ON THE CIRCULAR AREA SIGNATURE FOR GRAPHS

JEFF CALDER' AND SELIM ESEDOGLUT

Abstract. The representation of curves by integral invariant signatures is an important step in
shape recognition and classification. Integral invariants are preferred over their differential counter-
parts due to their robustness with respect to noise. However, in contrast to differential invariants of
curves, it is currently unknown whether integral signatures offer unique representations of curves. In
this article, we prove some results on the uniqueness of the circular area signature. In particular, we
study the case for graphs of periodic functions. We show that the circular area signature is unique
if taken with respect to parameterization by the z-axis. Furthermore, we prove that the true circu-
lar area signature (parameterized by arclength) is unique in a neighborhood of constant functions.
Finally, we show uniqueness in the special case that the functions of interest agree on an interval of
width 27.
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1. Introduction. Geometric invariance theory has played an important role
in computer vision over the past several decades. The aim of invariance theory in
computer vision is to construct functions of an image which are invariant under a
group of transformations. In general, the transformations of interest include changes
in perspective, lighting and scale. As generic viewpoint invariants do not exist, much
attention has been focused on studying invariants to projective transformations in
the plane, such as Euclidean or similarity transformations [15]. Such invariants have
found applications in shape representation [16, 4], shape matching [3, 13] and object
recognition [19, 1].

The first invariants used in shape analysis were functions of the curvature of the
shape’s boundary and are a special case of differential invariants [6, 5]. Such differen-
tial invariants offer simple reconstruction formula and well-known uniqueness results
from classical differential geometry [20]. However, as the numerical computations of
differential invariants involve computing high order derivatives, they are dominated
by the effects of small scale perturbations, such as noise. In an attempt to increase
robustness, semi-differential invariants were introduced [17, 21] which involve only
first derivatives and a reference point. Although semi-differential invariants are more
robust than the curvature-based invariants, they still suffer from susceptibility to
noise.

A more principled and robust approach is given by integral invariants which were
first introduced by by Manay et al. [15, 14] for shape matching and recognition, among
other applications in geometry processing (see also [22, 11, 8, 9, 18]). Integral invariant
signatures are integral functions of the data instead of differential ones. As such,
they retain the Euclidean and similarity invariances of their differential counterparts
but are less susceptible to random image fluctuations such as noise. However, the
questions of uniqueness of representations and continuity (or even existence) of the
reconstruction map are largely unanswered for many integral invariant signatures.

Two particularly interesting integral invariants are the circular and cone area
signatures [9, 15](see figure 1). The circular area signature measures the area of the
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(a) Circular area signature (b) Cone area signature

Fic. 1.1. Depiction of some integral invariant signatures.

intersection of a ball of radius r > 0 centered on each boundary point with the interior
of the object while the cone area signature uses a cone with aperture € > 0 emanating
from a common point within the object’s interior and centered on each boundary
point. The vertex of the cone is commonly chosen to be the centroid of the object.
The cone area signature has been thoroughly studied by Fidler et al. [9]. They proved
that star-shaped regions are uniquely described by the cone area signature if and only
if e/m is irrational. Furthermore, the inverse map, when it exists, is not continuous.

The circular area signature is perhaps more interesting as it is asymptotically
related (as r — 0) to the most popular differential signature, curvature [12]. As
such, there is reason to believe that similar uniqueness results to those obtained for
curvature may hold for the circular area signature. In fact, recently it has been
shown that the circular area signature satisfies a local uniqueness result, weaker than
local injectivity, within neighborhoods of circles [2]. However, any kind of global
uniqueness result remains elusive. Such a result would be of great interest as it would
justify the prominence of the circular area signature in the computer vision literature
and advocate its use as a robust invariant signature.

In this work, we study the circular area signature for graphs of periodic functions.
Although this is a different problem, it is intimately related to the circular area
signature of closed curves. As such, the uniqueness results we prove in this work,
aside from being interesting in their own right, indicate that similar results may hold
for the case of closed curves.

1.1. Summary of main results. In this work, we study the uniqueness problem
for the circular area signature for graphs of periodic functions. To simplify the layout
of the paper, we present the main results in this section and postpone the proofs to
section 3 after a series of preliminary results.

Let us first fix some notation.

DEFINITION 1.1. For M = (mq,...,my4) € R we define

Ty o= {f € C*R) | f(z +27) = f(z), Vx € R,
18| oo ) < Mk, k=1,...,4, f(0)=0}. (1.1)

We will write C(myq, ..., my) to denote a positive constant that depends on each of
mq,...,mg in a nondecreasing way. Similarly, we will denote by R(mq,...,my) a
positive constant that depends on each of mq, ..., my in a nonincreasing way. We will
often write Cj, in place of C'(my,...,my) and Ry in place of R(myq,...,my). We will
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write || f||o in place of || f|| () when it is clear from the context what the domain of
f is. We will use the notation Og(f) to denote a quantity that is bounded by Cg|f|.
We will use the notation B, (z,y) to denote the ball of radius r centered at the point
(x,y). We will write B, in place of B,.(0,0).

DEFINITION 1.2 (Circular area signature). We define the circular area signature
with respect to parametrization via the x-azis by

T()() = ( /B ey YO 2) (1.2)

where 17 denotes the indicator function of the set {(x,y) |y < f(x)}.
With this definition of 7., we have that

T.(f)(z) = %/{f(x) + O(rz), as r — 0,

where ;= f"/(1+ f'?)3/2 is the curvature of f (see appendix A for proof). Our first
result is the following theorem.
THEOREM 1 (Global injectivity). There exists R = Ry, such that

Ilf1 = fallLem) < Co (1 + %Hf1 - f2||L°°(]R)> T (f1) = Tr(f2)l oo m) (1.3)

for all f1, fa € Tar, v < R, and ||T-(f1) — T (f2)|| o= r) sufficiently small (in terms of
mg).

This theorem shows that T, : T'py — L°°(0,27) is injective for r < R and that
the inverse satisfies a local stability estimate. We note that the f(0) = 0 condition in
the definition of I"j; is merely reflective of the fact that the circular area signature 7,
is invariant with respect to vertical translation.

