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CHAPTER I

Introduction

I.1 History

The focus of this thesis is on understanding local cohomology modules. Given an
ideal I of a Noetherian ring R and an R-module M, the local cohomology modules
of M with support in I are a family of R-modules indexed by nonnegative integers i,
and are denoted H: (M). These modules capture many properties of R, I, and M,
making them remarkably useful. For example, the first local cohomology module of a
ring may be viewed geometrically as the obstruction to extending sections of sheaves
from an open set to the whole space. The dimension of a local ring and the depth of
a module on an ideal can also be characterized in terms of local cohomology, as can
the Cohen-Macaulay and Gorenstein properties.

Understanding the structure of local cohomology modules is both intriguing and
challenging. For example, the only nonzero local cohomology module of a polynomial
ring R over a field with support in its homogeneous maximal ideal m is isomorphic to
the smallest injective module containing R/m (and gives a concrete realization of this
injective hull). Injective modules are rarely finitely generated, and local cohomology
modules are often unwieldy and can be difficult to understand.

A major goal of this thesis is to understand local cohomology modules of poly-

nomial rings with support in ideals generated by determinants. More precisely, if



X = [z45] is an r X s matrix of indeterminates, where r < s, consider the polynomial

ring R over a field k in the entries of X i.e.,

11 12 ... Xig

To21 X292 ... XTog
R=k

Tr1 Tp2 ... Tps

The ideals I; generated by all the ¢ x ¢ minors of X are examples of determinantal
tdeals, a class of much-studied ideals that provide a rich source of naturally-arising
examples in commutative algebra, algebraic geometry, invariant theory, and combi-
natorics. This thesis is particularly concerned with understanding local cohomology
modules of R with support in [ := [, i.e., the ideal generated by the maximal minors
of X.

The behavior of the local cohomology modules of the ring with support in the
ideal generated by the maximal minors of the matrix X depends strongly on the
characteristic of the ring. In prime characteristic, by results of Hochster and Eagon

and of Peskine and Szpiro, there is only one nonzero such local cohomology module:

Theorem I.1.1 (| , Theorem 1], | , Théoreme I11.4.1]). Suppose that X
15 an r X s matrix of indeterminates, that k is a field of prime characteristic, that
R = k[X] is the polynomial ring over k in the entries of X, and that I is generated

by the maximal minors of X. Then the only nonzero local cohomology module of the

form Hi(R) has index i = s —r + 1, the depth of I.

In characteristic zero, the case on which this thesis is focused, the minimum index for
which H: (R) # 0 is still i = s—r+1, the depth of T | , Theorem 1]. However, an
argument of Hochster, Huneke, and Lyubeznik shows that the maximum nonvanishing

index is a number almost r times larger:



Theorem 1.1.2 (] , Remark 3.13]). Suppose that X is an r x s matriz of inde-
terminates, that k is a field of characteristic zero, that R = k[X] is the polynomial
ring over k in the entries of X, and that I is generated by the mazximal minors of X.
Then

max{i | Hi (R) #0} =r(s—r) + 1.

Their proof uses invariant theory and the fact that r(s — r) + 1 is the dimension
of the k-subalgebra of R generated by the maximal minors of X, the homogeneous
coordinate ring of the Pliicker embedding of the Grassmann variety of r-planes in
s-space.

The only previously known explicit description of such a local cohomology module

in characteristic zero is due to Walther:

Example 1.1.3 (] , Example 6.1]). Assume that X is a 2 x 3 matrix of indeter-
minates, that k is a field of characteristic zero, that R = k[X] is the polynomial ring
over k in the entries of X, and that I is generated by the the three 2 x 2 minors of

X. Then H} (R) is isomorphic to the injective hull of k over R.
Walther’s example motivates the following question:

Question I.1.4. Suppose that X is an r X s matrix of indeterminates, that k is a
field of characteristic zero, that R = k[X] is the polynomial ring over k in the entries
of X, and that I is generated by the maximal minors of X. If d =r(s —r) + 1 is the
“maximum nonvanishing” index noted in Theorem 1.1.2, then is H¢ (R) isomorphic

to the injective hull of k over R?

Along with a Grobner basis algorithm, in the proof of Example 1.1.3, Walther
employs a powerful theorem of Lyubeznik, proved using the D-module structure of

local cohomology modules:

Theorem 1.1.5 (] , Theorem 3.4]). Let k be a field of characteristic zero, and

let R be a regular k-algebra. If a local cohomology module H: (R) is supported only at



a mazimal ideal m, then H: (R) is isomorphic to a finite direct sum of copies of the

injective hull of R/m over R.

With R, I, and d as in Theorem 1.1.4, it can easily be checked that H¢ (R) is
supported only at the homogeneous maximal ideal of R. Thus, by Theorem [.1.5, we
know that H¢ (R) must be isomorphic to the direct sum of a finite number of copies
of the injective hull of & over R. Confirming an affirmative answer to to Question
[.1.4 is therefore equivalent to proving that the number of copies of the injective hull

1S one.

1.2 Main Results

This thesis answers Question [.1.4 affirmatively: H¢ (R) is isomorphic to exactly
one copy of the injective hull of k over R. Our method relies on invariant theory, as
well as the work of Lyubeznik cited earlier. The thesis also provides information about
the local cohomology modules H¢ (R) at indices i < d. Our main result regarding the

local cohomology modules H: (R) in the characteristic zero case is the following:

Main Theorem on Minors (V.10). Let k be a field of characteristic zero and let X
be an r x s matriz of indeterminates, where r < s. Let R = k[X] be the polynomial

ring over k in the entries of X, and let I be its ideal generated by the mazximal minors

of X. Given an R-module M, let Er(M) denote the injective hull of M over R.

(a) Let d =max{i: H; (R) # 0}, so that d=1r(s —r)+ 1 by Theorem I.1.2. Then

HY (R) = En(k).

(b) Hi(R) #0 if and only if i = (r —t)(s —r) + 1 for some 0 <t <r.



(¢) Furthermore, if i = (r —t)(s —r) + 1, then

Hj (R) = Er(R/Ip41) = Hj (R)

Iy

where I is the ideal of R generated by the (t+1) x (t+1) minors of X (which
is prime by | , Theorem 1]). In particular, Assg (Hi (R)) = {I;+1(X)}.

Note that there is precisely one nonvanishing local cohomology module of the form
Hi(R) for every possible size minor of X, and that each nonvanishing H? (R) in-
jects into a specific indecomposable injective module. Moreover, this result is proven
independently of Theorem [.1.2.

The proof of Main Theorem on Minors V.10 takes advantage of the natural action
of the group G = SL,.(k) on the ring R. The fact that this group also acts on each
of the local cohomology modules is a powerful tool. A classical result from invariant
theory is that RY, the subring of invariant elements of R, is the k-subalgebra of R
generated by the maximal minors of X | , Theorem 2.6.A]. This means that
the ideal I of R generated by the maximal minors of X is the expansion of the
homogeneous maximal ideal of R® to R.

This technique, in fact, can be extended more generally to a polynomial ring with
an action of any linearly reductive group. Indeed, we prove the following more general

theorem:

Main Theorem (IV.8). Let R be a polynomial ring over a field k of characteristic
zero with homogeneous mazximal ideal m. Let G be a linearly reductive group over k
acting by degree-preserving k-automorphisms on R, such that R is a rational G-module
(see Definition 11.4.3). Assume that A = R has homogeneous maximal ideal m 4, let
d=dimA, let I = myR, and let Eg(k) denote the injective hull of k over R. Then
H}(R) # 0 and I is generated up to radicals by d elements and not fewer, so that
Hi(R) =0 fori > d. Moreover, the following hold:



(a) Ifi < d, then m is not an associated prime of H:(R), i.e., H) (H:(R)) = 0.

If, in addition, H¢ (R) is supported only at m (e.g., this holds if, after localization
at any of the indeterminates of R, I requires fewer than d generators up to radical),

then
(b) V :=Soc H (R) is a simple G-module, and

(c) As rational R[G]-modules (see Definition 11.4.9), H? (R) & Er(k) ® V.

1.3 Outline

In Chapter II, we provide background material necessary in understanding the
thesis work. Section [I.1 focuses on associated primes and support, Section [1.2
on local cohomology modules, Section [1.3 on determinantal ideals, Section [1.4 on
linearly reductive groups and G-modules, and Section 1.5 on the spectral sequence
of a double complex. Chapter III presents additional preliminary definitions and
lemmas regarding graded duals and G-modules. Proving the Main Theorem [V.8 is
the goal of Chapter IV, and proving the Main Theorem on Minors V.10 is the focus
of Chapter V. The thesis concludes with Chapter VI, which provides the proof of
Theorem V1.3, a vanishing result on certain iterated local cohomology modules of
the form H). (H:(R)). Through a spectral sequence argument, this theorem helps
to further describe the local cohomology modules with support in ideals of maximal

minors.



CHAPTER II

Background

II.1 Associated Primes and Support

This section reviews the theory of associated primes and support necessary to
complete the proofs of the Main Theorem [V.8 and the Main Theorem on Minors
V.10. Throughout this section, all rings are assumed to be Noetherian. However, for
most results stated, we do not need to assume that modules are finitely generated.

We will note when this assumption is needed. Our primary reference is | ].

Definition I1.1.1 (Associated prime of a module). Given a Noetherian ring R and an
R-module M, an associated prime of M is a prime ideal p of R such that R/p — M
as R-modules, or, equivalently, if p = anng(u) for some element u € M. The set of

associated primes of M is denoted Assg (M) .

