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ABSTRACT. We consider the set of all graphs on n labeled vertices with prescribed
degrees D = (di,...,dn). For a wide class of tame degree sequences D we obtain
a computationally efficient asymptotic formula approximating the number of graphs
within a relative error which approaches 0 as n grows. As a corollary, we prove
that the structure of a random graph with a given tame degree sequence D is well
described by a certain maximum entropy matrixz computed from D. We also establish
an asymptotic formula for the number of bipartite graphs with prescribed degrees
of vertices, or, equivalently, for the number of 0-1 matrices with prescribed row and
column sums.

1. INTRODUCTION AND MAIN RESULTS

(1.1) Graphs and their degree sequences. Let D = (dy,...,d,) be a vector
of positive integers and let G(D) be the set of all graphs (undirected, with no loops
or multiple edges) on the set {1,...,n} of vertices such that the degree of the k-th

vertex is di for k = 1,... ,n. Equivalently, G(D) is the set of all n X n symmetric
matrices with 0-1 entries, zero trace and row (column) sums ds, ... ,d,. We assume
that

(1.1.1) di+...+d, =0 mod 2,

since otherwise the set G(D) is empty.

The theorem of Erdds and Gallai, see, for example, Theorem 6.3.6 of [BR91],
states the necessary and sufficient conditions for the existence of a graph with the
given degree sequence. Without loss of generality, we assume that

di >de > ... >d,.
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Then, the necessary and sufficient condition for G(D) to be non-empty is that
(1.1.1) holds and

n

k
(1.1.2) > di < k(k—-1)+ Y min{k,d;} for k=1,...,n
i=1 i=k+1

Our main goal is to estimate the cardinality |G(D)| of G(D). Using the obtained
estimate, we deduce a concentration result for a random graph G € G(D) sampled
from the uniform probability measure on G(D).

(1.2) The maximum entropy matrix and tame degree sequences. The
following matrix plays the crucial role in our construction.
Let us consider the space R(G) of vectors & = (g{j,k})7 where {j,k} is an un-

ordered pair of indices 1 < j # k < n. We consider the polytope P C R(g>,
P = P(D), defined by the equations

d &ty =di for k=1,....n
Jr j#k
and inequalities

0<&yr <1

The integer points in P (D) correspond to the labeled graphs with degree sequence
D, which we write as

G(D) = P(D) Nz,

We assume that P (D) is non-empty. We consider the following entropy function

on P(D):

H(az) = Z (f{]’k} In

for == (f{j’k}) .

+(1-¢5m) 1n¥)

4.k} L =&k

Since H is a strictly concave function, it attains its maximum on P at a unique
point, z = (C{j’k}), z = z(D), which we call the mazimum entropy matriz associated
with the degree sequence D. Matrix z can be easily calculated by interior point
methods, see [NN94].

For 0 < 6 < 1/2 we say that the degree sequence D is d-tame if the polytope
P (D) is non-empty and if

0 < (uky < 1—=0 forall 1<j5#k<mn,

where z = (C{ 4, k}) is the maximum entropy matrix associated with degree sequence
D. In Theorem 2.1 we state some sufficient conditions for a degree sequence D to
be tame.
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(1.3) Quadratic form ¢ and related quantities. Let z = (C{j’k}) be the max-
imum entropy matrix associated with a tame degree sequence D. We consider the
following quadratic form ¢ : R — R,

1
(131) q(t) = 5 Z (C{]’k} - ij’k}> (Tj +7'k)2 for t= (7‘1, ce ,Tn) .
{4.k}

It is easy to see that ¢ is positive definite for n > 2. Let us consider the Gaussian
probability measure on R™ with density proportional to e~9. We define the following
random variables f,h: R" — R,

1
F0) =5 > Cumy (1= Cm) (Kmy — 1) (7 +7)°  and

{d.k}
(132 ) :i >~ G (1= Cimp) (6685 4y = 6C0 1) (75 + 70"
j o
o for t=(11,...,7n).
Let

p=Ef? and v=Eh.
Our main result is as follows.

(1.4) Theorem. Let us fir 0 <6 < 1/2. Let D = (dy,... ,d,) be a §-tame degree
sequence such that di + ...+ d, = 0 mod 2, let z = (C{j’k}) be the mazrimum
entropy matriz as defined in Section 1.2 and let the quadratic form q and values
of i and v be as defined in Section 1.3. Let us define an n X n symmetric matriz

Q = (wjk) by

wik =Cipy (L= Cpiwy)  for j#k and
wij=dj — Y C(Gipy Jor j=1,...,n.

k: k#j

Then Q) is positive definite and the value of

2€H(z) "
1.4.1 —=
( ) (2ﬂ->n/2\/m eXp { 2 + V}

approzimates the number of graphs |G(D)| with degree sequence D within a relative
error which approaches 0 as n —» 400.
More precisely, for any 0 < e < 1/2 the value of (1.4.1) approzimates |G(D)|
within relative error € provided
1 v(9)
n Z <_) ’
€
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where v = () is a positive constant.
The main term
26H(Z)

(2m)"/2/det @

of formula (1.4.1) is the “Gaussian approximation” formula of [BH10], whose ap-
pearance, as is discussed in [BH10], is explained by the Local Central Limit Theo-
rem, see also the discussion below. The factor

o {41

is the “Edgeworth correction” factor, see [BHO9b]. In the course of the proof of
Theorem 1.4, we establish a two-sided bound

(1.4.2)

1) < exp{-5+v} <)

for some constants 71(6),72(6) > 0, as long as the degree sequence D remains
d-tame.

We note that computing the expectation of a polynomial with respect to the
Gaussian probability measure is a linear algebra problem, cf. also Section 5.2.
Hence apart from computing the maximum entropy matrix z, which can be done
by interior point methods, computing the value of (1.4.1) is a linear algebra problem
which can be solved in O(n*) time in the unit cost model.

(1.5) Random graphs with prescribed degree sequences. Let us consider
the set G(D) of all labeled graphs with degree sequence D as a finite probability
space with the uniform measure. It is convenient to think of G € G(D) as of a
subgraph of the complete graph K, with the set

V:{l,...,n}

of vertices and the set
E={{jk}: 1<j#k<n]

of edges.
Let us sample a graph G € G(D) at random. What G is likely to look like?
As a corollary of Theorem 1.4, we prove that with overwhelming probability, for
a random graph G € G(D) the number of edges of G in a given set S C E with
|S| = Q(n?) is very close to the sum of the entries of the maximum entropy matrix
indexed by the elements of S.
4



(1.6) Theorem. Let us fixt numbers k > 0 and 0 < § < 1/2. Then there ezists a
number (K, ) > 0 such that the following holds.

Suppose that n > ~y(k,d) and that D = (dy,... ,dy) is a d-tame degree sequence
such that dy + ...+ d, =0 mod 2. For a set S C E, let 0g(G) be the number of
edges of graph G € G(D) that belong to set S and let

os(z) = Y (i

{d.k}es

where z = (C{j,k}) is the maximum entropy matriz. Suppose that |S| > én? and

let
Inn

=0—.
RV

If e <1 then for a uniformly chosen random graph G € G(D), we have

P{GEG(D): (1-os(z) < o5(G) < (1-1-6)05(2)} > 1 - 2ph,

The idea of the proof is as follows. For 1 < j # k <, let xy; ;) be independent
Bernoulli random variables such that

Plogry =1} =Cym and Plagy =0} =1- (-

As is shown in [BH10], the probability mass function of the random vector X =
(a:{j7k}) is constant on the integer points of P(D) and is equal to e H(*) at each
G € G(D), so that the vector X conditioned on G(D) is uniform. Theorem 1.4
then implies that the probability that X € G(D) is not too small. On the other
hand, standard large deviation inequalities imply that the sum (kres T{j,k} con-
centrates about the value of og(2) = > ;1) Cjk}- We supply the details of the
proof in Section 10.

In many respects random graphs G € G(D) behave like random graphs on the
set {1,...,n} of vertices, with pairs {j, k} chosen as the edges of G independently
with probabilities (y; 1y, where z = (C{%k}) is the maximum entropy matrix. As
is discussed in [BH10], the distribution of the multivariate Bernoulli random vec-
tor X = (x{j,k}) is the distribution of the largest entropy among all multivariate
Bernoulli random vectors constrained by

Ey,=dr for k=1,....,n

where
Yk = Z Tk}
J: JF#k
We remark that we obtain the “Gaussian approximation” term (1.4.2) if we

assume that the vector of random variables Y = (yi1,...,¥%,) is asymptotically
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Gaussian around its expectation (di,...,d,). As it turns out, Y is not exactly
Gaussian but is not very far from it.

It looks plausible that both Theorem 1.4 and Theorem 1.6 can be extended to
degree sequences D allowing a moderate number of entries ((; x} of the maximum
entropy matrix to be arbitrarily close to 1 or 0. Our proofs, however, do not seem
to allow such an extension with Theorem 4.1 being the main obstacle. Some of
our proofs (mostly in Sections 5 and 6) are similar to those of [BH09a|, where we
applied the maximum entropy approach of [BH10|] to count non-negative integer
matrices with prescribed row and column sums.

The paper is organized as follows.

In Section 2, we give several examples and extensions concerning our main result,
Theorem 1.4 and also discuss related work in the literature.

In Section 3, we present an integral representation for the number |G(D)| of
graphs and also describe the plan of the proof of Theorem 1.4.

The rest of the paper deals with the proofs.

2. EXAMPLES AND EXTENSIONS

Sometimes one can tell that a degree sequence is tame without computing the
maximum entropy matrix.

(2.1) Theorem. Let us fix real numbers 0 < a < f < 1 such that
B <2ya—a, or equivalently, (a+ () < 4a.

Then there exists a real number 6 = §(a, ) > 0 and a positive integer ng = ng(a, )
such that any degree sequence D = (dy,... ,d,) satisfying

d;

a <
n—1

< B for i=1,...,n

18 0-tame provided n > ny.
One can choose

. :max{ 3 4(8 - )
’ a(l—p) da—(a+p)?
66

14 €6

}—f—l and

ey

0= 1

where € = min {a, a—

For example, degree sequences D = (dy, ... ,d,) satisfying

025 <~ 074 for i=1,...,n
n—1
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or

d; .
0.01 < < 0.18 for i=1,...,n
n—1
or

d; .
0.81 < < 089 for i=1,...,n
n—1

are o0-tame for some § > 0 and all sufficiently large n.
We prove Theorem 2.1 in Section 12.

