Math 711: Lecture of October 31, 2007

Discussion: local cohomology. Let yq, ... ,y4 be a sequence of elements of a Noether-
ian ring S and let N be an S-module, which need not be finitely generated. Let J be
an ideal whose radical is the same as the radical of (yq, ... ,y4)S. Then the dth local
cohomology module of N with supports in J, denoted H f]i(N ), may be obtained as

N
(yk, ... yb)N

lim k
where the map from
N
(yrs - yh)N
to Njyp is induced by multiplication by 2", where z = y; --- y4, on the numerators.. If

u € N, {u; y¥, ... ,y%) denotes the image of the class of u in Ny in H4(N). With this
notation, we have that

Nj, =

(us Yy, - yhy = (g gt o yEt

for every h € N.

If y1, ... ,yq is a regular sequence on N, these maps are injective. We also know from
the seminar that if (S, n, L) is a Gorenstein local ring and y = y1, ... ,y4 is a system

of parameters for S, then H (dy)(S ) = H2(S) is an injective hull for the residue class field

L = S/n of S over S. In the sequel, we want to prove a relative form of this result when
R — S is a flat local homomorphism whose closed fiber is Gorenstein.

Theorem. Let (R, m, K) — (S, n, L) be a flat local homomorphism such that the closed
fiber S/m.S is Gorenstein. Let dim (R) = n and let dim (S/mS) =d. Lety =y1, ... ,yq €

n be elements whose images in S/mS are a system of parameters. Let E = Er(K) be an
ingective hull for the residue class field K = R/m of R over R. Then E ®p H(dy)(S) is an

injective hull for L = S/n over S.

In the case where the rings are of prime characteristic p > 0,
F5(E @r H{,)(5)) = FR(E) @r H{,)(5),
and if u € E and s € S, then

k k
(W@ (s yf, ...,y =ul @ (s% yi", ..., yl").

Proof. We first give an argument for the case where R is approximately Gorenstein, which
is somewhat simpler. We then treat the general case. Suppose that {I;} is a descending
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sequence of m-primary ideals of R cofinal with the powers of M. We know that £ =
lim, R/I; for any choice of injective maps R/I; — R/I;+1. Let A, = IS + Ji, where

Ji = (yF, ... ,yk)S. For every k we may tensor with the faithfully flat R-algebra S/Jj
to obtain an injective map S/, — S/Ai41%. Since yi, ... ,yq is a regular sequence
on S/I.S for every I, we also have an injective map S/, — S/ k41 induced by
multiplication by 2 = y1 - -+ y4 on the numerators. The ideals 2l; ;, are n-prinary irreducible
ideals and as t, k both become large, are contained in aribtrarily large powers of n. (Once
I; ©m?® and k > s, we have that 2; , € m*S +n® C n®.) Thus, we have

I
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Es(L) 2limyy —— =limey [ ~®p— | 2 limy, (lim; ( ~®p—
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We now give an alternative argument that works more generally. In particular, we
do not assume that R is approximately Gorenstein. Let F; denote Anngm!. We first
claim that that E;j, which we define as E; ®@g (S/Jk), is an injective hull of L over
Stk = (R/m') @R (S/Jk). By part (f) of the Theorem on p. 2 of the Lecture Notes from
October 29, it is Cohen-Macaulay of type 1, since that is true for F; and for the closed
fiber of S/Jj, since S/mS is Gorenstein. Hence, E; is an essential extension of L, and
it is killed by 2, = m*S + J;. To complete the proof, it suffices to show that it has the
same length as S; ;. Let M denote either R/ m! or E,. Note that M has a filtration with
¢(M) factors, each of which is = K = R/m. Since S/J} is R-flat, this gives a filtration of
M ®p S/ Jy with £(M) factors each of which is isomorphic with K @z S/Jx, = S/(mS+ Ji).
Since ¢(R/m') = £(E}), it follows that S; ) and E;j have the same length, as required.

If ¢ <t we have an inclusion E; — Ey, and if k¥ < k', we have an injection S/J, —
S/ Jk: induced by multplication by P acting on the numerators. This gives injections
E, ®r S — Ep ® S (since S is R—ﬂat) and Fy ®p Sy — Ey Qg Sl,c (since Y1y « - 5 Yd
is a regular sequence on Ey ®pr S). The composites give injections E;j — Ep s and
the direct limit over ¢, k is evidently F ®x H, (dy)(S ). The resulting module is clearly an

essential extension of L, since it is a directed union of essential extensions. Hence, it
is contained in a maximal essential extension Eg(L) of L over S. We claim that this
inclusion is an equality. To see this, suppose that u € Eg(L) is any element. Then u
is killed by 2 = ;5 = m'S + Ji, for any sufficiently large choices of ¢ and k. Hence
u € Anngg ) = N, which we know is an injective hull for L over S/2. But E; ®g S/Jj
is a submodule of N contained in E®pr H (dy) (5), and is already an injective hull for L over

S/ It follows, since they have the same length, that we must have that B, ®g S/J C N
is all of N, and so u € By ®@g S/Jx C E ®gr H(dy)(S).

To prove the final statement about the Frobenius functor, we note that by the first
problem of Problem Set #4, one need only calculate F§ (H (dy)(S )), and this calculation is

the precisely the same as in third paragraph of p. 1 of the Lecture Notes from October
24. O
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We are now ready to prove the analogue for strong F-regularity of the Theorem at the
top of p. 5 of the Lecture Notes from October 29, which treated the weakly F-regular case.

Theorem. Let (R, m, K) — (S, n, L) be a local homomorphism of local rings of prime
characteristic p > 0 such that the closed fiber S/m is reqular. Suppose that ¢ € R° is a big
test element for both R and S. If R is strongly F-reqular, then S is strongly F-reqular.