Proposition 11.1.2. Given a Noetherian ring R, ideals that are mazximal elements

of the set {anng(z) | © € M,z # 0} are associated primes of M.

Corollary 11.1.3. Given a ring R and an R-module M, the union of the associated

primes is the set of all zero divisors on M in R.

Definition II.1.4. Given a ring R and an R-module M, the support of M is the
following collection of prime ideals of R: Suppg(M) = {p € Spec(R) | M, # 0}.



Theorem II.1.5. Given a ring R and a nonzero R-module M, neither Assg (M) nor
Suppr(M) is empty. Moreover, Suppp(M) D Assg (M), and the minimal elements
of Assg (M) and of Suppr(M) are the same.

Proposition I1.1.6. If R is a ring, ¥ C R is a multiplicative system, and M is an
R-module, then Assp (S71M) = {p € Assg (M) | ENp = 0}.

Theorem II.1.7 (| , Theorem 12]). If R is a Noetherian ring, M is an R-

module, and S is flat Noetherian R-algebra, then

Assp(M®pS) = |J Asss(S/pS)= [J »S.
pEAssr(M) pEAssgr(M)
S/pS£0

The proof of Theorem [1.1.7 extends from the case that M is a finitely-generated
module: Since any module is the direct limit of its finitely generated submodules, if
for some prime p, R/p injects into M, then it must inject into a finitely-generated
submodule of M. The result then follows from the commutativity of direct limits

with tensor products.

Proposition 11.1.8. Suppose that R is an N-graded ring, and that M s a Z-graded

R-module. Then the associated primes of M are homogeneous.

A consequence of Proposition [1.1.8 is that if R is an N-graded ring with Ry = k,
a field, and M is a Z-graded R-module, then every associated prime of M must be

contained in the homogeneous maximal ideal of R.

I1.2 Local Cohomology Modules

In this section, we will present the material on local cohomology modules that is
needed to prove the main results. The main references for this section are [ ]
and | ]. Throughout, a local ring (R, m, k) is a Noetherian ring R with unique

maximal ideal m and residue field k = R/m.



Definition I1.2.1 (Injective module). An R-module E is injective if for any injection

N < M of R-modules, the induced map Homg(M, E) — Homg(N, E) is surjective.

Definition I1.2.2 (Injective resolution). If R is a ring and M is an R-module, an

injective resolution of M is a complex of injective R-modules

O—>E0—>E1—>E2—>...

such that M = ker(Ey — E;), and the complex is exact at every other spot.

Definition I1.2.3 (Injective dimension). If R is a ring and M is a nonzero R-module,
the injective dimension of M is the length of the shortest injective resolution of M.

If no finite resolution exists, we say that the injective dimension of M is infinite.

Definition I1.2.4 (Right derived functor). Given a ring R, suppose that F' is a
covariant left-exact functor from the category of R-modules to itself. Given an R-

module M, take an injective resolution of M:

0—— B, B, Bl E
Apply F to the resolution to get:
(I1.2.4.1)
F(fo) F(fi-1) F(f3)

0—F(B)) "ML p(B) —— ... —F(E_ Y (5) N F (B —. ..

The i right derived functor of F, denoted R'F, is the functor whose value on M is

RF(M) =ker F (f;) /Im F (fi_1), the i*® cohomology module of (I1.2.4.1).

Definition II1.2.5 (Local cohomology). Let R be a Noetherian ring, let I be an ideal

of R, and let M be an R-module. Let I" be the functor from the category of R-modules

to itself such that T'(M) = |J Anny,(I*) € M. The i local cohomology of M with
t=1

support in I is the i*" right derived functor of I applied to M, R'T'(M).



There are several equivalent definitions; each definition makes certain properties
of local cohomology modules more apparent. The following definition is needed in

one such description of local cohomology:

Definition I1.2.6 (Ext functor). Suppose that R is a ring and that M and N are
R-modules. Then the i*® right derived functor of the functor Homg(M, —), applied
to N, R*Homg(M, —)(N), is denoted Ext’, (M, N).

Two particularly useful characterizations of local cohomology are presented in the

following theorem:

Theorem I1.2.7. Let R be a Noetherian ring, and M an R-module. Suppose that I
is an ideal of R, and that /I = V (fi,-.., fu). Then the following are the isomorphic

R-modules:
(a) Hj(M).
(b) lim Exty, (I, M) .
t

(c) The i*" cohomology of the complex:
H H
0— M- @Mfi - @ Mfifj .7 @M Teof1o S - Mflu-fu — 0,
i=1 1<i<j<p i=1

where the map on each summand is defined as follows: if 1 < iy < ... <14, < pu,

the map

Mfz‘1~~~fz'n - @ Mfl1'~~fln+1 18 given by

1<h<o<lpp1<p

Uu a1 Ufi,
o ZA =) S fi

One immediate consequence of Theorem [1.2.7 (¢) is that local cohomology de-

pends only on the radical of the associated ideal. Since the complex described in

10



(c) has only pu (possibly) nonzero terms, H: (M) = 0 for indices i greater than the
number of generators of any ideal with the same radical as I (and in particular, for
all i greater than the minimal number of generators of I), which we call the minimal
number of generators of I, up to radical.

Recall that for M an arbitrary (not necessarily finitely-generated) module over a

ring R, we may define the dimension of M to be any of the following equal suprema:

sup{dim(N) | N C M finitely-generated R-submodule}
= sup{dim(R/p) | p € Assp (M)}

= sup{dim(R/p) | p € Suppg(M)}.

Besides the number of generators of I, up to radical, other familiar and important
invariants of R, I, and M also restrict the vanishing of the local cohomology modules

Hi(M), as illustrated by the following theorem:

Theorem I1.2.8. Suppose that R is a Noetherian ring, I is an ideal of R, and that

M 1is an R-module. Then

(a) Hp (M) =H; (M),

v (
(b) Hi (M) = 0 for i greater than the minimal number of generators of I, up to

radical,
(c) If M is finitely generated and M # I M, then min{i | H: (M) # 0} = depth, (M),
(d) Hi (M) =0 fori > dim M, and
(e) Ifi > dim R/p for allp € Assg (M), then H: (M) = 0.

Theorem I1.2.9 (Long exact sequence in local cohomology). Suppose that R is a

Noetherian ring, I is an ideal of R, and that 0 — M’ — M — M"” — 0 is an

11



exact sequence of R-modules. Then there is a functorial long exact sequence in local

cohomology:

0—— H} (M") —= H} (M) — H} (M")

<—>H} (M') — Hj (M) — H} (M")

LH? (M) — H} (M) — H} (M") — ...

e HE (M) —— Hi (M) —— Hi (M") —— ..
Definition I1.2.10 (Cohen-Macaulay ring). A local ring (R, m) is Cohen-Macaulay

if dim R = depth,, R. An arbitrary ring is Cohen-Macaulay if its localization at every

prime ideal of R is a Cohen-Macaulay local ring.

Note that Theorem 11.2.8 (¢) and (d) combine to give a characterization of the

Cohen-Macaulay property for a local ring in terms of local cohomology:

Corollary II1.2.11. A local ring (R,m) is Cohen-Macaulay if and only if the only

nonzero local cohomology module H: (R) has index i = dim R.

Remark I1.2.12. Note that Corollary [1.2.11 implies that an arbitrary ring R is
Cohen-Macaulay if and only if, for every prime ideal p of R, the only nonzero local

cohomology module of the form Hyp (R,) has index i = dim Ry,

Definition I1.2.13 (Essential extension). For R a ring, a homomorphism of R-
modules ¢ : M — N is an essential extension if it is both an injection and if every

nonzero submodule of N has nonzero intersection with ¢(M).

Lemma 11.2.14. Suppose that R is a ring and that M is an R-module. A mazimal
essential extension (an extension with no proper essential extension) M — E exists,

and E is an injective R-module. If M o E and M—2~E' are mazimal essential

12



extensions, then E = E’ as R-modules, and if ¢ denotes such an isomorphism, the

following diagram commutes:

M-+ E

NP

El

Lemma [1.2.14 confirms that the following definition is well defined:

Definition I1.2.15 (Injective hull). If M is an R-module and M — FE' is a maximal
essential extension, then F is called the injective hull of M over R, and is denoted

ERr(M).
Proposition I1.2.16. For p a prime ideal of a ring R, Eg (R/p) = Eg, (Ry/pR,) .

Definition I1.2.17 (Socle). Let (R, m) be a local ring or let R be an N-graded ring
with Ry = k, a field, and homogeneous maximal ideal m. Let M be an R-module.

The Socle of M, denoted Soc M, is the R-submodule Annjy; m.
Note that Soc M is naturally a R/m-vector space.

Proposition 11.2.18. If R is a Noetherian ring and p is a prime ideal of R, then
Anng, g/ p = Frac (R, /pR,) . In particular, if (R, m) is a local ring or R is an N-

graded ring with Ry = k, a field, and homogeneous maximal ideal m, Soc Er(k) = k.

Example 11.2.19. If R = k[zy,... x4 is the polynomial ring over a field k£ and m is
its homogeneous maximal ideal, then the complex described in Theorem 11.2.7 (¢) to

define the local cohomology modules H, (R) is:

=1

1<i<j<n i=1

Since R is Cohen-Macaulay of dimension d, the only nonzero local cohomology module

of R in this case is HZ (R). Taking cohomology, HZ (R) = Ry, 2./ > v Rey. 77 a0

Qn

A vector space basis for HZ (R) consists of 27" - ... 2, where each a; > 0;

n

13



this module has been called an“upside-down polynomial ring in x4, ..., z,.” In fact,

HE (R) = Br(k).

