APPROXIMATING PERMANENTS AND HAFNIANS

ALEXANDER BARVINOK
December 2016

ABSTRACT. We prove that the logarithm of the permanent of an n X n real matrix
A and the logarithm of the hafnian of a 2n x 2n real symmetric matrix A can be
approximated within an additive error 1 > € > 0 by a polynomial p in the entries
of A of degree O(Inn — Ine) provided the entries a;; of A satisfy 6 < a;; < 1 for
an arbitrarily small § > 0, fixed in advance. Moreover, the polynomial p can be
computed in nO(nn—Ine) time We also improve bounds for approximating Inper A,
Inhaf A and logarithms of multi-dimensional permanents for complex matrices and
tensors A.

1. MAIN RESULTS: PERMANENTS

We discuss analytic methods of efficient approximation of permanents and hafni-
ans of real and complex matrices as well as of their multi-dimensional versions, ob-
jects of considerable interest in connection with problems in combinatorics [LP09],
[Mi78], quantum physics [AA13], [Kal6], [KK14] and computational complexity
[Va79], [J+04].

(1.1) Permanent. Let A = (a;;) be an n x n real or complex matrix. The
permanent of A is defined as

per A = Z Haw(i),

ceSy i=1

where S, is the symmetric group of permutations of the set {1,... ,n}. It is a #P-
hard problem to compute the permanent of a given 0-1 matrix A exactly [Va79],
although a fully polynomial randomized approximation scheme is constructed for
non-negative matrices [J+04]. The permanent of an n x n non-negative matrix A
can be approximated within a factor of e” in deterministic polynomial time [L+00)]
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and the factor was improved to 2" in [GS14] (with a conjectured improvement to
27/2). If one assumes that

(1.1.1) 0 < a;;j <1 forall i,j

and some 0 < § < 1 fixed in advance, then the polynomial algorithm of [L+00]
actually results in an approximation factor of n®"), where the implied constant in
the “O” notation depends on §, see also [BS11]. Apart from that, deterministic
polynomial time algorithms are known for special classes of matrices. For exam-
ple, in [GK10], for any € > 0, fixed in advance, a polynomial time algorithm is
constructed to approximate per A within a factor of (1 + €)™ if A is the adjacency
matrix of a constant degree expander. We also note that in [F404] a simple ran-
domized algorithm is shown to approximate per A within a subexponential in n
factor provided (1.1.1) holds with some 0 < § < 1, fixed in advance.

In this paper, we present a quasi-polynomial deterministic algorithm, which,
given an n X n matrix A = (a,;) satisfying (1.1.1) with some 0 < 6 < 1, fixed in
advance, and an € > 0 approximates per A within a relative error e in n@nn—Ine
time. The implied constant in the “O” notation depends on §.

More precisely, we prove the following result.

(1.2) Theorem. For any 0 < § < 1 there exists v = v(§) > 0 such that for any
positive integer n and any 0 < € < 1 there exists a polynomial p = py, 5. in the
entries a;; of an n x n matriz A such that degp <y (Inn —1Ine) and

Inper A —p(A)| <e
for all n x n real matrices A = (a;;) satisfying

0 < ay; <1 forall i,j.

We show that the polynomial p can be computed in quasi-polynomial time
nOUnn—Ine) where the implied constant in the “O” notation depends on § alone.

Our approach continues a line of work started in [Bal6] and continued in [Bal5],
[BS16] and [Rel5]. The main idea is to relate approximability of a polynomial with
its complex zeros. For a complex number z = a + ib, we denote by Rz = a and
Sz = b, the real and imaginary parts of z correspondingly. In what follows, we
always choose the standard branch of arcsin z, arccos z and arctanx for real x, so
that

T . T
—3 < arcsinz < 5 for —1 <z <1,
0 <arccosz < 7w for -1 < g <1 and
T T
—3 < arctanzr < 5 for xeR.

We deduce Theorem 1.2 from the following result.
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(1.3) Theorem. Let us fix a real 0 <n <1 and let
. (T
7= (1—n)sin (Z — arctann) > 0.

Let Z = (z;;) be an n x n complex matriz such that
1—Rzi| < n and |Szy| < 7 forall 1<i,5<n.

Then per Z # 0.

There is an interest in computing permanents of complex matrices [AA13],
[KK14], [Kal6]. Ryser’s algorithm, see for example Chapter 7 of [Mi78], com-
putes the permanent of an n X n matrix A over an arbitrary field exactly in O(n2")
time. Exact polynomial time algorithms are known for rather restricted classes of
matrices, such as matrices of a fixed rank [Ba96| or matrices for which the support
of non-zero entries is a graph of a fixed tree-width [CP16]. In [Fii00], a randomized
polynomial time algorithm is constructed which computes the permanent of a com-
plex matrix within a (properly defined) relative error ¢ > 0 in O (3”/ 26_2) time.
In [Gu05], a randomized algorithm is constructed which approximates per A for a
complex n x n matrix A within an additive error €||A||"™, where ||A|| is the operator
norm of A, in time polynomial in n and 1/e, see also [AA13] for an exposition.

In this paper, we prove the following results.

(1.4) Theorem. Let Z = (z;5) be an n x n complex matrix such that
1 —2z;] < 05 forall 1<i,j<n.

Then per Z # 0.

Since per Z # 0, we can choose a branch of Inper Z when the conditions of
Theorem 1.4 are satisfied (for convenience, we always choose the branch for which
Inper Z is real if Z is a real matrix). We deduce from Theorem 1.4 the following
approximation result.

(1.5) Theorem. For every 0 < n < 0.5 there exists a constant v = ~v(n) > 0
such that for every positive integer n and every real 0 < € < 1 there exists a
polynomial p = py, e in the entries of an n x n complex matriz A = (a;;) such that
degp <y (Inn —Ilne) and

lnper A —p(A)| < €
for n x n complex matrices A = (a;j) satisfying
1 —ai;| < n forall ij.
Moreover, the polynomial p can be computed in n@n"=1"€) time  where the

implied constant in the “O” notation depends on 7 alone.
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A version of Theorem 1.4 with a weaker bound of 0.195 instead of 0.5 and a
more complicated proof was obtained in [Bal6]. Theorem 1.5 is also implicit in
[Bal6]. We present its proof here since it serves as a stepping stone for the proof
of Theorem 1.2.

It is not known whether the bound 0.5 in Theorems 1.4 and 1.5 can be increased,
although one can show (see Section 4) that it cannot be increased to v/2/2 ~ 0.707.

Theorems 1.4 and 1.5 state, roughly, that the permanent behaves nicely as long
as the matrix is not too far in the ¢°°-distance from from the matrix J of all
1s. Applied to an arbitrary n x n positive matrix A, Theorem 1.5 implies that
per A can be approximated deterministically within a relative error 0 < ¢ < 1
in quasi-polynomial time n®(»"~1n€) a5 Jong as the entries of A are within some
multiplicative factor v < 3, fixed in advance, of each other.

Let A be an n X n complex matrix such that the ¢*°-distance from A to the
complex hypersurface of n x n matrices Z satisfying per Z = 0 is at least g > 0.
It follows from our proof that for any 0 < 6 < §p and any 0 < € < 1 there exists a
polynomial p4 in the entries of an n x n matrix such that |Inper B — p4(B)| < € for
any matrix B within distance § in the ¢*°-distance from A and degps = O(lnn —
Ine€), where the implied constant in the “O” notation depends only on § and dg.
However, for a general A # J, finding the polynomial p4 may be computationally
hard.

Theorems 1.2 and 1.3 are of a different nature: there we allow the entries a;;
to be arbitrarily close to 0 but insist that the imaginary part of a;; get smaller
as a;; approach 0. Theorem 1.2 implies that for a positive n X n matrix A, the
value per A can be approximated deterministically within a relative error 0 < e < 1
in quasi-polynomial time n@*"=1"€) a5 Jong as the entries of A are within some
multiplicative factor v > 1, arbitrarily large, but fixed in advance, of each other. It
follows from our proofs that a similar to Theorem 1.2 approximation result holds
for complex matrices A = (a;;) with 06 < Ra,;; <1 and |Sa;;| < 79 for some fixed
To = T 0(5) > 0.