(2.2) On the boundary of /-tameness. Let us choose rational 0 < a < < 1
such that

(2.2.1) B=2ya—a.

Clearly, 8 > a. Let us choose a positive integer n such that an and fn are even
integers and let us consider the degree sequence

di=...=dy=0n and dyp1=...=d,=an for k=nya

(note that k is necessarily integral). The Erdds-Gallai condition (1.1.2) for k =
ny/a, reduces to

1
(2.2.2) B < 2/a—a—=.
n

In particular, (2.2.1) does not even guarantee that the polytope P (D) is non-empty.

In [JSM92] Jerrum, Sinclair and McKay discuss under what conditions an ap-
proximation formula for |G(D)| which depends “smoothly” on D may exist. They
describe the phenomenon of the number of graphs |G(D)| changing sharply when
the degree sequence D is varying only slightly around some special values of D. This
phenomenon is apparently explained by the fact that the dimension of the polytope
P(D) may change abruptly or the polytope may disappear altogether when D lies
on the boundary of the Erdés-Gallai conditions (1.1.2). Theorem 8.1 of [JSM92]
states that for

d4 :max{di, 1=1,... ,n} and d_ :min{di, 1=1,... ,n},
as long as
(2.2.3) (dy —d_+1)* < 4d_(n—dy—1),

the degree sequence D is P-stable, meaning that increasing one of the degrees d;
and decreasing another by 1 does not change |G(D)| by more than a factor of n!®
(this, in turn, implies that there are polynomial time randomized approximation
algorithms for computing |G(D)| and sampling a random graph G € G(D)). The
condition of our Theorem 2.1 is only marginally stronger than (2.2.3).

As Sourav Chatterjee pointed out to us, Lemma 4.1 of recent [CDS11] shows
that a sequence D is -tame provided it lies sufficiently deep inside the polyhedron
defined by the Erdds-Gallai conditions (1.1.2).

Our example shows that the bounds of Theorem 2.1 are essentially the best
possible if we take into account only the largest and the smallest degree of a vertex
of the graph.



(2.3) Regular graphs. In [MW90] McKay and Wormald compute the asymptotic
of |G(D)] for regular graphs, where

di=...=d, =d,
and almost regular graphs, where
\di—d\<n%+6 for i=1,...,n

for a sufficiently small € > 0; see also [McK11] for recent developments and [McK10]
for a survey. One can show that the formula of Theorem 1.4 is equivalent to the
asymptotic formula of [MWO90] for regular or almost regular graphs.

In the case of regular graphs, symmetry requires that

C{jk}zi forall 1<j#k<n
’ n—1
for the maximum entropy matrix z = (C G k}),

(2.4) Approximations in the cut norm. The cut norm (sometimes called the
normalized cut norm) of a real m x n matrix A = (a;x) is defined by

1
JAflcut = —max | Y ajil,

mn JK
jed, keK
where the maximum is taken over all non-empty subsets J C {1,... ,m} and K C
{1,...,n}. Let us choose set S in Theorem 1.6 of the form

S:{{j,k}: jEJ,k:EK,j;«ék:} for some  J, K C{l,...,n}.

We note that there are not more than 22" distinct sets S of this form. Theorem
1.6 implies that as n grows, the maximum entropy matrix z(D) approximates the
adjacency matrix of the overwhelming majority of graphs G € G(D) within an error
of O (n_1/2 In n) in the cut norm.

Shortly after the first version of this paper appeared, using a different approach,
Chatterjee, Diaconis and Sly [CDS11] described graph limits of graphs from G(D)
as n grows. A graph limit is a certain function on [0, 1] x [0, 1], viewed as an “infinite
matrix”, which naturally arises as a limit object for a Cauchy sequence in the cut
norm of adjacency matrices of graphs [LS06]. Graph limits constructed in [CDS11]
can indeed be viewed as “infinite maximum entropy matrices”.
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(2.5) Enumeration of bipartite graphs. A natural version of the problem con-
cerns enumeration of labeled bipartite graphs with a given degree sequence or, equiv-
alently, m x n matrices with 0-1 entries and prescribed row sums R = (r1,...,7p)
and column sums C' = (¢q,...,¢,). We assume that

r"m+...+rpm=cC+...+Cp.

A simple necessary and sufficient condition for a 0-1 matrix with prescribed row
and column sums to exist is given by the Gale-Ryser Theorem, see, for example,
Corollary 6.2.5 of [BR91].

Let us consider the polytope P(R, C) of m x n matrices z = (§;1) defined by the
equations

n m
ijk:rj for 7=1,...,m and ijk:ck for k=1,...,n
k=1

Jj=1

and inequalities
0 < &k <1 forall j,k.

Let us compute the mazimum entropy matrix z = ((;,) as the necessarily unique
matrix z € P(R, C) that maximizes

1 1
H<x>:§;<§jklnfj—~k+(1_§jk>lnl—§jk) for == (&)

on P(R,C). For 0 < § < 1/2, we say that the margins (R, C') are §-tame if
om < n and on < m

and
0 < & < 1—-06 forall j,k.

Suppose that the margins (R, C) are indeed d-tame for some & > 0. Let us define
a quadratic form ¢ : Rt — R by

q(s, 1) :% > (Ge = G) (o5 + )

(2.5.1) .k
for (s,t) = (01, ,0m;T1y---,Tn)-
Let
(2.5.2) uv=|1,...,1;—-1,...,—1
—_—— ———
m times n times



and let L = u" be the orthogonal complement to w in R™*". Then the restriction
q|L of ¢ onto L is strictly positive definite and we define det ¢|L as the product of
the non-zero eigenvalues of q. We consider the Gaussian probability measure on L
with density proportional to e~? and define random variables f,g: L — R by

Z Cjk Cgk 2Cjk — 1) ((Tj + Tk)g and

(25.3) 5.1) =5 Z@k — 1) (63 — 6¢s1 +1) (05 + )"
for (s,t)=(01,. . ,0m;T1,-- ,Tn)-

We define
p=Ef?> and v=Eh.

Then the number |R, C| of 0-1 matrices with row sums R and column sums C' is

1) /m¥n W
254 = —— 1 1
(2.5.4) IR, C| TrE— detq|LeXp{ 2+y}( + o ))

provided m,n — +oc in such a way that the margins (R, C) remain d-tame for
some 6 > 0. We sketch the proof of (2.5.4) in Section 11.

Canfield and McKay [CMO05] obtained an asymptotic formula of |R, C| when all
row sums are equal, r; = ... = r,, and all column sums are equal, ¢c; = ... = ¢,,
which was later extended to the case of “almost equal” row sums and “almost
equal” column sums [CGMOS], see also [GM09]. The maximum entropy matrix z
was introduced in [Bal0O] where a cruder asymptotic formula

In|R,C|~ H(z)

was established without the d-tameness assumption and for a wider class of enu-
meration problems, including enumeration of 0-1 matrices with prescribed row and
column sums and zeros in prescribed position. It was also shown in [Bal0] that a
random matrix 0-1 with prescribed row and column sums concentrates about the
maximum entropy matrix z.

3. AN INTEGRAL REPRESENTATION FOR THE NUMBER OF GRAPHS

In [BH10] we proved the following general result; see Theorem 5, Lemma 11 and
formula (16) there.

(3.1) Theorem. Let P C RP be a polyhedron defined by the system of linear
equations Ax = b, where A is a n X p matrix with columns a1,... ,a, € Z" and b €
Z" is an integer vector, and inequalities 0 < x < 1 (the inequalities are understood
coordinate-wise). Suppose that P has a non-empty interior, that is, contains a point
x=(&,...,&) such that 0 < & <1 forj=1,...,p.
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Then the function

Z(gjln— —&)In %) for x=(,...,&)
J

7j=1

attains its mazimum on P at a unique point z = ((1,...,Cp) such that 0 < {; <1
forjg=1,...,p.

Let us consider the parallelepiped 11 = [—m, 7|, I C R™. Then the number
|P N {0, 1}"] of 0-1 points in P can be written as

PN {0,117 efl® / i(t,b) ﬁ 1—¢+¢ ACTRIA
N {0,1}7| = e~ it (— + ~e”‘j’) ¢
2m)" Ju i1 T

where (-, -) is the standard scalar product in R™, dt is the standard Lebesque measure

in R™ and 1 = v—1.

O
The idea of the proof is as follows. Let X = (z1,...,2,) be a random vec-
tor of independent Bernoulli random variables such that P {z; =1} = (; and

P {z; =0} =1—¢j for j=1,...,p. It turns out that the probability mass func-
tion of X is constant on the set P N {0,1}? and equals e () for every 0-1 point
in P. Letting Y = AX, we obtain

IPN{0,1}7| = HEP (X € P} = PP [y = b}

and the probability in question is written as the integral of the characteristic func-
tion of Y.
Since

p
Z Cjaj = b,
j=1

in a neighborhood of the origin ¢ = 0 the integrand can be written as

p
o—i(t.b) H (1 — G+ Cjei(aj,t>> _

=1

exp{ __ZCJ ) (aj,t)?

(3.2) + ZCJ (1-¢) (2¢G — 1) {az, t)°

| .
<

p
57 D06 (1-G) (66 6 +1) fay, )
j=1

+0 ZCJ a],) }

j=1
11



Note that the linear term is absent in the expansion.
We obtain the following corollary.

(3.3) Corollary. Let D = (dy,...,d,) be a degree sequence such that the polytope
P(D) defined in Section 1.2 has a non-empty interior and let z = (C{j,k}) be the
mazximum entropy matriz. Let

F(t) =exp {_i > mem} II (1 — (iR + C{j,k}ei“ﬁﬂc))
m=1

{4.k}
for t=(7m,...,7Tn).

Then for the parallelepiped 11 = [—m, 7|", we have

Proof. Follows by Theorem 3.1. O

We note that in the case of regular and almost regular graphs (see Section 2.3) the
integral of Corollary 3.3 is the same as the one evaluated by McKay and Wormald
[MW90)].

(3.4) Plan of the proof of Theorem 1.4. We use the integral representation
of Corollary 3.3. Let us define subsets U, W C 1l by

1
u:{(Tla---:Tn)3 |Tj| < ﬁ for jZl,...,n}
and

1
W:{(Tl,...,Tn)Z |7, —ojm| < DT for some o; ==1

NZD
and jzl,...,n}.