Definition I1.2.20 (Gorenstein ring). A Gorenstein local ring is a local ring with
finite injective dimension as a module over itself. A Noetherian ring is Gorenstein if

its localization at every prime ideal of the ring is a Gorenstein local ring.

The polynomial ring k[zy,...,x,] from Example 11.2.19 is Gorenstein. In fact,
all regular rings, and so in particular, complete intersection rings, are Gorenstein.
Gorenstein rings are Cohen-Macaulay. The fact that HZ (R) = Ex(k), in fact, holds

for any local or graded Gorenstein ring;:

Theorem I1.2.21. Suppose that (R, m, k) is a Gorenstein local ring, or that R is an
N-graded ring with Ry = k, a field, and homogeneous mazximal ideal m. If dim R = d,
then HE (R) = Eg(k).

The following theorem is used in the proof of the Main Theorem on Minors V.10:

Theorem I1.2.22. If I is an ideal of a Noetherian ring R, M is an R-module, and

S is a flat Noetherian R-algebra, then for any i, Hi (M ®r S) = H: (M) ®p S.

Corollary 11.2.23. If I is an ideal of a Noetherian ring R, M is an R-module, and

Y C R is a multiplicative system, then for any i, Hi (X~'M) =2 S 1HL (M) .

Definition I1.2.24 (Canonical module). If (R, m, k) is a Cohen-Macaulay local ring
of dimension d, then a finitely-generated R-module w is a canonical module for R
if Homp(w, Er(k)) = HY (R) as R-modules. A finitely-generated R-module w is a
canonical module for an arbitrary Cohen-Macaulay ring R if, for every prime ideal p

of R, wy is a canonical module for R,.

Theorem I1.2.25 (Local duality). Let (R, m, k) be a local Gorenstein ring of dimen-

sion d and let E = H2 (R), which, by Theorem 11.2.21, is an injective hull for k over

14



R. Then for any finitely-generated R-module M, Hi (M) = Homp(Ext% * (M, R) , E)

as functors in M.
Corollary 11.2.26. A Gorenstein local ring is its own canonical module.
Proof. Apply Theorem [1.2.25 to the case that M is the ring and 7 is its dimension. [

Theorem 11.2.27. Given a Cohen-Macaulay ring R, a canonical module for R ezists

if and only if R is a homomorphic image of a Gorenstein ring.

Theorem 11.2.28. Assume that R is a Cohen-Macaulay domain that is a homomor-
phic image of a Gorenstein ring. Then the canonical module for R is isomorphic with

an ideal of R containing a nonzerodivisor, so is a torsion-free module of rank one.

II.3 Determinantal ideals

In this section, we briefly introduce a certain class of determinantal ideals.

Definition II.3.1 (The ideals I;;1(X)). Given aring R and an r X s matrix X = (r;)
of entries of R, then for 1 <t < r, let [;(X) denote the ideal of R generated by the

t x t minors of X.

Definition II1.3.2 (Polynomial ring over a matrix). If A is a ring and X = [z;;] is
an r X s matrix of indeterminates, then let A[X| denote the polynomial ring over A

in the rs indeterminates ;.

The following theorem of Hochster and Eagon [ , Theorem 1] is used in the

proof of the Main Theorem on Minors V.10.

Theorem I1.3.3 (Hochster and Eagon). Assume that X is an r X s matriz of inde-
terminates, where r < s, that k is a field, and that R = k[X]. Then the ideals I;(X),

0 <t <, are prime. Additionally, hty,(x) R = depth;,xy R = (r —t +1)(s —t + 1).

15



II.4 G-modules and R[G]-modules

This section reviews the relevant theory of G- and R[G]-modules; our main refer-

ence here is | ]

Definition I1.4.1 (Linear algebraic group). A linear algebraic group over a field k is

a Zariski-closed subgroup of GL,(k), for some positive integer n.

Definition 11.4.2 (G-module, G-module action, G-submodule, simple G-module,
G-module homomorphism, G-equivariant map). Given a linear algebraic group G over
a field k, a G-module is a k-vector space on which there exists a k-linear representation
of G, a group homomorphism ® : G — GL(V). The corresponding group action
G xV — V on a G-module is called its G-module action. A G-submodule W of
V' is a k-vector subspace of V' that is stable under its G-module action. A simple
G-module is a nonzero G-module that contains no proper nonzero G-submodules.
Given G-modules V' and W, a G-module homomorphism ¢ : V — W is a vector

space homomorphism that is also G-equivariant, which means that for all ¢ € G and
veV,g-9v) =d(g-v).

Definition 1I.4.3 (Rational G-module). Given a linear algebraic group G over a
field k, a finite-dimensional G-module V' is called a rational G-module if the action
G xV — V is a regular map of affine varieties over k. An arbitrary (possibly infinite-
dimensional) G-module is a rational G-module if it is a directed union of G-stable

finite-dimensional k-vector subspaces that are themselves rational G-modules.

A G-stable subspace of a rational G-module, a quotient of a rational G-module,
or a direct sum of rational G-modules is again a rational G-module. If V and W
are rational G-modules, then V ®, W is a rational G-module with action defined on
simple tensors by g+ (v @ w) = g-v® g - w. If V is also a finite-dimensional vector
space, then Homy(V, W) is a rational G-module by ¢ - f = gfg~'. Moreover, their

definition implies that rational G-modules are also closed under directed unions.
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Example I1.4.4. For example, if k = C, G = GL;(C) = C* and G actson V =C
by, for A € G and z € V|, A- z = A"z for some integer n, then this action makes V' a
rational G-module. However, the action defined by X - z = Az, where X\ denotes the

complex conjugate of A, is not a rational G-module action over C.

Remark I1.4.5. Every linear algebraic group G acts rationally on the coordinate
ring k[G], and every finite-dimensional rational G-module occurs as a G-submodule
of k[G]®" for some h. Every finite-dimensional simple rational G-module occurs as a

G-submodule of k[G] | , Discussion following Definition 2.23].

Definition I1.4.6 (Linearly reductive group). A linear algebraic group G is called
linearly reductive if every finite-dimensional rational G-module splits into a direct

sum of simple G-modules.

In particular, if G is linearly reductive, every map of rational G-modules splits.
Some examples of linearly reductive groups in characteristic zero are the general
linear group (and, in particular, the multiplicative group of the field), the special
linear group, the orthogonal group, the symplectic group, finite groups, and products
of any of these. In characteristic p > 0, there are fewer linearly reductive groups;
some examples are the multiplicative group of the field, finite groups whose orders

are not multiples of p, and products of these.

Definition I1.4.7 (W-isotypical component). Given a linearly reductive group G, a
rational G-module V', and a simple rational G-module W, the W -isotypical compo-
nent of V' is the direct sum of all G-submodules of V' isomorphic to W, i.e., it is of
the form @WZ C V, where each W; = W as G-modules. As G-modules, V is the

direct sum of its isotypical components.

Definition I1.4.8 (Invariant part). If V' is a G-module, then the invariant part of

V, denoted V¢, is the G-submodule of elements in V fixed by the action of G.
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When G is linearly reductive, V¢ is the isotypical component of & with the trivial
action, so the functor on rational G-modules sending V to V¢ is exact. The sum
of all other isotypical components (the sum of all the simple G-submodules of V' on

which G does not act trivially) defines a unique G-module complement of V.

Definition I1.4.9 (R[G]-module). Let G be a linear algebraic group over a field k
and let R be k-algebra that is a G-module. An R-module M that is also a G-module

is an R[G]-module if for every g € G, r € R, and u € M,

g(ru) = (gr)(gu).

Definition I1.4.10 (Rational R[G]-module). Given a field k£ and a k-algebra R with
an action of a linear algebraic group G, a rational R|G]|-module is an R|G]-module

that is also a rational G-module.

Remark I1.4.11. Every simple rational G-module occurs in the action of G = SL,.(k)
on k(G| = k[zj]rxr/(det([zi;]rxr) — 1), and hence in the action on k[z;;],«,, which
maps onto k[G]. Thus, all occur in the action on k[X|, where X = [z;;],xs and r < s,

which contains k[z;;] ;-

The following isomorphism of G-modules will be used in the proofs of Lemma

11.4.13 and of Lemma [I].8.

Remark I1.4.12. Given a linear algebraic group G over a field k, and G-modules U

and V, dim; V' < oo, we have the following isomorphism of G-modules:

(I1.4.12.1) U ®y V* = Homy(V,U)

u® [ ¢, where ¢(v) = f(v)u,

where, given g € G, foru® f € U, V*, g- (u® f) = gu®gf, and for ¢ € Homy(V,U)

andv eV, (g-¢)(v) = (969 1) (v).
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Lemma 11.4.13. If G is a linearly reductive group over a field k, and U and V' are

rational G-modules, then

(U@p V)¢ #0 < for some simple G-submodule W of V., W* < U.