So far, we approximated permanents of real or complex matrices that are close
to the matrix J of all 1s in the ¢°°-distance. Next, we consider matrices that are
close to J in the maximum ¢!-distance over all rows and columns.

(1.6) Theorem. Let o =~ 0.278 be the real solution of the equation cel™® = 1.
Let Z = (z;;) be an n x n complex matriz such that

and

Then per Z # 0.



Since per Z # 0, we can choose a branch of Inper Z when the conditions of
Theorem 1.6 are satisfied. We obtain the following result.

(1.7) Theorem. For every 0 < n < a/4, where a ~ 0.278 is the constant in
Theorem 1.6, there exists a constant v = v(n) > 0 such that for every positive
integer n and every real 0 < € < 1 there exists a polynomial p = py, p e in the entries
of an n x n matriz A = (a;;) such that degp < y(Inn —Ine) and

Inper A —p(A)| < €

for n x n complex matrices A = (a;;) satisfying
n
Z\l—aij\ < nn for i=1,...,n
j=1

and
n

Z\l—aij\ < mn for j=1,...,n.
i=1

Again, the polynomial p,, , . can be constructed in nOUnn—Ine) time where the
implied constant in the “O” notation depends on 7 only. Note that Theorem 1.7 is
applicable to 0-1 matrices having not too many (not more than 7%) zeros in every
row and column as well as to real matrices with some positive and some negative
entries. It is not known whether the bound in Theorems 1.6 and 1.7 are optimal.

2. MAIN RESULTS: HAFNIANS
Some of our results immediately extend from permanents to hafnians.

(2.1) Hafnian. Let A = (a;;) be a 2n X 2n symmetric real or complex matrix.
The hafnian of A is defined as

haf A = > iy gy = Qi i

{ilajl}v--- 7{in7jn}

where the sum is taken over (2n)!/2"n! unordered partitions of the set {1,...,2n}
into n pairwise disjoint unordered pairs {i1,j1},. .., {in, jn}, see for example, Sec-
tion 8.2 of [Mi78]. Just as the permanent of the biadjacency matrix of a bipartite
graph enumerates the perfect matchings in the graph, the hafnian of the adjacency
matrix of a graph enumerates the perfect matchings in the graph. In fact, for any

n X n matrix A we have
0 A
haf AT o ) =Pper A,

and hence computing the permanent of an n x n matrix reduces to computing the
hafnian of a symmetric 2n x 2n matrix.
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Computationally, the hafnian appears to be a more complicated object than
the permanent. No fully polynomial (randomized or deterministic) approximation
scheme is known to compute the hafnian of a non-negative symmetric matrix and
no deterministic polynomial time algorithm to approximate the hafnian of a 2n x2n
non-negative matrix within an exponential factor of ¢" for some absolute constant
¢ > 1 is known (though there is a randomized polynomial time algorithm achieving
such an approximation [Ba99], see also [R+16] for cases when the algorithm ap-
proximates within a subexponential factor). On the other hand, if the entries a;;
of the matrix A = (a;5) satisfy (1.1.1) for some ¢ > 0, fixed in advance, there is
a polynomial time algorithm approximating haf A within a factor of n®), where
the implied constant in the “O” notation depends on ¢ [BS11].

In this paper, we prove the following versions of Theorem 1.2 and 1.3.

(2.2) Theorem. For any 0 < 6 < 1 there exists v = () > 0 such that for any
positive integer n and any 0 < € < 1 there exists a polynomial p = py 5. in the
entries a;; of a 2n x 2n symmetric matriz A such that degp < y(Inn —Ine) and

Inhaf A — p(A)| <e
for all 2n x 2n real symmetric matrices A = (a;;) satisfying
0 < ay; <1 forall i,j.

The polynomial p,, s can be computed in pOUnn—Ine) time where the implied
constant in the “O” notation depends on ¢ alone. Consequently, we obtain a de-
terministic quasi-polynomial algorithm to approximate the hafnian of a positive
matrix A = (a;;) satisfying (1.1.1) within any given relative error e > 0.

As is the case with permanents, we deduce Theorem 2.2 from a result on the
complex zeros of the hafnian.

(2.3) Theorem. Let us fixr a real 0 <n <1 and and let
7 = (1—mn)sin (% - arctann) > 0.

Let Z = (z;;) be an 2n x 2n symmetric complex matriz such that
I1—Rzi| < n and |Szy| < 7 forall 1<i,5<n.
Then haf Z # 0.
We also obtain the following versions of Theorems 1.4 and 1.5.
(2.4) Theorem. Let Z = (z;;) be an 2n x 2n symmetric complex matriz such that
|1 — 2| < 05 forall i,j.
Then haf Z # 0.

As before, for matrices Z satisfying the condition of Theorem 2.4, we choose a
branch of Inhaf Z in such a way so that Inhaf Z is real if Z is a real matrix. We
obtain the following result.
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(2.5) Theorem. For any 0 < n < 0.5 there exists v = v(n) > 0 and for any
positive integer n and real 0 < € < 1 there ewists a polynomial p = pype in
the entries of 2n x 2n complexr symmetric matric A = (a;j) such that degp <

v(Inn —Ine€) and
Inhaf A — p(A)] < €

provided
1 —a;;| < n foral ij.

As before, the polynomial p,, , . can be computed in pOUnn—Ine) time where the
implied constant in the “O” notation depends on 7 alone.

Our approach can be extended to a variety of partition functions [Bal5|, [BS16].
In Section 3, we show how to extend it to multi-dimensional permanents of tensors.

3. MAIN RESULTS: MULTI-DIMENSIONAL PERMANENTS

(3.1) Multi-dimensional permanent. Let A = (a;,..;,) be a d-dimensional
n X ...x n array (tensor) filled with n? real or complex matrices. We define the
permanent of A by

PERA= Y []aios.cuw

02,...,00€S, 1=1

In particular, if d = 2 then A is an n X n matrix and PER A =per A. If d > 3 it
is an NP-complete problem to tell PER A from 0 if A is a tensor with 0-1 entries,
since the problem reduces to finding whether a given d-partite hypergraph has a
perfect matching.

We define a slice of A as the array of n?~! entries of A with one of the indices
i1,...,1iq fixed to a particular value and the remaining (d — 1) indices varying
arbitrarily. Hence A has altogether nd slices. If d = 2 and A is a matrix then a
slice is a row or a column.

We note that for d > 2 there are several different notions of the permanent of a
tensor, cf., for example, [LL14].

We obtain the following extension of Theorem 1.4.

(3.2) Theorem. For an integer d > 2, let us choose

_sin? (d—1)0
Ma = sin 5 cos ———

for some 0 = 04 > 0 such that (d —1)0 < 2w /3. Hence 0 < ng < 1 and we can
choose 12 = 0.5, 03 = v/6/9 ~ 0.272, ny ~ 0.184 and nq = Q (3).
Let Z = (2;,..4,) be a d-dimensional complex n x ... X n array such that

11—z i, < na forall iy...4q.
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Then PER Z # 0.

A version of Theorem 3.2 with weaker bounds 7y = 0.195, 3 = 0.125 and
n4 = 0.093 and a more complicated proof was obtained in [Bal6].

Since PER Z # 0, we can choose a branch of InPER Z when the conditions of
Theorem 3.2 are satisfied (as before, we choose the branch for which In PER Z is
real if Z is a real tensor). As a corollary, we obtain the following approximation
result.

(3.3) Theorem. For an integer d > 2, let us choose 0 < n < nq, where ng is the
constant in Theorem 3.2. Then there exists v = vy(d,n) > 0 and for every integer
n and real 0 < € < 1 there ezists a polynomial p = pgn.en in the entries of a d-
dimensional n X ...xn complex tensor A = (a;,..;,) such that degp < vy(Inn—Ine)
and

InPER A — p(A)] < e

provided
11 —ai i, < m forall 1<iy,... iq<n.

The polynomial pg . n can be computed in pOUnn=Ine) time where the implied
constant in the “O” notation depends only on d and 7.

While we were unable to obtain exact equivalents of Theorems 1.2 and 2.2,
our approach produces the following approximation result for multi-dimensional
permanents.