We denote by I.(f) the true circular area signature which is parameterized by the
arclength parameter of f. For x € [0, 27|, we have that I,.(f)(s) = T-(f)(x) where

5= /0 VI O de.

Before presenting our main results on I,., we need the following definitions.
DEFINITION 1.3. For M = (mq,ma,m3,my) € Ry, L € Ry and b € R, we define

27
rt .= {feFM\/ V1+f2=1L and f/(0)=b}. (1.4)
0

DEFINITION 1.4. Forr € RY, M = (m1,m2) € R%, g € C*(R) with ||¢'|| Lo (j0,2]) <
my and ||g"|| o ((0,2,)) < M2, we define
INVRSES {fe 02(R+) | Hf,||L°°(R+) < my,
1 |z, <ma, f=g on [0,2r]}.  (L.5)

We have the following two theorems regarding I,..
THEOREM 2 (Local injectivity). There exists ms > 0 small enough and R = Ry
such that

If1 = fallzee(0,20)) < C3ll1-(f1) — I (f2)llLe=(0,1)
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for any f1, f2 € T4, r < R, and || I.(f1) — I (f2)|loo sufficiently small.

THEOREM 3 (Non-local boundary condition). Let r < n% Then I : T'ppp —
L>(Ry) is injective.

Theorem 2 shows that, provided we remain near constant functions, I,. : T, —
L*>(0, L) is injective for r < R and its inverse satisfies a local stability estimate. The
difficulty in proving global injectivity comes from the arclength parametrization which
substantially modifies T}., making the methods of theorem 1 less effective. In the case
of near constant functions, I, can be viewed as a perturbation of T;. and the injectivity
can be imported from 7. yielding theorem 2. Although we only have a partial result for
L., we would argue that parametrization via arclength is somewhat unnatural for the
case we are studying as the curves are all graphs of periodic functions. Parametrization
via the z-axis is much more natural for graphs and so theorem 1 seems to suggest
that a global injectivity result for curves may hold, but as we discuss in section 4,
the results of this paper cannot be directly applied for arbitrary curves. We should
note that there is an additional constraint in T'f; that is not present in the previous
theorem, namely f’(0) = b. This does not have a meaningful interpretation, aside
from fixing tangent vectors at the origin, but is necessary due to the fact that we
use a continuity result for the second order curvature differential equation and need
appropriate initial conditions.

Theorem 3 is somewhat expected. If the functions of interest agree on an interval
wider than the ball used for the circular area signature, then we can show injectiv-
ity without much of the machinery developed in this paper. This is somewhat less
interesting than theorems 1 and 2 as it says little about uniqueness up to geometric
transformations (in this case shifts), which is whole purpose of using geometrically
invariant signatures.

The proof of theorem 1 relies on linearizing 7T,. We show that the linearization
satisfies a maximum principle and use this to bound its inverse. However, since T
is not a C'' mapping on any open set in L™, we cannot directly apply the classical
inverse function theorem. Instead, we show that the linearization has quadratic error
and use a modified proof of the inverse function theorem to prove local injectivity.
Global injectivity follows from the fact that 7). is an approximation to curvature, and
so by standard ODE theory, if T,.(f1) = T;.(f2) then f; = fo + O(r?). By choosing r
small enough, we can deduce global injectivity from local.

This paper is organized as follows: In section 2 we introduce the linearization
of T,. and show that the linearization error is quadratic. In section 2.2 we prove the
required bounds on the inverse of the linearization. Finally, in section 3 we prove the
injectivity results and in section 4 we discuss extensions to the case of closed curves.

2. Linearization of the circular area signature. We now consider the lin-
earization of T,. The main result of this section is theorem 2.8 which provides the
necessary bound on the inverse of the linearization for the inverse function theorem.
We first need some preliminary results on the linearization; in particular, we need to
carefully analyze the linearization error, which we do in the next section.

2.1. Linearization error. The main result of this section is theorem 2.3 which
shows that the linearization error is quadratic. This is a stronger result than necessary
for the classical inverse function theorem. It is necessary here because of the fact that
T, does not have a continuous derivative and so the classical inverse function theorem
must be subtly modified.

The proposition below is immediate so we omit the proof.
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F1G. 2.1. Depiction of some quantities from theorem 2.8 and the definitions of p% and Jr. The
shaded area represents Ar(f + ¢)(z) — Ar(f)(x) and the shaded area to the right of p*(x) and to
the left of p— (z) will constitute the linearization error.

PROPOSITION 2.1. Let f € C*(R), r < ||f"||z2 and h € R with |h| < r. Then for
each © € R, the graph of f + h intersects the boundary of By(z, f(x)) in exactly two
points.

From here on, we shall always assume that r < || f”||3! so that proposition 2.1
always holds. Let us define p; (z,h) < p;f (x,h) to be the x-coordinates of the two
points of intersection from proposition 2.1. These are the two distinct solutions, p, of

(p—2)2+ (f(p)+h — f(x)? =12

When h = 0, we will write pf(x) in place of p]jf(:r,O). When it is clear from the
context, we will write p* or just p in place of pjf. We also set J, = (p; (:z:),p}' (z)) to
be the interval from p; (x) to p;{(:c) See figure 2.1 for a depiction of some of these

quantities.
For each f € C?(R) with || f”||cc < 1/r, we define the linear map Ly, : L>(R) —
L*(R) by

1
£ro0() = 35 [ oty - 1110w, (2.1)
As we shall see, L, can be interpreted as the linearization of T’ at f. We first need

an estimate on p?(:}:7 h).
LEMMA 2.2. If f € C?(R) and 0 < o < 1 then

2
Py (2, h1) = py (2, ho)| < mml — hal,

for |hal, [he| < 7(1 —a)/4 and r < o f"||2L.
Proof. Fix x € R. By the definition of p(h) = pjjf (z, h) we have

(p(h) = 2)* + (f(p(h) + h — J(2))> = 2.