Proof. Suppose that (U ®; V)¢ # 0 and that U = @Y; and V = @ W; are decom-

iel jeJ
positions into simple G-modules. Then U @, V = & Y, ®; W, as G-modules, so
iel,jeJ

that as G-modules,

U V)= P (Ve W;),

il jed
For simple G-modules Y and W, (Y ® W)G = 0 unless W = Y* as G-modules:
By the adjointness of tensor and Hom, (Y ®; W) = Homy (W,Y*). Since G is

linearly reductive, as G-modules,

(v eew)®) = (v @ w))©
 (Hom (I, Y7))°

= Homg (W, Y™),

the ring of G-module maps between W and Y*. Thus, if (Y @, W)¢ # 0, then
Homg (W, Y™) #£ 0, so there exists a nonzero G-module map W — Y™ and since Y
and W (and so also Y*) are simple G-modules, the map must be an isomorphism.
Thus, in our setup, (U ®;, V) # 0 implies (Y; @4 Wj)G # 0 for some ¢ and j, and so
Y = W',

Now say that for some simple G-submodule W of V., W* — U. If we apply
(=)@ W to W* «— U, we see that W @, W* — W ®, U, and if we apply (—) ®x U to
W C V| we have the injection W®,U — U®;V. Thus, W&, W* injects into U®;V, so
(W @ W) injects into (U®y,V)C. Under (11.4.12.1), W @, W* = Homy, (W, W), and

G acts by conjugation on Homy (W, W). The element of W ®; W* that corresponds
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to the identity element of Homy, (W, W) must be invariant, since gidy ¢g~! = idw, so
(W ®;, W*)¢ is nonzero, and (U ®; V) must also be nonzero.

[]

Corollary I1.4.14. Let G be a linearly reductive group. IfV is a simple rational G-module

and a rational G-module U has V -isotypical component (A], then
«\G -~ * ¢
Uy v = (Teyv) .

Proof. Suppose that U = @ U; as G-modules, where each U; is a simple G-module.
iel
Let J C I be the set of indices j such that U; = V as G-modules, so that U = € U;.
ieJ
For i € I — J, by Lemma [1.4.13, (U; ®;, V*)¢ = 0. This means that

G
(U & v)© = ((EB Ui) ® v*) ~ ([0ev)”

ieJ

II.5 Spectral sequence of a double complex

This section gives a brief introduction to the theory of a spectral sequence of a
double complex; our main reference is | |. One specific such spectral sequence
will be used in the proof of Theorem VI.3.

Without loss of generality, we will describe the theory when the complex is co-
homological; the homological theory is analogous, with differentials lowering, rather
than raising, degree. Suppose that A®® is a double complex such that for i or j
negative, A% = 0. Let 0% : A% — A%T! be the horizontal differential, and let

54 . A3 — ALI be the vertical differential.
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We define a filtration on A®®,
A% = (A)0 2 (A} 2 (A2 2. (A%), 2.,

where (A°®%), is the same complex as A®®, except with all positions in rows i < p
replaced by zeros. Maps are made zero as appropriate.

Recall that the total complex of A®® is the (single) complex T° (A**) defined by

Aoo @ Az,]

i+j=n

and the differential 7™ (A*®) — 7" (A**)is > 0" +(—1)'6"7. The total complex
i+j=n

T* ((A®),) of each (A®), is a subcomplex of T*(A*), so that the T* ((A*)), =
T* ((A**),) define a filtration of the total complex 7° (A°**).

We define the complex Ef as Ey = P, (T (A**)),/(T" (A**))p+1 an associated
graded complex that consists of the direct sum of the rows. With E"? = AP4. the
differential d?? : EP? — EPT is the row differential 979, Let EP? denote the

cohomology with respect to di?, so E = € FEV? is the cohomology with respect

tody = > db?. Now, di"?: EP Ef“’firg ;gduced by the vertical differential 677,

and Eg’quir: tnhe cohomology with respect to di’?. Analogously, Ef = @ EY?is the

cohomology with respect to df = > d{"?. We may continue this prgzg:, where the
p+g=n

cohomology with respect to the induced differential @7 : EP9 — EPtra—r+1jg EPA

and so B, = @ EPf is the cohomology with respect to d = > d?% (The
maps d move u};qorTe degree since (p+7)+(¢q—r+1)=p+q+ 1.p)+(§§r example,
the map d5¢ : EPY — EP297! is akin to a knight’s move in chess, as shown in Figure
11.5.0.1. The sequence of complexes E? is the spectral sequence of the double complex
A*® with respect to the filtration.

The spectral sequence eventually stabilizes at each spot, i.e., for every p and ¢,

there is some p > 0 such that £P¢ = EPY; for any i € N. The stable value at this spot
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3,0 3.1 3.2 3,3
3 E; E; E; E;
% » »
2,0 11 2,1 a0 2,2 Y13 12,3
2 E2 dy EQ dy EQ dy EZ
1,0 501 1,1 %02 11,2 %0,3 11,3
1 E2 dy E2 dy EQ dy E2
0,0 0,1 0,2 0,3
0 E; E; E; E;

0 1 2 3 4 @

Figure I1.5.0.1: The differentials d5*?

is denoted EZ?. Notationally, to denote this convergence, we write, for any fixed ry,
EM = E%1.
p

Letting E? = €@ EP9, E2 is an associated graded complex of the cohomology of
the total compi;,: TILLI' (T°(A**)). Spectral sequences thus give us a way to translate
information between each E} term and this associated graded complex. Moreover,
we could have also filtered by interchanging the roles of rows and columns, and the
new E2 would again be an associated graded complex of H® (7* (A®*)) with respect
to a different grading, giving us a way to relate the intermediate terms of the two
spectral sequences.

The following spectral sequence is utilized in the proof of Theorem VI1.3: Suppose
that I and J are ideals of a Noetherian ring R, and that M is an R-module. With

respect to some choice of generators for I, let C(M; 1) be the complex provided in

Theorem 11.2.7 (c) whose i*" cohomology is the local cohomology module H (M),
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and define C(M; J) analogously. If we think of C(M;I) as a horizontal complex and
C(M; J) as a vertical complex, the tensor product of the two will be a double complex
C**. In the spectral sequence with respect to C**, each EY? term is HY (H} (M)),

and each E2¢ is HY 1 (M) | , Proposition 1.4]:

Remark II.5.1 (Spectral sequence of iterated local cohomology modules). Quite
generally, if I and J are ideals of a Noetherian ring R, and M is an R-module, there
is a spectral sequence

Ey® = HY (Hf (M) = EX' = Hy[5(M).

p

In particular, if J = m is the homogeneous maximal ideal of a polynomial ring
R over a field k, and M = R, only one E2? will be nonzero (and will be isomorphic
to Egr(k)), and will be at a position where p + ¢ = dim R. Studying the nonzero
terms and the differentials of this spectral sequence in a specific case will allow us to
relate its terms to gain information about certain iterated local cohomology modules

of interest in the proof of Theorem VI.3.
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CHAPTER III

Preliminaries

The “#” notation used in the following definition is not standard, but is very

useful in our context.

Definition III.1 (Graded dual). If k is a field and V is a Z-graded k-vector space

such that dimg[V]; < oo for every i € Z, then the graded dual of V',

V# = @5 Homy([V];, k),

€L

is a Z-graded k-vector space satisfying [V#] = Homy([V]_;, k).

J
Note that if V is a finite-dimensional k-vector space, then V# = V* := Homy(V, k).

Note also that (—)# is an exact contravariant functor.

Remark III.2. Suppose that k is a field and R is an N-graded ring with Ry = k
and homogeneous maximal ideal m. Suppose also that M is a Z-graded Artinian R-

module. Then Ms; := @ M, is a submodule of M, and since mM>; C M>;,4, each
n>1

M; = M>;/Ms;;; is a Noetherian R-module killed by m, so is a finite-dimensional

k-vector space. Thus, M satisfies the hypotheses necessary to define its graded dual.

Remark III.3 (Graded dual is a rational R[G]-module). Suppose that G is a linear

algebraic group over a field k. Assume that R is an N-graded ring such that Ry = k,
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and that R is also a G-module, where GG acts on R by k-automorphisms as to preserve
its grading. Assume that M is a Z-graded R[G]-module such that dimg[M]; < oo for
every i, and that the action of G preserves the grading of M. Then M7 is also a
Z-graded R|G]-module. For any g € G, f € M#, and u € M,

(9.) () = f(g™"w),

which is natural shorthand for Y f;(¢ 'u;), assuming f = Y f;, where deg f; = —i,
and u = ), u;, where degu; = i. If M is a rational R[G]-module, this action of G

makes M# a rational R[G]-module as well.

Remark ITI.4. When £ is a field and R is a Noetherian N-graded ring with Ry = k,
R* =~ FEp(k) as R-modules | , Proposition 3.6.16].

Remark IIL.5. If k is a field and R = k[z1,...,z,] is a polynomial ring with ho-

mogeneous maximal ideal m, then R* = Er(k) = H? (R) as R-modules (see Exam-

shifted: H? (R) = R#(—n) as N-graded modules, where [R#(—n)]j = [R#]j_n.
Remark II1.6 (Matlis Duality for graded modules). Suppose that R is an N-graded
ring such that Ry = k, and that M is a Z-graded R-module. If M has DCC (respec-
tively, ACC) as a graded module, then M# has ACC (respectively, DCC). If M has
either DCC or ACC, the natural map M — M## is an isomorphism of graded mod-
ules. Moreover, the functor (—)# provides an anti-equivalence of categories from the

category of Z-graded R-modules with DCC to the category of Z-graded R-modules
with ACC, and vice versa | , Theorem 3.6.17].

Lemma IT1.7. Let G be a linearly reductive group over a field k. Let R be an N-graded
ring, with Ry = k, that is also a G-module, where G acts on R by k-automorphisms

as to preserve its grading. Let M be a Z-graded R[G]-module such that the action
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of G respects the grading on M. If M has DCC or ACC, then the action of G on
M and the induced action on M## are compatible under the natural isomorphism

M S M## given by Matlis duality (see Remark 111.0).

