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ABSTRACT

Closure Operations in Positive Characteristic and Big Cohen-Macaulay Algebras

by

Geoffrey D. Dietz

Chair: Melvin Hochster

In this thesis, we investigate some open questions involving tight closure and
big Cohen-Macaulay algebras over rings of positive prime characteristic. We show
that if R is a standard graded domain over an algebraically closed field where tight
closure equals graded-plus closure for finitely generated graded modules, then the
equivalence also holds for non-graded finitely generated modules with a quotient
coprimary to the homogeneous maximal ideal of R. We also provide a construction
of an R-algebra B such that B is a degree-preserving big Cohen-Macaulay algebra
over R and so that an element x of R is in the tight closure of an ideal I only if x is
in the expansion of I to B.

We additionally examine the class of algebras over a local ring R that map to
some big Cohen-Macaulay R-algebra; we call such rings “seeds” over R. Our results

include that tensor products of seeds are seeds and that the seed property is pre-
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served under base change between complete local domains of positive characteristic.
These results are used to answer some open questions involving big Cohen-Macaulay
algebras over complete local domains of positive characteristic. We also provide a
family of equational problems that classify the obstruction for all solid algebras to
be seeds over complete local domains in positive characteristic, and we characterize
solid algebras in terms of phantom extensions.

Finally, we discuss a program to axiomatically define a closure operation that will

be a good analogue of tight closure.
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CHAPTER 1

Introduction

Since the 1970s, when C. Peskine and L. Szpiro published proofs of the local
homological conjectures in prime characteristic p > 0 (see [PS1] and [PS2]), positive
characteristic methods have been a popular, and, more importantly, successful tool
for solving problems in commutative algebra and algebraic geometry, prompting
several modern commutative algebraists to aver, “Life in characteristic p is better!”
The primary ingredient in a characteristic p method is the use of the Frobenius
endomorphism F : R — R that takes r — rP in rings containing a field of positive
characteristic. The existence and exploitation of this map has had profound impact
in the world of commutative algebra.

In particular, tight closure theory, since its introduction by M. Hochster and C.
Huneke in the late 1980s, has been an important method of working in positive

characteristic. The tight closure of an ideal is defined to be
I" .= {x € R|3c € R° such that cz?* € I”l Ve > 0}

where p is the characteristic of the ring, R° is the complement in R of the minimal
primes of R, and IP is the ideal generated by all p°th powers of the elements of I.
One might view tight tight closure theory as a unifying theory for many characteristic

p methods, as the success of tight closure has been due to its ability to tie together



ideas that were previously not known to be connected, generalize theorems, and
simplify proofs. Some of the many examples include proofs that the integral closure
of the n'™ power of an ideal I in a regular ring is contained in I (the Briangon-
Skoda Theorem) and that direct summands of regular rings are Cohen-Macaulay (a
generalization of the Hochster-Roberts Theorem).

Methods discovered by Hochster and Huneke during their development of tight
closure also led to their remarkable result that the absolute integral closure R of an
excellent local domain R of positive characteristic is a big Cohen-Macaulay algebra
over R; see [HH2]. A big Cohen-Macaulay algebra B is an R-algebra for which every
system of parameters of R is a regular sequence on B. While Hochster had pre-
viously shown the existence of big Cohen-Macaulay modules in equal characteristic
(see [Ho2]), this new result was the first proof that big Cohen-Macaulay algebras
existed. Their existence is important as it gives new proofs for many of the homolog-
ical conjectures, such as the direct summand conjecture, monomial conjecture, and
vanishing conjecture for maps of Tor in positive characteristic. As with tight closure,
the use of the existence of big Cohen-Macaulay algebras is remarkable because it can
help prove theorems that make no explicit reference to big Cohen-Macaulay algebras.

In this thesis, we will study some open questions involving tight closure, including
whether I* = ITR™ N R, for certain rings. We will also present new properties about
big Cohen-Macaulay algebras in positive characteristic and the rings that map to
such algebras. Closely related to the topics of tight closure and big Cohen-Macaulay
algebras is the class of solid algebras defined by Hochster in [Ho3]. We will also
investigate some of the connections between these areas and try to shed more light
on their relationship.

In Chapter 2, we will review the necessary background material used to motivate



and provide the fundamental tools used for proving the results of the succeeding

chapters.
Tight closure of finite length modules in graded rings

At the forefront of unresolved problems involving tight closure stands the local-
ization question. Deciding whether tight closure computations commute with local-
ization or not remains a very elusive goal. Closely related to the localization issue
is the question of whether the tight closure of an ideal I in a positive characteristic
domain R is simply the contracted-expansion of I to R™, the integral closure of R in
an algebraic closure of its fraction field, i.e., does I* = IRT N R? (The ideal IRTNR
is called the plus closure of 1.) Since the plus closure operation can easily be shown
to commute with localization, one could settle the localization question, while also
giving a simple alternative definition of tight closure, by proving the above equality.

In the early 1990s, K.E. Smith made a tremendous contribution to this problem
by proving that I* = IRTNR for ideals generated by partial systems of parameters in
excellent local domains of positive characteristic; see [Sm1]. Smith also showed that
tight closure and plus closure are equal for ideals generated by part of a homogeneous
system of parameters in an N-graded domain R finitely generated over Ry when Ry
is a field of positive characteristic; see [Sm2].

Very recently, H. Brenner made a major breakthrough on this problem when he
showed that tight closure and plus closure are equivalent for homogeneous ideals in
certain 2-dimensional graded rings; see [Br2] and [Br3|. Specifically, the equivalence
holds for graded ideals when the ring is either an N-graded 2-dimensional domain of
finite type over the algebraic closure of a finite field or the homogeneous coordinate
ring of an elliptic curve over an algebraically closed field. In both cases, Brenner’s

works relies heavily on a correspondence between tight closure and projective bundles



(see [Brl]), which allows one to use machinery from algebraic geometry to develop
numerical criteria that determine when an element is in the tight closure or plus
closure of an ideal. Although it is not made explicit in his work, it appears that the
same methods show the equivalence for finitely generated graded modules over the
same class of rings. See Section 3.2 for details.

Inspired by Brenner’s recent progress, we have studied how one can obtain an
equivalence of tight closure and plus closure for more general ideals and modules
given that one has the equivalence for homogeneous ideals and modules. While we
have not yet been able to obtain an extension to all modules, in Chapter 3 we prove:
Theorem 3.1.6. Let (R, m) be a standard graded K -algebra of characteristic p > 0.
Suppose that R is a domain, and K is algebraically closed. If Ni, = Ny, = N&gr
for all finitely generated graded R-modules N C M such that M /N is m-coprimary,
then the same is true for all finitely generated modules N C M such that M/N is
m-coprimary.

As a result, we can apply our theorem to the cases where Brenner’s work is valid to
increase the class of ideals and modules where tight closure equals plus closure.

Unlike the work of Brenner, our methods are entirely algebraic and rely on in-
jective modules over a graded subring, R*SR, of R*. This led us to the study of
injective hulls over RTGR and R™ in an attempt to extend our result beyond the m-
coprimary case. We manage to compute a submodule of the injective hull Es(K),
where A is either a polynomial ring or a formal power series ring, that enables us to
show that the injective hulls Fricr(K) and Eg+(K) behave far differently from the
Noetherian case, as these modules contain elements that are not killed by any power
of the maximal ideal of R; see Proposition 3.3.13. As a result we cannot use these

injective hulls to extend Theorem 3.1.6 to general modules.