6 JEFF CALDER AND SELIM ESEDOGLU

Differentiating in h we have

—(f(p(h)) +h = f(=))
p(h) =z + (f(p(h)) + b — f(2)) ' (p(h))

Translating this problem into the notation of lemma B.1 in the appendix, we have

p'(h) =

B(1(€)) = {p(h) —, F(p()) + b — f(a),
and
e - L)

VI+ f(p(h)?

where + is the arclength parametrization of z — (z, f(z) + h) and ¢ is such that y(§)
intersects B,.(z, f(x)) at (p(h), f(p(h) + h). By lemma B.1 we have that

r/1+ F(p()2[0(4(€)) -7 (] — -2 ~ 1-a’
for < /|| f" | and ] < (1 — @)/4. O

THEOREM 2.3. Let f € C%*(R), ¢ € C(R) and 0 < o < 1. Suppose that
r < all Iz and 16— ()l o resrly < (1 — a)/4. Then

T(f + 9)(w) = T ) (&) + L1, 9(0) + gerny,r(9)(a),

where

C
|€I’I'f’r((b)({L')| < m"(b - ¢(x)||%°0([zfr,z+r]‘

— l-«
Proof. Fix an x € R and suppose that ||¢ — ¢(2)|clp—rz4r) < (1 — @)/4 and
r < af f"||<!. Since T, and L, are invariant under translations, we may assume
that ¢(z) = f(x) = 0. Let h = ||¢||p(z—rz+r]) and let A.(f)(x) denote the area
inside B = B,.(z, f(z)) and under f. Then we have

Note that if € C1(R), then |err;,.(¢)(z)| < <& [Co4 P ——

wr

1)) = % (40 - ).
It follows that

erry (9)(x) = Ar(f + ¢)(x) — A (f)(@) = r*Lyro(2)
= A +0)w) = 4N - [ oe)de
Hence, the error consists of the area between f + ¢ and f that is either inside B and

outside the interval J, or outside B and inside J,. See figure 2.1 for a depiction of
these regions. Let

erry () = errf (¢) +erry (¢),
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\\‘ p(=h) [f +h
p(h) /
f+h
f+o ’\ AJ
N f—h
f
M¢
As f=n
A
T+ T
min(p(h), p(—h))

F1G. 2.2. Depiction of the sets A1, A2 and A3 from theorem 2.3.

where err?r and err . are the contributions to the error from the intervals (z,z+71)
and (x — r,x) respectively. We first consider err;?T(Qﬁ)7 the error contributed from

the right side of B, the other case being similar. Fix z and let p(h) = p}L(w,h).
There are three qualitatively different ways in which f — A and f 4+ h can intersect
the right side of B. The first case we will consider is when they both pass through
the lower hemisphere, in which case we have f(p(h)), f(p(=h)) < 0. This implies that
p(—=h) < p(h). Now define

Ay = {(w1,22) | p(—h) <21 < p(h), [f(w1) — 22| < R}

This is a tube above the interval (p(—h),p(h)) centered around f and bounded by
f + h above and f — h below. The error that contributes to err}“)r is completely
contained inside A;. See figure 2.2 for a depiction of the region A; as well as As and
A3 which are defined below. By lemma 2.2 we have that

Ch?
1—a

et} (6) ()| < [Ai] < 2h|p(h) — p(—h)| <

The second case is when f + h and f — h both pass through the upper hemisphere,
in which case f(p(h)), f(p(—h) > 0 and p(h) < p(—h). Then the error is contained in
the region

Az = {(w1,22) |p(h) < 21 < p(=h), [f(w1) — 22| < A},

and we get an identical conclusion. The final case is when f 4 h passes through the
upper hemisphere and f — h passes through the lower one. Here we have f(p(h)) >
0 > f(p(—h)) and we have no knowledge of the ordering of p(—h) and p(h). However,
we do know that the error contributing to errj{m is in this case contained in the region

Az = {(x1,22) | min(p(h),p(=h)) < a1 <z +7r, |f(x1)— 2| < h}.
Setting h = —f(x + 1), we have p(h) = x + r. Since h € (—h, h), we have

&+ — min(p(h), p(—h))| = |p(h) — min(p(h), p(—h))] < "

11—«
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< Cr?

— l—«

and hence we have that |err}r7r(¢)(:c)| . We can now apply the same reasoning

to err; . and can conclude that |erry,(¢)(z)| < % 0

REMARK 1. This theorem can be interpreted as stating that Ly, is the Fréchet
derivative of T, at f provided that r < 1/ms. The condition r < 1/ms is a sufficient
condition for differentiability of T, but certainly not necessary. One can show that T,
is differentiable at f provided each ball B,.(z, f(x)) intersects [ in exactly two points.
The condition r < a/msg provides us with uniform estimates on the linearization error
for all f € Ty in terms of a. If it is not explicitly stated, we will hereafter assume
that r < 1/meg.

2.2. Estimates for Ly ,. The main result of this section is theorem 2.8. This
provides the bound on the inverse of L, required to use the inverse function theorem
in section 3. The main tool used in the proof is the maximum principle for £, (lemma
2.4). In order to use the maximum principle in the classical way to bound the inverse
of an operator, we need to prove the existence of a function n with L¢,n(z) > 1 for
all . For this, we require lemma 2.6 establishing the asymptotic behavior of Ly,
as r — 0. The proof of lemma 2.6 is basic, but tedious, and so it is postponed to
appendix B.

We establish first the non-local maximum principle for the operator Ly,

LEMMA 2.4 (Maximum principle). Let f € 'y and ¢ € C(R). If L, ¢(x) >0
for all x € [0, 2] then

max ¢(z) < max
z€[0,27] z€[p~(0),0]U[27,27+pt(0)]

Proof. Suppose that L7 ,¢(xz) > 0forall z € [0, 2n] and let 2* € [p~(0), 27 +p™(0)]
satisfy

z¥) = max ).
o) IG[p*(O)JTrﬂ*(O)]Qb( )

Note that p™(0) = p™(27) as f is 27m-periodic. Assume that z* € (0,27). Since
Lrod(x*) >0, we have

. 1 p+(1’*)
P e e AR OL

It follows that ¢(x) = ¢(z*) for all z € [p~ (2*),p* (z*)]. By iterating this argument,
we conclude that ¢ is constant on [0, 27| and the result follows. O

It is useful to isolate the follow proposition as it is used in lemma 2.6 and theorem
2.8.
PROPOSITION 2.5. Let f € I'py. Then for every x € R, we have

r @) (@)
L+ f(z)2 201+ f'(z)?)
pr(e) =z r @) (@)

f VIF ()2 201+ f(x)?)