Proof. Let u be a socle generator in £ = Er(K), and let y = y1, ... ,ya € . be elements
whose images in the closed fiber S/mS form a minimal set of generators of the maximal
ideal n/mS. Let z = y; -+ yg. Then the image of 1 in S/(mS + (y1, ... ,ya)S) is a

socle generator, and it follows that v = u ® (1;y1, ... ,yq) generates the socle in Eg(L)
E®r H(y)(S) Since c is a big test element for S, it can be used to test whether v is in

the tight closure of 0 in F ®p H(y)(S)

This occurs if and only if for all ¢ > 0, c(u®(1; y1, ... ,y4))? = 0in F(E )®RH(y)(S)
and this means that cu? ® (1; y{, ... ,y%) = 0in F5(E) ®r H( )(S). By part (c) of the
Theorem on p. 2 of the Lecture Notes from October 29, y1, ... ,yq is a regular sequence
on E @g S, from which it follows that the module Fg(E) @g (S/(yf, ... ,y5)) injects
into F(E) Qr H( y(.5). Since S = S/(yi, ... ,yd)S is faithfully flat over R, the map
F&(E) — FL(E) @r S/(yf, ... ,y})S sending w — w ® 1 is injective. The fact that
cwl®(1; yi, ... ,yl) = 0 implies that cu? ® 15 is 0 in F4(E) ®g S, and hence that cu? = 0
in R. Since this holds for all ¢ > 0, we have that v € 0}, a contradiction. U

The following result will be useful in studying algebras essentially of finite type over an
excellent semilocal ring that are not F-finite but are strongly F-regular: in many instances,
it permits reductions to the F-finite case.

Theorem. Let R be a reduced Noetherian ring of prime characteristic p > 0 that s
essentially of finite type over an excellent semilocal ring B.

(a) Let B denote the completzon of B with respect to its Jacobson radical. Suppose that R

18 strongly F-reqular. Then B ®p R is essentially of finite type over B and is strongly
F-regular and faithfully flat over R.

(b) Suppose that B = A is a complete local ring with coefficient field K. Fiz a p-base
A for K. For allT < A, let RV = AU ®4 R. We nay identify Spec (R") with
X = Spec(R) as topological spaces, and we let Zy denote the closed set in Spec (R)
of points corresponding to primes P such that R is not strongly F-reqular. Then
Zp is the same for all sufficiently small I' < A, and this closed set is the locus in X
consisting of primes P such that Rp is not strongly F-reqular.

In particular, if R is strongly F-regular, then for allT < A, RY is strongly F-reqular.

Proof. (a) Since B — B is faithfully flat with geometrically regular fibers, the same is
true for R — B ®p R. Choose ¢ € R° such that R, is regular. Then we also have that
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(E ®p R). is regular. Hence, ¢ has a power that is a completely stable big test element
in both rings. Let @ be any prime ideal of S = B ®p R and let P be its contraction to
R. We may apply the preceding Theorem to the map Rp — Sg, and so Sq is strongly
F-regular for all ). It follows that S is strongly F-regular.

(b) For all choices of IV C T' cofinite in A, we have that R C R C R, and that
the maps are faithfully flat and purely inseparable. Since every R! is F-finite, we know
that every Zr is closed. Since the map RY C R' is faithfully flat, Zp decreases as I’
decreases. We may choose I' so that Z = Zr is minimal, and, hence, minimum, since a
finite intersection of cofinite subsets of A is cofinite.

We shall show that Z must be the set of primes P in Spec (R) such that Rp is strongly
F-regular. If Q) is a prime of R' not in Zr lying over P in R, the fact that Rp — Rg is
faithfully flat implies that P is not in Z. Thus, Z C Zp. If they are not equal, then there is
a prime P of R such that Rp is strongly F-regular but Rg is not strongly F-regular, where

Q is the prime of RT corresponding to P. Choose IV C I' such that Q' = PRT is prime. It
will suffice to prove that S = Rg, is strongly F-regular, for this shows that Zr» C Zr —{ P}
is strictly smaller than Zr. Since S is F-finite, we may choose a big test element ¢y for S.
Then ¢; has a g1 th power ¢ in Rp for some ¢, and c is still a big test element for S. The
closed fiber of Rp — S is S/PS = S/Q’, a field. Hence, by the preceding Theorem, S is
strongly F-regular. [

Using this result, we can now prove:

Theorem. Let R be reduced and essentially of finite type over an excellent semilocal ring
B. Then the strongly F-regular locus in R is Zariski open.

Proof. We first consider the case where B = A is a complete local ring. Choose a coefficient
field K for A and a p-base A for it. Then the result is immediate from part (b) of the
preceding Theorem by comparison with R' for any I' < A.

In the general case, let S = B® B R. Since B is a finite product of complete local rings,
S is a finite product of algebras essentially of finite type over a complete local ring, and
so the non-strongly F-regular locus is closed. Let J denote an ideal of S that defines this
locus.

Now consider any prime ideal P of R such that Rp is strongly F-regular. Let W = R—P.
Then we may apply part (a) of the preceding Theorem to Rp — B® B Rp to conclude
that B ® r Rp = W18 is strongly F-regular. It follows that W must meet J: otherwise,
we can choose a prime () of S containing J but disjoint from W, and it would follow that
Sq is strongly F-regular even though J C @, a contradiction. Choose c € W N J. Then
S. is strongly F-regular, and since R. — S, is faithfully flat, so is R.. Thus, the set of
primes of R not containing c is a Zariski open nieghborhood of P that is contained in the
strongly F-regular locus. [J