Graded-complete rings and modules

In Chapter 4, we investigate another problem involving tight closure in graded
rings. In [Ho3, Theorem 11.1], Hochster provides a construction of big Cohen-
Macaulay algebras which implicitly shows that one can construct a big Cohen-
Macaulay algebra B over a complete local domain R of positive characteristic such
that I* = I BN R, for all ideals, with a similar result for finitely generated modules.
We have used a similar process to show that one can construct a big Cohen-Macaulay
algebra B over a standard graded domain R that also “captures” tight closure; see
Theorem 4.5.9 and Corollary 4.6.1.

Since the construction of B required us to go beyond the realm of graded rings
and since we still wanted B to possess a notion of “degree,” we found it necessary
to produce a class of rings and modules that we have termed graded-complete. See
Sections 4.1 and 4.2 for definitions. In a sense, these are rings and modules that
possess a well-defined notion of degree, like graded objects, but also possess properties
of complete rings, such as infinite formal sums. In the case that a ring R is N-
graded and finitely generated over Ry = K, a field, the graded-completion operation

coincides with completion at the homogeneous maximal ideal.
Solid algebras

Developed by Hochster in [Ho3|, solid modules and algebras have many connec-
tions to tight closure in positive characteristic and to big Cohen-Macaulay algebras.
Hochster defined an R-module (not necessarily finitely generated) over a domain R
to be solid if Homg(M, R) # 0. If M = S is also an R-algebra, then S is called
a solid algebra. What may appear at first to be a minor non-degeneracy condition

on an R-algebra is actually a condition that allows one to give an alternate char-



acterization of tight closure in positive characteristic. Briefly, Hochster shows in
[Ho3, Theorem 8.6] that over a complete local domain R of positive characteristic,
u € I* if and only if v € 15 N R, for some solid R-algebra S. He uses this notion
of contracted-expansion from some solid algebra as the basis for a closure operation
dubbed solid closure.

Another significant aspect of solid algebras is given in [Ho3, Corollary 10.6], which
shows that an algebra over a complete local domain R (in any characteristic) that
maps to a big Cohen-Macaulay algebra is solid. The question of whether the converse
is true is open in positive and mixed characteristic. Hochster shows that it is true in
general when dim R < 2 and that it is false in equal characteristic 0.

In Chapter 5 we examine this question and manage to produce a family of finite
type algebras Aj(on’k’d) over a finite field of characteristic p, parameterized by four
nonnegative integers, for which the converse will be true in positive characteristic if
the local cohomology modules H;‘fl(Aé"’k’d)) all vanish; see Proposition 5.1.16. This
reduction of the problem puts the issue on an entirely computational footing and
potentially allows one to develop new answers using computer algebra software, such
as Macaulay 2 (see [M2] for more information). Using this approach, we show that
the relevant local cohomology modules vanish when n < 2, k£ = 0, or d < 1, which
provides new evidence that all solid algebras may map to big Cohen-Macaulay alge-
bras in positive characteristic. See Proposition 5.1.23. Attempts to use Macaulay 2
for calculations in the algebra A(23’1’2), the next open case, have been stymied by the
fact that the computations involved have been too complicated for the software to
handle.

In another attempt to make new progress on whether solid algebras map to big

Cohen-Macaulay algebras, we present new characterizations of solid algebras over



complete local domains of positive characteristic using the notion of phantom exten-
sions developed by Hochster and Huneke in [HH5]. A map a : N — M of R-modules
is a phantom extension if there exists ¢ € R° such that for all e > 0, there exists a
map 7. : F¢(M) — F¢(N) such that 7. o F¢(a) = c(idpe(ny). Using this definition,
we show in Theorem 5.2.13 that an R-algebra is solid if and only if it is a phantom
extension of R if and only if it is a direct limit of module-finite phantom extensions
of R. Despite this explicit connection between solid algebras and phantom exten-
sions, we have not yet been able to use this characterization to make new progress on
whether solid algebras map to big Cohen-Macaulay algebras, even though [HH5, Sec-
tion 5] shows that phantom extensions can be used to construct big Cohen-Macaulay

modules.
Algebras that map to big Cohen-Macaulay algebras

In what may be the centerpiece of this thesis, we delve into the properties pos-
sessed by algebras, which we have termed seeds, that map to big Cohen-Macaulay
algebras. In Chapter 6 we scrutinize seeds and produce some new properties involv-
ing big Cohen-Macaulay algebras. We will show that over a complete local domain
of positive characteristic any two big Cohen-Macaulay algebras map to a common
big Cohen-Macaulay algebra. We will also strengthen the “weakly functorial” exis-
tence result of Hochster and Huneke ([HH7, Theorem 3.9]) by showing that the seed
property is stable under base change between complete local domains of positive
characteristic.

One of our most useful results is given in Theorem 6.4.8, where we show that if R
is a local Noetherian ring of positive characteristic, S is a seed over R, and T is an
integral extension of S, then 7T is also a seed over R. We can even view this theorem

as a generalization of the existence of big Cohen-Macaulay algebras over complete



local domains of positive characteristic since this existence follows as a corollary; see
Corollary 6.4.10. The other results discussed below from Chapter 6 are also proved
using Theorem 6.4.8.

We also define a class of minimal seeds, which, analogously to the minimal solid
algebras of Hochster, are seeds that have no proper homomorphic image that is
also a seed. While it has only been shown that Noetherian solid algebras map onto
minimal solid algebras in [Ho3], we have shown in Proposition 6.3.4 that every seed
maps onto a minimal seed. Furthermore, like minimal solid algebras, we have shown
that minimal seeds are domains in positive characteristic; see Proposition 6.5.2. As
a result, every seed in positive characteristic over a local ring (R, m) maps to a big
Cohen-Macaulay algebra that is an absolutely integrally closed, m-adically separated,
quasilocal domain; see Proposition 6.5.8.

Perhaps the most interesting results of Chapter 6 are Theorems 6.6.4 and 6.6.10.
Both results concern seeds over a complete local domain R of positive characteristic.
Theorem 6.6.4 shows that the tensor product of two seeds is still a seed, just as the
tensor product of two solid modules is still solid. As an immediate consequence, if
B and B’ are big Cohen-Macaulay algebras over R, then B and B’ both map to a
common big Cohen-Macaulay algebra C'; which shows that, in a sense, the class of
big Cohen-Macaulay algebras over R forms a directed system.

Theorem 6.6.10 shows that if R — S is a map of positive characteristic complete
local domains, and 7T is a seed over R, then T"'®p S is a seed over S, so that
the seed property is stable under this manner of base change. This theorem also
gives an improvement on the “weakly functorial” result of Hochster and Huneke in
[HH7, Theorem 3.9], where they show that given complete local domains of equal

characteristic R — 9, there exists a big Cohen-Macaulay R-algebra B and big Cohen-



Macaulay S-algebra C' such that B — (' extends the map R — S. Our theorem
shows that if we have R — S in positive characteristic, and B is any big Cohen-
Macaulay R-algebra, then there exists a big Cohen-Macaulay S-algebra C' that fills
in a commutative square:

|

Axioms for a good closure operation

e

Chapter 7 begins an investigation of what axioms a closure operation must possess
to imply a “weakly functorial” existence of big Cohen-Macaulay algebras. This is
made precise at the beginning of Chapter 7.

Based upon Theorems 6.6.4 and 6.6.10 of Chapter 6, we can use the class of all big
Cohen-Macaulay algebras over complete local domains R of positive characteristic to
define a closure operation, which we denote by Nj‘w and call g-closure. For an ideal
I of R, an element v is in I* if and only if v € I B, for some big Cohen-Macaulay R-
algebra B, with a similar definition for modules. While [Ho3, Theorem 11.1] implies
that this closure operation is equivalent to tight closure over complete local domains
of positive characteristic, our results allow us to prove directly that g-closure has
many of the nice properties of tight closure.