27‘2 + O3(r?),

27"2 + 03(1"3),
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Proof. Tt is easy to see that the osculating circle of f at x intersects the ball
B, (z, f(z)) at the z-coordinates

1—1r2k2/4 B r’kf! ()
VIFF(@)? 21+ f(x)?
r r?f'(x) " (x)

=X — 2 7'3 .
=+ 1—|—f’(12)2 2(1+f/(-’13)2)2 +O ( )

Noting that the osculating circle approximates f with an error of O3(r3) completes
the proof. O
Lemma 2.6 gives an asymptotic representation of L, as r — 0. The proof is
tedious, but comprised of basic calculations, and is postponed to appendix B.
LEMMA 2.6. For every ¢ € C3(R), we have

1 9 " ,
W(b (z) - m(f)(f)();/qu () + go(2)r,

where |gy(x)] < Cs ([|¢/]| Lo (fw—rotr)) T 1910 (wmrsztr)) + 10" | Lo ((w—r,ats])) for
all x € R.
LEMMA 2.7. There exists n € C™(R) with ||n||cary < Ca * such that

Lyrn(z) >1,

forallz €]0,2n], r< R=R3 and f € Ty,.
Proof. Set n(x) = €. By lemma 2.6 and proposition 2.5 we have

Bebs 3@ )
31+ @2 (5 ESTOE >

Lirp(r) =

Lyrn(x) —rgn(z) =

Now choose 8 > 0 large enough so that

Lgrn(x) —rgy(z) > 2,

for all 2 € [0,27] and f € I'p;. Note that 3 = B(mi,mz) and so [|n|lcs@) < C2
and ||gnlloc < C3. Now choose R = R3 small enough so that for r < R, we have
Ly n(x) > 1 for all z € [0,27]. O

We are now able to prove the main result of this section.

THEOREM 2.8. There exists R = Rz such that

[@lloc < Caol|Ly,rdlloo,

for all r < R, all 2r-periodic ¢ € C(R) with $(0) =0, and all f € Tys.
Proof. Let ¢ € L*™(R) be 2w-periodic with ¢(0) = 0 and let

¢=¢— xéﬂ)i,gﬂ o(z).

Note that [|¢]lcc < [|#]lcc and Ly ,.¢ = L,¢. So it is enough to prove the estimate
for ¢. We may also assume without loss of generality that

¢(0) = min ¢(z) = 0.

x€[0,27]

IThe C¥-norm is defined by ek @y = Z?:o |f@ ||zoo (r) for any nonnegative integer k.
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Let ¢ = Ly,¢ and let R and 75 be as in lemma 2.7. Fix r < R and note that

Lir(@+ [Ylloen) (@) = ¥(@) + [¢llcc Lprn(x) = P(2) + Y] 2 0

for all z € [0, 27]. By lemma 2.4 we have

[fllc = max ¢(z) < max (@() + ¢ lloon ()

z€[0,27] z€[p~(0),0]U[27,27+pt (0)]
< max xz) + C oo
el By oy O+ I
= [[¢llL=(5) + Col[¥]lso-

If we were to have [|¢||r(sy) < Z[¢llso, then we would be done, so suppose that
]l Loc (go) > 2l|@lloc- Hence there exists Z € Jo such that

7
9(2) > 2|l (2.2)
Let
1
L(a) = o) = 770 / o(€) de.
Then Lj,¢(z) = —'ZlLp(z). If Lo(z) > L|¢lloc, then gl < CfLolls <

C17?||Lf,r¢||0o and we are done, so suppose that
_ 1
Lp(@) < 219 lloo- (2.3)
Then by (2.2) and (2.3), we have
7 1 1
L . Lo(T) < = :
6l — 7y [ 0©)d¢ < L0(e) < Lol
Hence
1 / 3
77 [ 2 dE = Z[[d]leo-
77 [ e0ae= e

Without loss of generality, we may assume that & > 0 (note that £ # 0). Then we
have that [p~ (), Z] C Jo. We have

1 [Ja| 1 [
i foeeraez g [ o ae

|Jz| [ 1 1 @
|Jo] <|J| 7. (&) de ‘Ji|/f o(§) §>
|Jz| (3 p+(.’2)—f

> 2 (3 - =0 ol
1 1

= o7 (G112 = 507 @)+ @) ) 1ol
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Since ||f'||cc < m1, we have that |Jz| > r/+/1+ m2. Since |Jo| < 2r, we have

1 1
- de> [ ——— .
ol S, " Q(sm C’”) 1
Now choose r < 1/(16C5+/1 + m?) so that
1 1
Lo|loo > |L = — d§ > —— 00~
2ol > 2600) = g [ ot€)a6 > oAl

Hence we have

1lloc < C172lIL 4 ¢lloo-

3. Injectivity. Before proving our main result, we need a short technical lemma.
LEMMA 3.1. Let fi1, fo € T'as. Then there exists g1,92 € T'ar such that g1 (0) =

95(0),
177 (91) = Tr(g2)llee = [IT3-(f1) = Tr-(f2)ll oo

and

S~ folle < llor — galloo < 201 foll
Proof. Since f1 — f2 is 2m-periodic, it has a maximum and minimum, and hence
there exists y € [0, 27] such that fi(y) = f4(y). Set
gi(z) = filz +y) — f1(y), and ga2(x) = fa(z +y) — f2(y).
Since T, is invariant under vertical shifts, we have
1T:(91) — Tr(g2)lloo = [IT7(f1) = T (f2)lloo-
Now set a = |f1(y) — f2(¥)| < |1 f1 — f2]loo- We first have

191 = g2lloe = /10 +4) = L2 +9) + f2(y) = [1(W)lleo < 2[11 = falloo,

which is one side of the inequality. Now, suppose that o < ||f1 — f2|loo/2. Then we
have