(3.4) Theorem. For an integer d > 2, let

B 0
Nd = tanh(d_ 0
sothatne =1, n3 =v2—1~0.414, ny = 2 — /3 ~ 0.268, etc.

For any 0 <n < ng there is a constant v = ~y(d,n) and for any positive integer n
and real 0 < € < 1 there is a polynomial p = pq y.en s the entries of a d-dimensional
n X --- x n tensor such that degp < y(Inn — Ine€) and

InPER A — p(A)| < e
for any d-dimensional n x ... x n real tensor A = (a;,...,) satisfying
< n foral 1<iy,...,iq<n.

‘1 - a/il...id|

Again, the polynomial pg ¢ n can be computed in pOUnn=Ine) time where the
implied constant in the “O” notation depends only on d and n. For example, for
nxnxn tensors A with positive real entries, we obtain a quasi-polynomial algorithm
to approximate PER A if the entries of A are within a factor v < v2+ 1 ~ 2.414
of each other. Note that Theorem 3.3 for n X n x n tensors A with positive real
entries guarantees the existences of a quasi-polynomial algorithm to approximate
PER A if the entries of A are within a factor of (1 ++/6/9)/(1 —1/6/9) ~ 1.748 of
each other.

As before, the proof is based on the absence of zeros of PER A in a particular
domain. Namely, we deduce Theorem 3.4 from the following result.
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(3.5) Theorem. For an integer d > 2, let ng be the constant of Theorem 3.4. Let
us fix a real 0 < n < ng and let

7= (1—n)sin (ﬁ - arctann) > 0.

Let Z = (z;,..4,) be a d-dimensional tensor of complex numbers such that
1 =Rz 4, < n and Sz, <7

forall1 <iq,...,iq <n.
Then PER Z # 0.

Finally, we obtain multi-dimensional versions of Theorems 1.6 and 1.7.

(3.6) Theorem. Let o ~ 0.278 be the real solution of the equation ae'™® = 1.
For an integer d > 2, let

Ozd_l(d _ 1)d—1
Na = qd :
Let Z = (zi,...i,) be a d-dimensional complex n X ... X n array such that the sum

of |1 — zi,..4,| over each slice of Z does not exceed ngn=1.

Then PER Z # 0.

In other words, PER Z # 0 if each slice of Z is sufficiently close to the array of
1s in the ¢!'-distance. While for each fixed d, the allowed distance is of the order of
n?=1, it decreases exponentially with d, unlike the allowed ¢/>°-distance in Theorem
3.2, which decreases as 1/d.

We obtain the following corollary.

(3.7) Theorem. For every integer d > 2 and every 0 < n < g, where ng is
the constant of Theorem 3.6, there exists a constant v = v(d,n) > 0 such that for
any positive integer n and real 0 < € < 1 there is a polynomial p = pg .y .en in the
entries of a d-dimensional n X ... x n tensor such that degp < v(Inn — Ine€) and

InPERA — p(A)| < e

for any d-dimensional n X ... x n tensor A = (a;,...,) for which the sum of

11— ai, .i,| over each slice of A does not exceed nm?=1.

Again, the polynomial pg ;. can be computed in pOUnn—Ine) time where the
implied constant in the “O” notation depends on d and 7 alone. Theorem 3.7 is
applicable to 0-1 tensors A, which contain a small (and exponentially decreasing
with d) fraction of Os in each slice.

In Section 4, we prove Theorems 1.4, 2.4 and 3.2.

In Section 5, we prove Theorems 1.3, 2.3 and 3.4.

In Section 6, we prove Theorems 1.6 and 3.6.

In Section 7, we prove Theorems 1.5, 1.7, 2.5, 3.3 and 3.7.

In Section 8, we prove Theorems 1.2, 2.2 and 3.4.

Finally, in Section 9, we discuss possible ramifications and open questions.
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4. PROOFS OF THEOREMS 1.4, 2.4 AND 3.2

We start with a simple geometric argument regarding angles between non-zero
complex numbers. We identify C = R2, thus identifying complex numbers with
vectors in the plane. We denote by (-, -) the standard inner product in R?, so that

(a,b) =R (ab) for a,beC

and by |- | the corresponding Euclidean norm (the modulus of a complex number).

(4.1) Lemma. Let 0 < 0 < 27w/3 be real and let uy,... ,u, € C be non-zero

complex numbers such that the angle between any two u; and u; does not exceed 8.
Let

U=UL + ...+ Up.

Then
(1) We have
0 n
lu| > (cos 5) Z |uj] .
j=1
(2) Let aq,...,ap and By,..., B, be complex numbers such that

1—a;] < n and [1-55] < n

for some
0
0 < n < cos=
2
and j =1,...,n. Let

n n
v = E aju;  and w = E Biu;.
i=1 =1

Then v # 0, w # 0 and the angle between v and w does not exceed

. n
2 arcsin ————.

cos(6/2)

Proof. Part (1) and its proof is due to Boris Bukh [Bul5]. If 0 is in the convex
hull of uq,...,u, then, by the Carathéodory Theorem, we conclude that 0 is in
the convex hull of some three vectors u;, u; and u; and hence the angle between
some two vectors u; and u; is at least 27/3, which is a contradiction. Therefore,
0 is not in the convex hull of uq,... ,u, and hence the vectors uq,...,u, lie in a
cone K C C of measure at most # with vertex at 0.
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Let us consider the orthogonal projection of each vector u; onto the bisector of
K. Then the length of the projection of u; is at least |u;|cos(f/2) and hence the
length of the orthogonal projection of u onto the bisector of K is at least

0 n
<cos 5) ; |uj].

Since the length of u is at least as large as the length of its orthogonal projection,
the proof of Part (1) follows.
To prove Part (2), we note that

n

v —u| = Z(aj—l)uj < nZ\uﬂ.
j=1

J=1

From Part (1), we conclude that |v — u| < |u|. Therefore, v = (v —u) + u # 0 and
the angle between v and u does not exceed

v =l
arcsin
Jul

Similarly, w = (w — u) + u # 0 and the angle between w and u does not exceed

_n
cos(0/2)

< arcsin

Jw — : U
arcsin < arcsin —————.

|ul cos(6/2)

Therefore, the angle between v and w does not exceed

. n
2 arcsin ————

cos(0/2)
and the proof of Part (2) follows. O

(4.2) Proof of Theorem 1.4. For a positive integer n, let U, be the set of n x n
complex matrices Z = (z;;) such that

(4.2.1) 11— 2] < 0.5 forall q,j.
We prove by induction on n the following statement:

For any Z € U,, we have per Z # 0 and, moreover, if A, B € U,, are two matrices
that differ in one row (or in one column) only then the angle between non-zero
complex numbers per A and per B does not exceed /2.

The statement obviously holds for n = 1. Assuming that the statement holds
for matrices in U, _1 with n > 2, let us consider two matrices A, B € U,, that
11



differ in one row or in one column only. Since the permanent of a matrix does not
change when the rows or columns of the matrix are permuted or when the matrix
is transposed, without loss of generality we assume that B is obtained from A by
replacing the entries a; of the first row by complex numbers by; for j =1,... ,n.
Let A; be the (n — 1) x (n — 1) matrix obtained from A by crossing out the first
row and the j-th column. Then

n n
(4.2.2) per A = Z ajjperA; and perB = Z by per A;.
j=1 j=1
We observe that A; € U,—; for j =1,...,n and, moreover, any two matrices A;,

and Aj, after a suitable permutation of columns differ in one column only. Hence
by the induction hypothesis, we have per A; # 0 for j = 1,...,n and the angle
between any two non-zero complex numbers per A;, and per A;, does not exceed
/2. Applying Part (2) of Lemma 4.1 with

Ozg, n=3 uj =perd;, oj=ay; and Bj=0by; for j=1,...,n,

we conclude that per A # 0, per B # 0 and the angle between non-zero complex
numbers per A and per B does not exceed

2 arcsin L = 2 arcsin Q T
cos(m/4) 2 2’

which concludes the induction step. [l
One can observe that n = 0.5 is the largest value of § for which the equation

. Ui
0=2 _

arcsin cos(0/2)
has a solution # < 27/3 and hence the induction in Section 4.2 can proceed. It is
not known whether the constant 0.5 in Theorem 1.4 can be increased. Since

1+i 1=
per A=0 where A= (132' 13) =0,
2 2

the value of 0.5 in Theorem 1.4 cannot be replaced by v/2/2 ~ 0.707. Moreover, as
Boris Bukh noticed [Bul5], we have

per (A® Jp,) =0,

where A is a matrix as above, m is odd and .J,, is an m X m matrix filled with 1s.
12



(4.3) Proof of Theorem 2.4. The proof is very similar to that of Section 4.2. For
a positive integer n, we define U,, as the set of 2n x 2n symmetric complex matrices
Z = (z;;) satisfying (4.2.1) and prove by induction on n that for any Z € U,, we
have haf Z # 0 and if A, B € U,, are two matrices that differ only in the k-th row
and in the k-th column for some unique k then the angle between non-zero complex
numbers haf A and haf B does not exceed /2.

