Math 216-050 Exam 2, 11 November 2002 Name:

Prof. Gavin LaRose = page 1 of 4 Lab section: (8,9am,12,1pm = 51-54)

For all problems, SHOW ALL OF YOUR WORK. While partial credit will be given, partial solutions
that could be obtained directly from a calculator or a guess are worth no points. Continue your work
on the back of the page or extra sheet at the end of the exam if you need additional space. You do

not need but may use the normal graphing calculator functions of any graphing calculator, but NOT any
differential equations functionality it may have.

1. Find the real-valued solutions to the following, as indicated.
a. Find the general solution to z” + 42’ + 8¢ = 4¢. The complementary homogeneous solution is
2. = cre” 2 cos(2t) + coe 2 sin(2t). (6 points)
Solution: We know that the general solution is = x.+x,, where x,, is a particular solution,
so we have only to find the particular solution. Using the Method of Undetermined
Coefficients, we guess v, = At + B. Then x;, = A and x;) = 0, so 44 + 8At + 8B = 4t.
Thus A = % and B = *iv and the general solution is

1 1
x = cre”? cos(2t) + coe”?tsin(2t) + §t -1

b. Find the general solution to ‘237? + 8z = 3sin(2t). The complementary homogeneous solution is
z, = cre” 2 4 cpet/? cos(v/3t/2) + czet/?sin(v/31/2).

Solution: Again, we need only find x,. Using the Method of Undetermined Coefficients
again, a good guess is x;, = Acos(2t) + Bsin(2t). Then z} = 8Asin(2t) — 8B cos(2t), so

(8 points)

(8Asin(2t) — 8B cos(2t)) + 8(A cos(2t) + Bsin(2t)) = 3sin(2t).
Matching the coefficients of sin(2t) and cos(2t), 84 + 8B = 3 and 84 — 8B = 0. Thus

A=B= %, and the general solution is

3
x = cre” 2 4 cpet/? cos(V31/2) + cset/? sin(V31/2) + E(cos(Zt) + sin(2t)).

c. Find the solution to 2" + 32’ + 2x = 3e~2!, 2(0) = 2, 2/(0) = 0. The complementary homogeneous
solution is . = c1e 2! + coe L. (10 points)
Solution: In this case our first Method of Undetermined Coefficients guess, z, = Ae™ %,
appears in the complementary homogeneous solution, so we must multiply it by ¢ and
instead guess x, = Ate™*. Then zj, = Ae " — 2Ate™* and )] = —4Ae™? 4 4tAe*.
Plugging in,

(—4Ae 2 4 4t Ae™?") + 3(Ae™?" — 2Ate™ ) + 2(Ate ") = 3%,
or —Ae % =3e % so A = —3. Thus a general solution is
xr = cle_zt + ot — 3te 2.

Applying the initial conditions, z(0) = 2 requires ¢; + ¢; = 2, and 2/(0) = 0 requires
—2¢1 — ¢o = 3. Adding these, ¢; = —5, so that co = 7. The solution is therefore

x = —be 2 4 Te7t — 3te 2.
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2. Find the real-valued solutions to the following, as indicated.
/
. . T _ 1 2 T .
a. Find the general solution to (m) = <3 2) <x2 ) (10 points)

Solution: We’ll solve this with the eigenvalue method. Letting x = <x1 > = ve, we get

T2
1—A 2 V1 o
("3 22 () =0
For non-trivial solutions, the determinant of the matrix on the left-hand side must be zero,
so that (1 —A\)(2—-X) —6 =A% —3X\—4 =0, giving A =4 or A = —1. To find v, we plug

in these values for A. If A =4,
-3 2 U1 o
(3 2)(h)-e

so that —3wvy 4+ 2v9 = 0, and v; = 2, v = 3 is a solution. If A = —1,

(3 5)() e

so that v1 +v2 =0, and v; = 1, v9 = —1 is a solution. Therefore a general solution to the
problem is
T\ _ 2\ 4 1 —t
(2)=a(3) e (l)

b. If y = (71 22 23)T, use the eigenvalue method to find the general solution to y’ = Ay if
10 0 0 4
A=|(1 0 —4]. (For 10 points, you may solve instead for A = (1 0 )) (15 points)
01 0

Solution: Again, let y = ve*. Then

1-— )\ O 0 U1
1 - —4 V2 =0.
0 1 —A V3

The determinant of the matrix must be zero, so that, expanding along the top row and
noting that the second two terms in the determinant will vanish, (1—\)(A\2+4) = 0. Thus
A=1or A\ ==+2i. For A = 1, the eigenvector calculation is

0 0 0 vy
1 -1 —4 v | =0
0 1 —1 V3

)

so that vy — vo — 4v3 = 0 and vy = v3. Combining these, v; = 5v3 and vy = v3. Thus if
we take v3 = 1, we get v = 1 and v; = 5. For A = 2¢, we get

1-2¢ O 0 U1
1 -2t —4 vy | =0,
0 1 -2 U3
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so that (1 — 2i)vy = 0, or v1 = 0. Then vy — 2ivg = 0, so that picking vz = 1 we get
0
v9 = 2i. To find real-valued solutions we take the complex valued solution x = | 2i | e2*
1

and break it into its real and imaginary parts:

0 0
x=|2i | e* = | 2i | (cos(2t) + isin(2t))
1 1
0

= | 2icos(2t) — 2sin(2t)
cos(2t) + isin(2t)

0 0
= | —2sin(2t) | +i | 2cos(2t)
cos(2t) sin(2t)

Then our general solution is the combination of the real solution (A = 1) and the real and
imaginary parts we have here, or

) 0 0
x=c | 1]e +cy| —2sin(2t) | +c3 | 2cos(2t)
1 cos(2t) sin(2t)



Math 216-050 Exam 2, 11 November 2002 Name:

Prof. Gavin LaRose =~ page 3 of 4 Lab section: (8,9am,12,1pm = 51-54)

3. For the following,
i. write down a differential equation that could give the behavior described (Note that there might
be a number of reasonable answers to this!), and
ii. without solving the equation, write down what functions you expect to see in the solution to
the problem (e.g., e=*", 12In(arctan(t)), or t762).
a. Resonance, with the resonant solution having frequency w = 7. (8 points)

Solution:
i. Resonance implies that we are forcing the system at its natural frequency. The
equation 2" + 49z = 0 has solution x = ¢1 cos(7t) + co sin(7t), so it has the desired
natural frequency wy = 7. To get resonance, we force it at this frequency: =" +49x =

ii. CT(‘)l?eW;)l.nctions in the solution are cos(7t), sin(7t), and tsin(7¢). (Technically we’d
expect tcos(7t) as well, but it will turn out that this drops out.) "
:
b. The behavior shown to the right. :V\ NN [\ (8 points)
Solution: < ¥ Y

i. This has a transient and steady state solution. The steady state is the long-term
sinusoidal solution, which we see has period approximately 7. Thus we must be forcing
the problem with a frequency of 2. The transient indicates a decaying complementary
homogeneous solution, so we expect something like 2" + ¢z’ + kx = cos(2t). ¢ and k
can be any positive numbers; for ease of calculation, let’s assume that they are 2 and
1, respectively.

ii. Given our choice of ¢ and k, the homogeneous solution will have terms like e™* and
te™t, while from the forcing we’ll get terms like cos(2t) and sin(2t). "

t

4. A circuit that is commonly found in electronic equipment is a R
“two-loop low-pass filter,” which regulates an input voltage by
filtering out high frequency oscillations in that voltage. For the
interested, the circuit is shown in the figure to the right. A
model for the circuit is the following. Write it in the matrix
form x’ = Ax+f. (All capital letters and w in the equations are
constants, and primes denote derivatives with respect to ¢.)

, 1
Z‘l = 621:3
Th=— ! T +Lw —icos(wt)
27" RC,PTRGTCT R
, 1 R 1
Xy = —le — fxg + 7 cos(wt)
Solution:
)\’ 0 0 1/Cy 1 0
xe | = 0 -1/RCy 1/RC4 x2 | + | —wcos(wt)/R
T3 -1/L.  —R/L 0 x3 cos(wt)/L
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1/3  4/3 2 -3
a. Is P the inverse matrix for M? (Why or why not?) (5 points)

5. Let M = (‘1/2 _2> and P = (_6 12

Solution: To check, let’s multiply the two matrices:

728 10
(5 5) 2 (00)

SO no, it isn’t. m

b. If x = (z1 72)T and b = (1 3)T, how many solutions does M x = 0 have? How many solutions are
there to M x = b? Be sure to indicate why you give the answers you do. Note that you do not
have to solve these problems to answer this question! (6 points)

Solution: We can test this by looking at det(M) to determine if M is singular or not.
det(M) = —% + % =0, so M is singular. Therefore we know that Mx = 0 has an infinite
number of solutions, and Mx = b will have either zero or an infinite number. Note that
the second row in M is —2/3 times the first. The second row of b is not —2/3 times the

first, so Mx = b will have no solutions. [
6. Consider the problem y’ = (é ? y, where y = (71 x2)7.

t ¢
a. Verify that the vector functions y; = (% ) and yo = ( feet ) are solutions to this problem. (6 points)
2

t
Solution: To verify that these are solutions, we can just plug them in: yj = <e >, and

0
t
((1) ?) y1 = (6 O_:Q(()O) ), so it is clear that y; = Ay; for this matrix A. Similarly, for
t ot t ot
V2, Y5 = te 1+te and Ay, = te ﬁet , so that ys is also a solution. m
5€ 0+ 5e

b. Write a general solution to the problem. What is true that allows you to construct the general
solution in the manner you do? (6 points)

Solution: The general solution is y = ¢1y1 + c2y2, provided y; and ys are linearly inde-
pendent (we need two such solutions because it’s a 2 x 2 system). We can verify linear
independence with the Wronskian:

et te 1
W(yi,y2) = 0 Llet|~™ §€2t #0,
2

so the two are linearly independent. [

c. Use your general solution to find the particular solution to this problem satisfying the initial con-
1
1

dition y(O) = < (6 points)

Solution: If y(0) = (1) we have from our general solution above that ¢y 4+0 =1, s0 ¢; =1,

and %02 =1, s0 ¢ = 2. The particular solution is therefore

(€ 2t (142t
e (6) () - (137)