11 = felloe = llg1( = %) = 92( = %) + [1(y) = L2(W)llos < g1 — g2ll0 + %Ilfl = falloo-

Simplifying, we see that 1[|fi — f2llec < [lg1 — g2lloc, which is the other side of the
inequality in the lemma.
Now suppose that a > || f1 — f2llso/2. Then since f1(0) = f2(0) = 0, we have

%Hfl — folloo < a=f1(y) = f2(¥)] = g2(~y) — 91 (=) + f1(0) = f2(0)] < [[g1 — g2llco;

which again is the other side of the inequality in the lemma. O
We now prove our first main result, theorem 1.
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Proof. Let f1, fo € T'p. By lemma 3.1, we may assume that f{(0) = f5(0). If
this were not true, then we could use g; and g, from the lemma in place of f; and
f2. The estimates proved in lemma 3.1 show that the statement of the theorem being
true for f1, fo is equivalent to it holding for g1, gs.

By the asymptotic expansion of the signature in appendix A, we have that

fi'(@)

0T ()2 = T.(fi)(z) + O4(r?), Vz €[0,27], i=1,2.

By a standard application of Gronwall’s inequality (see lemma D.1 in appendix D),
we have

1 llo: 19 lloc, 16" llo < Coll Ty (f1) = Tr(f2)llos + Car?, (3.1)

where ¢(z) = f1(x)— fa(x). The fact that $(0) = ¢'(0) = 0 is used to apply Gronwall’s
inequality here. By theorem 2.3, we have that |lerry,(¢)||e < Cr?||¢/||% for r <
1/(2m2) and ||¢'||cc < 1/4 by fixing o = 1/2. By (3.1), if we make | T (f1) —Tr(f2)|loo

and R(my) sufficiently small, then we will have [|¢/||oc < 1/4 for r < R(m4) and so
theorem 2.3 applies. By making R = R(m4) smaller if necessary, we can use theorem
2.8, and the interpolation estimate from lemma C.1 to obtain

[¢lloc < CollLy oo
1
= C2HTT(f2) - TT(fl) - ﬁerrf,r((ﬁ)”oo

c. .,
< Co|| T3 (f1) = To(f2)lloo + 7||¢ 1%
C
< Co|| T3 (f1) — To(f2)lloo + 7||¢"||oo\|¢||oo
< Co||T(f1) — T (f2) oo + g (ColIT(f1) = T (f2)lloo + Car?) [|6]] oo

for r < R and || T (f1) — Tr-(f2)||co sufficiently small. Hence we have

6l < Ca (1+ 120 17,1) = Ty ) + Carllo

Choosing R = R(my4) > 0 smaller, if necessary, completes the proof. O

Aside from injectivity, the estimate in theorem 1 gives us a stability result on the
reconstruction of f from 7T,.(f). We also note the following corollary.

COROLLARY 3.2. Assume that the hypotheses of theorem 1 hold and in addition
that

”Tr(fl) - TT(fQ)Hoo < Kr,

for some constant K > 0. Then we have that

11 = falloo < C2(1 + K)T-(f1) — T (f2) oo (3.2)

We now aim to prove theorem 2 on the local injectivity of I,. by viewing it as a
perturbation of T,.. We will first need some preliminary lemmas.
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LEMMA 3.3. We have

0. T (f)(x) = Lir(f)(2) (3:3)

for f € C2(R) and r < || f"|| 2L

Proof. For |h| < 1, let ¢p(y) = f(y +h) — f(y). Note that ||¢}|lcc < malh|
and that T,.(f)(z + h) = T,.(f + ¢)(x). By theorem 2.3, taking |h| small enough and
r < 1/mgy we have that

T(F) (@ +h) = To(f)(@) = Lyr(@n)(@)] = [To(f + ¢) (@) = T ()(2) = Lr(dn) ()]

1
= T—3|errf,,-(¢h)($)|

Ch?
< —.
r

As limy,_,o ¢ /h = f/, we have that 9,T,(f)(z) = Ly,(f')(z). O
COROLLARY 3.4. There exists R = Ry such that

1017 (f)lloo < Cm (3.4)

forr < R and all f € Tyy;.
Proof. Noting that 9,1,.(f) = 0. T,-(f)/+/1 + f'(z)?, we see that

105 (F)lloo < 10T (f)lloo-

Now, note that

0,To(f) = Lyo(f) = = (f&F) — F7) — 0+ — ) (@)).

,
A Taylor expansion of f(p*) and f(p~) yields

sz

0. T-(f)] < |(pJr - 33)2 —(p - m)2| + Cmg.

3
By proposition 2.5, we see that (pt — 2)? — (p~ — x)? = Oz(r®), and the corollary
follows. O
Note that it follows from the above corollary that I.(f) is a Lipschitz function of
the arclength parameter s with a Lipschitz constant that depends on my, mo, ms.
Now, define S : C'1([0,27]) — C*([0,27]) by

S(f) = /0 BN eI S

For any function f € '}, we can reparametrize f in terms of its arclength parameter
S(f). We will call this reparametrization f. We can recover the z-parameter from f
as follows. If we let s(z) = S(f)(z), then we have that

(dz)? + (f'(s)ds)* = ds>.