We show that the integral of F'(t) over II\ (i U W) is asymptotically negligible.
Namely, in Section 8 we prove that the integral

/ F(1)| dt
I\ (UUW)

is asymptotically negligible compared to the integral

(3.4.1) / |F(t)] dt.
“ 12



It is easy to show that

provided di + ...+ d,, is even.
In Section 7, we evaluate

(3.4.2) /M F(t) dt.

In particular, we show that the integrals (3.4.1) and (3.4.2) have the same order of
magnitude and so the integral of F(¢) outside of & U W is indeed asymptotically
irrelevant.

From (3.2) one can deduce that asymptotically as n — 400,

F(t) ~ exp{—q(t) +if(t) (t)} for tel,

where ¢ is defined by (1.3.1) and f and h are deﬁned by (1.3.2).
Let us consider the Gaussian probability measure in R” with density proportional
to e~ 4. In Section 6, we prove that with respect to that measure

(3.4.3) h(t) ~ Eh =v almost everywhere in U.

This allows us to conclude that

/exp{—q( +if(t)+h(t)} dt = e” /exp{—q( +if(t)} dt.
u u

In Section 5, we prove that asymptotically, as n — 400, function f is a Gaussian
random variable, so

/exp{ q(t) +if(t)} dt ~ /exp{—q( +if(t)} dt
u Rn

A exp {—%E fQ}/ e~ g,
which concludes the evaluation of (3.4.2).

The crucial consideration used in proving (3.4.3) and (3.4.4) is that with respect
to the Gaussian probability measure in R™ with density proportional to e~4, the
coordinate functions 7y, ..., 7, are weakly correlated, that is,

1
|E 77| =0 (ﬁ) for j#k and

1
ETj2 =0 (—) for 7=1,...,n
n

We prove (3.4.5) in Section 4, where we essentially use the §-tameness assumption.

(3.4.4)

(3.4.5)

(3.5) Notation. By 7, sometimes with an index or a list of parameters, we denote
a positive constant depending only on the listed parameters. The most common
appearance will be 7(d), a positive constant depending only on the J-tameness
constant 9.
As usual, for two functions ¢g; and gs, where gs is non-negative, we write g; =
O(g2) if |g1] < vg2 and g1 = Q(g2) if g1 > g2 for some vy > 0.
13



4. CORRELATIONS

Let z = (C{j’k}) be the maximum entropy matrix as defined in Section 1.2. We
assume that
0 < Cuwy < 1 forall j#k.

We define the quadratic form ¢ : R® — R by

1
q(t) = B Z (C{j,k} - ij’k}) (rj +7)° for t=(r,...,7n).
{4.k}

For n > 2 the quadratic form ¢ is strictly positive definite. We consider the Gaussian
probability measure on R” with density proportional to e~?. We consider a point
t =(11,...,7n) as a random vector and 71, ..., 7, as random variables.

The main result of this section is as follows.

(4.1) Theorem. For any 0 < § < 1/2 there exists v(d) > 0 such that the following
holds.

Suppose that
0 < Cuky < 1=0 forall j#k.

Then
|E1jm| < L;S) provided j #k and
n
ETj2 < m for 7=1,... n.
n

We will often consider the following situation. Let ¢ : R™ — R be a positive
definite quadratic form. We consider the Gaussian probability measure in R™ with
density proportional to e~%. For a polynomial (random variable) f : R® — R we
denote by E (f; 1) its expectation with respect to the measure. For a subspace
L C R™, we consider the restriction ¥|L of ¢ onto L and the Gaussian probability
measure on L with density proportional to e~ %X, For a polynomial f : R” — R,
we denote by E (f; ¥|L) the expectation of the restriction f: L — R with respect
to that Gaussian probability measure on L. We will use the following standard
fact: suppose that R™ = L1 @ Ly is a decomposition of R™ into the direct sum of
orthogonal subspaces such that

P (tl + tg) = (tl) + (tg) forall t; € L; and ty € Lo,

so that the coordinates t; € L1 and t9 € Lo of the point t = t1 + to, t € R™ are
independent. Let £1, /5 : R™ — R be linear functions. Then

E ({1l ) = E (€425 Y|Ly) +E (€425 |La) .
14



Indeed, writing t = t; + to with t; € Ly and t2 € Ly and noting that ¢ o(t) =
51’2@1) + gl’g(tg), we obtain

E (£1(t)la(t); ) =E (L1(t1)l2(t1); ¥) +E (L1(t1)l2(t2); )
+E (f1(t2)la(t1); ¥) +E (f1(t2)l2(t2); )
=E ({1025 Y[L1) +2E ({15 ¥) E (l2; ¢) + E ({1a; |L2)
=E (l1ly; Y|L1) + E (l1l2; |L2).

We deduce Theorem 4.1 from the following result.

(4.2) Proposition. Let n > 2 and let §(; 1y, 1 < j # k < n be a set of numbers
such that

a < Eky <B foral jk

and some B > a > 0.
Let
Ok = Z f{j’k} fOT kzl,...,n.
J j#k

Let us consider the quadratic form 1 : R — R defined by

_ 1 o ) _
¢(t>—§{§};}§{j,k} <\/—0'73+\/—U_k) fOT t—(Tl,... ,Tn),

where the sum is taken over all unordered pairs of indices 1 < j #k <n. Then 1 is
a positive definite quadratic form and we consider the Gaussian probability measure
in R™ with density proportional to e=¥.
Let
Q@
€= —.
5
Then for n > 2/e we have

n? 3
‘ < . .
E7im,| < 7200 = &) (ne = 2)(n = 1) + 5 provided j # k and
n2
}Erf—l}g for j=1,...,n.

€®/2(n — €)(ne — 2)(n — 1) N 2en

Proof. Clearly, v is positive definite. Let

0= (YT, ,\/om).

Then v is an eigenvector of ¢ with eigenvalue 1. Indeed, the gradient of ) at t = v
is 2v:

0 1
— (1) = — 2,y =2y0; for j=1,...,n
ar; li=o \/ij;# Lk} 7

15



Let
L=v"CcR"”

be the orthogonal complement to v. Hence L is defined in R™ = {(7'1, ..

the equation

> 1iy/E; =0.
j=1

We write
1 ¢ {4.k}
P(t) = = ZTJZ + —rkr
243 (i} VIITk
We remark that
(4.2.1) an—1) < o; <P(n-1) for j=1,...,n

Let

w:Zaj > an(n—1)

j=1
and let us define the quadratic form ¢ : R® — R by

2

gb(t):% ZTJ\/(T_J' for t=(m,...,7).
j=1

7Tn)} by

Hence ¢(t) is a form of rank 1 and v is an eigenvector of ¢ with eigenvalue 1.

We define a perturbation

zﬁzw—§¢ for e:%.

Hence 1; is a positive definite quadratic form such that
W(t) =1(t) forall telL,

and v is an eigenvector of 1) with eigenvalue 1 — €2 /2.

Let us consider the Gaussian probability measure on R™ with density propor-

tional to e=?¥. Our immediate goal is to estimate the covariances E 7,73, with respect

to that measure.
Denoting by (-, ) the standard scalar product in R™, we can write

90) = ST+ Q) 1),
16



where I is the n x n identity matrix and @ = (g;x) is an n x n symmetric matrix
such that v is an eigenvector of @ with eigenvalue 1 — €2. We have

= Sk —e2 X L chak for j#k and

djk :
00k
2
€0
_ j -
qj; = — - for j=1,...,n.

It follows by (4.2.1) that

1
e(n—1

) > qjr >0 for j#k and
0

v

€
q5; > — for j=1,...,n.

The covariance matrix R =

/N

E7;7; 7,[?) of the Gaussian measure with density
proportional to e~V is

€

T+ =((1-S)1+ (—I—i—Q))_l -(1- 5)_1 (I+P)"!, where

n n n
—1
P=(1-5) (£1+Q).
n n
Hence P = (pj) is a symmetric matrix such that

(4.2.2) 0 < pi < (1—5

—— forall j k.
n) e(n—1) orat g

Furthermore, v is an eigenvector of P with eigenvalue (1 — €2 +¢/n)/(1 — €/n), so
e\ ! 5 €

(4.2.3) Pv=Xv for A= (1 - —) (1 ey —) .
n n

Let us bound the entries of a positive integer power P? = (p%)> of P. Let

—1
o s
KZ(l—%) 72 — 1)/ and let y=rv, y=0m,...,0).

By (4.2.1) and (4.2.2), we have
(4.2.4) pjr <n; forall j k.

Also, by (4.2.1) we have

e\ ! 1 ,

17



Furthermore, y is an eigenvector of P with eigenvalue A defined by (4.2.3), and hence
y is an eigenvector of the d-th power P? = (pg k)> with eigenvalue A\¢. Combining

this with (4.2.4) and (4.2.5), for d > 0 we obtain
(d+1) (d) < (] e\ ! 1
Z pjmpmk = Z PjmMm = Ay < ( - ﬁ) é2(n—1)

We note that for n > 2/e we have 0 < A < 1. Consequently, the series
(I+P)"'=1+ Z 1)2pd

converges absolutely and we can bound the entries of the matrix

R=(I+Q)"'= (1— %)_I(IJFP)—1

R = (rjx) by
€\ 2 1 1
< € e
Irie] < (1 n> CT P g if j#k and
€\ 2 1 1
L < - — ) =1,...
Irj; —1] < (1 n) 72— 11— for 7=1,...,n
We have
1 € 2\
= —(1== 2_ =
1—-A ( n)(€ n)

Since R is the covariance matrix of the Gaussian probability measure with density

proportional to e~V , we obtain

n2
provided j # k and

(4.2.6) ‘E (Tﬂk; 15) = 65/2(7%—6)(116—22)(11—1)
‘E (7’3‘2§ 1;) —1‘ < 65/2(71—6)(77;—2)(71—1) for j=1,...,n.