Proof. Under the map M = M## = @ Homy (Hom (M;, k), k), u = 3 u; € M maps
to Y ¢;, where for any f € Homy(M;, k), ¢:i(f) = f(u;). For g € G, we see that

((990) () (ws) = (dilg™" 1)) (wi) = [(gus).

]

Lemma II1.8. Suppose that U and V' are Z-graded rational G-modules, where dimy V'

and each dimy U; are finite. Then as G-modules,
(U (S V)# ~ [J7# Rk V",

where [(U Qk V)#] precisely corresponds to [U# Rk V*} _,, under the isomorphism.

Proof.

(U V)" =P Homk(@ V; @k Un—i, k)
~ P @ Homy,(V; @y, Up_s, k)
(I11.8.1) ~ P @ Homy, (V;, Homy, (U, _;, k)
(111.8.2) - @ V;* @y, Homyg(Uy_s, k)
~-DDV e [*] .,
=P vrev],

~ [ QR V™.
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(IT1.8.1) is the adjointness of the tensor and Hom functors, and (I11.8.2) is the map
(11.4.12). The only compatibility of the action that needs to be checked is (111.8.1);

here, we check the “backward” map. Given ¢ : V; — Homy (U, _;, k),

g :V; ®, Uy — k is defined by

v@u > (g-¥)(v)(u),

where (g - ¥)(v)(u) = ((g¥g7)(v))(u) = (g¥(g~v))(u) = (g~ v)(g~ u). Under
(IT1.8.1), v is sent to ¢ : V; ® U, — k, where, for v € V', ¢(v) = ¥(v)(u). This

means that g - ¢(u ®v) = ¢(g7lu @ g~ ) = (g ) (g u) as well.
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CHAPTER IV

Proof of the Main Theorem

We prove the Main Theorem [V.8 in this section, which will be used (along with
other tools) to prove the Main Theorem on Minors V.10 in Chapter V. Throughout

this section, we need the following frequently-used hypothesis.

Hypothesis IV.1. Let k be a field of characteristic zero, and let R be a N-graded
Noetherian ring such that Ry = k, with homogeneous mazimal ideal m. Let G be
a linearly reductive group over k acting on R by k-automorphisms such that R is a
rational G-module, and let M be a Z-graded rational R|G]|-module. Suppose that the

actions of G on R and on M respect their gradings.

Remark IV.2. Under Hypothesis [V.1, it may be easily verified that Soc M is a

rational G-submodule of M, and so is also a rational R|[G]-module.

We will shortly state and prove Key Lemma [V.4, a “rational R[G]-module ver-

sion” of the following theorem of Lyubeznik:

Theorem IV.3 (] , Theorem 3.4]). Given a polynomial ring R over a field k
of characteristic zero, an integer n > 1, and ideals I, ..., I, of R, an iterated local

cohomology module

M= H} (H2 (- (H* (R))---))
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has only finitely many associated primes contained in a given maximal ideal of R. If
M is supported only at the homogeneous mazximal ideal m, then M is isomorphic to
a finite direct sum of copies of Er(k).

In particular, this holds when M is any local cohomology module Hi (R) that is

supported only at m, or when M is any HY (Hi (R)).

Key Lemma IV.4. Suppose that R,m, G and M satisfy Hypotheses V.1, and that
M s also an injective Artinian R-module supported only at m. Let V = Soc M. Then
there exists a G-submodule V# of M# (see Definition I11.1) such that V# 2 V# gs

rational G-modules, and as rational R[G]-modules,
—~ \ #
M= <R R V#> ,

—~\ #
where (R R V#) ~ R#* @, V as rational G-modules.

Proof. 1f x1,...,x, generate m, we have an exact sequence of R-modules:

0 V—ts MO ppon,

where ¢ is the inclusion of rational R[G]-modules, and 6(u) = (zu,...,z,u) for

u € M. By taking graded duals, we obtain the following exact sequence of R-modules:

i

(MoEmy# 22y y# g,

where i# is also a map of rational R[G]-modules. Under the canonical isomorphism

(M = (M#)™", given fi,..., fo € M,

9#(f17"'7fn> :x1f1++Infn
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This means that Im(6#) = mM#, and

i

0——mM?#* M# Vit 0

is an exact sequence of rational R[G]-modules, so V# = M#/mM# as rational
R[G]-modules. Moreover, since G is linearly reductive, the map i# has a splitting, ¢,
as a map of G-modules:

M#E L y#

¢

If V# C M*# is the image of ¢, then VH# 2 # M?# JmM# as rational G-modules.
Since M is Artinian, M7 is Noetherian, and by Nakayama’s lemma, a k-basis for
v# generates M7 minimally as an R-module. Since R ®;, V# is an R-module via,

for s € Rand Y r, ®@v; € R®y ﬁ, S>> 1 Qv =) sr; @ v;, as R-modules,

(IV.4.1) R®; V# — M*, where

ZTZ'®UZ"—>ZTZ"UZ'.
7

For > r;®@u; € R®k‘f/\¥ﬁ, 9> 1ri®u; = . g-1;®g-v;, and since M# is an R[G]-module,

g- Zsz‘Ui =>(g-7:)(g-v;) in M# so (IV.4.1) is a surjection of rational G-modules.

]l_%y Theorém IV.3, M = Ep(k)®* for some o € N. As Anng, ) m = k (see Propo-
sition 11.2.18), V' = Soc M is a finite-dimensional k-vector space of dimension c. This
means that V# (which is isomorphic to V* as G-modules) also has dimension « over
k, and since M# = R® (see Remark 111.4), (IV.4.1) must be an isomorphism. Since
M has DCC, noting that the G-module structures of M and M## are compatible by
Lemma [11.7, by taking graded duals, we have that M = M## =~ (R R 17#># as

rational R|G]-modules. Moreover, by Lemma [11.8, as rational G-modules,
N\ # — %
(ReeV#) = Rt ey (V) = RY @,V = R @, V.
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]

Lemma IV.5. Suppose that G is a linearly reductive group and that R is a k-vector
space that is a Z-graded G-module, such that G preserves its grading and dimy R; < oo
for all i € Z. Suppose that V' is a G-module. If some simple G-submodule of V is a
G-submodule of R, then

(R* @, V)¢ =0 < R*"®,V =0.

In particular, if R, m, G, and M satisfy Hypothesis V.1, and M 1is also an injective

Artinian R-module supported only at m, then

MCE =0 < M=0.

Proof. The backward implication clearly holds. For the forward implication, suppose
that R ®; V # 0 and that a simple G-submodule W of V is also a G-submodule of
R, so that W < R,,, for some n, as G-modules. Dualizing, R# D R,” — W*, which
splits as G-modules since G is linearly reductive, so W* < R#. Thus, by Lemma
[1.4.13, (R* @, V)9 #£ 0.

The last statement can be seen by applying the result to the case when V' = Soc M
and noting Lemma [V 4.

O

Lemma IV.6. Suppose that R, m, G, and M satisfy Hypothesis V.1 and that M
is also a nonzero injective Artinian R-module supported only at m. Assume that all

simple G-submodules of Soc M are also G-submodules of R. If

SocM=Vi®d...aV,
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as G-modules, where each V; is nonzero, then
M= (R* @, V)& ...® (R* @, V)
as rational R|G]-modules, where each R* @y, V; is nonzero, and
MCE = (R* @, V)¢ ® ... 8 (R" @ V)€

as RE-modules, where each (R* @y, V;)¢ is nonzero. In particular, if MY is a inde-

composable RE-module, then Soc M is a simple G-module.

Proof. The first implication follows from Lemma [V .4 after applying R ®; (—). The
second follows by applying (—)¢ and noting that each summand is nonzero by Lemma

IV.5. [l

Lemma IV.7. Let G be a linearly reductive group over a field k acting on a k-algebra
R, and let N be a rational R[G]-module. Let J = (fi,..., f.) be an ideal of RS, and
let I = JR. Then for every index i, Hi(N) is also a rational R[G]-module, and
every simple G-submodule of Hi (N) is also a G-submodule of N. Moreover, there is

a canonical isomorphism of R®-modules
i G~ 17i
(Hj (N))" = H) (N9).

Proof. Since N is a G-module, for f € R, N; = lim (N AN N ) as G-
modules: If g € G and 45 € Ny, which corresponds to [u] in the mth copy of N in
the direct limit, then g - T = “;’—ﬁf, which corresponds to [g - u] in the mth copy of N
in the direct limit.

Hence, Ny is a G-module such that all simple G-submodules of Ny are also G-

submodules of N. Since products of any of the f; are fixed by G, every term in the
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following complex (see Theorem [1.2.7) is a G-module:
0—> N i) @ij ﬁ) . 671—72) @Nflf]‘fn 671—71> Nf1f2---fn — 0.
j=1 j=1

Since the maps d; on each summand are, up to a sign, further localization maps,
they are G-equivariant. This makes the cohomology modules, H: (N), G-modules
as well, and they inherit the property that all their simple G-submodules are also
G-submodules of N. Additionally, these local cohomology modules are R[G]-modules

since N is one: given any g € G, r € R, and [fim} € Hi (N),

o(rle]) =o ] = [ = o0 o 5]

For the last statement, first notice that for any f € R (e.g., the product of any of
the f;), (N9) ;= (N;)®. Taking invariants also commutes with taking direct sums,

so HY (N G) is isomorphic the cohomology of the complex

Ie. G
d dy dn— dn— ¢
0— NG -2 (@ Nf7.> BTG (@N 1_,_]?]__%) “= (Npiop)” =0,
g J

where d; is the restriction of §; to the invariant part of the i** module in the complex.
Since @ is linearly reductive, the functor V + V& of G-modules is exact, and we may

conclude that (Hj} (N))¢ = Hj (N9). O

Main Theorem IV.8. Let R be a polynomial ring over a field k of characteristic zero
with homogeneous maximal ideal m. Let G be a linearly reductive group over k acting
by degree-preserving k-automorphisms on R, such that R is a rational G-module.
Assume that A = RS has homogeneous mazimal ideal my, let d = dim A, and let
I =muR. Then HY(R) # 0 and I is generated up to radicals by d elements and not

fewer, so that H: (R) = 0 for i > d. Moreover, the following hold:
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(a) Ifi < d, then m is not an associated prime of H: (R); i.e., H) (H:(R)) = 0.