Hence we have that doz = /1 — f/(s)2ds. This motivates us to define X : C*([0, L]) —
C([0, L]) by

X(f) = /O VI FO2 de
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for any f € C*([0, L)), with | f'||cc < 1. Then X (f) is the z-parameter of f in terms
of the arclength s. We have the following identities:

f=foX(f), and f=foS(f). (3.5)

We now need some estimates on X and S.
LEMMA 3.5. For fi1, fo € I'py, we have

[S(f1) = S(f2)lloc < Cmallfi = fallco-

Proof. Set

- [V enva-onra
0
By considering the Taylor expansion of g, we find that

S(f1) = S(f2) = 9(1) —g(0) = ¢'(0) + O(|lg" || c)-

Noting that

/ f21+f @, and

/ —f3)? 5/lﬁfl +1=8)f)*(f1 = f3)?
VI+( tf1 (1—10)f5)? L+ (tf] + (1= 1)f3)%)%/?

we see that ||¢"]|ec < C|fi — fil% and |¢’(0)] < Cma|fi — f2]lo- Note that the

estimate on ¢’(0) involves integrating by parts. By lemma C.1, we have that

dg,

1£1 = FallZe < 211 = follllfY = 2 lloo < Cmallfi — falloo-

Hence we have that

[S(f1) = S(f2)lloe < Cmallf1 — falloo-

LEMMA 3.6. Let fi, fo € T%,. Then we have

IX(f1) = X(f2)lloe < Callfr = F2llco-

Proof. For any f € '}, note that |f'| = |f'/y/1+ f2| < m1/+/1+ m3. Hence,

we have that || fi||« < 1— 6, where

14+m2 —my
V1+mi

For the remainder of the proof, we will write f; in place of f; to simplify notation.

Define
0= [ Vi-tr+a-npra

6:
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Then we have that

X(f1) = X(f2) = g(1) = g(0) = g'(0) + O(llg" | o= (0.1))-

/ h d¢, and

/ — ) it — / (tfi + 1—tf)(f{—fé)2
¢1—tﬁ (1 —0)f})? (1= (tf+ (1= 1)f3)?)*?

we see that [lg” |10y < el f{ — f3I% and |¢'(0)] < 6%||f1 ~ falloe. Using the
fact that

Noting that

dg,

1f1 = fallse <211 = Fallsoll 7" = f5 llcos

we have that

C.
[X(f1) = X(fo)lleo < 53722Hf1 — folloo < Collf1 = f2llco-

We can now prove our second main result, theorem 2.

Proof. Let f1, f2 € T, let c1, co be the curves traced out by the graphs of fi, fa,
parametrized by arclength and let k1, ko be their curvatures as a function of arclength.
Then ¢1(0) = ¢2(0) = (0,0) and ¢} (0) = ¢4(0) = (1,b)/v/1 + b>. By the asymptotic
expansion of I, (appendix A), we have that

k1 = Kol (o,) < I (f1) = Ir(f2)ll Lo, L) + Car?.

Note that one can obtain the explicit reconstruction formula

fi(s) = i b ’ i(&)d¢) d
fi(s) a+/0 sin (arctan( )+/0 ki(€) f) T
It follows that

1 fi = Falle=(o.0) < Cllk1 — K2lln=(o.r) < ClII-(f1) = I (f2) | L= (0,1.) + Car®.

Hence, we have

11 = falloo = I1f1 0 X (f1) = f2 0 X(f)llLo~(0,L)
< | fioX(f1) = fao X(f2)ll=(o,n) + lf2 0 X(f2) = f2 0 X(fi)llL=(0,1)
< |fi = folloo + mal| X (f1) = X (f2)llL=(0,1)
< Co|l L (f1) — L(f2)ll L= (0,) + Car?.

Now note that

1T-(f1) = T (f2)lloo = 11-(f1) @ S(f1) = I (f2) © S(f2)ll L= (0,2x)
< (f1) o S(f1) — Ir(f1) © S(f2)ll o= (0,27)
+[[1-(f1) 0 S(f2) — I (f2) o S(f2)llL~(0,27)
< Cms|S(f1) = S(f2)lls(0,2m) + 11 (f1) = I (f2) |l e (0,1
< Cmgmal|fi — falloe(o,z) + 1+ (f1) = I (f2)|lL=(0,0)- (3.6)
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Fic. 3.1. Depiction of some quantities from theorem 3.

Suppose that ||I.(f1) — Ir(f2)]lcc < Cr. Then we have that ||f1 — fallec < Cor for

r < R = R4 where R, is sufficiently small. It follows that
T (f1) = Tr(f2)llLoe0,27) < O3
Hence, provided r < R for R = R4 small enough, we obtain from corollary 3.2 that
/1 = folloo < C3l|T3(f1) = T (f2)l[ o
Combining this with (3.6), we have that
ILf1 = falloo < Comams||fi — fallLeeo,z) + C3ll1r(f1) = I (f2)ll oo (0,1)- (3.7)

By choosing m3 > 0 small enough, we conclude that

11 = falloo < Cs[l1r(f1) = I(f2) | oo-

We finally have the proof of theorem 3
Proof. Let f1, fa € T'ar such that I.(f1) = I.(f2) and take r < miz Let

c=sup{t >0 | fi(z) =q(x) V€ (0,t)}.

and set J = (0, ¢). For z € (0,¢) we will denote the common value of f;(z) and fo(x)
by f(z) Note that we have 2r < ¢ < co. Now assume ¢ < co. Let a € [r, ¢) such that
p?l(a) = p};(a) = c¢. Since T,(f1)(x) = T,(f2)(z) for x € (r,c) and r < 1/mg, we
have by lemma 3.3 that Ly, ,(f1)(x) = Ly, »(f3)(x) for z € (r,¢) and hence

fi(p}, (@) = f(py, () = (P}, (2) — Py, () f' ()

= f2(py, (@) = f2py, (@) = (0}, () = pp, () f' ()

for z € (r,c). Since f1 = f> on (0,¢), we find that p; (z) = py,(z) for z € (r,c). It
follows from the above expression that

F'(@)(p}, () — v}, (2) = [1(p}, (2) = fa(p},(2)), (3.8)
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for x € (r,c). Let I = (a,a +¢) for e > 0. If p;(z) = pj{z(:c) for all z € I, then
from (3.8), we find that f1(p;fl (x)) = f2(p;{2 (x)) for x € I. This contradicts the
definition of J as the largest interval on which f; = f;. Hence there exists z € [
such that p;{l (z) # pJfZ (z). Since this is true for every £ > 0, we can find a sequence

r1 > X > x3,... such that z, — a, z, > a, and p}'l (zn) # p}; (zp,) for all n. Note
that p;fl (xn),p}’; (xn) = c as n — oco. It follows from (3.8) that

oy ey S0P @) = fo(f, ()
A S e

Note that the points (p;{1 (zn), f1 (pj[1 (zn))) and (p}; (zn), f2 (p}'2 (z5,))) both lie on the
boundary of B,(z,, f(z,)) by definition. Hence, the points (y.,%2) and (z1,22),
defined by

y:L = p;‘rl (zn) +a—xpn, and yi = fl(p;(xn)) + f((l) - f(xn)u

and
2711 = p};(xn) +a—z,, and Zi = f2(p};(xn)) + fla) = f(zn),

lie on the boundary of B,(a, f(a)). Furthermore, (y},vy2),(z},22) — (c, f(c)) as
n — oo. It follows that