Now we go back to the form v and the Gaussian probability measure with den81ty
proportional to e~%. Since v is an eigenvector of both v and zp, since L = vt and
since 1 and 1) coincide on L, for any linear functions ¢, ¢ : R” —s R, we have

E (5152; ”(p) =E (leg; ¢|L) + E (leg; ¢| span(v))
=E <€1€2; 1;|L) + E ({142; ¥|span(v))

(4.2.7) N 5
=E (Mz; zp) ~E (Mz; wlspan(v))

+ E ({102; 3| span(v)).
18




We note that the gradient of the coordinate function 7; restricted to span(v) is
\/0j/w. Since v is an eigenvector of ¢ with eigenvalue 1 and an eigenvector of v
with eigenvalue 1 — €2 /2, we have

\/OiOL
E (7j7,; 1|span(v)) = 2; and
OOk

E (Tka; ¢|Span(1’)) T 2-e)w

for all 7, k.

By (4.2.1) we have

1 ~ 1
Tk < — Th; < —.
|E (7;7; v|span(v))| < S and ’E (T]Tk, w\span(v)ﬂ <
The proof now follows by (4.2.6) and (4.2.7). O

Now we are ready to prove Theorem 4.1.

Proof of Theorem /.1. Let us define
Eiky = CLiky — ij,k} for all j#k

and let us choose o = § — 62 and 8 = 1/4 in Proposition 4.2. We define o; and 1
as in Proposition 4.2 and consider a linear transformation

(T1y oy, Tn) > (TINVO1, -+ s Ta/On) -

Then the push-forward of the Gaussian probability measure with density propor-
tional to e~ 9 is the Gaussian probability measure with density proportional to e~ ¥.
Therefore,

1
E (ti7%; q) = E (7;7; )
(7-]77:? Q) W (Tkaa ¢)
Since
o; > da(n—1) for j=1,...,n,
The proof follows by Proposition 4.2. O

We will need the following lemma.

(4.3) Lemma. Let qo : R" — R, n > 2, be the quadratic form defined by the
formula

q0<t):%Z(Tj+Tk)2 for t=(r,.... 7).

{5.k}
Then the eigenspaces of qo are as follows: the 1-dimensional eigenspace Ey with
eigenvalue n — 1 spanned by the vector u = (1,...,1) and the (n — 1)-dimensional

eigenspace Fy = ut with eigenvalue (n — 2)/2.
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Proof. We have
0

—q(t =2n — 2.
aTRQ()‘t:u n

Hence the gradient of qo(t) at ¢ = w is (2n — 2)u, so u is an eigenvector with
eigenvalue (n — 1). For t € u we have 71 + ...+ 7, = 0 and hence

Birk (t) = Z (15 + %) = (n — 2)7%.

J: J#k

Therefore, the gradient of qo(t) at t € ut is (n —2)t, and so ¢ is an eigenvector with
eigenvalue (n — 2)/2. O

5. THE THIRD DEGREE TERM
The main result of this section is the following theorem.

5.1) Theorem. For unordered pairs {j,k}, 1 < j# k <n, let ug; ;n be Gaussian
{4k}
random variables such that

Eugiry =0 forall j,k.
Suppose further that for some 6 > 0 we have

Eu%j7k} < % forall j, k

and that

0 . . )
Eu{jl,kl}u{jz,kz}‘ < 3 provided {j1,k1} N {Jjo2, ka} = 0.
Let

U= ufp.

{d.k}
Then for some constant v(0) > 0 and any 0 < € < 1/2 we have

1
‘E exp {iU} —exp{—ﬁEUQH < €

provided

Furthermore,



for some ~v(0) > 0. Herei=+/—1.

We apply Theorem 5.1 in the following situation. Let ¢ : R™ — R be the
quadratic form defined by (1.3.1).

Let us consider the Gaussian probability measure on R™ with density propor-
tional to e”9. We define random variables u; x} by

1
U{j’k}(ﬂ = i/ég{j’k} (1 — C{j,k}) (2C{j,kz} — 1) (Tj + Tk) for t= (7‘1, - ,Tn> .

Then for the function f(t) defined by (1.3.2) we have
_ 3
f=2 iy
{4.k}

In this section, all implied constants in the “O” notation are absolute.
Our main tool is Wick’s formula for the expectation of the product of random
Gaussian variables.

(5.2) Wick’s formula. Let wy,...,w; be Gaussian random variables such that
Ew =...=Ew; =0.

Then

E (wy---w) =0 if [ isodd and

E (wy...w) :Z (Ew;,w;,) - (Ewilflwil) if [ =2r iseven,
where the sum is taken over all (2r)!/r!2" unordered partitions of the set of indices
{1,...,1l} into r = [/2 pairwise disjoint unordered pairs {i1,72},...,{i;-1,%;}, see
for example, [Zv97]. Such a partition is called a matching of the random variables
wi,...,w; and we say that w; and w; are matched if they form a pair in the

matching.
In particular,

(5.2.1) Ew? =

for a centered Gaussian random variable w. We will also use that
(5.2.2) Ewiws =9 (Ew?) (Ew3) (Ewiws) + 6 (Ewws)’
and later in Section 6 that

cov (w‘f,wg) =E (wfw%) — (E w‘f) (E w%)

(5.2.3) —72 (Bwyws)® (Ew?) (Bwd) + 24 (Ewywy)".
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(5.3) Representing monomials by graphs. Let z(;,, : 1< j# k <n be
formal commuting variables. We interpret a monomial in z(; 1} as a weighted graph
as follows. Let K, be the complete graph with vertices 1,...,n and edges {7j, k}
for 1 < j # k <n. A weighted graph G is a set of edges {j, k} of K, with positive
integer weights a; xy on them. The set of vertices of G consists of all vertices of
the edges of GG. With G, we associate a monomial

mo(e)= T =i
{j,k}eG

The weight of G is the degree of mq(x), that is, 3¢ 11 cq oqjxy- We observe that

for any p there are not more than r®n? distinct weighted graphs G of weight 2r
on p vertices.

In what follows, given a set of random variables, we construct auxiliary Gaussian
random variables with the same matrix of covariances. This is always possible since
the matrix of covariances is positive semi-definite.

Our proof of Theorem 5.1 is based on the following combinatorial lemma.

(5.4) Lemma. For the Gaussian random variables ug; v of Theorem 5.1, let us
introduce auziliary Gaussian random variables vy; yy such that

Evgipy =0 forall 1<j#k<n and
E 0, b} Vaske} =B UL, 1)Uy Jor all 1< j1# ki, jo# ko <n.

Given a weighted graph G of weight 2r, r > 1, let us represent it as a vertex-disjoint
union

G =GoUGy,

where Go consists of s isolated edges of weight 1 each and Gy is a graph with no
isolated edges of weight 1 (we may have s = 0 and Gy empty).

Then
(1) We have
; . ' T,O(r)e?)r
‘Emg (U{j,k} P 1<j#k< n) , [Emg (v 1<j#k<n)| < Ty
if s is even and
, ' . T,O(T)H?ﬂ‘
‘Emg (u{j’k}: 1§j7ék§n) , ‘Emg (vjky 1§J7Ak§n)‘ < A (s11)/2

if s is odd.

(2) If s is even and Gy is a vertex-disjoint union of r — s/2 connected com-
ponents, each consisting of a pair of edges of weight 1 sharing exactly one
common vertex, then

TO(r)eSr

‘EmG (u?j,k} P 1<jFE< ”) ~Emg (vuy: 1<5#k< ”)‘ n3rts/2+1’
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(3) If s is even and Gy is a vertex-disjoint union of r — s/2 connected com-
ponents, each consisting of a pair of edges of weight 1 sharing exactly one
common vertex, then G has precisely 3r + s/2 vertices. In all other cases,
G has strictly fewer than 3r + s/2 vertices.

Proof. If {j1, k1}N{j2, k2} = 0 we say that the pair of variables wug;, i}, t{j, k,} and
the pair of variables vj, k1, V), k,} are weakly correlated. If {j1, k1} N {j2, ka} # 0
we say that the pairs of variables are strongly correlated. Pairs of variables indexed
by edges in different connected components of G are necessarily weakly correlated.
To prove Part (1) we use Wick’s formula of Section 5.2. By (5.2.2), we obtain

63 ) .
E (v{jl,kl}v{j%kz}) =0 <ﬁ) if the pair U{j1,k1}s V{j2,ka}

is weakly correlated,
3

0 ) .
E (U{jlykl}v{j%k@}) =0 <$) if the pair U{j1,k1}s V{ja,ka}

(5.4.1)

is strongly correlated.

Since for each isolated edge {j1,k1} € Go variable vy, 1,1 has to be matched with
variable vyj, 1,3 indexed by an edge {j2,k2} in a different connected component,
we conclude that every matching of the set

(5.4.2) {vm: Uik ed)
contains at least s/2 weakly correlated pairs and hence
o) 03 s/2 03 r—s/2
‘Emg(v{j’k}: 1§]7£k§n)‘ < ¥ <F) (ﬁ) .

Moreover, if s is odd, then the number of weakly correlated pairs is at least (s+1)/2
and hence

03 (s+1)/2 03 r—(s+1)/2
‘EmG (U{j,k} 1< 7#k<L n)} < rO(r) (F) (ﬁ) '

Similarly, since for each isolated edge {j1, k1} € Gg at least one copy of the variable

Ugj, .k} has to be matched with a copy of variable ugj, r,} indexed by an edge in a
different connected component, we conclude that every matching of the multiset

(5.4.3) {U{j,k}:u{j,k}:u{j,k} : {U.k} e G}
contains at least s/2 weakly correlated pairs, and hence

o 0 s/2 0 3r—s/2
‘EmG (u?j’k} 1< 7#k<L n)’ < r (r) (—2) <—) .

n n
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Moreover, if s is odd, then the number of weakly correlated pairs is at least (s+1)/2
and hence

)Emg (u?xk} 1< j#£k< n)‘ < O (%)ml)/z (ﬁ

3r—(s+1)/2

This concludes the proof of Part (1).