We present a list of axioms for a closure operation in Section 7.1, which we believe
at least form the nucleus for a set of axioms that will be strong enough to prove the
weakly functorial existence of big Cohen-Macaulay algebras. We also demonstrate
in Section 7.4 that the weakly functorial existence of big Cohen-Macaulay algebras
induces a closure operation that satisfies all of our axioms, supporting the idea that

these are “good” axioms, although more may be needed.



CHAPTER 2

Background Information

Before we state and prove our results, we will survey some of the theory that
forms the foundation and provides motivation for our work.
All rings throughout are commutative with identity and are Noetherian unless

noted otherwise. All modules are unital.

2.1 The Frobenius Endomorphism

Of central importance to the work of this thesis are rings of positive prime char-
acteristic p. In order to simplify notation, we will let e denote a nonnegative integer
and let ¢ denote p®, a power of p. Thus, the phrase “for all ¢” will mean “for all
powers q = p° of p.”

Each characteristic p ring R comes equipped with an endomorphism F = Fy
mapping R — R, called the Frobenius endomorphism, which maps r — r?. We can
compose this map with itself to obtain the iterations F* = Ff; : R — R, which map
7= i

Closely associated to these maps are the Peskine-Szpiro (or Frobenius) functors
F¢ = FS. If we let S denote the ring R viewed as an R-module via the e-iterated
Frobenius endomorphism, then F¢ is the covariant functor S ® — which takes R-

modules to S-modules and so takes R-modules to R-modules since S = R as a ring.

10
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Specifically, if R™ — R" is a map of free R-modules given by the matrix (r;;), then
we may apply F¢ to this map to obtain a map between the same R-modules given

by the matrix (r%). For cyclic modules R/I, F¢(R/I) = R/I19, where

ij
19 .= (a%|a € R

is the ¢ Frobenius power of the ideal I. If the ideal I is finitely generated, then
I'9 is also the ideal generated by the ¢ powers of a finite generating set for 1. In a
similar manner, for modules N C M, we will denote the image of F¢(N) in F¢(M)
by N 1[5}, and we will denote the image of u € N inside of N ][3[] by u?.

When the ring R is reduced, we can define R'? to be the ring obtained by ad-
joining to R all ¢** roots of elements in R. In this setting, the inclusion R — R is
isomorphic to the inclusion F¢ : R — R, identifying R'/? with R via the isomorphism
r1/4 — r. Therefore the Peskine-Szpiro functor F€ is isomorphic to R/¢®z—, and the
Frobenius power 1'% can be identified with the extension I R*/9. We will also make use
of the perfect closure of R, which we denote by R*. The ring R* is constructed by ad-
joining all ¢ roots to R, for all . We can also view R as the direct limit of the rings
RY% under the natural inclusion maps R < RYP < RUP* s ... s RY4 s ... In
general, R* is not a Noetherian ring.

Using the Peskine-Szpiro functors, one can define a closure operation for ideals

and modules called the Frobenius closure.

Definition 2.1.1. For a Noetherian ring R of positive characteristic p and finitely

generated R-modules N C M, the Frobenius closure of N in M is the submodule
Nipi={ue M|u’ € N][\q), for some ¢}.

In the case that R is reduced, we may also characterize the Frobenius closure as

in the following lemma.
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Lemma 2.1.2. If R is a reduced Noetherian ring of characteristic p > 0, then for
finitely generated R-modules N C M, the following are equivalent:
(i) u € Ni;.
(i) 1®@u € Im(RY*® N — RY1® M), for some q.
(i) 1®u e Im(R*® N — R*® M).

In the case of ideals, I" =, IRV*N R =IR*NR.

It is clear from the definition that NI, is a submodule of M. We will see in
the upcoming section that the Frobenius closure is smaller in general than the tight

closure, but we will see some cases in Chapter 3 where the two notions are equivalent.

2.2 Tight Closure

Perhaps the most prominent tool in the class of characteristic p methods is tight
closure. The operation of tight closure was developed by M. Hochster and C. Huneke
in the late 1980s and early 1990s as a method for proving (often reproving with dra-
matically shorter proofs) and generalizing theorems for commutative rings containing
a positive characteristic field. Although the definition of tight closure relies on the
Frobenius endomorphism, they have also developed a notion of characteristic 0 tight
closure using methods of reduction to characteristic p that allows one to carry many
results proved in positive characteristic using tight closure over to the case of rings
containing a copy of the rational numbers. We shall not deal with the characteristic
0 theory but refer the interested reader to [HH8] for a detailed treatment.

We will now provide a brief overview of the theory of tight closure and highlight
many of the results that will be useful in our later studies. Throughout the rest of
this section, we will assume that R is a positive characteristic, Noetherian ring. We

will denote the complement in R of the set of minimal primes by R°.
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Definition 2.2.1. For a Noetherian ring R of characteristic p > 0 and finitely

generated modules N C M, the tight closure Ny, of N in M is
Ny ={ue M|cu! e N][\‘j] for allg > 1, for somec € R°}.

If Nj; = N, then N is tightly closed in M.
In the case that M = R and N = I, u € I* if and only if there exists ¢ € R° such

that cu? € 119 for all ¢ > 1.

Remark 2.2.2. Proposition 8.5 of [HH1] shows that if R is reduced, then we can

replace “q > 1" above with “¢ > 1.”

It is important to notice that a different ¢ may be chosen for each u € I*, but that
the same c is used for all values of g. We shall discuss a little bit later the notion
and existence of test elements, which are elements ¢ that can be used in every tight
closure computation.

We now record a number of useful facts about tight closure, all of which can be

found in [HH1].

Proposition 2.2.3. Let R be a Noetherian ring of characteristic p, let N C M and
W be finitely generated modules, and let I be an ideal.

(a) N3, is a submodule of M containing N.

(b) If M C W, then N}, C M}, .

(c) If f+ M — W, then f(Ny) € f(N)y

(d) (IN)3 = (I"N")}y

(e) (Nir)w = Nis-

(f) u € N} if and only if u+ N € 03 -

(g) NI C Nj,, and for ideals I¥ C I* C I, where I is integral closure of I.
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(h) u € Ny, if and only if u+ pM € Im(N/pN — M/pM)}3; s, calculated over
R/pR, for all minimal primes p of R.

(i) If R is regular, then Nj; = N.

(G) If R, N, and M are graded such that the inclusion preserves degree, then N},

18 also graded.

(k) (0)* =Rad(0). In particular, if R is reduced, (0)* = (0).

Any ring R in which every ideal (and thus finitely generated module) is tightly
closed is called weakly F'-reqular. 1f every localization of R is weakly F-regular, then
R is called F-regular. Therefore, (i) above states that regular rings are F-regular.
The “weakly” terminology is due to the fact that we do not know whether tight
closure commutes with localization or not. This localization question is the most
outstanding open problem in the theory of tight closure, and a lack of an answer
often leads to cumbersome notation or hypotheses. For some impressive progress on
the localization question; see [AHH].

One of the triumphs of tight closure has been its ability to generalize previ-
ously known theorems while also simplifying their proofs. A primary example is the
Briangon-Skoda Theorem, which is reproved using tight closure in [HH1, Theorem
5.4]. The original theorem was proved for regular rings in equal characteristic 0 using

very lengthy and involved analytic techniques.