2 2
/ = lim yn_zn = a=c
f (a') n—00 yTll —Z}L f(C) _f(a)’

the final quantity being precisely the slope of the tangent line to B, (a, f(a)) at
(¢, f(c)). See figure 3.1 for a depiction of some of these quantities. Note that since
f' is continuous and a # ¢, we cannot have f(c¢) = f(a) nor can we have f’(a) = 0.
Now, by the mean value theorem, there exists b € (a, ¢) such that

iy - H0 = (@
c—a
Noting that
2

>1

T Je—allf(e)— fla)] T

we have

b
lsvﬂﬁ—fWHS/lﬂ@ﬂ%STmz

Hence r > 1/mg which is a contradiction. O

4. Discussion and extensions. It is natural to ask if the results in this paper
can be extended to closed planar curves. To this end, we consider a simple closed
smooth curve ~ of unit length parametrized by arclength. We define

I.(7)(s) = area (B, (v(s)) N7),
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where 7 denotes the interior of v. Now, consider the curve v+ ¢n, where n is the unit
normal to v and ¢ : S! — R is a smooth normal perturbation. Then we can define

T, (v + ¢n) = area (B, (v(s) + ¢(s)n) Ny + ¢n) .

Hence T, is the circular area invariant parametrized by the arclength parameter of ~.
One can then show that the linearization of T is given by

Lond(s) = /J 6(€) dE — g(s)6(s).

where J, = (p~(s),p* (s)) with p*(s) the arclength coordinates of the points of inter-
section of B,.((s)) and v and g(s) is the length of the projection of v(p™*(s))—~v(p~(s))
onto the tangent line, i.e.,

9(s) = (¥(p™(s)) = ¥(p™(5)).7 ().

Note that we are assuming that B,.(y(s)) intersects v in exactly two points for all s.
Since |Js| > 2r > g(s), and equality cannot hold for all s if v is closed, we see that
L., does not satisfy a maximum principle. This is the main difference between the
case of closed curves and periodic functions. In the special case that v is a circle, £ ,
is a constant coefficient linear operator and its kernel can be analyzed via Fourier
analysis in order to prove a local uniqueness result [2]. In the general case, it is not
clear how one would study the kernel of £, and this is perhaps the biggest obstacle
in generalizing these results to closed curves.

The other obstacle is the same as the one encountered in this paper, that is, how
can we extend injectivity from T to I,.. One can easily see that the arclength of
7 + ¢n, call it s4, can be written in terms of the arclength parameter of v, call it s,
as follows:

sp(s) = / \/(1 + ky(8)P(s))? + ¢'(s)? ds,
0
where k., is the curvature of 4. Then we can write

Tr(v + ¢m)(s) = In(y + ¢m)(s4(5))-

By differentiating with the chain rule, one can see that the linearization of I, is given
by

DIG(s) = £5,00(5) ~ @1, ))) | 1 (€)0(6) de.

Even if the kernel of £, , were completely characterized, it is unclear how that knowl-
edge would help one study the kernel of DI,., except in the special case where 041,
is zero or sufficiently small. The special case of a circle, where 951, = 0 has been
thoroughly studied [2]. We note that DI, first appeared in [2], but in a different
form.
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Appendix A. Asymptotic expansion of signature. We now compute the
asymptotic expansion of the area invariant A, for a C* curve ¢. We may assume
that the curve c is the graph of a C* function f with f/(0) = f(0) = 0. Let my =

175

Loo(—ryr) for k = 1,2,3,4 and note that x = f”(0). Let p~(r) < p*(r) be

the x-coordinates of the points of intersection of B, with f. We will assume that
r<1/ms <1/Kmax-

THEOREM A.1. A, = ’TZLZ + 2k 4+ O4(r®).
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Proof. For simplicity, we assume that f(p*) < 0. The proofs for the other cases
proceed identically. Then we have that

+

Ar:/p f(x) +Vr2—z2dx.
P

By proposition 2.5 and the fact that f/(0) = 0 we have
pt = 4r + Os3(r3).

It follows that

P 4 1 -
/ f(z)dz = / —ka® + gf’”(())x?’ dz + O4(r°)
p P

Also, we have

p+ T -r p+
/ \/r2—x2dx:/ \/r2—x2dx—|—/ \/T2—£L'2dl’+/ \Vr2 — 22 dx.
P -r P~ r
Hence

+ 2
/p \/7“2—a02dac—ﬂ
- 2

—r<z<p- p+<a<r

< |p~+r] ( sup  Vr?-— x2>+|r—p+| ( sup V12— x2> :

+

Note that the supremum in each case above occurs at x = p* so we have

V2= p = T = 050 = 0s(r2).

Since |r — pt| = O3(r®) and |p~ + r| = O3(r3), we have that

pt 2
/ V2 —a2de = — + O3(r%).
- 2

It follows that

S |
/L Oy (r°).
2 3
O We note that a similar result (with O(r*) error) has already appeared in the litera-
ture [12]. The fact that one can improve the error (to O(r%)) by bounding the curve
in C* is of critical importance to our main result.

Appendix B. Technical lemmas and proofs. Below is a useful, but standard,
lemma on the geometry of curves.

LEMMA B.1. Let v = (x1,22) be a C? curve in R? parameterized by arclength
with mazimum absolute value of curvature Kmax. For 0 < a <1, let 1 < a/Kmax and
suppose that v(0) = (0, h) where |h] < (1 — «)/2. Let & > 0 be the smallest positive
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number for which v() intersects the boundary of B,.. Let 2(x,y) be the outward unit
normal to B,. Then we have

B(z1(8), 22(8)) (€)= 5 (1 — ).