To prove Part (2), let us define ¥,(G) as the sum in the Wick’s formula for
Emeg (v 0 1 <j#k<n) taken over all matchings of the set (5.4.2) of the
following structure: we split the edges of GG into r pairs, pairing each isolated edge
with another isolated edge and pairing each edge in a connected component of G
consisting of two edges with the remaining edge in the same connected component.
Then we match every variable vy;, 1,3 with the variable vy, .,y such that {ji,k1}
is paired with {jo, k2}. Reasoning as in the proof of Part (1), we conclude that

rO(r)g3r

}EmG (U{j,k}: 1§j75k:§n)—21,(G)} S —n3T+S/2+17

since every matching of the set (5.4.2) which is not included in ¥, (G) contains at
least s/2 4+ 1 weakly correlated pairs.
Similarly, let us define ¥,(G) as the sum in the Wick’s formula for

Emg (u?] i 1<y #+k < n) taken over all matchings of the multiset (5.4.3) of

the following structure: we split the edges of G into r pairs as above and match
every copy of variable u;, 1,3 with a copy of variable ug;, 1,1 indexed by an edge in
the same pair (in particular, we may match copies of the same variable). Reasoning
as in the proof of Part (1), we conclude that

5 . oy - - T,O(T)H?ﬂ‘

since every matching of the multiset (5.4.3) which is not included in ¥, (G) contains
at least s/2 + 1 weakly correlated pairs.
The proof of Part (2) follows since

Yu(G) = 34(G)

by Wick’s formula.

To prove Part (3), we note that a connected weighted graph G of weight e
contains a spanning tree with at most e edges and hence has at most e+ 1 vertices.
In particular, a connected graph G of weight e contains fewer than 3e/2 vertices
unless G is an isolated edge of weight 1 or a pair of edges of weight 1 each, sharing
one common vertex. Therefore, G has at most

3
23—}—5(27“—3):37*4—E

2
vertices and strictly fewer vertices, unless s is even and the connected components
of G are pairs of edges of weight 1 each sharing one common vertex. O
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(5.5) Proof of Theorem 5.1. Let vy be Gaussian random variables defined
in Lemma 5.4 and let
V = Z v{jJﬂ}.

{d.k}

Since there are O (n?) strongly correlated pairs vj, g, ,j, s, and there are O (n*)
weakly correlated pairs, by (5.4.1) we have

(5.5.1) EVZ=EU*=0 (¢%).

Since V' is a Gaussian random variable, we have
iV 1 2 1 2
(5.5.2) Ee" =exp —§EV = exp —QEU :

Our goal is to show that E e’V and Ee'V are asymptotically equal as n — 4o0.
By symmetry, the odd moments of U and V are 0:
(5.5.3) EU*=EVF=0 if k>0 isodd.

The even moments of U and V' can be expressed as
E U2 :ZagEmG (u?j’k} 1<j#k< n)
G

EVzT :ZagEmG (U{j’k} | S] #k‘ﬁn),
G

where the sum is taken over all weighted graphs G of weight 2r and
1 < ag <(2r)

Let Go,- be the set of weighted graphs G of weight 2r whose connected components
are an even number s of isolated edges of weight 1 and r — s/2 pairs of edges of
weight 1 sharing one common vertex. Since there are no more than (" n? distinct
weighted graphs of weight 2r with p vertices, by Parts (1) and (3) of Lemma 5.4,
we have

B U27" 3 ' TO(T)Q?)T‘
— Z acEmg (u{j,k}' 1§]7£k§n) < — and
GGQZT
9 ,’,.O(T)e?)’r‘
EVe — Z agEmg(U{j,k}: 1§]75k7§n) _
G€g21‘ n

Therefore, by Part (2) of Lemma 5.4,

O(r)p3r
(5.5.4) BUY BV < T
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From Taylor’s Theorem

S 2r
1T .S x
e _ZZE S @ for x € R,
s=0
it follows that
. EU> EV» X |EUS-EV
E U E 1V )
[Ee < e T e g; S

From (5.5.1) and (5.2.1) we deduce that for a positive integer r we have

(2r)120(Mg3r

Ev21“ S
r!

Therefore, by (5.5.4)

20(7‘)637" T,O(r)e?)r
+ .

(5.5.5) |Ee’V —Ee’V

rl n

Given 0 < € < 1/2, one can choose a positive integer r such that

rlnr =0 (92 In 1)
€

so that the first term in the right hand side of (5.5.5) does not exceed €/2. It follows

then that for all
1 7(9)
- ()
€

‘Eew —Eeiv‘ < ¢,

we have

and the proof follows by (5.5.2). O

6. THE FOURTH DEGREE TERM
The main result of this section is the following theorem.
6.1) Theorem. For unordered pairs{j,k}, 1 < j#k <mn, let wg; v be Gaussian
{4:k}
random variables such that

Ewgry =0 forall j,k,

and let oy; 1y € {—1,1} be numbers.
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Suppose further that for some 6 > 0 we have

0 .
Ew%j’k} < - for all 3.k,

and that

0 . ) .
|Ewij, 5y Wiishey| < 3 provided {j1,k1} N {j2, k2} = 0.

Let
W=2_ omuin:
{4k}
Then for some constant ~(0) > 0 we have
(1)
EW| < ~(0);
(2) )
varW < M;
n
(3)

P{W| > 10)} < exp{-n'/"}
provided n > v1(0) for some constant v1(0) > 0.

We apply Theorem 6.1 in the following situation. Let ¢ : R™ — R be the
quadratic form defined by (1.3.1). Let us consider the Gaussian probability measure
on R™ with density proportional to e”9. We define random variables wy; 1} by

1
wiiny () ={/ 57800 (1= Cm) }GC?j,k} = 6C(0y + 1‘ (75 + 7%)
for t=(m,...,7n)
and let
o5y = sign (6¢E 4y — 60 + 1)
Then for the function h defined by (1.3.2), we have

h=Y oymwi.
{4,k}

While the proof of Parts (1)—(2) is done by a straightforward computation, to
prove Part (3) we need reverse Holder inequalities for polynomials with respect to

the Gaussian measure.
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(6.2) Lemma. Let p be a polynomial of degree d in random Gaussian variables
wi,...,w;. Then forr > 2 we have

E )" < 12 (Ep)2.

Proof. This is Corollary 5 of [Du87]. O

(6.3) Proof of Theorem 6.1. All implied constants in the “O” notation below
are absolute.
By formula (5.2.1),

2 H2
4 _ 2 _
and hence
E|W|=0 (6%

and Part (1) follows. Furthermore,

varW = Z T{51,k1} {42,k } COV (w?jl,klpw?jz,kz})-

{j1,k1}
{ja2,k2}

By (5.2.3) we have

94
4 4
cov (w{jhkl}’w{jz,kz}) =0 (F)

and, additionally,

64 . . .
cov (u), kyywlny) = O (ﬁ) provided {1, 1} 1 {72 k2} =0.

Therefore,

94
(6.3.1) varW = O (;) ,
which proves Part (2).
Finally, applying Lemma 6.2 with d = 4 we deduce from (6.3.1) that for any
r>2
E|W-EW[] < r¥rp /22042

/5 we conclude that for all sufficiently large n > ng(6) we have

Choosing r =n
E|W-EW|" < exp {—n1/5} :
By Markov’s inequality, we obtain

P{IW—EW| > 1} < eXp{_n1/5}

for all sufficiently large n and the proof follows from Part (1). O
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7. COMPUTING THE INTEGRAL OVER A NEIGHBORHOOD OF THE ORIGIN

/ F(t) dt
I
of Corollary 3.3. Hence

e {_i 2 mem} IT (1= ¢ + e ™)

We consider the integral

m=1 {4.k}
for t=(m1,...,7n),
where D = (dy,...,d,) is a given degree sequence, z = (C{j,k}) is the maximum

entropy matrix and II is the parallelepiped [—7, 7|". We recall that the quadratic
form ¢ : R™ — R is defined by

1
q(t) = 3 Z (C{j,kz} - C?j,k}) (Tj +7‘k>2 for t= (7‘1, - ,Tn> .

{5k}
In this section, we prove the following main result.
(7.1) Theorem. Let us fix a number 0 < 6 < 1/2 and suppose that

0 < Cywy < 1=0 forall j#k.

Let f,h: R™ — R be polynomials defined by (1.53.2). Let us define a neighborhood
of the origin U C 11 by

u:{(leuan): |7_k| < — fOT k:zl,,n}

E:/ e~ 1M gt

and let us consider the Gaussian probability measure in R™ with density 2~ te™4.
Let

Let

pw=Ef* and v=Eh.
Then
(1)

(2)



for some constant v(§) > 0;
(3) Forany0<e<1/2

< e=

‘/u |F(t)| dt —exp{v} =

1 'Y(‘S)
= (0)
€

for some constant v(§) > 0;
(4) For any 0 <e<1/2

/MF(t) dt—exp{—g—i—u} =

provided

provided

for some v(6) > 0.

Proof.

In what follows, all constants implied in the “O” and “(2” notation depend only
on the parameter §.
Let

1
q0<t):§{zl;}<7j+7k)2 for t=(m1,...,7)
Js

as in Lemma 4.3. Then ¢(t) < %qo(t) and hence

L= n/2
/ e 4dt > / e~ 1901 gt — gn/2 1 8 i > 4_7r )
n - n n—1\n—2 - n

which proves Part (1).

Let us think of the coordinate functions 7; as random variables with respect to
the Gaussian probability measure with density proportional to e™9.

By Theorem 4.1, we have

1
E7jm:] =0 (ﬁ) provided j # k and
(7.1.1)
1
ETJ-2:O<— for j=1,...,n.
n
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For an unordered pair 1 < j # k < n, let us define

l
g py = i’/gC{m (1= Cumy) (2w = 1) (15 + 7).

Then

f= Z “?j,k}'

{4.k}

Similarly, let us define

1
wiky =\| 57808 (1= k) ‘6ij,k} —6Cgky + 1| (7 +7) and
O {5k} =sign (65{2j,k} — 60y + 1) :

Then

4

h= D> oG
{4.k}
By (7.1.1) the random variables u; ; satisfy the conditions of Theorem 5.1 and
hence the upper bound for u = E f? follows by Theorem 5.1. Similarly, by (7.1.1)
the random variables wy; 3} satisfy the conditions of Theorem 6.1 and hence the
upper bound for |v| = Eh and E |h| follows by Part (1) of Theorem 6.1. This
concludes the proof of Part (2) of the theorem.
By Lemma 4.3, eigenvalues of g are Q(n) from which it follows that

/ e~ 1) gt
Rn\U

From Theorem 5.1, we have

(7.1.2) < exp{-0 (ln2 n)}=.