Theorem 2.2.4 (generalized Briangon-Skoda Theorem, [HH1]). Let R be a Noethe-
rian ring of positive characteristic p, and let I be an ideal of positive height generated

by n elements. Then I"*t™ C (I™T1)* for any m > 0.

A very powerful tool in the application of tight closure is the notion of a test

element. As mentioned earlier, these are elements that can be used in all tight
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closure computations. Many proofs obtained using tight closure methods rely on the
existence of test elements. Fortunately, we will soon see that test elements exist in

very general classes of rings.

Definition 2.2.5. For a Noetherian ring of positive characteristic p, an element
c € R° is called a test element if, for all ideals I and all u € I*, we have cu? € I'9 for
all ¢ > 1. If, further, c is a test element in every localization of R, then c is locally
stable, and if it is also a test element in the completion of every localization, then ¢

is completely stable.

As stated above, test elements exist in very general settings. Specifically, Hochster

and Huneke proved the following statement.

Theorem 2.2.6 (Theorem 6.1, [HH6)). If R is a reduced, excellent local ring of

positive characteristic, then R has a completely stable test element.

The assumption that R be excellent is extremely mild as excellent rings are ubiqg-
uitous in commutative algebra and algebraic geometry. The situation in the graded

case is also very good.

Theorem 2.2.7 (Theorem 4.2d, [HH5]). If R is an N-graded, reduced Noetherian
ring of positive characteristic, and Ry is a field, then R possesses a homogeneous

completely stable test element.

Using the existence of test elements, we can produce some easy characterizations

of tight closure using RY¢ and R™.

Lemma 2.2.8. Let N C M be finitely generated R-modules, where R is reduced of
positive characteristic p. Then the following are equivalent:

(i) u € Nj;.
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(ii) c®u e NJ[\?I}, for all ¢ > 0 and some c € R°.
(iii) c/?@u € Im(RY1® N — RY7® M), for all ¢>> 0 and some ¢ € R°.
(iv) M1 ®@u € Im(R® ® N — R® ® M), for some test element c.

(v) M1 ®@u € Im(R®® N — R® ® M), for all test elements c.

As another consequence of the existence of test elements, Hochster and Huneke

established the following base change result, which they call persistence.

Theorem 2.2.9 (Theorem 6.24, [HH6]). Let R — S be a homomorphism of excellent
Noetherian rings of positive characteristic. If N C M are finitely generated R-

modules, and w € Ny, then 1@ w € Im(S @r N — S ®@pr M)§g -

It will be worthwhile to note that somewhat of a converse result can be obtained

when the map R — S is a module-finite extension.

Theorem 2.2.10 (Corollary 5.23, [HH5]). Let S be a module-finite extension of a
positive characteristic Noetherian ring R. If 1@ u € Im(S®@r N — S ®@r M) 115

calculated over S, then w € Nj,. In particular, (1S)5 N R C I}, for all ideals I of R.

Two other important notions in the theory of tight closure are colon-capturing
and phantom acyclicity. One can think of phantom acyclicity as a tight closure
analogue of ordinary acyclicity of a complex of modules. Instead of requiring that
the cycles be contained in the boundaries, we require that the cycles be contained in
the tight closure of the boundaries. If this condition occurs in a complex, Hochster
and Huneke say that the complex has phantom homology at that spot. For a thorough
introduction to phantom homology and phantom acyclicity. see [HH1, Section 9] and
[HH4].

The phantom acyclicity criterion given below can be thought of as a tight closure

analogue of the Buchsbaum-Eisenbud acyclicity criterion, which gives sufficient rank
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and depth conditions for a complex to be acyclic. In the phantom case, rank and

height conditions are given to ensure that a complex has phantom homology.

Theorem 2.2.11 (Phantom Acyclicity Criterion, [HH1]). Let R be a positive char-
acteristic, reduced Noetherian ring that is also locally equidimensional and a homo-

morphic tmage of a Cohen-Macaulay ring. Let G4 be a finite free complex over R:
0—-G,—Gp1—-— G — Gy— 0.

Let a; be the matriz map G; — G;_q, and let r; be the determinantal rank of «;, for
1 <i<mn. Letb; be the free rank of G;, for 0 < i < n. Denote the ideal generated by
the size r minors of a matriz map « by I.(a). Ifb; = ri+r;—y and ht I, (o;) > i, for
all 1 < i <n, then Z; C (BZ-)*GZ_, where B; is the image of ;1 and Z; is the kernel
of a;. In other words, if the previous rank and height conditions are satisfied, then

the cycles are contained in the tight closure of the boundaries.

Hochster and Huneke prove the following result, which is often referred to as

“colon-capturing.”

Theorem 2.2.12 (Theorem 7.15, [HH1]). Let R be a local positive characteristic
Noetherian ring that is module-finite and torsion-free over a reqular ring A or is
locally equidimensional and a homomorphic image of a Cohen-Macaulay ring. If
x1,...,%, 1S a system of parameters for R, then

(1, xk)R g xpy1 C (21, .., Th) Ry

forall0 <k <n-—1.
In a sense, colon-capturing shows that the tight closure of parameter ideals mea-
sures the obstruction for such a ring R to be Cohen-Macaulay. In the following

sections, we will see that tight closure, parameter ideals, and the Cohen-Macaulay

property have many interconnections.
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2.3 Big Cohen-Macaulay Algebras

A big Cohen-Macaulay module M over a local Noetherian ring (R, m) is an R-
module such that every system of parameters for R is a regular sequence on M.
If M = B is an R-algebra, then B is called a big Cohen-Macaulay algebra. The
terminology “big” refers to the fact that M is not necessarily a finitely generated
R-module. Also note that what we refer to as big Cohen-Macaulay algebras are
called balanced by some authors, who call an algebra B big Cohen-Macaulay if a
single system of parameters for R is a regular sequence on B. Recall that part of
the definition of a regular sequence zi,...,x, requires that (xy,...,zq)M # M.
Since we will require this condition for every system of parameters of R, we can
equivalently require that mM # M. It will also be useful to say that a partial
system of parameters of (R, m) is a possibly improper reqular sequence on M if all
relations on the parameters are trivial, but mM # M does not necessarily hold.
Similarly, we can have possibly improper big Cohen-Macaulay algebras.

The question “When do big Cohen-Macaulay algebras exist?” has important ap-
plications to the class of problems in commutative algebra that is often referred to
as the “local homological conjectures.” This class of problems includes the direct
summand conjecture and the monomial conjecture, and contains a number of inter-
connected statements. The truth of many of them is implied by a weakly functorial
existence of big Cohen-Macaulay algebras over complete local domains. Hochster
and Huneke use this terminology to mean that for any local rings R and S with a

“reasonably good” local map R — S, there exist big Cohen-Macaulay algebras Z(R)



19

and %A(S) over R and S, respectively, such that

(2.3.1) B(R) —= B(S)
I

is a commutative diagram. We will make the notion of “reasonably good” precise
for Theorem 2.3.5.

Over regular rings, the search for big Cohen-Macaulay modules and algebras is
rather easy given the following observation, a short proof of which may be found in

[HH2, p.77].

Proposition 2.3.2. Let R be a reqular Noetherian ring, and let M be an R-module.
Then M is a big Cohen-Macaulay module over R if and only if M is faithfully flat

over R.

The first significant existence proof of big Cohen-Macaulay algebras came from

the celebrated theorem of Hochster and Huneke:

Theorem 2.3.3 (Theorem 5.15, [HH2]). Let R be an excellent local domain, and let
R™ denote the integral closure of R in an algebraic closure of its fraction field. Then

R* is a big Cohen-Macaulay R-algebra.