N

Proof. Let a(s) = x1(s)z}(s) + z2(s)xh(s) and suppose 0 < s < £. Suppose that
7 < @/Kmax Where 0 < a < 1. Then we have

a'(s) =1+ x1(s)2](s) + w2(s)25(s).
By the Cauchy-Schwarz inequality? we have

|0/ (s)=1] = f1(s)a (s)+22(s)25 (5)| < Var(s)® + 22(s)? /27 (5)? + 25 (5)> < r|k(s)]-

Since |25(0)] < 1, the above bound yields
s —|h| —la(s)| < |a(s) — s — hah(0)] < / la’(7) — 1] dT < Kmaxrs < as.
0

Hence |a(s)| > s(1 — ) — |h|. Now suppose that |h| < fr, with 0 < § < 1. Noting
that £ > r — |k,

81 (€),72(6)) - 7(€)] = ~a(€)] > (€1 )~ |hl) > 1~ — 25,

Setting 8 = (1 — a)/4 completes the proof. O
The proof of lemma 2.6 is below.
Proof. Let a(z) = r(1+ f/(2)?)~/2 and note that we can write

Lirp(x)

Pt (x)
s ¢<y>dy—Jx|¢<x>>
p~(z

1 z+a(x)
=3 ( . s 2a<x>¢><x>>
1 z—a(z) P (2)
ts </p_(l) P(y) dy + /Ha(x) $(y) dy + (2a(z) - IJz|)¢>(x)>
= A+ B.

Since ¢ € C3(R), we can expand ¢ via a Taylor series
Bly) = 6() + (s — 1)/ () + 3 (y — 20" (2) + 5 )y — )

where [|g1] 1o ([z—r,z4+]) < [0"]| o0 ([e—r,2++])- Hence, for A we have

z+a(x)
A= 1(/z ¢(I)+(y*‘f)¢/($)+%(yfx)Q(b//(x)

3\ Ja—a()

g0~ 2 dy - 2a(a)o(o))
Ly 2y -8/2, L frre
=3I @ s [ a7

2the Cauchy-Schwarz inequality used here is la1b1 + a2bz| < ‘/a% + a%w /b% + bg,
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For B, we expand ¢ via a first order Taylor series as

Bly) = 6(a) + (y — )6/ (@) + 302(0)(y — 2"

where | g2/ Lo(jz—ratr)) < 9" Lo ((z—r.z++7). Then we have

x—a(x) pT ()
/ $(y) dy + / o(y) dy

p~(x) z+a(z)

z—a(x)
= [ o)+ =) + gty - oy

o / 1 )
+ /w_i_a(l_) o(x) + (y — )¢ (v) + 592@/)(1} —2)’dy
= ¢(z)(|Jz| — 2a(z)) + %d)’(gﬁ) (0" (@) = 2)% = (b (2) — 2)?)
1 [r—a@) ) 1 +(a) 2
2 /p—m 92()(y — o) dy + 2 /Ham 92(y)(y —z)° dy

Hence we have
=L <1¢'(x) (0" (@) —2)* = (™ (z) = )°)
1 z—a(z) . ) 1 P+(w) . 2
+ /p(m) 92(y)(y — @) dy + L+a(m) 92(y)(y — @) dy).

Also, note that by proposition 2.5 we have

(@) =0 = (o) — 2 =~ Oulr,

So we have

f'(@)f" (z)

Lirep= 5 (1+f( )?) 32" (x) — RESZEDEE

¢'(x) + rgs(x), (B.1)

where

1 z+a(x) z—a(z) 9
9¢($):7/ 91(y)(y — z)° dy+ 55 (/ 92(y)(y — )" dy
z—a(x) p~ ()

pT(x)
[ w7 dy) O (a).

+a(x)

An elementary calculation (using proposition 2.5) shows that

|g¢(x)\ < 03 (||¢/||L°°([a:—7',w+r]) + H@f)NHLO"([I—T,I-i-T]) + ||¢/HHL°°([J;—T,JJ+T])) .

Appendix C. Interpolation. The following interpolation lemma can be found
n [10]. We include it here for completeness.
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LEmMMA C.1 (Interpolation). For any 2m-periodic f € C?(R) with f(x) = 0 for
some x € [0,27), we have

171136 < 20/ llso [1£" lloo- (C.1)

Proof. Note that if ||f"||cc = 0 or ||f|lec = 0, then ||f'||lc = 0 and so (C.1) is
satisfied. So we may assume that ||f”||c and || f|| are nonzero. For a,b > 0, define
f(x) = af(bx). Then we have that

17113 = a®0?[1 "%, and [|fllscllflloc = a®6?[| flloo I f”lloc-

Hence, f satisfies (C.1) if and only if f satisfies (C.1) for any a,b > 0. Since we can
choose a,b > 0so that || f'|lcc = ||f"]lec = 1, we may assume that || f'|lcc = ||f"]|ec =1
and must show that || f]|eo > 1/2. By translating f we may assume that sup | f'| occurs

at the origin. By reflecting f about either axis, we may assume that f(0) > 0 and
f'(0) = sup|f’| = 1. By the mean value theorem, we have that

F) = £(0)+ 7(0) + 57(©)

for some ¢ € [0,1]. Hence we have

1 1
> f)>1— ===
1l > F(1) 21— 5 = 5
O
Appendix D. Other estimates.
LEMMA D.1. Suppose that f1, fo € T'pp and let
1
/() i=1,2

9i(x) = (ESACDEE
and ¢ = f1 — fa. Then we have that

[¢llos 16" [lsc, 16" [loe < C(m2)llgr — g2lloo-

Proof. Let a;(z) = (1 + f/(x)?)3/2. Then we have that
i) = ) = [ @ - £(6).de (d.1)
0
_ / 01(6)(91(6) — 92(6)) + (a1(6) — ax(&))ga(€) de. (D2

0

Hence
/(2)] < Cullgr — galloo + Ca / 1o ()] de.
0

By applying Gronwall’s inequality (see [7]), we have

|9’ ()] < Callgr — g2/l00-

The other estimates follow immediately. O