/ e~ 1OFF®) gt — exp {—E} 2l < e=
n 2 -
1\ °®
provided n > (—)
€
which, combined with (7.1.2), results in
—q(t)+if(t U = —
/eQ() f()dt—exp{——}: < eZ
u 2 B

(7.1.3) 1\ O
provided n > (—) .
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By Part (2) of Theorem 6.1 and Chebyshev’s inequality, we have

(7.1.4) P{lh—v|>e} = O(%),

while by Part (3) of Theorem 6.1, we have

(7.1.5) P{h>7(6)} :O(exp{—n1/5})
for some constant y(6) > 0. In addition,
(7.1.6) |h(t)| = O (ln4 n) for tel.
Combining (7.1.4)—(7.1.6) and Part (2) of the theorem, we deduce from (7.1.2) and
(7.1.3) that
/ e IOFTRO) gt —exp {1 E| < €2
u
and

(7.1.7) / o~ A+ F (D4R g —exp{—ﬂ n 1/} =

U 2

1\ oW
provided n > (—) .

€

From the Taylor series expansion, cf. (3.2), we obtain
F(t) = exp{~a(t) +if(t) + h(t) + p(t)}, where

ool =0

In°n
Vn

Therefore, for any € > 0 we have

) for tcU.

‘| F(t)| — em1®O+h®)| < ¢ gma®+h®)  zng

‘F(t) — e_Q(t)Hf(tHh(t)‘ < e e MWD forall teld

1\ O
provided n > (—) .

€

(11

The proof of Parts (3) and (4) now follows from (7.1.7) and Part (2).
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8. BOUNDING THE INTEGRAL OUTSIDE OF THE SPECIAL POINTS

We consider the integral representation of Corollary 3.3. Our goal is to show
that the integral of F'(t) for ¢ outside of the neighborhood of the special points

0,...,0) and (&m,...,+£m)

is asymptotically negligible.
In this section, we prove the following main result.

(8.1) Theorem. Let us fiz a number 0 < § < 1/2 and let D = (dy, ... ,d,) be a
d-tame degree sequence. Let us define subsets U, VW C II by

1
u:{(T17~'~77_n): 7| < % for jzl,...,n} and
1
W:{(le--,Tn): |75 —ojm| < % for some o; = =1

and all 57 =1,... ,n}.

Then for any k > 0

/ IF(t)] dt < n—ﬁ/ \F(t)] dt
I\ (UUW) u

provided n > v(6, k).

The plan of the proof of Theorem 8.1 is as follows: first, using some combinatorial
arguments we show that for any positive constant ¢ > 0 the integral is asymptoti-
cally negligible outside of the areas where |7;| < € for all j or where |7; — ;7| <€
for some o; = +1 and all j. Then we note that |F(t)| is log-concave for ¢ in
a neighborhood of the origin and use a concentration inequality for log-concave
measures.

We introduce the following metric p.

(8.2) Metric p. Let us define a function p : R — [0, 7] as follows:

= min |z — 27k|.
p(z) = min |z — 2k|

In words: p(x) is the distance from x to the nearest integer multiple of 27r. Clearly,
p(—z) =p(z) and p(z+y) < p(z) + p(y)

for all z,y € R.
We will use that

(8.2.1) 1——p*(x) < cosz < 1——p*(x).



(8.3) The absolute value of F(t). Let
apiey =2Ck (1= () forall j#k.

If D is §-tame, we have

1
(8.3.1) 26° < agp < 3 for all j # k.
We have
1/2
|F(t)| = H (1 — agypy + agjpy cos (75 + 7%))

{4k}
For 1 < j # k <n let us define a function of 7 € R,

fry (1) = /1= agr +agrycosT,

SO

(8.3.2) 1F@) =T fum (7 +70) -
{j,k}

We note that
fiky(0) =1

It follows by (8.2.1) and (8.3.1) that for € > 0

fom(@) < exp{—(d,€)}fim(y)

8.3.3
( ) provided p(z)>2¢ and p(y) <e

for some (¢, d) > 0. Furthermore,

2

d
2 In fr;m(7) =

k) (a{j,k} + COST — Qyj k) COS 7‘)

2
2 (1 = agjpy + agjuy cosT)
In particular, by (8.3.1)
2 52

d - -
plnf{j,k}(ﬂ < D) for —3 < 7 < 3
and hence In fy; ;) is strictly concave on the interval [—m /3, 7/3]:
T+y 52
(8.3.4) I fej k(@) + 10 fjay () = 210 fjh ( 2 ) < —gle—yP

for all x,y € [-7/3,7/3].

In what follows, we fix a particular parameter ¢ > 0. All implied constants in
the “O” and “€0” notation below may depend only on the parameters § and €. We
say that n is sufficiently large if n > ~(0, €) for some constant (9, €) > 0.

Our first goal is to show that only the points ¢ € II for which the inequality
p (7; + 1) < € holds for an overwhelming majority of pairs {j, k} contribute signif-
icantly to the integral of |F'(¢)| on II.
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(8.4) Lemma. Fortell, t = (m,...,Tn), and € > 0 let us define a set K(t,e) C
{1,...,n} consisting of the indices k such that

p(rj+7k) < €

for more than n/2 distinct indices j. Let K(t,e) ={1,...,n}\ K(t,e). Then
(1)
|[F(t)] < exp{—7(5)62n|K(t,e)|} for some  (6) > 0;

(2)
p(Thy — k) < 2¢ forall ki, ky € K(t,e);

(3) Suppose that | K (t,€)| > n/2. Then

p(Ti, +Tiy) < 3¢ forall ki, ke € K(t,€).

Proof. For every k € K (t,¢€) there are at least (n — 2)/2 distinct j # k for which
(8.4.1) p(Tj+ 1K) > €
and so by (8.2.1) we have

Since there are at least |K(t,€)|(n — 2)/4 pairs {j, k} for which (8.4.1) holds, the
proof of Part (1) follows from (8.3.2) and (8.3.3).
For any ki, ks € K there is j € {1,... ,n} such that

IO(TJ +7—k1) ) p<Tj + Tkz) < e
Therefore,

p(Tkl - Tk2) =p (Tj + Thy — Thy — Tj) < p(Tj + Tk'l) + p(_Tj - Tk2)
=p (Tj + Tk'l) + p(Tj + Tkz) < 2e
and Part (2) follows.
Let us choose a k1 € K(t,¢). Since |K(t,€)| > n/2, there is a j € K(t,¢€) such
that
p(Tj+ k) < e

By Part (2), for any ko € K(t,€) we have

P(Tey +Thy) = p (=75 + Ty + 75+ Thy) < p (75 +7hy) + 0 (=75 + Thy)
< 3e

and Part (3) follows. O
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(8.5) Corollary. For ane > 0 let us define a set V (€) C II consisting of the points
t € Il such that

K(t,e) < In®n,

where K (t,¢€) is defined in Lemma 8.4. Then

/ F()| dt < n_”/ F()] dt
\V(e) I

provided n > (9, €) for some constant (6, €) > 0.
Proof. By Parts (1)—(3) of Theorem 7.1 we have

/ \F(t)] dt > Q(n_"/2>.

The proof now follows by Part (1) of Lemma 8.4. O

Next, we show that only the points ¢t € II such that p(7; +7%) < € for all
1 < j, k < n contribute substantially to the integral of |F'(¢)| on II.

(8.6) Lemma. For e > 0 let us define a set X (e) C II,

X(e):{tEH,t:(ﬁ,...,Tn): p(mj+ 1) <e forall j,k}.

Then
/ |F(t)] dt < exp{—(9, e)n}/ |F(t)| dt
I\ X (€) I

for all n > v2(6,€) for some constants v1 (6, €),v2(d, €) > 0.

Proof. Let us consider the set V(e/60) C II and n large enough so that the con-
clusion of Corollary 8.5 holds, that is, the integral of |F'(t)| over II \ V(¢/60) is
asymptotically negligible. For a set A C {1,...,n} such that

4] < In’n,
let us define a set P4 C II (we call it a piece) such that
p(rj—m) < €/30 and p(1;+7) < €/20 forall j ke A

If n is large enough, by Lemma 8.4 for every ¢t € V(¢/60) we can choose A = K (t,¢€),
so we have

(8.6.1) V(e/60) C U Pa
A: |A|<In?n
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Our next goal is to show that the integral of |F(t)| over P4 \ X(€) is negligible
compared to the integral of |F'(t)| over Pg4.
Let us choose a point ¢t € P4 \ X (€¢). Thus we have

p (Ti, + 7j,) > € for some i, jo.
Let us choose any kg € A. Then
P (Tig + Tjo) = P (Tig + Tjo + T = Tho) < P (Tig + Tho) + P (Tj — Theo) -
Hence we have either
P (Tig + Thy) > €/2 or  p(Tjy — Tiy) > €/2.
In the first case, for every k € A we have

P (Tig + Ty ) =P (Tig + Thy + T — k) < p(Tig +7&) + P (Tho — 1)
< p (7, + 1)+ €/30,

from which
p(Tiy +7K) > €/2—¢€/30 = Te/15.

In the second case, for every k € A, we have

P (Tio = Tho) =P (Tjo = Tho + T — Tk) < p(Tjo +7) + 0 (=Tho — k)
=p (Tjo + i) + p (Thy + %) < p (T, + i) +€/20,

from which
p (Tjo + 7Tk) > €/2 — €/20 = 9¢/20.

In either case, for any t € P4 \ X(€), t = (71,...,7n), there exists an index i ¢ A
such that
p(Ti + 1) > 0.45¢ forall ke A.

For i ¢ A, we define
(8.6.2) Qui={tePa: p(ri+m)>045¢ forall ke Al

Hence
PA \X(G) C U QA,i-
i€A
Given a point t € P4, we obtain another point in P4 if we arbitrarily change the
coordinate 7; € [—m, 7] for i € A. We obtain a fiber E C Py if we fix all other
coordinates and let 7; € [—m, ] vary. Geometrically, each fiber E is an interval

of length 27. Let us construct a set I C E as follows. We choose an arbitrary
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ko € A and let 7; vary in such a way that p (7, + 75) < 0.05¢. Geometrically, I is
an interval of length 0.1€ or a union of two non-overlapping intervals of total length
0.1e. Moreover,

p(me+7) < p(The +70) +p (T — Thy) < 0.05¢ + 0.05¢ = 0.1¢
foral k€ Aand all 7 € 1.