The statement obviously holds for n = 1. Suppose that n > 1. Since the
hafnian of the matrix does not change under a simultaneous permutation of rows
and columns, without loss of generality we may assume that A and B differ in the
first row and first column only. Instead of the Laplace expansion (4.2.2), we use
the recurrence

2n 2n
(4.3.1) hat A = Zalj haf A; and hafB = Zblj haf A
=2 j=2

where A; is the (2n — 2) x (2n — 2) matrix obtained from A by crossing out the
first row and the first column and the j-th row and the j-th column. We observe
that, up to a simultaneous permutation of rows and columns, any two matrices A;,
and Aj, differ only in the k-th row and k-th column for some k£ and the induction
proceeds as in Section 4.2. O

(4.4) Proof of Theorem 3.2. By and large, the proof proceeds as in Section
4.2. For a positive integer n, we define U,, as the set of n x ... x n complex arrays
Z = (z,..i,) such that

11—z 4yl < mag forall dp,...,iq.

We prove by induction on n the following statement:

For any Z € U,, we have PER Z # 0 and, moreover, if A, B € U,, are two tensors

that differ in one slice only, then the angle between non-zero complex numbers
PER A and PER B does not exceed 6.

If n =1 then the angle between PER A and PER B does not exceed
0
2arcsinng < 2arcsin (Sin 5) =0

and the statement holds. Assuming that n > 2, let us consider two tensors A, B €
U,, that differ in one slice only. Without loss of generality, we assume that B is
obtained from A by replacing the “top slice” numbers ay;,.. ;, with numbers by;,. ;.
We use a d-dimensional version of the Laplace expansion:

PERA= Y  ay,.;, PERA and

1§i2,... ,idgn
PER B = Z bii,..i PER A4, 4

1<is,...ig<n
13

io...1q

(4.4.1)
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where A;, ;, isthe (n—1)x...x(n—1) tensor obtained from A by crossing out the
d slices obtained by fixing the first index to 1, the second index to s, ..., the last
index to 74. It remains to notice that any two tensors A4;, ;, and Ai’Z...i’d differ in at
most d — 1 slices, and hence by the induction hypothesis we have PER A4;, ;, # 0,
PER Aié...i; # 0 and the angle between the two non-zero complex numbers does
not exceed (d—1)6. Applying Part (2) of Lemma 4.1, we conclude that PER A # 0,
PER B # 0 and the angle between non-zero complex numbers PER A and PER B
does not exceed

2 arcsin S N 0,

d—1)0
COS (%)

which completes the induction. O

5. PROOFS OF THEOREMS 1.3, 2.3 AND 3.5
As in Section 4, we start with a simple geometric lemma.

(5.1) Lemma. Let uq,...,u, € C be non-zero complexr numbers such that the
angle between any two u; and u; does not exceed m/2. Let

n n
v = E aju;  and w = E Biu;
=1 i=1

for some complex numbers aq, ... ,a, and B1,..., Bn.
(1) Suppose that aq, ..., a, are non-negative real and that B1,... B, are real
such that
1B < a; for j=1,...,n

Then |w| < |v|.
(2) Suppose that ay, ..., o, and By, ..., By are real such that

l—a;l <n and 1= <n for j=1,....n

for some 0 < np < 1. Then v # 0, w # 0 and the angle between v and w
does not exceed 2 arctanm.
(3) Suppose that
1-Ra;| < m, [1-RB| < n and
Sa;| <7, (S <7 for j=1,...,n

for some 0 <n <1 and some0 <7 <1—mn. Then v # 0, w # 0 and the
angle between v and w does not exceed

2 arctann + 2 arcsin T .
L=n

14



Proof. Since
(uj,u;) > 0 forall 4,j,

in Part (1) we obtain

=Y BiBilunw) <) oy, ug) = |vf?

1<i,j<n 1<i,j<n

and the proof of Part (1) follows.
To prove Part (2), let

n

v+tw " (o + B v—w aj — B

J=1

so that
v=u-+x and w=u—z.

For j =1,... ,n, we have

(e + B;)—(a; — Bj) = Bi(1+n)—a;(1-n) = (1-n)(1+n)—(1+n)(1-n) > 0,
from which it follows that

aj — Bj

5 <U(M) for j=1,...,n

- 2

and hence by Part (1) we have
|z < nlul.

It follows that v # 0, w # 0 and that the angle between v and w is

(v, w)
arccos ——-.

|v]fw]

We have
(v,w) = (u+z,u—x) = |[u* —|z|* > 0
and
o + wf? = {u+ z,u+ @) + (u— z,u — @) = 2Juf” + 22|,
so that
ollw] < Jul® + |2

with the equality attained when |v|? = |w|? = |u|? + |z|? and z is orthogonal to w.

Hence for given |u| and |x| the largest angle of

Juf® — |
ul? + |22
15
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between v and w is attained when z is orthogonal to u and is equal to

2 arctan % < 2arctanmn,
U

which completes the proof of Part (2).
To prove Part (3), let

n n n

V=) (Raj)uy, =D (Sep)uy, w' =) (RB;)u,
i=1 i=1 i=1
and w”:Z(Sﬁj)uj.
j=1

By Part (2), v # 0, w’ # 0 and the angle between v’ and w’ does not exceed
6 = 2 arctann. Since

Ra;, RB; > 1—n and [S65], ISP < 7 for j=1,...,n,

from Part (1), we conclude that

-
= 1o

T

']
—1

[0

[v'| and |w”| <

Since 0 < 7 < 1—7n, we have v = v + " # 0, w = w' 4+ iw” # 0 and the angle
between v and v’ and the angle between w and w’ do not exceed

w = arcsin .
-n
Therefore the angle between v and w does not exceed 6 4 2w and the proof of Part

(3) follows. O

(5.2) Proof of Theorem 1.3. For a positive integer n, let U,, be the set of n x n
complex matrices Z = (z;;) such that

(5.2.1) 1-Rz;| < n and |Jzy| < 7 forall 4,7
We prove by induction on n the following statement:

For any Z € U,, we have per Z # 0 and, moreover, if A, B € U,, are two matrices
that differ in one row (or in one column) only, then the angle between non-zero
complex numbers per A and per B does not exceed /2.

Since 7 < 1 — 7, the statement holds for n = 1. Assuming that the statement
holds for matrices in U,,_1 with n > 2, let us consider two matrices A, B € U,, that
16



differ in one row or in one column only. As in Section 4.2, without loss of generality
we assume that B is obtained from A by replacing the entries a; of the first row
by complex numbers by; for j =1,... ,n. Let A; be the (n — 1) X (n — 1) matrix
obtained from A by crossing out the first row and the j-th column. We observe
that A; € U,—, for j = 1,...,n and, moreover, any two matrices A; and Aj,
after a suitable permutation of columns differ in one column only. Hence by the
induction hypothesis, we have per A; # 0 for j = 1,...,n and the angle between
any two non-zero complex numbers per A;, and per A;, does not exceed 7/2. Using
the Laplace expansion (4.2.2) and applying Part (3) of Lemma 5.1 with

uj =perd;, oj=ay; and Bj=0by; for j=1,...,n,

we conclude that per A # 0, per B # 0 and that the angle between non-zero complex
numbers per A and per B does not exceed

)

r
2 arctann + 2 arcsin 1

.7
_77_2

which completes the induction. O

(5.3) Proof of Theorem 2.3. The proof is very similar to that of Section 5.2. For
a positive integer n, we define U,, as the set of 2n x 2n symmetric complex matrices
Z = (z;;) satisfying (5.2.1) and prove by induction on n that for any Z € U,, we
have haf Z # 0 and if A, B € U,, are two matrices that differ only in the k-th row
and in the k-th column for some unique k then the angle between non-zero complex
numbers haf A and haf B does not exceed /2.