The ring R* above is called the absolute integral closure of R and is not Noetherian
in general. Since local maps R — S between excellent local domains extend to maps
Rt — ST, the theorem above yields a weakly functorial existence of big Cohen-
Macaulay algebras in positive characteristic.

Hochster and Huneke also provide a graded result of the above theorem. In the
graded case, they work with graded subrings of R*. Specifically, if R is an N-graded

domain, then RT“R denotes a maximal direct limit of module-finite, Qsq-graded
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extension domains of R. For the construction and properties of this ring; see [HH3,
Lemma 4.1]. This result also shows that there is an N-graded direct summand of

RTCR_which is denoted RTe". Neither of these rings are Noetherian in general.

Theorem 2.3.4 (Theorem 5.15, [HH2]). If R is an N-graded domain with Ry = K
and R a finitely generated K -algebra, then RYCR and RT8 are both graded big Cohen-
Macaulay R-algebras in the sense that every homogeneous system of parameters of

R is a regular sequence on RYCR and R*e.

Using their result for R*, Hochster and Huneke were also able to establish a weakly
functorial existence of big Cohen-Macaulay algebras over all equicharacteristic local
rings. The term permissible used in the following theorem refers to a map R — S
such that every minimal prime @) of S , with dim S /Q = dim S , lies over a prime P

of R that contains a minimal prime p of R satisfying dim }A%/ p = dim R.

Theorem 2.3.5 (Theorem 3.9, [HHT7]). We may assign to every equicharacteristic
local ring R a big Cohen-Macaulay R-algebra B(R) in such a way that if R — S is
a permissible local homomorphism of equicharacteristic local rings, then we obtain a

homomorphism B(R) — HB(S) and a commutative diagram as in (2.3.1).

A key tool in the proof of this result is the construction of big Cohen-Macaulay
algebras using algebra modifications. Since we will make great use of algebra modifi-
cations in this thesis, it will be helpful to review some definitions and useful properties
NOw.

Given a local Noetherian ring R, an R-algebra S, and a relation sxy,q = Zle TiS;

in S, where x1, ..., 1, is part of a system of parameters of R, the S-algebra
S[Uy, ..., U

(2.3.6) 7o S0 U — i
S — Zi:l ZL‘ZUZ

is called an algebra modification of S over R.
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Instead of constructing an algebra modification with respect to a single rela-
tion on a single system of parameters from R, one can also create an S-algebra
Mod(S/R) = Mod;(S/R) by adding infinitely many indeterminates and killing
the appropriate relations (as above) so that every relation in S on a partial sys-
tem of parameters from R is trivialized in Mod;(S/R). Now inductively define
Mod,,(S/R) = Mod(Mod,,_1(S/R)) and then define Mod..(S/R) as the direct limit
of the Mod,,(S/R). The utility of this construction is that we have formally killed
all possible relations on systems of parameters from R and done so in a way that is

universal in the following sense.

Proposition 2.3.7 (Proposition 3.3b, [HHT7]). Let S be an algebra over the local
Noetherian ring R. Then Mody(S/R) is a possibly improper big Cohen-Macaulay
R-algebra. It is a proper big Cohen-Macaulay algebra if and only if S maps to some

big Cohen-Macaulay R-algebra.

While Mod(S/R) is a rather large and cumbersome object, we can study it in
terms of finite sequences of algebra modifications. Given a Noetherian local ring
(R,m) and an R-algebra S, we defined an algebra modification 7" of S in (2.3.6). If
we set S := S and then inductively define SOV to be an algebra modification of

S over R, we can obtain a finite sequence of algebra modifications
S=950 _, ¢ . .. S(h)7

for any h € N. We call such a sequence bad if mS™ = S®. The utility of these
sequences can be found in the following proposition, which we will use frequently in

the later chapters.

Proposition 2.3.8 (Proposition 3.7, [HHT7]). Let R be a local Noetherian ring, and

let S be an R-algebra. Mod(S/R) is a proper big Cohen-Macaulay R-algebra if and
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only if no finite sequence of algebra modifications is bad.

2.4 Plus Closure

Beyond being a big Cohen-Macaulay algebra in positive characteristic, the ring
R™ also has connections to tight closure theory. In fact, it has long been speculated
that the tight closure of an ideal is just the contracted-expansion from R*. This

notion led to the definition of plus closure.

Definition 2.4.1. Given an excellent, local domain R of positive characteristic, and

finitely generated modules N C M, we define the plus closure of N in M to be
N ={ue M|1®@ueIm(R"®@zr N - Rt @z M)}.

In the case the M = R and N = I, then IT = IRT N R.

+GR wwhich we

As with R™, there is a closure operation associated to R*e" and R
define below. Since R*® is a direct summand of RTCR as a R*&-module, the two

rings yield equivalent closure operations.

Definition 2.4.2. Let R be an N-graded Noetherian domain. Let S = R*GR or
S = R and let N C M be finitely generated R-modules with v € M. Then
u € N &, the graded-plus closure of N in M, if l@u € Im(S® N — S® M). For

the ideal case, I8 = [RT™* N R = IRTCR N R.

It is straightforward to show that NI, C N, C Nj,, for all finitely generated
modules, and that NI, C N, # C N;, C Nj, in the graded case.

Since U™ (RT) = (U7'R)™, for any multiplicative set U in R, the computation of
plus closure commutes with localization. As mentioned earlier, it is hoped that tight
closure in positive characteristic is just plus closure. Not only would this equality

simplify the computation of tight closure, it would also settle the long standing
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localization question by proving that tight closure commutes with localization. One

of the most important results in this direction comes from K.E. Smith.

Theorem 2.4.3 (Theorem 5.1, [Sm1]). Let R be an excellent local Noetherian domain
of characteristic p > 0. Then (z1,...,xx)* = (x1,...,21)", where x1, ..., xy is part

of a system of parameters in R.

In [Ab2, Theorem 3.1, I. Aberbach extends Smith’s result to include all finitely
generated modules N C M over an excellent local domain R of positive characteristic
such that M/N has finite phantom projective dimension, which is a tight closure
analogue of the usual notion of finite projective dimension. See [Ab] for more detail.

Smith also produced a proof in the graded case.

Theorem 2.4.4 (Theorem 1, [Sm2]). Let I = (x1,...,xx) be an ideal generated by
part of a homogeneous system of parameters for a Noetherian N-graded domain R

with Ry a field of positive characteristic. Then I* = IRT® N R = IRYCR N R,

Recently, H. Brenner has developed new results in dimension 2 that show that
tight closure and graded-plus closure are equivalent for homogeneous ideals in certain
graded rings. A primary ingredient in his work has been an interesting correspon-
dence between tight closure membership and the properties of certain projective
bundles; see [Brl]. Using this bundle notion of tight closure, Brenner has success-
fully applied geometric theorems and techniques (such as Atiyah’s classification of
vector bundles on an elliptic curve and Harder-Narasimhan filtrations of Frobenius

pull-backs of locally free sheaves) to arrive at the following results.

Theorem 2.4.5 (Theorem 4.3, [Br2]). Let K be an algebraically closed field of posi-
tive characteristic, and let R be the homogeneous coordinate ring of an elliptic curve

(i.e., R is a standard graded normal K -algebra of dimension 2 with dimg[HZ2 (R)]y =
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1, where m is the homogeneous mazximal ideal of R). Let I be an m-primary graded

ideal in R. Then [T8 = [T = [*.

Remark 2.4.6. For example, the result above applies when R = Klz,y, z]/(F) is

normal, where F' is homogeneous of degree 3.