Using (8.3.2) and (8.3.3), we conclude from (8.6.2) that for any ¢t € Q4 ;N E and
for any s € P4 N I we have

[F(t)] < exp{-Q(n)}|F(s)|

provided n is large enough. Therefore,

/ P dt < exp{—Q(n>}/ F(1)| dt
ENQa,; FE

for all sufficiently large n.
Integrating over all fibers E, we establish that

/ Pt dt < eXp{—Q(n)}/ ()] dt
QA,i Py

for all sufficiently large n. Since the number of different subsets A C {1,...,n}
with |A| <1n®n in (8.6.1) does not exceed exp{O (ln3 n)}, the proof follows. O

Next, we prove that only the points in the neighborhood of the origin or the
corners of IT contribute significantly to the integral of |F' ()| over II.

(8.7) Lemma. For 0 < e < 1, let X(€) be the set defined in Lemma 8.6. Let us
define Y (¢), Z(e) C II by

Y(G):{tEHitZ(ﬁ,-u,Tn), | <€/2  for izl,...,n} and
Z(e):{teﬂz t=(T1,...,m), |1i—ow|<¢€/2 forsome o;==1

and all 1=1,... ,n}.

Then

Moreover,



Proof. Let us pick a point t € X (€). Then for each k£ we have p (27%) < € and hence
either
7] <€/2 or |mp—m| <e€/2 or |mp+m7| <e€/2.

Since p (1, + 7;) < € for all k,j, we conclude that if |7| < €/2 for some k then
|7k < €/2 for all k. Hence X (e) C (Y (e) U Z(e)). The inclusion (Z(e) UY (¢)) C
X (e) is obvious. Since € < 1, we have Y (e) N Z(e) = 0.

The set Z(e) is a union of 2" pairwise disjoint corners, where each corner is de-
termined by a choice of the interval [—7, —m+¢/2] or [r —¢/2, ] for each coordinate
7;. The transformation

{ e+ if 7 € [—m, -1+ €/2]
Tk ? .
T, —m if T € [m—€/2,7]

is a volume-preserving transformation which maps Z(e) onto X(e) and does not
change the value of |F(t)|. O

Finally, we will use that |F(¢)| is strictly log-concave on the set Y (1). For
Euclidean space V' with the norm | - ||, a point x € V' and a closed set A C V we
define the distance

dist(z, A) = mi -9l
ist(2, A) = min |z — y]|

We will need the following concentration inequality for strictly log-concave mea-
sures.

(8.8) Theorem. Let V be Euclidean space with the norm || - ||, let B C V be a
convex body and let us consider a probability measure supported on B with density
e~ ", where u: B — R is a function satisfying

T+

u(x)—i—u(y)—Qu( y) > c||lz —yl|* forall z,y€B

and some constant ¢ > 0.
Let A C B be a closed subset such that P (A) > 1/2. Then, for r > 0, we have

2

P {a: € B: dist(z,A) > r} < 2e7 .

Proof. See Section 2.2 of [Le01] and Theorem 8.1 and its proof in [Ba97]. O
(8.9) Lemma. Let Y(1) CII be the set defined by

1
y()={tell, t=(r,....7): |l <5 for i=1,...,n}

\)

LetU C 11 be the set

U:{tEH, t=(m,...,m): |m| <
39
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Then for any k > 0 we have

[l < o [ gEe)a
Y (1)\U Y (1)

provided n > (9, k) is big enough. O

Proof. Let us consider the probability measure on Y (1) with density proportional

to |F'(t)|. Let us consider a map M : R" — R(Z), where the coordinates of R(2)
are indexed by unordered pairs {j, k} and

M{Jak} (T17 oo ,Tn) = T] + Tk:'

By Lemma 4.3,
IM@®)||* > (n—2)|t]|> forall teR"

Since from Section 8.3,

1
In|F(t)] = 5 Y Infie (7 + 7).
{34}

it follows by (8.3.4) that for any constant a and
u(t) = —In[F ()] +a,
we have

11+ 1o
2

u(ty) +u(ta) — 2u ( ) > ~(&)n|ty — t2||* forall t1,t, € Y(1)

and some constant y(4) > 0. We choose a so that e~ is a probability density on
Y(1).

We apply Theorem 8.8 with ¢ = y(d)n. For k=1,...,n,let A, C Y(1) be the
set of points with 74, < 0 and let A} C Y (1) be the set of points with 7, > 0. Since
both Y (1) and the probability measure are invariant under the symmetry t — —t,
we have

P (A7) =P (Af) =5 for k=1...n

Therefore, by Theorem 8.8, all but a n™" fraction of all points in Y (1) lie within a
distance of Inn/+/n from each of the sets A, and A;:, provided n is large enough.
O
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(8.10) Proof of Theorem 8.1. For 0 < ¢ < 1 let us define the set X(€) as in
Lemma 8.6 and the sets Y'(¢) and Z(e€) as in Lemma 8.7. In particular,

U=Y ({5%") and W=2 ({5%") .

By Lemma 8.6, for any x > 0 we have

/ F()| dt < n_“/ F()] dt
M\ X (1) T

for all sufficiently large n, so that the integral outside of X (1) is asymptotically
negligible.
By Lemma 8.7, X (1) =Y (1) U Z(1) with Y(1) N Z(1) = () and

(8.10.1) /m) IF(t)] dt:/Z(l) IF(t)| dt  and /M|F(t)| dt:/W\F(t)\ dt.

By Lemma 8.9,

/ F()| dt < n_“/ ()] dt
Y (1)\U Y (1)

for all sufficiently large n, so that the integral over Y (1) \ U is asymptotically
negligible. By (8.10.1), the integral over Z (1) \ W is asymptotically negligible. The
proof now follows. L

9. PROOF OF THEOREM 1.4

By Corollary 3.3, we have the integral representation for the number |G(D)| of
graphs:

SH(2)
GO = G /H Ft) dt.

Let us define subsets ¢, W C II as in Theorem 8.1. Let us consider the transfor-
mation W — U,

T +mw if —7
T —

Ty —m if m—

TE < —7T+ln—z
VR for k=1,...,n.

< 7 <m

SE A

As in the proof of Lemma 8.7, this is a measure-preserving transformation which
maps W onto U. Since dy + ...+ d, is even, the transformation does not change
the value of F(t) (if d; + ...+ d, is odd, the transformation changes the sign of
F(t)). Hence

(9.1) /M F(t) dt = /W F(t) dt.
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By Theorem 7.1, the integrals of F'(t) and |F(t)| over U have the same order of
magnitude, that is,

/ F)| dt < ()
U

for some constant v(d) > 1. Therefore, from Theorem 8.1, the integral outside of
U U W is asymptotically negligible, so that for any x > 0 and all sufficiently large

n > (6, k), we have
/ |F(t)| dt < n™" / F(t) dt‘.
I\ (UUW) U

The proof now follows by Parts (2) and (4) of Theorem 7.1, identity (9.1) and the

formula /2
= — / e~ 1) gt = m
n Vdet Q

| F) dt‘

10. PROOF OF THEOREM 1.6

The proof is very similar to that of Theorem 3 of [Bal0], which deals with a
similar situation in the case of bipartite graphs. All implicit constant in the “O”
and “Q2”-notation below may depend only on the parameter 6 > 0.

For pairs 1 < j # k < n, let xy; ) be independent Bernoulli random variables
such that

P{ogry =1} =Cuuy and Plagry =0} =1- (G-
As is implied by Theorem 5 of [BH10], the probability mass function of the random
vector X = (x{%k}) is constant on the integer points of P(D) and is equal to e H(2)
at each G € G(D).
Let us define

JS(X): Z x{j’k}.

{j,k}esS
Then
P{GGG(D): o5(G) < (1—e)as<z)}
P{X: os(X) < (1-€)os(z) and XeG(D)}

% X € G( )}

and, similarly,

P{GGG(D): o5(G) > (1—|—6)Us(z)}
P{X: os(X) > (1+¢)og(z) and XeG(D)}

{ XEG )}




Applying Theorem 1.4 and Parts (1) and (2) of Theorem 7.1, we get

P {X . Xe G(D)} — e HE\G((D)| > 0O,

On the other hand, standard large deviation inequalities for sums of bounded in-
dependent random variables (see, for example, Corollary 5.3 of [McD89]) imply
that

P{X: os(X) > (1-1—6)05(2)} < exp{-Q(n®n)}
and, similarly,
P{X: os(X) < (1—6)05(2)} < exp{-Q(nln’n)}
and the proof follows. O

11. COUNTING BIPARTITE GRAPHS

Here we list some modifications needed to establish the asymptotic formula
(2.5.4). We adhere to the notation of Section 2.5.

As in Corollary 3.3, we represent the number 0-1 matrices with row sums R =
(r1,...,7m) and column sums C' = (¢, ... ,¢,) as an integral. Let us define

Pl =exp 1 =i rgos —id et [T (1= Gt Gue@t)
J=1 k=1

1<j<m
1<k<n
for (s,t)=(01,... ,0m;T1,-+ ,Tn)
and let II C R™™™ be the parallelepiped
II :{(o‘l,... JOm Tl Tp)t  —T < 05, T <

for j=1,...,m; kzl,...,n}.

Let IIy C II be the facet of Il defined by the equation 7, = 0.

Since the constraints are not independent (the sum of all row sums is equal to
the sum of all column sums), we can drop one of the constraints and represent the
desired number |R, C| as an integral over Iy,

eH(Z)

W/ILI F(S,t) dS dt,

0

R, C| =

cf. Section 2 of [BH09a].
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Let U C II be the neighborhood of the origin,

Z/l:{(O’l,...,O’m;Tl,...,Tn)Z lojl, |7kl S%

for j=1,...,m; kzl,...,n}

and let Uy be the intersection of U with the hyperplane 7, = 0. We prove that the

integral
/ |F(s,t)| dsdt
o \Uo

is asymptotically negligible relative to the integral

(11.1) F(s, )| ds dt.
Uo

The proof is a modification of that of Theorem 8.1 (note that here we don’t have

another set W C II contributing large values of |F(s,t)|) and very similar to that

of Theorem 7.1 of [BH09a|. A different line of proof can be inferred from [BH09b].
Our next goal is to evaluate asymptotically as m,n — 400 the integral

(11.2) /u F(s,t) dsdt.

In particular, we need to show that (11.2) and (11.1) have about the same order of
magnitude. From (3.2), we can write the expansion

F(s,t) = exp{—q(s,t) + if(s,t) + h(s, 1)} (1 + o(1>) for (s,t) €U,

as m,n —» 400, where ¢, f and h are as defined by formulas (2.5.1) and (2.5.3)
respectively.