Since 7 < 1 — n, the statement holds for n = 1. Suppose that n > 1. As in
Section 4.3, without loss of generality we assume that A and B differ in the first
row and column only. Let A; be the (2n — 2) x (2n — 2) matrix obtained from A
by crossing out the first row and the first column and the j-th row and the j-th
column. As in Section 4.3, we observe that, up to a simultaneous permutation of
rows and columns (which does not change the hafnian), any two matrices A;, and
A;, differ only in the k-th row and k-th column for some k. Using the expansion
(4.3.1), we complete the induction as in Section 5.2. O

(5.4) Proof of Theorem 3.5. By and large, the proof proceeds as in Section
5.2. For a positive integer n, we define U,, as the set of n X ... x n complex arrays
Z = (zi,...i,) such that

1 —Rzy 4y < m and [Szy. 4,0 < 7
for all 1 <iq,...,iq < n. We prove by induction on n the following statement:

For any Z € U,, we have PER Z # 0 and, moreover, if A, B € U,, are two tensors
that differ in one slice only, then the angle between non-zero complex numbers

PER A and PER B does not exceed 2(%1)'

17



Since 7 < 1 — 7, the statement holds for n = 1. Assuming that n > 2, let us
consider two tensors A, B € U, that differ in one slice only. As in Section 4.4,
we assume that B is obtained from A by replacing the top slice numbers ay;,. .,
with numbers by;, ;, and define the (n — 1) x ... x (n — 1) tensor A;, ;, as the
tensor obtained from A by crossing out the d slices obtained by fixing the first
index to 1, the second index to is, ..., the last index to i74q. As in Section 4.4,
any two tensors A;, ;, and Ai;...z‘g differ in at most d — 1 slices, and hence by
the induction hypothesis we have PER A;, ;, # 0, PER Az"z...z‘jj # 0 and the angle
between the two non-zero complex numbers does not exceed 7/2. Using the d-
dimensional version (4.4.1) of the Laplace expansion and Part (3) of Lemma 5.1,
we conclude that PER A # 0, PER B # 0 and the angle between non-zero complex
numbers PER A and PER B does not exceed

2aur(:tabn17-|—2arcsin1i77 = 2d—1)

which completes the induction. 0

6. PROOFS OF THEOREMS 1.6 AND 3.6

Since Theorem 1.6 is a particular case of Theorem 3.6 for d = 2, we prove the
latter theorem. We use a combinatorial interpretation of the multi-dimensional
permanent in terms of matchings in a hypergraph.

(6.1) The matching polynomial of a hypergraph. Let us fix an integer d > 2.
Let V be a finite set and let £ C (‘g) be a family of d-subsets of V. The pair
H = (V, E) is called a d-hypergraph with set V' of vertices and set E of edges. An
unordered set eq, ..., e, of pairwise disjoint edges of H is called a matching (we
agree that the empty set of edges is a matching). Given a map w : E — C that
assigns complex weights w(e) to the edges e € E of H, we define the weight of a
matching eq, ... ,e; as the the product w(ey)---w(er) of weights of the edges of
the matching. We agree that the weight of the empty matching is 1. We define the
matching polynomial as the sum of weights of all matchings (including the empty
one) in H:

Py(w)y= > wler)--wlex).

€1,...,€k
is a matching

(6.2) Lemma. Let H = (V, E) be a d-hypergraph and let w: E — C be complex
weights on its edges. Suppose that

_1)d—1
Z|w(e)| < % forall veV.
eUEGFé:

Then Pg(w) # 0.
18



Proof. For a set S C V of vertices, we denote by H — S the hypergraph with set
V'\ S of vertices and set E/ C E of edges that do not contain vertices from S.
Abusing notation, we denote the restriction of weights w : E — C onto E’ also
by w. We prove by induction on the number |V| of vertices that Py (w) # 0 and,
moreover, for every vertex v € V' we have

PH—{’U}(w) < 1
PH(U}) — d-1

(6.2.1) ‘1 -

If |V| < d then H has no edges and hence Py(w) = Py_,(w) = 1. Suppose now
that |V| > d. We observe the following recurrence:

(6.2.2) Py (w) = Py _ vy (w Z e)Prr—c(

ecE:
vee

where the Py _,)(w) accounts for the matchings in H not containing v and the
sum accounts for the matchings of H containing v. By the induction hypothesis,
Pr_{vy(w) # 0, so we rewrite (6.2.2) as

Py(w) Py (w)
(6.2.3) 7PHiv}(w) =1+ ; w(e)iPH{{v}(w)'

If there are no edges e containing v then Pg(w) = Py_{,)(w) and (6.2.1) follows.
Otherwise, let e = {v,v9,... ,u4} be an edge containing v. Telescoping, we obtain

PH—e<w) _ PH—e(w) PH—{v,vz,... ,vd_1}(w) L PH—{v,vg}(w>
PH—{’U}(w) PH—{v,vg... ,vd_1}<w) PH—{v,vz... ,vd_g}(w) PH—{’U}(w)

(6.2.4)

By the induction hypothesis, each ratio in the right hand side of (6.2.4) does not
exceed d/(d — 1) in the absolute value, and hence

et (2"
PH_{U}(U)) o d—1
Therefore, from (6.2.3) we obtain

(6.2.5) '1_%' < -y (dd >d_1:1

from which it follows that Py (w) # 0. Denoting

” = PH—{’U}(w>
Py (w)
19




from (6.2.5) we have a chain of implications

1 1 z—1 1 z
1——] < = < = > d
' z| — d z — d z—l' -
1 1
>d—-1 = |1—-2 £ —
z—l‘ = 1=zls 95
proving (6.2.1). O

The bound of Lemma 6.2 and to some extent its proof agrees with those of
[HL72] for the roots of the matching polynomial of a graph.
Next, we need a weaker version on an estimate from [Wa03].

(6.3) Lemma. Let a =~ 0.278 be the constant of Theorem 3.6, so that ae'™® = 1.
For a positive integer n, let
nok
z
Pa(2) =D 7
k=0

Then
pn(2) #0  provided |z|] < an.

Proof. We observe that if |z| < « then

}zel_z} <zt < 1

and hence
o0 (@)
_ (nz)* _o\n nkzk—n
[1—e " pa(n2)| =] ) K| (2e'75) e > k!
k=n+1 k=n+1
ok
n
—n
S (& Z ﬁ < ].,
k=n+1

so that p,(nz) # 0. O

Finally, we need a theorem of Szeg6, see for example, Chapter IV of [Ma66] and
also [BB09] for generalizations.

(6.4) Theorem. Let

flz) = Zakzk and g¢(z) = Zbkzk
k=0 k=0

be complex polynomials. We define the Schur product h = f % g by

akbk
(x)
Suppose that f(z) # 0 whenever |z| < ry; and g(z) # 0 whenever |z| < ro for some

1,19 > 0.
Then h(z) # 0 whenever |z| < ryrs.

h(z) = Z ez where ¢ = for kE=0,...,n.
k=0

20



(6.5) Proof of Theorem 3.6. Let H be the complete d-partite hypergraph with
set V' of nd vertices, split into d parts and vertices in each part numbered 1 through
n. Each edge of H consist of exactly one vertex from each part and we let the weight
of edge (i1,...,iq) equal to w;, 4, = 2i,..i, — 1. For k=1,... ,n, let Wy be the
total weight of all matchings in H consisting of exactly k edges. We write

PER Z = Z H Zioo(i)...oq(i) = Z H (1 + wiaz(i)mad(i))

02,... ,04€ESy 1=1 02,... ,04€ESy 1=1
n
= § 1+ § E Wiy oy (ir)eoq(in) * Wipos(in)...oq(in)
09,... ,04ESH k=11<1<...<1p:<n

-y ((n— k)N Wy
k=0

Let us define a univariate polynomial
n
k=0

Then f(z) is the value of the matching polynomial Py on the scaled weights zw;, _;
and from Lemma 6.2 we conclude that

d

(6.5.1) f(z) #0 provided |z] < an) T

Let p,, be the polynomial of Lemma 6.3. Applying Lemma 6.3 and Theorem 6.4 to
the Schur product h = f *p, *x---xp, of f and d — 1 polynomials p,,, we conclude
from (6.5.1) that

d—1 n
h(z) = ( L ) Z((n — kN4 IW, 2R £ 0 provided  |z] < 1.

n!
k=0

In particular, (1) # 0 and hence PER Z # 0. O

7. PROOFS OF THEOREMS 1.5, 1.7, 2.5, 3.3 AND 3.7

We need the following simple result first obtained in [Bal6]. For completeness,
we give its proof here.

