Math 669 Problems, Set no. 1
DUE THURSDAY, FEBRUARY 18

1. Problem. Let V be a real vector space, let S C V be a set and let a,b € V
be points such that a ¢ conv(S) and b ¢ conv(S). Prove that if a € conv (S U {b})
and b € conv (S U {a}) then a = b.

2. Problem. Let f(z) be a non-constant polynomial in one complex variable z
and let z1,..., 2z, be the roots of f. Identify the set of complex numbers C with
the plane R? by identifying 2 = z + iy with (z,y). Let w € C be a root of the
derivative f’ of f. Prove that w € conv (z1,... , zm) (Gauss-Lucas Theorem).

3. Problem. Let A;,..., 44,1 C R? be sets and let a € R? be a point such
that a € conv (4;) for i = 1,...,d + 1. Prove that there are points a; € A; for
i=1,...,d+ 1 such that a € conv (ai,... ,a4+1) (Bardny Theorem).

Hint: Argue that without loss of generality one may assume that all the sets A; are
finite. Choose a; € A; so that the Euclidean distance from a to conv (ay,... ,aqy1)
is the smallest possible.

4. Problem. Construct an example of a closed set A C R? such that conv(A) is
not closed.

5. Problem. Let S C R? be a set of (k — 1)(d + 1) + 1 points in R, where
k > 1 is an integer. Prove that one can find k pairwise disjoint subsets S; C S for
1 =1,...,k such that

conv (S7) Nconv (S2) N ...Nconv (Sk) # 0

(Tverberg Theorem).

Hint: Identify R? with the affine hyperplane z1 + ... + 441 = 1 in R4 Let W
be a (k — 1)-dimensional real vector space and let wy,... ,w; € W be vectors such

that wy + ...+ wg = 0 is their only linear dependence, up to a factor. In the space
R+ @ W consider the (k — 1)(d + 1) + 1 subsets

As={s®@wi, sQuwsy, ..., SQwi} where s€S.

Apply the result of Problem 3.

6. Problem. Let Aq,...,A,, be convex sets in a d-dimensional real vector space
V. Let £k < d+ 1 and suppose that every k of the sets have a point in common.
Prove that for any subspace L C V such that dim L = d—k+1 there is a translation
L+u={x+wu: x € L} that intersects every set A;, i =1,... ,m.
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7. Problem. Let Ay,...,A,,;C be convex sets in a d-dimensional real vector
space V. Suppose that for any d + 1 sets A4;,,... ,A there is a vector u € V

td+1

such that the translate C+u = {x +u : = € C} intersects every set A; ..., A;,, :
Ail ﬂ(C’—I—u) %@, Aiz ﬂ(C’—i—u) 7'&@, cee Aid+1 ﬂ(C’+u) 7&@
(vector v may depend on A; ,...,A;,, ). Prove that there is a vector w € V such

that
AiN(CHw)#0 for i=1,...,m.

8. Problem. Let A C R? be a compact convex set. Prove that there is a point
u € R? such that

1 1 1
—EA+uCA where —8A+u:{—ax+u: xGA}.

9. Problem. Let A;, Ay, A3, A4 C R? be closed convex sets such that the set
A1 U Ay U A3 U Ay is convex. Suppose that all pairwise intersections A; N As,
Ay N Az, Ay N Ay, Ao N Asg, Ao N Ay and A3 N A4 are non-empty. Prove that at
least three of the four intersections A; N Ay N A3, Ay N AN Ay, A1 NA3N Ay and
Ay N A3 N Ay are non-empty and if all the four intersections are non-empty then

AlﬂAgﬂAgﬂA4 7&@
10. Problem. Let A C R? be the standard (d — 1)-dimensional simplex defined
by
d
A= {(:Ul,... ,Xg) - inzl and xz; >0 for izl,...d}.
i=1

Fori=1,...,d, let I'; C A be the facet of A defined by the equation x; = 0. Let

Ki,...,K4; C R? be closed convex sets such that
d
Ac|JK: and K;NT;=0 for i=1,...,d
i=1
Prove that 4
(K #0

=1

(Klee Theorem).