Theorem 2.4.7 (Theorem 4.2, [Br3|). Let K be the algebraic closure of a finite
field. Let R denote an N-graded 2-dimensional domain of finite type over K. Then

for every homogeneous ideal I, we have I8 = [T = [*,

Given an elliptic curve X over a positive characteristic p field, there exists a
Frobenius map F' : X — X which is the identity on the set X and the p** power map
on the structure sheaf Ox. The map F induces amap F* : HY(X,Ox) — H'(X, Ox)
on cohomology. One says that X has Hasse invariant 0 if F* = 0. We refer the reader
to [Ha, pp. 332-335] for further details.

In the case of Hasse invariant 0, Brenner showed that tight closure is the same as

Frobenius closure.

Theorem 2.4.8 (Remark 4.4, [Br2]). If R is the homogeneous coordinate ring of
an elliptic curve of positive characteristic p with Hasse invariant 0 defined over an
algebraically closed field, then I* = I for all m-primary graded ideals of R, where

m is the homogeneous maximal ideal of R.

2.5 Solid Algebras and Solid Closure

Hochster introduced the notion of solid modules and algebras in [Ho3] as the basis
for defining a characteristic free closure operation, which he called solid closure. The
hope was that solid closure might be a good enough operation to imply the existence

of big Cohen-Macaulay algebras in mixed characteristic settings or to help answer
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some of the homological conjectures in mixed characteristic. While it turns out that
solid closure is equivalent to tight closure in positive characteristic, at least over
complete local domains, solid closure is too large in equal characteristic 0, as shown
by an example of P. Roberts (see [Ro]). The situation in mixed characteristic is still

a mystery.

Definition 2.5.1. If R is a Noetherian domain, then an R-module M is solid if
Hompg(M,R) # 0. If M = S is an R-algebra, then S is solid over R if it is solid as

an R-module.

We will present just a few of the properties of solid modules and algebras as these
properties will be helpful in the following chapters. All of these properties can be

found in [Ho3, Section 2].

Proposition 2.5.2. Let R be a Noetherian domain.

(a) If M and N are solid R-modules, then M ®@g N is solid.

(b) If S is a solid R-algebra, then there exists an R-linear map o : S — R such
that a(1) # 0 in R.

(c) Let S be a module-finite domain extension of R, and let M be an S-module.
Then M is solid over S if and only if M 1s solid over R.

(d) (local cohomology criterion) If (R, m) is a complete local domain of Krull
dimension n, then an R-module M is solid if and only if H" (M) # 0.

(e) (persistence of solidity) Let R — S be any map of Noetherian domains. If

M s a solid R-module, then S @g M is a solid S-module.

If R is a Noetherian ring, then a complete local domain of R is an R-algebra T
obtained by completing the localization of R at a maximal ideal and then killing a

minimal prime. Using this notion, Hochster defined the following closure operation.
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Definition 2.5.3. Let R be a Noetherian ring, and let N C M be finitely generated

R-modules. If R is a complete local domain, then the solid closure of N in M is
NX={ueM|1®uecIm(S®r N — S® M), for some solid R-algebra S}.

For a general Noetherian ring R, an element v € M is in NA’} if for every complete
local domain 7" of R, the image 1 ® u of v in T'®g M is in the solid closure of

Im(T@r N —->TRrM)inT @r M over T.

As mentioned above, solid closure is equivalent to tight closure in positive char-

acteristic, at least when the ring contains a completely stable test element.

Theorem 2.5.4 (Theorem 8.6, [Ho3|). Let R be a Noetherian ring of positive char-
acteristic, and let N C M be finitely generated R-modules.

(a) N, C NX.

(b) If R has a completely stable test element, e.g., R is a complete local domain,

then Ni, = NX.

The connection between solid closure and tight closure also leads to more connec-
tions between tight closure and big Cohen-Macaulay algebras and is also a factor in
the work of Brenner mentioned in the last section, where the correspondence between
tight closure and projective bundles uses solid closure as an intermediary. As for big
Cohen-Macaulay algebras, we point out the following two facts and will discuss these
connections further in following chapters, including whether the next statement has

a converse in positive characteristic.

Theorem 2.5.5 (Corollary 10.6, [Ho3]). Let R be a complete local domain. An
R-algebra that has an R-algebra map to a big Cohen-Macaulay algebra over R is

solid.
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Theorem 2.5.6 (Theorem 11.1, [Ho3|). Let R be a complete local domain of positive
characteristic, and let N C M be finitely generated R-modules. If u € M, then
u € Ny, = Nﬁ if and only if there exists a big Cohen-Macaulay R-algebra B such

that 1 @ u € Im(B®r N — B®gr M).



CHAPTER 3

Tight Closure of Finite Length Modules in Graded Rings

In this chapter, we will investigate some conditions in which tight closure and
plus closure (or even Frobenius closure) are the same. Although our main result will
not depend upon dimension, the primary applications are based on results known in

dimension 2, The cubical cone
R=Klx,y,z]/(a° +y° + 2°)

will be a primary example, where our results about Frobenius closure will apply when
the characteristic of K is congruent to 2 (mod 3).

In the next section we look at how the equivalence of tight closure and plus closure
(or Frobenius closure) in the homogeneous m-coprimary case implies the same closure
equivalence in the non-homogeneous m-coprimary case. The second section shows
some consequences of the first section, where we will apply Theorem 3.1.6 to the
recent work of H. Brenner in [Br2] and [Br3| (see Theorems 2.4.5, 2.4.7, and 2.4.8).
We also demonstrate a connection between tight closure and the m-adic closure of
modules extended to Rt (or R™).

The third section details some work concerning the injective hull of the residue
field in R, RT, and RTSR. Our results show that unlike the Noetherian case, these

injective hulls contain elements that are not killed by any power of the maximal ideal

28
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of R. This fact is relevant because it presents an obstruction to one possible method

of extending the result of Theorem 3.1.6 to all ideals.

3.1 New Cases Where Tight Closure is Plus Closure

Before proving the main result of this section, Theorem 3.1.6, we need to establish
two lemmas and some notation. If S is any Q-graded (not necessarily Noetherian)
ring, then for any n € Q let S5, = EBZE” S;. Similarly define S<,. We will say
that an N-graded ring R is a standard graded Ry-algebra if R is finitely generated

over Ry by elements of degree 1. For the rest of the section, let m = @, R;, the

i>0
homogeneous maximal ideal of R.

Lemma 3.1.1. Let R be a reduced standard graded K -algebra of positive character-
wstic p, and let S = R*>. Then there exists ¢ € N such that S>,4. € m"S for any

n > 1. As a consequence, [S/m™S|; =0 for all j > 0.

Proof. Let m be generated by z1,...,z,, each of degree 1. Put ¢ = p —1 (if p =0,
ie., R= K, put ¢ =0). Since S5¢ = qul/q, if f € S is homogeneous of degree at
least n + ¢, then f is a sum of terms cz{"* - - - 2, such that ¢ € Sy and >" o; > n+c.

If we write «; = [a] + 13, where 0 < r; < 1 for all 4, then

Z[O‘i]zzai—ZTiZn-l—C—Zm>n+c—u.

Therefore, Y [a;] > n+c—pu+1=n, and so f € m"S. The second claim now

follows using j > n + c. O

For the other lemma we will need a graded-plus closure version of the Briangon-
Skoda Theorem. The original tight closure generalization (Theorem 2.2.4) can be
found in [HH1]. Hochster and Huneke also strengthened this result to a version for

plus closure.
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Theorem 3.1.2 (Theorem 7.1, [HH7]). Let I be an ideal of a Noetherian domain R
of characteristic p > 0 generated by at most d elements, let k € N, and let u € [4+F,

Then u € I 'RT N R.