We note that q(s,t) is not strictly positive definite, since its kernel is spanned
by the vector u € R™*" defined by (2.5.2). However, the restriction of ¢ onto
any hyperplane L C R™™ which does not contain u is strictly positive definite and
allows us to define the Gaussian probability measure in L with density proportional
to e~ 9. It is easy to prove (see Lemma 3.1 of [BH09a]) that the expectation of any
polynomial in the sums o; + 73, does not depend on the choice of L. To evaluate
(11.2), we need to show that asymptotically

E exp{if + h} = exp{—%Ef2 —i—Eh} (1 +0(1)>,

if we choose the hyperplane L defined by the equation 7,, = 0. However, since the
expectation on the left hand side does not depend on the choice of the hyperplane
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L, we can choose L in such a way that

1
E7j7k|, [Eojor] = O (—) provided j #k
mn
1
(11.3) ‘EUka;| :O<—> for all 7,k and
mn
Eo}, E7} =O< ! ) for all 7, k.
m+n

As is shown in [BH09a] (see Theorem 3.2 there), to ensure (11.3), one has to choose
L defined by the equation

m n
E ajajzg BrTE, Where
j=1 k=1
n m

;=Y (Gr—Ch) and B =Y (Gr—Ch)-

k=1 j=1
The proof then proceeds as in Theorem 1.4.

12. PROOF OF THEOREM 2.1

In what follows, it is convenient to define the polytope P(D) C R() for positive,
not necessarily integer, sequences D = (dy,...,d,). Recall that P(D) consists of
the vectors (f{j’k}) for 1 < j # k < n such that

Zg{j,k}:dk for k':1,...,n
J: j#k

and
0 <&y <1 for 1<j#k<n.

We say that P(D) has a non-empty interior if there is a point y € P(D), y =
(n¢).ky), such that

0 < ngw <1 forall 1<j#k<n.

The following two lemmas are probably known in greater generality, but since
we are unable to provide a precise reference, we prove only the parts we need to
obtain Theorem 2.1.

(12.1) Lemma. Let D = (dy,...,d,) be a sequence of positive rational numbers
such that
dy >...>d,
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and the Erdos-Gallai conditions

k n

> di < k(k—1)+ > min{k,d} for k=1,....n

i=1 i=k—+1
are satisfied. Then the polytope P(D) is non-empty.
Proof. Let g be a positive integer such that qd; are even integer for i = 1,... ,n.
Clearly, P(D) is non-empty if and only if the dilated polytope ¢P(D) is non-empty.
By Theorem 6.3.5 of [BR91] there exists an n X n symmetric non-negative integer
matrix with zero trace, row/column sums qd;, . . . , ¢d,, and the entries not exceeding
q if and only if

n

k
qui < qk(k—1)+ Z min {qk,qd;} k=1,... ,n.
i=1 i=k+1

Hence if the Erd6s-Gallai conditions are satisfied, the polytope ¢P(D) is non-empty,
and hence the polytope P (D) is non-empty. O

Next, we prove a sufficient condition for the polytope P(D) to have a non-empty
interior.

(12.2) Lemma. Let D = (dy,... ,d

n) be a sequence of positive integers such that
di>...>d,

and the strict Erdds-Gallai conditions

n

k
Zdi < k(k—1)+ Z min{k,d;} for k=1,...,n
i=1 i=k+1

are satisfied. Then P(D) has a non-empty interior.

Proof. For a sufficiently small rational € > 0, let us define
di — (n — 1)6
di(e) = —————
(© 1—2¢
Clearly, d;(0) = d; and
d1(6> Z 2 dn(6>
For all sufficiently small € > 0 we have d;(¢) > 0 for i = 1,... ,n and the Erdés-
Gallai conditions of Lemma 12.1 are satisfied for d;(e¢). Therefore, by Lemma
12.1, the polytope P. = P (D) for D = (dy(e),...,d,(€)) is non-empty. Let
T = (§{j’k}), x € P, be a point. Then the point y = (n{ng}) defined by

Ny = (1 =26y +e forall 1<j#k<n
is the desired interior point in P (D). 0

Next, we prove that our conditions on the minimum and maximum degree ensure
that P(D) has a non-empty interior.
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(12.3) Lemma. Let us fix real numbers 0 < o < 3 < 1 such that
B < 2ya—a, or equivalently, (a+ )* < 4o

and let D = (dy, ... ,dy) be an integer sequence such that

d;
n—1

a < < B for i=1,...,n.

Then for

" max{a(lﬁ— By’ 4a4—(ﬁ<;f)ﬁ>2}“

the polytope P(D) has a non-empty interior.

Proof. Without loss of generality, we assume that

di > ...>d,.

Let us show that the strict Erdds-Gallai conditions

n

k
Zdi < k(k—1)+ Z min{k,d;} for k=1,...,n
i=1 i=k+1

are satisfied.
We consider three different cases for k.
Suppose that £ < a(n —1). Then

k
Zdi < kf(n—1) and min{k,d;} =k forall q.

i=1
Therefore,

k(k—1) + i min {k,d;} = k(k —1) + k(n — k) = k(n — 1)
i=k+1

and the strict Erdds-Gallai conditions are satisfied.
Suppose that £ > G(n — 1). Then

k
» di < kB(n—1) and min{k,d} =d; > a(n—1).
=1
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Ifk > pB(n—1)+1then k(k—1) > kB(n—1) and the strict Erdés-Gallai conditions
are satisfied. If S(n —1) <k < fB(n—1)+ 1 then

n

k(k—1)+ Y min{k,d;} > B(n—1)(k—1)+a(n—1)(n—k)
i=k+1

zﬁk(n—1)+(n—1)(a(n—’f)—5)
> ﬁk(n—1)+(n—1)(04(%—1)(1—5) _5>

and the strict Erd6s-Gallai conditions are satisfied provided

n > L—i—l.

~ a(l-p)
Finally, suppose that k = v(n — 1) for some o < v < 3. Then
k
Zdi < kB(n—1)=~6(n—-1)? and min{k d;} > aln—1).
i=1

Therefore,

k(k—1)+ Y min{k,d;} > ¥*(n—1)>—(y—a)(n—1)+ (1 —7)a(n— 1)
i=k+1

The minimum value of the function
y— 2+ (1—7)a—18
is attained at v = (o + (3)/2 and equal to

a—%>0

Therefore, the strict Erdos-Gallai conditions are satisfied, provided

4(8 — o)
4o — (a+ B)

2+1.

The proof now follows by Lemma 12.2. O
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(12.4) Proof of Theorem 2.1. By Lemma 12.3, the polytope P(D) contains a
point y = (U{j,k}) such that 0 < ng; . < 1 for all j,k. First, we show that the
maximum entropy matrix z lies in the interior of P(D), that is, 0 < (g;xy < 1 for
all 7, k.
We have
9 H(z)=In 15&
OE ).k} 3!
We note that the value of the derivative is +-00 at {;;13 = 0 (we consider the right
derivative there), is —oo at {;; 5} = 1 (we consider the left derivative there) and is
finite for 0 < £y 5y < 1. Therefore, if for the maximum point z and some j # k we
have (g; 1 € {0,1} then for 2 = (1 —€)z + ey for a sufficiently small € > 0, we have
zZ € P(D) and H (%) > H(z), which is a contradiction.
Since the maximum value of H is attained at an interior point of P(D), the
gradient of H at the maximum point is orthogonal to the affine span of P(D), that
is,

1—Crs
mM =\ + Ai,
Cliik)
or, equivalently,
1 .
for some real A1,...,\,. Without loss of generality, we assume that
(12.4.2) A1 < A < A, forall .

From the choice of € in Theorem 2.1, it follows that

(12.4.3) e < a and B < 2Va—e—a.
Our next goal is to show that

1
(12.4.4) An < 2In-.

€
Aiming for a contradiction, suppose that

1

Ap > 2In-—.

€

Then, necessarily,
A1 < Ine

since otherwise by (12.4.1) and (12.4.2) we have

1 1
C{],?’L} = 1 + e)\j+)\n S ]_ + e>\1+)\n
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and

Z C{j,n} < e(n — 1),
J: j#n
which by (12.4.3) contradicts the lower bound for d;.

Since A\; < Ine and A\, > —2Ine¢, we deduce from (12.4.1) that for 1 < 7 < n we
have

1 1

Cljny =1 fsvEsw < T o < e provided A; >0
(12.4.5) and
1 1 )
C{1,5} Tl renth > 7 on >1—¢ provided A; <0.
Denoting
1
T=C({1n} = TF ohatrn <1,

by (12.4.1) and (12.4.2) we obtain that for 1 < 7 < n we have

1 S 1
(12.4.6) and
1 1
C{j7n} = 1 + e)\j"‘)\n S 1 + e>\1+>\n =T

Let
}{1§j<n: )\J'SO}‘:'y(n—l) for some 0 <~ <1.

Combining (12.4.5) and (12.4.6), we obtain

Bn—1) >dy = Z C{lj}— Z C{1,j}+ Z C{l,j}

Jr j#1 J#L A3 <0 J#1: A >0
>1—e)y(n—1)+n—-1)(1—-~)7

and
aln=1) <dv= Y Cgm= D, Sum+ D, Cum
Jjr j#n Jj#n: A;>0 Jj#n: A;<0
e(l=7)(n—1)+ (n—1)yT.
Consequently,
B> 1—ey+(1—9)7 and a < €1—7)+~T.
Therefore,

B+e > v+ (1l—9)7 and a—€ < AT
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Since the function 24/ — z is increasing for 0 < x < 1, from (12.4.3) it follows that

Y+ A=) < 2T =7,

or, equivalently,

7;7 < VT

which is a contradiction.
The contradiction shows that (12.4.4) indeed holds. Then, by (12.4.2), we have

1
Aj < 2In— for j=1,...,n
€
We claim now that

(12.4.7) A > 3ne.

Indeed, if A\; < 31lne then by (12.4.1)

1 1
C{lyj} = 1 +e>\1+>\j > 1 "1‘6

> 1—¢ for j=1,...,n—1

and
Bln—1) > di= Y (uy >Mm-1)1-e),
J: J#n
which contradicts (12.4.3).
Summarizing, from (12.4.4) and (12.4.7), we obtain

4
€ 1 1 1
= < Cuky < < for all j # k
which completes the proof. ]
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