution.
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Quadratic Approximation - Not in the book, only in class
Suppose f(x) = cos(x) and we would like to use a linearization at x = 0. Notice that cos(0) = 1
and cos′(0) = − sin(x)|x=0 = 0 so the linear approximation is just y = 1. This is not good. So
the have the quadratic approximation at x = a:

Q(x) = f(a) + f ′(a)(x− a) +
f ′′(a)

2
(x− a)2

Notice: Q(x) is the best quadratic polynomial one can fit to f(x) at x = a. Also:

� f(a) = Q(a)

� f ′(a) = Q′(a)

� f ′′(a) = Q′′(a)

Example 1.9.6. Let f(x) = cos(x). Find the quadratic approximation at x = 0.
So we have cos′(0) = − cos(x)|x=0 = −1. We get:

Q(x) = 1− 1

2
x2

Approximate cos(π/6). We get 1− 0.5(π/6)2 = 0.863. The real value is
√

3/2 = 0.866.
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Exercise 1.9.7.
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Solution.
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1.10 MVT

This theorem tells us that we can take a CTS and differentiable function, draw a secant line,
and then it is guaranteed that for some middle point we can find a tangent line with the same
slope as the secant line.

Example 1.10.1. Consider the following graph:

Dose this function satisfy the hypotheses of the MVT? NO!
Indeed, the secant line between a and b has a slope 0, but no point on the graph has derivative
0.
On the other hand, if we “smooth” the function up, then MVT applies. The tip will have a
derivative of 0 — similar to downward facing parabola.
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