We will adapt their proof to obtain a graded-plus closure version of the Briangon-
Skoda Theorem. In order to simplify the proof we will also use Smith’s result for

tight closure of homogeneous parameter ideals (see Theorem 2.4.4).

Theorem 3.1.3. Let R be a positively graded Noetherian domain of positive charac-
teristic. Let I be a homogeneous ideal generated by at most d homogeneous elements,
let k € N, and let w € I4% with u homogeneous. Then u € I**1S N R, where

S = RtGR o § = Rte,

Proof. As R™®" is a direct summand of RTCR| it is sufficient to assume that S =
RTGR Let A — R be a degree-preserving map of positively graded Noetherian
domains such that J is a homogeneous ideal of A with at most d generators, and
I = JR. Let v € J#F be a homogeneous element of A such that v — wu in R.
Suppose that v € J¥TATGR  Since the map A — R extends to AT — R, we
can restrict this map to obtain AT®® — R*GR (The homogeneous monic equation
satisfied by an element a of ATR maps to a homogeneous monic equation over R
satisfied by the image of a.) Therefore, u € [*T1 RTCR,

Now, let K = Z/pZ. Since u is integral over 1% and homogeneous, it satisfies
a homogeneous monic polynomial 2" + r 2" 1 + ... 4+ r, = 0, where deg z = degu,
degr; = jdegu, r; € (177%)7 and (without loss of generality) r, # 0.

Each 7; can be written as a homogeneous R-linear combination of monomials

a* -+ -a;® in the generators ay, . .., a4 of I, where vy +- -+ v, = (d+k)j. Thus, the
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coefficient on the monomial ai* - - - a;* is zero or has
degree = degr; — (11 degay + - - - + vydegay)

since R is positively graded. Without loss of generality, we may order the generators
of I so that dega; < --- < degay. Then r, # 0 implies that deg @gd%)" < degr,. If
not, then degr, < vy dega;+- - -+vydeg ay, for all v; such that v+ - -+vy = (d+k)n,
and so the coefficient on every monomial in the expansion of r, must be zero, a
contradiction.

Let x4, ..., x4 be indeterminates over K with degx; = dega;. For every monomial
p=at -zt where vy +- - 41y = (d+k)j, for 1 < j < n, let y, be an indeterminate
with degy, = degr; — (11 degzy + - - - + vgdegzy). Let

F(xy,2) =2"+> > yun | 2",

Jj=1 nel;

where x = z1,...,24, ¥ = {y, | degy, > 0}, and
Ci={p=o" 2|+ - +vg=(d+k)j}.
Then F' is homogeneous of degree ndeg z = ndegu as
deg(y,p)2z"7 = degr; + (n — j)degz = jdegu + ndegz — jdegz = ndeg z.

Therefore, K[x,y,z| is a positively graded Noetherian ring, and K[x,y] — R,
given by z; — a; and y, mapping to the coefficient of ai* - - - a}?, is a degree-preserving
map. Moreover, the composite map K|[x,y,z] — R[z] — R, where z — u, sends
F(x,y,2)— 2" +rz2" 1 +---4r, — 0. (Since R is positively graded, the coefficient
onai'---ayis 0if degr; < vy degas + - - -+ vydegaq so that we did not need a y,u

term in F when degy, < 0.)
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Let A= K[x,y,z|/F(x,y,2), and J = (x)A. This is a positively graded Noethe-
rian ring of positive characteristic, J is a homogeneous ideal generated by at most d
homogeneous elements, and z is homogeneous such that z € Jd+k Tt is clear from
the construction of A that A — R is a degree-preserving map. To see that A is also
a domain, we will show that F' is irreducible. Indeed, let N = (d + k)n, and let u
be the monomial x¥ that occurs when j = n in the summation for F. As we noted

earlier, r,, # 0 implies that
degy, = degr, — N degz; = degr, — N dega; >0,

and so F is linear in y, with coefficient 27 on y, and a relatively prime constant
term containing z".

We may, therefore, assume that R is A, and [ is J. Since R is a positively graded,
finitely generated K-algebra, we may regrade if necessary so that R is N-graded
without changing RTYR. Since R/(x) = K|y, z]/2", the sequence i, ..., x4 forms
part of a homogeneous system of parameters. We can now apply Smith’s Theorem
2.4.4 to the ring R and ideal I to see that [* = IR NR = IRT®*NR. By Theorem

3.1.2, we are done. O

Lemma 3.1.4. Let R be a standard graded K -algebra domain of characteristicp > 0,
and let S = RTSR or S = R*e". Then there exists ¢ € N such that Ss,,. C m"S,

for any n > 1. Moreover, [S/m"S]; =0 for all j > 0.

Proof. Let m be generated by u elements. Let ¢ = p— 1 (if p = 0, let ¢ = 0), and
let f € S be homogeneous of degree D > n+ c. Then f satisfies a monic polynomial
equation f* 47 f=! + ... 4+ 7, = 0 such that r; is homogeneous of degree iD in R
or r; = 0 if iD & N. Therefore, r; € m™+9 = (m"*¢)’ for all i as m is generated

in degree 1. Since f € S, there exists a positively graded module-finite extension
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domain T of R such that f € T. Thus, f € (mT)"+t¢ = (mT)*t"~1. By Theorem
3.1.3, f € m"T*CR but TTOR = R*GR and so f € m"RTC®. Since R is a
direct summand of RT®, we also have f € m™R*#. The second claim follows using

j>n+c. 0

Our main result will depend upon showing that Homg (S/m™S, K) is Z-graded as

an R-module when S is RTSR, RTe or R>.

Proposition 3.1.5. Let R be a standard graded K-algebra of characteristic p > 0.

+GR

Suppose R is reduced (respectively, a domain). Let S = R>® (resp., S = R or

S = R*#). Then for any n > 1, Homg (S/m"S, K) is a Z-graded R-module.

Proof. S has a natural N[1/p]-grading (resp., Q>¢-grading or N-grading) induced by
the grading on R. Thus, S/m"S is also graded as m"S is a homogeneous ideal. Let
W; be the K-span of all homogeneous elements of degree ¢ such that j —1 <9 < j.
This gives S/m™S an N-grading as an R-module, where W; = 0 for all j < 0 and
j >0 by Lemma 3.1.1 (resp., Lemma 3.1.4).

In Homg (S/m"S, K), let V_; be the K-span of all functionals ¢ such that ¢(1V;)
is not 0 if and only if ¢ = j. If r € R is homogeneous of degree d, and ¢ € V_j,
then ro(W;) = ¢(rW;) C ¢(W;yq) which is nonzero if and only if i = —d + j. Thus,
R4V_; € V_jiq4. It is clear that the intersection of any V_; with the sum of the others
is trivial and that »,V_; C Homg(S/m"S, K). Now, if ¢ € Homg(S/m"S, K),
and s has homogeneous components s;, then let 1_;(s) = 1(s;) so that ¢_; € V_,.
Then ¢ = > j ¥—j, where the sum is finite because W; is nonzero for only finitely
many integers. Therefore the V_; give a Z-grading on Homg (S/m"S, K) as an R-

module. O

We are now ready to present the main result of this chapter. The method of the
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proof will be to show that if M is an m-coprimary module containing an element
u € 03\ OLGR, then M can be mapped to a finitely generated graded m-coprimary

R-module where the image of u is not in the plus closure of 0 in this new module.