If H¢ (R) is supported only at m (e.g., this holds if, after localization at any of the

indeterminates of R, I requires fewer than d generators up to radical), then
(b) V :=Soc H} (R) is a simple G-module, and
(c) As rational R|G]-modules, H} (R) = Er(k) @4 V.

Proof. By Lemma [V.7, we know that for every i, (Hj(R))® = Hi (A) as R%-
modules. The invariant part of Hf (R), HZ (A), is nonzero since d = dim A, so
H{(R) # 0. The maximal ideal m4 of A is generated, up to radical, by d = dim A
elements, so its expansion to R, I = m4R, will also be generated up to radical by the
same d elements: If my = \/(f1,..., fa) in A, then VT = vVmsR = +/(f1,..., fa) in
R, since if some = € m C R, then z% is in the ideal (fi,..., f4) of R for
some N, which sits inside the ideal (fi,..., f4)A expanded to R, which is itself inside
Vi, )R =muR.

For part (a), assume that i < d. By Lemma V.7, H: (R) is arational R[G]-module,
so its submodule of elements killed by some power of m, HQ (H:(R)), is also a
rational R[G]-module. By definition, (H2 (H} (R)))“ is the RS-submodule of Hi (R)
consisting of invariant elements that are killed by some power of m; thus, it is the
RS-submodule of H} (R) = H{ (A) (by Lemma 1V.7) consisting of elements killed
by a power of m. By the theorem of Hochster and J. Roberts | , Main Theorem)]
or of Boutot | , Théoreme], since G is linearly reductive and A = R, A must be
Cohen-Macaulay. Since i < d = dim A, H&A (A) = 0, so in particular, its submodule
(HY (Hi (R)))® must also vanish. By Theorem 1V.3, H® (Hi (R)) is isomorphic to a
finite direct sum of copies of Er(k). Therefore, by Lemma [V.5, since its invariant
part vanishes, H2 (H% (R)) must also vanish.

Now suppose that H{ (R) is supported only at m. Since R (and so A also) is a

domain, the canonical module of A (which exists since A is a homomorphic image
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of a polynomial ring by Theorem [1.2.27), w4, must be rank one and isomorphic to
an ideal of A, so torsion-free (see Theorem 11.2.28). Thus, w, is an indecomposable
A-module. (If wg = M & N, since its rank is one, tensoring with Frac (A) must kill
either M or N. However, elements of A cannot kill those of wy, as it is isomorphic

to an ideal of a domain.) Therefore,

12

HomA(wA,EA(A/mA)) = Hﬁlm (A) (H;l (R))G

must also be indecomposable, so Soc H¢ (R) is a simple G-module by Lemma [V 6.

Part (c) is a restatement of the second part of Key Lemma [V 4.
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CHAPTER V

Proof of the Main Theorem on Minors

Remark V.1. If a topological group G acts continuously on a topological space Z
permuting a finite collection of closed sets Vi,...,V,, C Z, then G must fix each V;:
For each 1 < i < m and v € V;, the map O, : G — Z given by ©,(g) = ¢g-v is
continuous, so O,1(V;) ={g € G| g-v € V;} is closed in G. Similarly, if % : G — A"
is given by ©Y(g) = g~! - v, then the set (©%)71(V}) is also closed. Thus, the sets
N6, (Vi)={9€CG|gV,CVitand N (©) (Vi) ={9€ G|V, C g Vi}are
Zi‘)/;ed in G, so their intersection, {g € Viv\e; V; = V;} = stabg V; (the stabilizer of V;
in G) is also closed in G.

As G permutes the V;, we have a map ¢ : G — S, (the symmetric group on m
letters). Since ¢! (stabg(V;)) = stabg,, (i), ¢ induces G/ stabg(V;) < S,/ stabg,, (7).
As S,/ stabg, (i) is finite, so is G/stabg(V;), and each stabg(V;) is a finite index

subgroup of G. If stabg(V;) € G, then since G is closed, its cosets would disconnect

G, which is impossible. Thus, each stabg(V;) = G, and G fixes each V;.

Lemma V.2. Let G be a connected linear algebraic group, let R be a rational G-
module, and let M be an R|G]|-module such that Assg (M) is finite. Then every

associated prime of M 1is stable under the action of G.

Proof. Suppose that p = Anngu, for some v € M. We claim that for any g € G,

g-p = Anng(gu). To see that g-p C Anng(gu), take x € Anngu. Since M is
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an R[G]-module, we have that (gx)(gu) = g(zu) = g -0 = 0. To see the opposite

inclusion, suppose that x € Anng(gu). Then z = g(g~'z), and g~z € p = Anng(u) :

(g7 2)u=(g7"9)((g " 2)u)
=g '(9((g" ' z)u))

=g ' (z(gu)),

which is zero. Moreover, g-p is prime: Take z,y € R such that xy € g-p, so zy = ga,
a € p. Then (¢7'z)(¢g7'y) = g7 (zy) = a € p, so either g7'x € p or g7y € p; ie.,
either x € g-p or y € g - p. Therefore, G acts on the set Assg (M).

For g € G, the map ¢, : R — R, where, for r € R, ¢,(r) = g -r, induces a natural
map 1), : Spec R — Spec R, where 9),(p) = gbg_l(p), giving a continuous action of G
on Spec R. We know that G acts on the finite set Assg (M); suppose that py,...,pn,
are all the associated primes of M in R. If, for some g € G, g-p; = p;, then under the
action of G on Spec R, g - V(p;) = V(p,), which means that G acts on the collection
of V(p1),...,V(p,). Thus, by Remark V.1, G acts trivially on Assg (M). O

Hypothesis V.3. Let k be a field of characteristic zero, let X be an r X s matriz of
indeterminates, where r < s, and let R = k[X]| be the polynomial ring over k in the
entries of X. For 0 <t <, let I,(X) be the ideal of R generated by the t X t minors
of X, which is prime by | , Theorem 1]. Furthermore, let I = I.(X) be the ideal

generated by the maximal minors of X.

Remark V.4 (Square matrix case). Suppose that R satisfies Hypothesis V.3, but
assume instead that r = s. Here, I = (A), where A is the determinant of X, and the

only nonzero local cohomology module is H} (R), which is isomorphic to Ra/R.

Remark V.5 (Action of the special linear group on the polynomial ring of interest).

Let k, R, and I satisfy Hypothesis V.3, and let G = SL,(k), which is linearly reductive
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since the characteristic of k is zero. Considering I' € G as an r X r matrix, the action of
I" on the k-algebra R is defined by where the entries of X are sent. The (a, 3)'® entry
of X is sent to the (a, B)™ entry of I'- X. Thus, G acts by k-algebra automorphisms

that correspond to invertible row operations on the matrix X. Additionally,

e The maximal minors of X are fixed by the action of G, so the ideal I generated
by them is G-stable. Moreover, a classical invariant theory result of Weyl states
that R® is the k-subalgebra of R generated over k& by the maximal minors of
X | , Theorem 2.6.A]. This means that I = mpcR, where mpc is the

homogeneous maximal ideal of R®.

e In fact, R“ is the homogeneous coordinate ring of the Pliicker embedding of
the Grassmann variety of r-planes in s-space, which has dimension r(s — r);

therefore, dim R = r(s —r) + 1.

Remark V.6. Under Hypothesis V.3, R is a rational R[G]-module: Since the action
of G is induced by that on the linear forms, R is certainly an R[G]-module. Moreover,

R will be the directed union of V,, := € R;, each a finite-dimensional G-module.

i<n
Lemma V.7. Suppose that k, R, and I satisfy Hypothesis V.5, and assume that

d=r1r(s—1r)+1. Then Soc H¢(R) is a one-dimensional k-vector space.

Proof. Let G = SL.(k) act on R as in Remark V.5. Let A = RC, let my be its
homogeneous maximal ideal, and let V = Soc H? (R).

Since A is the ring of invariants of the semisimple group G, A is Gorenstein by the
theorem of Hochster and J. Roberts | , Corollary 1.9]. Therefore, its canonical

module is isomorphic to A (see Corollary [1.2.26), and as G-modules,

(V.7.1) (R@y V*)© = ((R B V*)##>G

((R* e v)#)G

12

(V.7.2)
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(V.7.3) ~ (7 (R))*)"

(V.7.4) (% (R))G>#
(V.75) =~ (Hi, (4))",

which is isomorphic to A. (V.7.1) is by Matlis Duality (see Remark 111.6). (V.7.2)
and (V.7.3) are by Key Lemma V.4, (V.7.4) holds since G is linearly reductive, and
(V.7.5) is due to Lemma [V.7.

