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CORRIGENDUM TO “STRENGTH CONDITIONS, SMALL

SUBALGEBRAS, AND STILLMAN BOUNDS IN DEGREE ≤ 4”

TIGRAN ANANYAN AND MELVIN HOCHSTER

Abstract. The statement and proof of a proposition, which appeared in
Trans. Amer. Math. Soc. 373 (2020), no. 7, 4757–4806, about the locus where
strength of a form is at most k are corrected: the locus is constructible but
not known to be closed. Needed corrections are made in the proof of another
result about strength: the statement of that result is not changed.

The proof of Proposition 3.3 of [1] is incorrect, and there is a counter-example
in [3].

It is correct that the the loci described are constructible sets. No other results
are affected, although the proof of Theorem 5.7 needs to be modified slightly, as
described below. Some remarks related to Proposition 3.3 should be deleted. In
particular, the sentence preceding Definition 1.13, the sentence preceding Propo-
sition 3.3, and the short paragraph preceding Corollary 4.4 should be omitted.
Remark 3.4 should read “See also Corollary 4.4 for a strengthening of 3.3(c) in the
case of quadratic forms.” In the statement of Proposition 3.3 the word “closed”
should be replaced by “constructible,” and the first paragraph of the proof should
be simplified as shown immediately below. Note that the way in which parts (b)
and (c) are deduced from part (a) is unchanged, but the word “closed” should be
replaced by “constructible.”

Proposition 3.3. Let K be an algebraically closed field, and let R be a polynomial
ring in finitely many variables over K. Let d ≥ 1 be an integer and let Rd denote
the K-vector space of d-forms in R. Let k be a positive integer, and let d1, . . . , dk
be positive integers that are ≤ d.

(a) The set of elements f of Rd that are contained in an ideal I with k genera-
tors f1, . . . , fk such that fi ∈ Rdi

is constructible in Rd. The set of points
of P(Rd) represented by such a nonzero f is constructible in P(Rd).

(b) Let h ∈ N. The set of elements f of Rd that have a (k, h)-collapse is con-
structible in Rd. The set of points of P(Rd) represented by such a nonzero
f is constructible in P(Rd).

(c) The set of elements f of Rd having a strict k-collapse is constructible in Rd.
The set of points of P(Rd) represented by such a nonzero f is constructible
in P(Rd).
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Proof. (a) The specified set of elements is the image of the map of affine algebraic

sets
∏k

i=1(Rdi
×Rd−di

) → Rd sending the element whose i th entry is (fi, gi), 1 ≤
i ≤ k, to

∑k
i=1 figi, and the image of a map of affine algebraic sets is constructible.

The corresponding statement for projective case follows. �
The only other corrections are to the proof of Theorem (5.7). The argument

works with only minor changes, using the fact that one has Proposition (3.3) with
being constructible as the conclusion rather than being closed, but some rewording
is needed. There are unrelated corrections to the first paragraph of the proof: in
the fifth line from the bottom of that paragraph, “element” should be “entry” and
in that same line, “wv” should be “vw.” The second and third paragraphs of the
proof of Theorem (5.7) should be reworded as shown just below — the rest of the
argument is unchanged.

“Next, consider the subset Z ⊆ Wb × Vb consisting of pairs (w, v) such that
w ∗ v has a strict k-collapse or is 0. The set of forms of degree d with a strict
k-collapse together with 0 form a constructible set by Proposition (3.3)(c). Z is the
inverse image of this set under the regular morphism μ, and so Z is constructible
in Wb × Vb. Since Z is closed under multiplying either coordinate by a nonzero
scalar, it determines a constructible set X ⊆ P(Wb)×P(Vb). If the projection map
π2 : X → P(Vb) does not have dense image, the set of matrices representing points
of the complement of the closure of its image is a dense open set U in Vb such that
every nonzero linear combination of the entries of any element of U is k-strong.
Therefore we may assume that the projection map has dense, constructible image
in Vb, and so the image has nonempty interior.

Since the image of the projection map contains a dense open subset of P(Vb),
the dimension of X is at least bM − 1. It follows that there is a point of P(Wb)
such that the fiber of π1 : X → P(Wb) is a constructible subset of P(Wb) that has
dimension at least (bM − 1) − (b − 1) = bM − b. Fix a nonzero b × 1 matrix w
representing an element where the fiber has dimension at least bM − b, and so has
codimension at most bM − 1 − (bM − b) = b − 1 in P(Vb). Choose an irreducible
locally closed subset X1 of the fiber over w of codimension at most b− 1 in P(Vb).”
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