(7.1) Lemma. Let g : C — C be a polynomial and let 5 > 1 be real such that
g(z) # 0 for all |z| < 5. Let us choose a branch of

f(z) =Ing(z) for |z[<f
21



and let
- f(m(0>zk

L) = J0)+ > 5

k=1

be the Taylor polynomial of f(z) of degree m computed at z = 0. Then

degyg
(m+1)gm(B—1)

If(1) = Tn(1)] <

Proof. Without loss of generality, we assume that n = degg > 0. Let z1,... ,2, € C
be the roots of g, each root is listed with its multiplicity. Hence we can write

9(2’):9(0>H<1—i> where |z;| > 8 for j=1,...,n
j=1

Zj

and

f(z):f(O)—l—zn:ln(l—;) for all |z| < 1.
j=1 J

Using the Taylor series expansion for the logarithm, we obtain

1 T
n(1—-—)=-Y — +¢
2(1-2) =S 6

k=1 "7
where
S| 1 1 1
G- X 5 < 7,5 5 = memeey
Since o
Tal) = J0) = 23
j=1k=1""J
the proof follows. O

It follows from Lemma 7.1 that as long as the roots of a polynomial g(z) stay at
distance at least 8 away from 0 for some fixed 5 > 1, then to approximate In g(1)
within an additive error €, we can use the Taylor polynomial of f(z) = Ing(z) at
z = 0 of degree m = O(Ilndegg — Ine€), where the implied constant in the “O”
notation depends on [ only.
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(7.2) Computing the derivatives. As is discussed in [Bal6], the computation
of the first m derivatives f(1)(0),..., f(™)(0) of f(2) = Ing(z) reduces to the com-
putation of the first m derivatives gt (0),..., g™ (0) of g. Indeed,

(1)
fV(z) = gg ,:/S ) and hence ¢ (2) = fM(2)g(2).
Therefore,
9(2) =P (2)9(2) + FV (2)9M(2),
90 (2) =P (2)g(2) + 2P (2)gM (2) + PV (2)9P)(2)
and
k—1
(721) @0 =3 (“7 )00
5=0

where ¢(®)(0) = ¢(0) # 0. Writing equations (7.2.1) for k = 1,... ,m we obtain a
non-singular triangular system of linear equations in f*)(0) with numbers g(0) # 0

on the diagonal from which the values of £((0),..., f(™(0) can be computed in
O(m?) time from the values of g(0), g™ (0),..., ¢ (0). Thus

_900) oy 2 92O = 1V _ g®(0) (g<1>(o)2) 2

() : =
9(0) 9(0) 90 (4(0)
199 920 =2/ (0)g1(0) = 7V ()9 (0)
9(0)
_g9(0) 32090 0) | 2(97(0)°
90 T 0)? 4O

and, generally, f*)(0) is a linear combination of expressions of the type

gk (0) - - - gk=) (0)
(9(0))7

with integer coefficients.
Note that computing f*)(0) from ¢(*)(0) is akin to computing cumulants of a
distribution from its moments.

(7.3) Proof of Theorem 1.5. Let J = J,, be the n x n matrix filled with 1s and
let A= (a;;) be an n x n complex matrix satisfying the conditions of the theorem.
We define a univariate polynomial

where ki +...+ks=k and p>1

g(z) =per(J+z(A—J)) for ze€C.
23



so that deg g < n,
g(0) =perJ =n! and g¢g(1)= perA.

Moreover, by Theorem 1.4 we have

g(z) #0 provided |z] < where (= 0-5 > 1.
n

Let us choose the branch of

f(z) =Ing(z) for |z|<p
so that f(0) is real and let

k=1

be the Taylor polynomial of degree m computed at z = 0. It follows from Lemma
7.1 that for some constant v = v(n) > 0 and integer m < y(Inn — In€) we have

[Inper A — T (1)] = [£(1) = Tu(1)] < e

It remains to show that 75, (1) is a polynomial p in the entries a;; of the matrix
A of degree at most m. In view of Section 7.2 and the fact that g(0) = n!, it suffices
to check that ¢(®)(0) is a polynomial in the entries a;; of the matrix A of degree at
most &k which can be computed in n®*) time, where the implied constant in the
“O” notation is absolute. We have

o) = S TT 0+ (g~ 1)

ceS, i=1

and hence for k > 1

g(k)<0) = Z Z (aila(il) B 1) Y (aikd(ik) B 1) )

0E€Sn (i1,.- ,ik)

where the last sum is taken over all ordered sets (i1, ... ,ix) of distinct numbers
between 1 and n. By symmetry, we can further write

g(k)<0) = (n - k)' Z (ai1j1 - 1) T (aikjk - 1) )
(21,50 4ik)

(J1s---»JK)

where the last sum is taken over all (n!/(n — k)!)2 < n2F pairs of ordered sets

(i1,... i) and (j1,...,jk) of distinct numbers between 1 and n. O
It follows that the polynomial p of Theorem 1.5 can be computed in time
nOnn—Ine) where the implied constant in the “O” notation depends on 7 alone.
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(7.4) Proof of Theorem 2.5. The proof is very similar to that of Section 7.3.
Let J = Ja, be the 2n x 2n matrix filled with 1s and let A = (a;;) be a 2n X
2n symmetric complex matrix satisfying the conditions of theorem. We define a
univariate polynomial

g(z) =haf(J+2(A—J)) for ze€C,
so that deg g < n,

|
g(0) =haf J = (2n) and ¢(1) = haf A.

2nn!
Moreover, by Theorem 2.4, we have

g(z) #0 provided |z] < where (= % > 1.

We write

9(z) = > (1+z(ai; — 1)1+ 2(ai,j;, — 1)),
{i1,71},- s {in,dn}

where the sum is taken over all (2n)!/2™n! unordered partitions of the set

{1,2,...,2n} into n pairwise disjoint unordered pairs {i1,j1},...,{in,jn}. Hence
for £ > 0 we have
k!(2n — 2k)!
g(k)(o) = 2(”_k)(n — k?)! Z (ai1j1 - 1) T (aikjk - 1) )
{ilv.jl}v"' 7{Zk7.]k}

where the sum is taken over all unordered collections {i1, j1},. .., {ix, jx} of pair-
wise disjoint unordered pairs.

The proof then proceeds as in Section 7.3. O

It follows that the polynomial p of Theorem 2.5 can be computed in time
nOUnn—Ine) "where the implied constant in the “O” notation depends on 7 alone.

(7.5) Proof of Theorem 3.3. Let J = J, 4 be the d-dimensional n x...xn tensor
filled with 1s and let A be the tensor satisfying the conditions of the theorem. We
introduce a univariate polynomial

(7.5.1) g(z) = PER(J + z(A - J)),

so that
g(0) =PERJ = (n))*! and g¢(1) = PERA.