By Main Theorem [V.8 (b), Soc H¢ (R) is a simple G-module. Let W be the V-
isotypical component of R. Then W is graded, and is isomorphic to, as G-modules, a

finite sum of copies of V' in each degree. Say W; = @V is the V-isotypical component
n;

of R;. We have the following graded isomorphisms as G-modules:

A (V* @, R)°

(V.7.6) >~ (V* @, W)°
Ve | DDV
@@ (V* @ V)©
(V.7.7) = @g} (Homy (V, V))“
= @éHomG(M V),

I

I

the G-module maps from V to itself. (V.7.6) is due to Lemma [1.4.13 and (V.7.7) is
as in Remark [1.4.12.

Since A has a one-dimensional vector space in least degree (degree zero), we have
that Homg(V, V') = k. This corresponds to exactly one copy of V in least degree in

the simple G-module decomposition of R (i.e., for p the least degree m for which V'
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appears as a G-submodule of R,,, W, =V, son, = 1).

In fact, if a nontrivial G-module occurs in R, it occurs with multiplicity greater
than one in the smallest degree of R in which it occurs. (This is, for example, a
consequence of | , Theorem 5.2.7].) This contradiction implies that V' must be
a trivial G-module. Since V is also a simple G-module by Main Theorem V.8 (b), it

must be a one-dimensional k-vector space. O

Remark V.8 (Another useful group action on the polynomial ring of interest). Let
k and R satisfy Hypothesis V.3, and let H be the connected group SL,(k) x SL(k)
[ , Theorem 2.19]. Then H acts on R by k-algebra automorphisms as follows:
Considering I' € SL,.(k) and IV € SLs(k) as r x r and s X s matrices, respectively,

the action sends the entries of X to those of I'X (I")~".

e The action of SL,(k) x Id,«, sends x,s to any linear combination of the inde-
terminates in its row, and that of Idsyxs X SLs(k) does the same with respect to

columns; therefore, under the action of H, any z,s is sent to any other x4 .

The following observation is used in the proof of the Main Theorem on Minors

V.10.

Remark V.9. Let k, R, I, and [,(X) satisfy Hypothesis V.3. Over R,,,, we can

perform elementary row and column operations on X (first subtract % times the

first column from the Sth column of the matrix, 8 > 1, and then subtract 2ol times

the first row from the ath row, a > 1, and finally, scale the first row), to obtain the

matrix

0

where Y is the (r — 1) x (s — 1) matrix |2.5 — %Ial l<a<r "

1<5<s
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Let S = k [yag,xu,xl_ll,xal,xw |l<a<nrl<p< s} . Since only elementary
row and column operations were used to transform the matrix, they are invertible,

and the transformation defines an isomorphism

(V.9.1) S — R,,,, where

Z1p
Yap = Tap — m—3311-

al

Under (V.9.1), the ideal I;;1(X) of R,,, corresponds precisely to the ideal [;(Y")

of S. Thus, (V.9.1) induces the isomorphism (H}'T(X) (R)) = H;T—I(Y) (S) for

Z11

any 7. Since H}771(Y) (S) = H}’Pl(y) (k[Y] ®xpy) S), which is, in turn, isomorphic to

H}‘rfl(y) (k[Y]) ®gpy) S since S is flat over k[Y] (see Theorem 11.2.22), we have that

(V.9.2) ( }T(X) (R))xu = H;T_l(Y) (k[Y]) ®kly] -

Main Theorem on Minors V.10. Let k, R, I, and I;(X) satisfy Hypothesis V.5.

(a) Let d =max{i: H:(R) # 0}, so that d =r(s —r) + 1 by Theorem I.1.2. Then
H?(R) = Eg(k).
(b) Hi(R) #0 if and only if i = (r —t)(s —r) + 1 for some 0 <t <r.
(¢c) Furthermore, if i = (r —t)(s —r) + 1, then
Hj (R) = Er(R/I:41(X)) = Hy (R);,,, () -

In particular, Assg (H:(R)) = {I11(X)}.

Proof. First consider d = r(s — r) + 1, the dimension of the invariant ring R un-

der the action of G from Remark V.5. By Main Theorem V.8, H:(R) = 0 for
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any @ > d. Applying this again to the smaller matrix Y from Remark V.9, we
see that Hy ) (k[Y]) = 0if i > (r = 1)((s = 1) = (r—1)) + 1; in particular,
H{ |y (k[Y]) = 0. Therefore, (V.9.2) indicates that (H}i(x) (R))CC11 = (. By sym-
metry, Hf ) (R) vanishes after localizing at any qs, and so H{ ) (R) is supported
only at the homogeneous maximal ideal m of R.

Therefore, by Theorem V.3, H¢ (R) & Ex(k)®® for some finite integer «. Since
Amng,ym = k (see Proposition [1.2.18), Soc H{ (R) = Anngagm is a k-vector
space of dimension a. By Proposition V.7, a = 1, proving (a).

We now use induction on r, for all s > r, to prove that if i = (r —t)(s —r)+1 for

some 0 <t < r, X is an r X s matrix of indeterminates, k is a field of characteristic

zero, and R = k[X], then

(V.10.1) Assp (Hj (R)) = {L;+1(X)}, and

(V.10.2) H} (R);,,, (x) = Er(R/1111(X),

and for i not of this form, H¢ (R) vanishes. (This would prove (b) and (c).)

For the basis case, let » = 1. In this case, R = k[z1,...,x,]; if ¢ = 0, then
i =r(s—r)+1=s Since I = [(X) is the homogeneous maximal ideal of R,
H; (R) 2 Egr(k), and H:(R) = 0 for all i # s.

Now say that for all 7o < r and all sy > rg, for any 0 < £y < 1o, if k is a field of
characteristic zero and R = k[X], where X = [z,p3] is an 79 X so matrix of indeter-
minates, and i = (rg — t9)(so — 70) + 1, then Assg (H}TO(X) (R)) = {I;,+1(X)} and
<H}TO(X) (R)>It0+1(X) >~ Fr(R/I;,11(X)), and for all 7 not of this form, H}rO(X) (R)
vanishes.

Take X an r x s matrix of indeterminates, R = k[X], and I = I,,(X). By proving
(a), we have already shown (V.10.1) and (V.10.2) for i = d = r(s —r) + 1. For

i < d, mis not an associated prime of H} (R) by Main Theorem [V.8 (a), so some x,g
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must be a nonzerodivisor on H: (R). (If not, all products of the z,5, and their linear
combinations, i.e., all elements of m, would be zero divisors.) We could renumber
the indeterminates to assume that z;; is nonzerodivisor, but, in fact, each z,5 is a
nonzerodivisor on H} (R): Consider the action of the group H described in Remark
V.8. Since H is connected and Assg (H: (R)) is finite by Theorem [V.3 (due to the
grading on R, each associated prime is contained in m by Proposition 11.1.8), Lemma
V.2 implies that each associated prime of H? (R) is stable under its action. Since every
indeterminate x,4 is in the orbit of every other indeterminate, because some z,4 is a
nonzerodivisor (i.e., not in any associated prime), every one is a nonzerodivisor. In
particular, xq; is a nonzerodivisor.

By the inductive hypothesis, all H; (vy (k[Y]) =0 unless 0 <to <r —1 and
i=(r=1)—t)((s=1)=(r—=1)+1=(r—-1—ty)(s—7r)+1,

or equivalently, i = (r — t)(s —r) + 1 with 1 <t < r. Since each such i is less than
d, r11 is a nonzerodivisor on H:(R), and (V.9.2) implies that the same vanishing
conditions must hold for the H}r( x) (R). Combining this fact with (a), we see that
H}'T(X) (R) must vanish for i < d unless ¢ = (r —t)(s —r) + 1 for some 0 <t < r.

Suppose that ¢ = (r — t)(s — r) + 1 for some ¢t > 0. The inductive hypothesis
tells us that Assgy (H}'Pl(y) (k[Y])) = {L,(Y)}, and since S is flat over k[Y] | :
Theorem 12], Assg (H}T_l(y) (E[Y]) Qgpyy S) = {I,(Y)S}. Thus, (V.9.2) implies that
Assp <H}T(X) (R)ml) consists solely of I;,1(X), the ideal that corresponds to I;,(Y)S
under (V.9.1). Since x1; is a nonzerodivisor on H?: (R), the associated primes of
<H}'T(X) (R))gc11 are the expansions to R, of the associated primes of Hj v (R),
and Assp <H}T(X) (R)) = {I,11(X)}, proving (V.10.1).

Hochster and Eagon showed that htg I,(X) = (r —t+ 1)(s —t + 1) (see Theorem

[1.3.3), which means, in particular, that htyyy [,(Y) = (r —t)(s — t) = htr [, (X).
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Therefore, noting that z1; ¢ I,,1(X) for any 1 < ¢ < r, we have the following

sequence of isomorphisms, proving (V.10.2):

(V.10.3) (Hi, 00 (B) 1 0 = (L) (9)) 1)

(V.10.4) = (Hy, o) (KYD) ) @i S
(V.10.5) = Eyy) (k[Y]/ 1Y) @iy S

(V.10.6) = Exvly, ey (RYTnon /LYY Tno)) ©uvy S
(V.10.7) ~ (3" (k[Y])>It o) 1 S
(V.10.8) ~ Hyyy ) (MY @i S) )

(V.10.9) = Hit(%y) (91

(V.10.10) ~ Hyoel) (Sn)

(V.10.11) = Hyy S o (Bl ()

(V.10.12) > Er,, oo (Rio0 /T (X)Riyx)
(V.10.13) = Er (R/1i11(X)).

