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(1) Explain briefly the difference and relation between the concepts implied volatility surface and local volatil-

ity surface. You do not need to derive any complicated equations relating the two.
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(2) Explain how to price a basket option on two stocks using Monte Carlo simulations.
The option pays, six months from now, the difference between the arithmetic average of the two stocks

and the strike price 50, but never less than zero.
The two stocks follow correlated Geometric Brownian Motion. To find the parameters in the model,

you are given hourly (historical) observations of the two stocks during a four-month period.
For the Monte Carlo simulation, you have access to as many independent draws of an N(0, 1) as

you need and a computer program that can do some useful matrix operations. No variance reduction
techniques are needed.
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(3) The solution to the following PDE is the price V (S, I, t) of an Asian option on a dividend-paying stock.
Today is t = 0 and S, I denotes stock price and accumulated sum, respectively.

{

∂V
∂t

+ 0.02S2 ∂2V
∂S2 + 0.01S ∂V

∂S
+ S ∂V

∂I
− 0.02V = 0, 0 < S < ∞, 0 < I < ∞, 0 < t < 0.5

V (S, I, 0.5) = (S − 2I)+.

(a) What is the interest rate r and the continuous dividend yield D?
(b) Exploit the homogeneity in the problem and use a similarity reduction as follows. Write ξ = I/S

and define the function W (ξ, t) by V (S, I, t) = SW (I/S, t). Write down the PDE for W .
(c) What is the terminal condition for the PDE in (b)?
(d) Truncate the domain of W to 0 ≤ t ≤ 0.5 and 0 ≤ ξ ≤ ξmax. Why could ξmax = 2 be a reasonable

value and what boundary condition for W at ξ = ξmax could we use?
(e) Write down the (implicit) boundary condition at ξ = 0 resulting from the PDE with ξ = 0, there.
(f) Write down (carefully) the explicit finite difference scheme for the PDE in (b)-(e). Use a forward

difference for the ∂W
∂ξ

term.
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(4) The short rates at the first six nodes in a Black-Derman-Toy tree is given by the table below. The time
step is ∆t = 0.25.

0.030000 0.027011 0.024321
0.032991 0.029706

0.036284

(a) What are the probabilities along the edges in the tree?
(b) Qualitatively, what kind of information is needed to compute the short rates at the nodes above?

(No numbers needed.)
(c) What specific input would give the short rates above? (Numbers needed.)
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(5) Consider a European put option on a stock in the Black-Scholes model, expiring one year from now and
with strike price K = 50. The interest rate is r = 2%, continuously compounded, and the volatility of
the stock is σ = 0.2. The stock pays no dividends and is currently trading at S0 = 80.

(a) Write the value of the stock price ST at time T as a function of a standard normal variate ξ (under
the risk-neutral measure).

(b) Describe how to use “vanilla” Monte Carlo to compute the price of the option by generating samples
of the standard normal variate ξ in (a).

(c) Describe how you may use importance sampling to improve the accuracy of the Monte Carlo estimate.
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