Moreover, by Theorem 3.2,

g(2) #0 provided |z| < B where (= % > 1.
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We write

9= > IO+ (6. 0uw —1)

09,...,04€S, 1=1
so that
g(0) = PERJ = (n!)*!
and for k > 0,
g(k)(o) — Z Z (ailaz(il)...ad(il) - 1) e (aikaz(ik)...ad(ik) - 1) bl
g2,... ,adGSn (il,... ,ik)
where the last sum is taken over all ordered k-tuples (i1, ... i) of distinct indices

1 <14; <n. By symmetry we can write
d—1
g™ (0) = ((n—k)!
X Z (ai11i12---i1d - 1) (ai21i22---i2d - 1) e (aiklikz---ikd - 1) )

(f11,---0%1)
(112, yik2

where the last sum is taken over all (n!/(n — k)!)% < n*? collections of d ordered
k-tuples (i1,...,1;) for j =1,...,d of distinct indices 1 < 4y;,...,ix; < n. The
proof then proceeds as in Section 7.3. O

The polynomial p can be computed in n@"7=10¢) time where the implied con-
stant in the “O” notation depends on 7 and d only.

(7.6) Proof of Theorems 1.7 and 3.7. As Theorem 1.7 is a particular case of
Theorem 3.7, we prove the latter theorem only. As in Section 7.5, we define the
univariate polynomial (7.5.1). By Theorem 3.6, we have

g(z) #0 provided |z|] < B where B:% > 1,

and the proof follows as in Section 7.5. O

8. PROOFS OF THEOREMS 1.2, 2.2 AND 3.4

Lemma 7.1 allows us to approximate the value of In g(1) by a low degree Taylor
polynomial of Ing(z) at z = 0 provided the polynomial g(z) does not have zeros in
a disc of radius 8 > 1 centered at z = 0. In view of Theorems 1.3, 2.3 and 3.5, we
would like to construct a similar approximation under a weaker assumption that
g(z) # 0 for z in some neighborhood of the interval [0, 1] in the complex plane. To
achieve that, we first construct a polynomial ¢ such that ¢(0) = 0, ¢(1) = 1 and
such that ¢ maps the disc |z| < S for some 5 > 1 inside the neighborhood. We
then apply Lemma 7.1 to the composition g(¢(z)). The following lemma provides
an explicit construction of such a polynomial ¢.
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(8.1) Lemma. For0 < p <1, let us define

P
a=a(p)=1-¢F, B=Bp)=——"" > 1,
1—e»
1 1 N a™

N:N(p):{(l—i—;)eHFJ > 14, aza(p):mZ:lE and

1 & m
8(:) =6,(2) = = 3 L

m=1

Then ¢(z) is a polynomial of degree N such that ¢(0) =0, ¢(1) =1,

—p < RPp(z) < 14+2p and [S¢P(2)] < 2p provided |z| < B.

Proof. Clearly, ¢(z) is a polynomial of degree N such that ¢(0) = 0 and ¢(1) = 1.
It remains to prove that ¢ maps the disc |z| < 8 into the strip —p < Rz < 1+ 2p,
1S 2| < 2p.

We consider the function

1
Fy(z) =pln 1 for |z| < 1.

Since

1 1
—_— — if 1
9‘%1_2 > 5 it |z] <1,

the function F),(z) is well-defined by the choice of a branch of the logarithm, which
we choose so that
F,(0)=plnl=0.

Then for |z| < 1 we have

(8.1.1) IS F,(2)] < % and RF,(z) > —pln2.
In addition,

(8.1.2) Fy(@)=1 and RF,(z) < 14p provided |z/<1—e 75,

Let .
Zm
m=1
Then
1 > »m |Z|n—|—1 )
1 p, = — ded <L
n— (2) m;ﬂ CESEE) provided |z]




Therefore, for |z| < 3, we have

aB)N+1
|F,(az) — pPn(az)| < p(N _(|_ 15))(1 —af)

(8.1.3) _ 4 (1 _6_1_l>N+1 61+%

- P

< _ <2

=N+l ~ 15

Combining (8.1.1) — (8.1.3), we conclude that for |z| < 5 we have

(8.1.4) |SpPn(az)] < 1.64p and —0.76p < RpPy(az) < 1+ 1.07p.

Substituting z = 1 in (8.1.3) and using (8.1.2), we conclude that

(8.1.5) 11— pPy(a)| < 1—’;.
We have P P
o(z) = T(@2) _ pPy(a2)

Py(a)  pPy(a)’
where pPp(«) is positive real, which by (8.1.5) satisfies

p
P, > 1 - —.
pPn(a) > 15

Since

p)‘l . [15 2p
1—-— < —, 14+ — f <p<l
( < m1n{14, -|-15 or 0<p<,

from (8.1.4) we conclude that
ISo(2)] < 2p and —p < Reo(z) < 14+2p provided |z] <pB.

O

(8.2) Proof of Theorem 1.2. Let A = (a;;) be an n X n real matrix satisfying
the conditions of the theorem and let J = J,, be the n x n matrix filled with 1s. As
in Section 7.3, we define a univariate polynomial

r(z) = per(J +z(A—J)) for zeC.
Suppose that

(8.2.1) —& < Rz < 1+4¢ and [Sz] < ¢
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for some £ > 0 and ( > 0. Then the entries b;; of the matrix B = J + 2(4 — J)
satisfy
1-Rby| < (1+€)(1—06) and [Sby| < ¢(1-0).
We choose £ = £(6) > 0 such that
n=01+§(1-0) <1
and then choose ¢ = ((§) > 0 such that

((1-96) < (1 —mn)sin (% — arctann) .

By Theorem 1.3, we have r(z) # 0 for z satisfying (8.2.1).
Using Lemma 8.1, we construct a univariate polynomial ¢ of some degree N =
N (§) such that ¢(0) = 0, ¢(1) = 1 and ¢ maps the disc {z : |z] < B} inside the
strip (8.2.1), where 8 = 5(J) > 1. Let
g(z) =r(p(z)) for zeC.
Then g(z) is a univariate polynomial such that degg < Nn,
g(0) =7r(0) =perJ =n! and g(1)=r(1) = per A.
Besides,
g(z) #0 provided |z| < B.
Let us define
f(z) =Ing(z) for [z] <5,
where we chose the branch of the logarithm such that f(0) = Inn!is real. Let T, (2)
be the Taylor polynomial of f(z) of degree m computed at z = 0. By Lemma 7.1,
we have
T(1) = F(1)] = [T (1) — Inper 4] < e,
for some m < y(Inn —Ine€) where v = v(d) > 0 is a constant depending on § alone.
It remains to show that T),(1) is a polynomial in the entries of A of degree not
exceeding m.
For a univariate polynomial p(z), let p,,) be the polynomial obtained from p by

discarding all monomials of degree higher than m. Since ¢(0) = 0, the constant
term of of ¢ is 0 and therefore

Gim) = (1(0)) ) = (1) (D)) -

In words: to compute the polynomial g, obtained from g by discarding the mono-
mials of degree higher than m, it suffices to compute the polynomials 7,,; and @,
obtained from r and ¢ respectively by discarding the monomials of degree higher
than m, and then discard the monomials of degree higher than m in the composition
Tim) (Ppm))-

From Section 7.3, it follows that (*)(0) is a polynomial of degree k in the entries
of the matrix A. It follows then that ¢(*)(0) is a polynomial in the entries of A
of degree at most k that can be computed in n?®*) time (the implied constant in
the “O” notation is absolute). From Section 7.2 it follows then that f*)(0) is a

polynomial in the entries of A of degree at most k, which completes the proof. [
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(8.3) Proof of Theorem 2.2. Given a 2n x 2n real symmetric matrix A satisfying
the conditions of the theorem, we define the univariate polynomial r(z) by

r(z) =haf(J + z(4 - J)),

where J = Jy,, is the 2n x 2n matrix filled with 1s and the proof then proceeds as in
Section 8.2, only that the reference to Theorem 1.3 is replaced by the reference to
Theorem 2.3 and the reference to Section 7.3 is replaced by the reference to Section
7.4. O

(8.4) Proof of Theorem 3.4. Given a d-dimensional nx...xn tensor A satisfying
the conditions of the theorem, we define the univariate polynomial r(z) by

r(z) = PER(J + z(A — J)),
where J = Jg, is the d-dimensional n x ... X n tensor filled with 1s. Suppose

that (8.2.1) holds for some £ > 0 and ¢ > 0. Then the entries b;, ;. of the tensor
B =J+ z(A — J) satisfy

d

I1—Rb;y 4y] < (L4+&n and  [Sb;y. ] < (.