(V.10.3) and (V.10.11) are induced by (V.9.1). We have (V.10.4) and (V.10.8) because
S is flat over k[Y] (see Theorem [1.2.22). (V.10.5) is by the inductive hypothesis. Since
R is Gorenstein, we have (V.10.7) and (V.10.12) (see Theorem [1.2.21). Proposition

[1.2.16 provides (V.10.6) and (V.10.13), and Corollary 11.2.23 provides (V.10.10).
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CHAPTER VI

Vanishing of H,, (H}(R))

Throughout this chapter, suppose that k, R, I;(X), and I satisfy Hypothesis V.3,

and let m denote the homogeneous maximal ideal of R.
Remark VI.1 (The iterated local cohomology modules H2 (H} (R))). By the Main
Theorem on Minors, V.10, H2 (H} (R)) = 0 unless ¢ = r(s — r) + 1, in which case,
H? (H!(R)) = Eg(k) since every element of Eg(k) is killed by a power of m.

Other iterated local cohomology modules of particular interest are those of the

form H} (H!(R)), since their vanishing helps us characterize H: (R):

Remark VI.2 (Vanishing of the iterated local cohomology modules H. (H: (R))).
Suppose that HL (H: (R)) = 0, where i = (r —t)(s —r) + 1 for some 0 < ¢t < r. By
Theorem V.10, H: (R) injects into Er (R/I;11(X)), and I;11(X) € m. If we call the

cokernel of this injection C, we have a short exact sequence
0— Hj(R) = Eg(R/1;41(X)) — C — 0,
which gives rise to the long exact sequence in local cohomology

0——Hy (H} (R)) — Hy (Er (R/1141(X))) — Hy (C) >

Lﬂé (H} (R)) —= H) (Bg (R/I141(X))) —— ...
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Since the I;,;(X) is the only associated prime of Fg(R/I;11(X)) and of H:(R),
HO (H} (R)) = HO (g (R/Tus (X)) = HA (By (R/Ts (X)) = 0, which implies that
HY.(C) & H} (H} (R)) = 0.

Let M := N Hj(R), . Since Ij41(X) € m, M C H} (R),,,,(x)- By the

+1

e

Main Theorem V.10, H} (R)1,.,x) = Er(R/1141(X)), so M — ER(R/I;11(X)). This
induces an injection M/H:(R) — Er(R/I;+1(X))/H} (R) = C. By definition of M,
every element of M/H? (R) is killed by a power of m, so applying HY (—), we see that
M/H!(R) = HX (M/H:(R)) — H?(C) = 0. Thus, M = H:(R), and we have the
following characterization of H} (R) :

HR)= () HER),,

1<a<r,1<B<s

In Theorem V1.3, we will prove that the H. (H: (R)) vanish in a special case, so we
have this characterization. We make use of the spectral sequence described in Remark

[1.5.1 in the case that [ is as defined, J =m, and M = R; i.e.,
B} — Hy (H] (R)) — B2 = ' (R).
P

Theorem VI.3. Assume that k, R, and I satisfy Hypothesis V.5, and that r = 2

and s > 3, so that I is generated by the 2 X 2 minors of the 2 x s matriz X. Then
Hy (Hp*(R)) = Hy ' (H7 ' (R)) = HyW (H)H(R)) = Eg(k),

and all other Hi (Hi (R)) vanish. In particular, H) (H: (R)) = 0 for all i.

Proof. By Main Theorem V.10, we know that the only two nonzero local cohomology
modules of the form Hi (R) are H7*® (R) = Ep(k) and H; ' (R) — Er(R/I).
Since every element of Fgr(k) is killed by the homogeneous maximal ideal m,

HY (H7*7? (R)) = Eg(k), and because Ep(k) is a zero-dimensional module, all higher
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[P]
s+ 2 0 0 0 0 0 0
s+1 0 |Hy (H'(R)| O 0 0 0

s 0 [H:(H: T (R)] 0 0 0 0
s—1 o [HyT(H;(R)] ext o0 0 0

T e

2 0 HX(H'(R) o a [0] 0

1 0 Hy(H'(R) 0 - (0] 0

0 0 HY(H;'(R) O - 0 Er(k) 0

- 8s—2 s—1 s - 28—4 25s—3 2s—2 --- [q]

Figure V1.3.1: EY? = HE (H} (R))

HI (H77?(R)) vanish. If the 2 x 2 minors of a 2 X s matrix vanish, the second row
of the matrix must be a multiple of the first row; thus, dim R/l = s + 1. The only
associated prime of H; ™' (R) is I, so by Theorem 11.2.8 (e), Hi (H;™' (R)) = 0 for
7 >s+ 1.

Consider the spectral sequence of iterated local cohomology modules from Remark
[1.5.1 with I our ideal of interest, J = m, and M = R. The spectral sequence
differential, d?4 : EP4 — EPT4"t1 drops r — 1 columns. The difference between the
two (possibly) nonzero columns in the array E59 2s — 3 and s — 1, is s — 2, so the
only possibly nonzero differentials are the d?? : EP9 — EPTS71975%2  (See Figure
VI.3.1.) Consequently, every EPY = EP? and every EP? = EP4.

The only nonzero local cohomology module H: (R) = Egr(k) satisfies i = 2s,
and the only possibly nonzero HZ (H{ (R)) such that p+ ¢ = 2s is H3™ (H; ™' (R)).
As every spectral sequence map to and from H3t (H 51 (R)) is zero, we have that

H:™ (H7'(R)) = ESF171 = Ep(k). Moreover, every other ER? = 0.
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The only nonzero domain of a differential is EY* ™% = Eg(k), so the sole (pos-
sibly) nonzero differential is d>% % : EY*™° = Ep(k) — E[°7'. After taking
cohomology with respect to the differentials d7%, we must get zero at both the
(s — 1,5 — 1) and (0,25 — 3) spots. This means that d>* ° must be an isomor-
phism, and H3 ™' (H; ' (R)) = ES~1*71 =2 Er(k). Since all other maps are zero, and

after taking cohomology with respect to d%%, we must get zero at all other spots, all

remaining iterated local cohomology modules vanish.

48



BIBLIOGRAPHY

49



[BHO3]

[Bor91]

[Bou87]

[Fog69]

[GWOS]

[Har67]

[HET1]

[HLIO]

[HR74]

[Lyu93]

[Mat80]

BIBLIOGRAPHY

Winfried Bruns and Jiirgen Herzog. Cohen-Macaulay rings, volume 39 of
Cambridge Studies in Advanced Mathematics. Cambridge University Press,
Cambridge, 1993.

Armand Borel. Linear algebraic groups, volume 126 of Graduate Texts in
Mathematics. Springer-Verlag, New York, second edition, 1991.

Jean-Frangois Boutot. Singularités rationnelles et quotients par les groupes
réductifs. Invent. Math., 88(1):65-68, 1987.

John Fogarty.  Inwvariant theory. W. A. Benjamin, Inc., New York-
Amsterdam, 1969.

Roe Goodman and Nolan R. Wallach. Representations and invariants of the
classical groups, volume 68 of Encyclopedia of Mathematics and its Applica-
tions. Cambridge University Press, Cambridge, 1998.

Robin Hartshorne. Local cohomology, volume 1961 of A seminar given by A.
Grothendieck, Harvard University, Fall. Springer-Verlag, Berlin, 1967.

M. Hochster and John A. Eagon. Cohen-Macaulay rings, invariant theory,
and the generic perfection of determinantal loci. Amer. J. Math., 93:1020—
1058, 1971.

C. Huneke and G. Lyubeznik. On the vanishing of local cohomology modules.
Invent. Math., 102(1):73-93, 1990.

Melvin Hochster and Joel L. Roberts. Rings of invariants of reductive groups
acting on regular rings are Cohen-Macaulay. Advances in Math., 13:115-175,
1974.

Gennady Lyubeznik. Finiteness properties of local cohomology modules
(an application of D-modules to commutative algebra). Invent. Math.,
113(1):41-55, 1993.

Hideyuki Matsumura. Commutative algebra, volume 56 of Mathematics Lec-
ture Note Series. Benjamin/Cummings Publishing Co., Inc., Reading, Mass.,
second edition, 1980.

20



[PS73] C. Peskine and L. Szpiro. Dimension projective finie et cohomologie locale.
Applications a la démonstration de conjectures de M. Auslander, H. Bass et
A. Grothendieck. Inst. Hautes Etudes Sci. Publ. Math., (42):47-119, 1973.

[Wal99] Uli Walther. Algorithmic computation of local cohomology modules and the
local cohomological dimension of algebraic varieties. J. Pure Appl. Algebra,
139(1-3):303-321, 1999. Effective methods in algebraic geometry (Saint-
Malo, 1998).

[Wei94] Charles A. Weibel. An introduction to homological algebra, volume 38 of
Cambridge Studies in Advanced Mathematics. Cambridge University Press,
Cambridge, 1994.

[Wey39] Hermann Weyl. The Classical Groups. Their Invariants and Representa-
tions. Princeton University Press, Princeton, N.J., 1939.

o1



	DEDICATION
	ACKNOWLEDGEMENTS
	LIST OF FIGURES
	Introduction
	History
	Main Results
	Outline

	Background
	Associated Primes and Support
	Local Cohomology Modules
	Determinantal ideals
	G-modules and R[G]-modules
	Spectral sequence of a double complex

	Preliminaries
	Proof of the Main Theorem
	Proof of the Main Theorem on Minors
	Vanishing of   H1m(  HiI(R)  )  
	BIBLIOGRAPHY