We choose £ = &(n) > 0 such that

"= (1 T
n=1+&n < tan4(d_1)
and then choose ¢ = {(n) > 0 such that
Cn < (1 — 77/) sin <ﬁ — arctann/) .

By Theorem 3.5, we have r(z) # 0 for z satisfying (8.2.1) with £ and { so chosen.
The proof then proceeds as in Section 8.2, only that the reference to Section 7.3 is
replaced by the reference to Section 7.5. O

9. CONCLUDING REMARKS

(9.1) Numerical experiments. The algorithm of Theorem 1.5 for approximating
permanents of real and complex matrices was implemented by Kontorovich and
Wu [KW16], who conducted numerical experiments on approximating Inper A by
a polynomial of just degree 3. The experiments seem to show that the method a)
very fast, b) quite accurate on positive matrices with entries within a factor of 10
of each other and c¢) quite accurate on random 0-1 matrices with at most 10% of
ZEros.
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(9.2) Connections to the Szeg6 curve. Let I = I, be the n xn identity matrix,
let J = J, be the n x n matrix of 1s and let r(z) = per(J + z(nI — J)) be the
polynomial of Section 8.2 for the matrix A = nl. We have

r(z) =per(znd + (1 - 2)J) = (1 - 2)" per (1iznl+ J)
where y = 1;.

Kontorovich and Wu noticed [KW16] that the location of the complex zeros of r(z),
which is crucial for our analysis of the approximation of the permanent, for A = nf
can be determined from a result of Szegd, who showed in 1922 that as n — o0,
the zeros of the polynomial
n k
Z (ny)
k!

k=0

converge to the curve {‘Cel_g} =1, || < 1}, now known as the Szegd curve, cf.
[Wa03]. It follows then that the roots of r(z) in the vicinity of the interval [0, 1] for
large n cluster around z = 0.5, so our method of interpolation from J to A = nl
works roughly “halfway”. The same is true if A = nP, where P is an n X n
permutation matrix, and there is some limited computational evidence that for
non-negative n x n matrices A with row and column sums n (such matrices are
convex combinations of matrices nP) the polynomial r(z) = per(J + z(A — J)) has
no zeros in the vicinity of the interval [0,0.5 — €] for any € > 0 and all sufficiently
large n, so our method works “at least halfway” for all such matrices A, cf. also
[Mc14]. Combined with the scaling algorithm, see [L+00], this may lead to a useful
algorithm for approximating permanents of arbitrary non-negative matrices.

(9.3) Connections to the mixed characteristic polynomial. In their solu-
tion of the Kadison - Singer problem, Marcus, Spielman and Srivastava [M+15]
introduced and studied the mixed characteristic polynomial of n Hermitian n x n

matrices Q1,...,Qn,

n 6 n
PO1.....Q.(T) = H (1 — 62~) det (:IJI + ZZZQZ>
i—1 7 i=1

(3

)
Z21=...=2,=0

where I is the n x n identity matrix. In particular, they showed that the roots

of p are necessarily non-negative real provided @)1, ... ,Q, are non-negative semi-

definite. An anonymous referee pointed out to a similarity between the mixed

characteristic polynomial and the polynomial r(z) = per(J 4 z(A — J)) used in this

paper. Given an n X n non-negative matrix A, let ; be the diagonal matrix having
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the i-th row of A as the diagonal. Then @1, ... ,(Q, are non-negative semidefinite
matrices and the mixed characteristic polynomial can be written as

pa(—2) = (~1)" 3 Wi (A)a*,
k=0

where Wy (A) is the sum of permanents of the k£ X k submatrices of A, so up to a
sign and a substitution z — —1/x, the polynomial p4 is the matching polynomial
of Section 6 (and the fact that the roots of p4 are non-negative real is a particular
case of the Heilmann - Lieb Theorem [HL72]). On the other hand,

. N
r(z):z"kzzok!Wn_k(A) (1 - )

The relation between p and r is essentially used in the proof of Theorem 3.6, which
was absent in the version of the paper the referee commented on, but was obtained
before the author received the comment.

On the other hand, the general mixed characteristic polynomial may appear
useful for approximating the mized discriminant of Q1,... ,Q,, which, up to a sign
is just the constant term of pg,. .. o, -

(9.4) Approximation of general polynomials. Lemmas 7.1 and 8.1 suggest
the following general way of approximating combinatorially interesting polynomials.
Suppose that p(z) is a univariate polynomial such that degp < n. Suppose further
we want to approximate p(1) whereas p(0) is easily computable and the derivatives
p*)(0) can be computed in n°*) time. We can approximate p(1) within a relative
error € > 0 in quasi-polynomial time n@"=1"¢) provided we can find a “sleeve”
S C C in the complex plane such that 0 € S, 1 € S and p(z) # 0 for all z € S.
The sleeve S should be wide enough, meaning that it contains a number N, fixed
in advance, of discs Dy, ..., Dy of equal radii such that D; contains the center of
D; 4 fori=2,...,N with D; centered at 0 and Dy centered at 1. An example
of such a sleeve is provided by the strip —6 < Rz < 1+ and |Sz| < 7 for some
d >0 and 7 > 0, fixed in advance for the polynomial r(z) = per (J + z(4A — J)) of
Section 8.2.

As another example, we consider the independence polynomial of graph. Let
G = (V, E) be a graph (undirected, without loops or multiple edges) with set V' of
vertices and set E of edges. A set S C V is called independent if no two vertices
in S span an edge of G (the empty set S = () is considered independent). The
independence polynomial of G is defined as

V]
pa(z) = Z 2151 = Z (the number of independent k-sets in V) 2.

SCcV k=0
S is independent
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Then pg(1) is the number of all independent sets in GG, a quantity of considerable

combinatorial interest. On the other hand, the value of the derivative p(Gk )(O) can
be computed in [V|9*) time by a direct inspection of all k-subsets S C V.

Suppose we know that pg(z) # 0 provided |z| < B for some 3 > 0 (for example,
$ can be the Dobrushin bound, see [SS05] and [CF16]). Lemma 7.1 then implies
that for any 0 < \ < 1, fixed in advance, the value of pg(z) can be approximated
within a relative error 0 < € < 1 in quasi-polynomial time |V|O(ln VI=In€) provided
|z] < A\B, see [Relb] for many examples of this nature and also [We06] and [H+16]
for algorithms based on the “correlation decay” idea.

If, additionally, the zeros of ps(2) are known to be confined to a particular region
of the complex plane C, we can hope to do better by constructing a sleeve S C C
where pi(2) is not zero and interpolating pg(z) there. In an extreme case, when G
is claw-free, the roots of pg(z) are known to be negative real [CS07], which leads to
a quasi-polynomial algorithm for approximating pg(z) provided |r — arg z| > A7!
(so that z stays away from the negative real axis) and |z| < AS where A > 0 is
arbitrarily large, fixed in advance, see also [B+07] for an algorithm based on the
correlation decay approach.

On the other hand, for a general graph G there cannot be such a sleeve S unless
NP-complete problems admit a quasi-polynomial time algorithm. Indeed, generally,
it is an NP-hard problem to approximate pg(z) for a real z > A3, where A > 0 is
some absolute constant and [ is the Dobrushin lower bound on the absolute value
of the roots of pg(z) [LV99]. This means that for a general graph G one can expect
the complex roots of pg(z) to “surround” the origin, so that there is no possibility
to squeeze a sleeve between them to connect 0 and 1.

Since the first version of this paper appeared as a preprint, this general direction
was pursued further in [PR16].

(9.5) Approximating multi-dimensional permanents better. It would be
interesting to extend the class of polynomials for which a version of Theorems 1.2
and 2.2 can be obtained. While we failed to obtain such a version for the multi-
dimensional permanent (see Section 3), there does not seem to be a computational
complexity obstacle for such an extension to exist. In [BS11] it is shown that the
d-dimensional permanent of a n X ... X n tensor with positive entries between an
arbitrarily small § > 0, fixed in advance, and 1 can be approximated within an
nPM) factor in polynomial time, where the implicit constant in the “O” notation
depends only on d and 9, which can be viewed as an indirect evidence that Theorem
1.2 can indeed be extended to multi-dimensional permanents.
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