Theorem 3.1.6. Let R be a standard graded K -algebra of characteristic p > 0. Sup-
pose that R is reduced (respectively, a domain), and K is perfect (resp., algebraically
closed). If Ni, = NI (resp., Ni; = Ny, = N#) for all finitely generated graded
R-modules N C M such that M/N is m-coprimary, then the same is true for all

finitely generated modules N C M such that M /N is m-coprimary.

Proof. Let S = R*® (resp., S = RT®®). Tt suffices to show that 03, C 0%, (resp.,
0%, € 018") when M is m-coprimary. Suppose that u € 0%,\ 0%, (resp., u € 0%,\01#).
Since u & 0, (resp., u ¢ 07F"), by Lemma 2.1.2 (resp., Definition 2.4.2) 1 ® u # 0
via the map M — S ® M. This implies that there is a surjection of S(1 ® u) onto
K sending 1 ® u to 1 € K, since the residue field of S is K.

Since Homg (S, K) is an injective S-module and we have a map K — Homg (S, K)

that sends 1 to the functional that takes s € S to s modulo mg, we see that
M — S® M — Homg(S, K)

is a map such that v is not in the kernel. Since M is m-coprimary, there exists an n
such that m"M = 0. Hence, the image of M under the composite map above lies in
the annihilator of m™ in Homg (.S, K'), which is isomorphic to Homg (S/m™S, K).
By Proposition 3.1.5, Homg (S/m"S, K) is a Z-graded R-module. Let M’ be the
R-submodule of Homg (S/m™S, K) generated by the homogeneous components of
the generators of the image of M. Therefore, M’ is a finitely generated graded R-
module, and since m"™ kills M and is a homogeneous ideal, it kills M’ as well. Thus,

M’ is also m-coprimary as an R-module.
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Let @ be the image of u in M’, which we know is nonzero. As u € 0}, we also
have that @ € 0%,,. By our hypothesis, @& € 0%, (resp., @ € 015" since M’ is graded
and m-coprimary. Therefore, 1 ® &« = 0 in S ® M'. Since Homg(S/m™S, K) is
an S-module, the inclusion map M’ — Homg (S/m"S, K) factors through the map
M'" — S® M'’, by the universal property of base change. Thus, the fact that 1®@u =0

in S ® M’ implies that the image of @ is 0 in Homg (S/m™S, K), a contradiction. [

3.2 Consequences

When R is the homogeneous coordinate ring of an elliptic curve of positive char-
acteristic p over an algebraically closed field (i.e., R is a standard graded normal
K-algebra of dimension 2 with dimg[H?2 (R)]o = 1, where m is the homogeneous
maximal ideal of R), or when R is an N-graded 2-dimensional domain of finite type
over K, where K is the algebraic closure of a finite field, we would like to apply
Theorem 3.1.6 to the results of Brenner.

In [Br2] and [Br3], Brenner shows that the tight closure of a primary homogeneous
ideal is the same as its graded-plus closure. Brenner has observed in correspondence
that it is straightforward to generalize Theorems 2.4.5 and 2.4.7 to include finitely
generated m-coprimary R-modules. The argument is lengthy, like the one for ide-
als, but the changes are routine. (The main idea is to replace the syzygy bundle
constructed from homogeneous generators of an m-primary ideal with a syzygy bun-
dle constructed from homogeneous generators of an m-coprimary submodule N of a
graded module M. Once one has made the necessary alterations to the results in
[Brl, Section 3], all of the relevant proofs in [Br2] and [Br3] follow seamlessly as they
only rely on the aforementioned results and theorems whose hypotheses only require

locally free sheaves of arbitrary rank, which we obtain in the ideal and module cases.)
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With some degree of caution, we state this generalization as the following theorem.

Theorem 3.2.1 (Brenner). Let R be a positive characteristic ring. Further, let R
be the homogeneous coordinate ring of an elliptic curve over an algebraically closed
field K, or let R be any 2-dimensional standard graded K-algebra, where K is the
algebraic closure of a finite field. Let N C M be finitely generated graded R-modules
such that M/N is m-coprimary, where m is the homogeneous mazimal ideal of R.

Then Nj; = N;, = N3 &

Remark 3.2.2. For example, R is the homogeneous coordinate ring of such an elliptic
curve when R = Kz, y, z]/(F'), where R is normal and F' is homogeneous of degree 3.

Therefore, the result above applies to the cubical cone R = K[z, y, 2] /(23 + y3 + 23).

This result together with Theorem 3.1.6 yields the following corollary.

Corollary 3.2.3. With R as above, Nj; = N}, = N;Igr for all finitely generated

R-modules such that M/N is m-coprimary.

Further, if Proj R is an elliptic curve with Hasse invariant 0 (see Section 2.4 or
[Ha, pp. 332-335]), then Brenner’s Theorem 2.4.8 says that the tight closure of a
primary homogeneous ideal is the same as its Frobenius closure. For example, this is
the case for the cubical cone R = K|z,y, z]/(x® +y* + 2*), when the characteristic of
K is congruent to 2 (mod 3) (as implied by [Ha, Proposition 4.21]). Again, Brenner’s
result can be generalized to include finitely generated homogeneous modules N C M
with m-coprimary quotients. This fact can then be paired with Theorem 3.1.6 to

give:

Corollary 3.2.4. If R is the homogeneous coordinate ring of an elliptic curve of

positive characteristic p with Hasse invariant 0 defined over an algebraically closed
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field, then Ni, = NI, for all finitely generated R-modules such that M/N is m-

coprimary.

For a Noetherian ring R with a maximal ideal m, given the equivalence of tight
closure and plus closure (respectively, graded-plus closure or Frobenius closure) in
the m-coprimary case, we can present a characterization of tight closure in the local-
ization of R at m in terms of the m-adic closure of modules inside R* (resp., RT%R or
R>°). We start with a general lemma about tight closure that includes the hypothesis
that R contains a test element. Recall from Hochster and Huneke’s Theorem 2.2.6,

if R is a reduced excellent local ring, R will always contain a test element.

Lemma 3.2.5. Let (R,m) be a reduced local ring of positive characteristic p that
has a test element. Let M be a finitely generated R-module. Then u € 03, if and
only if u € (), (M*M)3,.

Proof. Let c be a test element in R. Then u € 0%, if and only if ¢/‘®u = 0in RYI®@M
for all ¢ by Lemma 2.2.8. This holds if and only if ¢'/? @ u € (), m*(RY4 ® M) for
all ¢ since (R, m'9) is also local, R/? ® M is a finitely generated R'/9-module,
and the powers of mRY/4 are cofinal with the powers of m'/%. Since m*(RY4® M) =

Im(RY? @ m*M — RY?® M), the above occurs if and only if
M @ueIm(RYI@mPM — RY1 @ M),

for all k£ and all ¢q. Finally, since c is a test element, the previous holds if and only if

u € (m*M)3, for all k. O

We now show an equivalence between the m-adic closure of modules in certain

ring extensions and the Frobenius, plus, and graded-plus closures.

Lemma 3.2.6. Let R be a reduced ring, I an ideal, and S = R>® (respectively, R

is also a domain and S = RY or R is also a graded domain and S = RTCR or
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S = R*®). Thenu € (I*M)%, (resp., u € (I*M)}, oru € (IFM)}F") for all k if and

only if 1@ u € N, I*(S @ M).

Proof. By definition, u € (I*M)¥, (vesp., u € (I*M){, or u € (I*M)}#") if and only
if l@u € Im(S®I*M — S ® M). This holds if and only if 1 ® u € I*(S ® M).
Therefore, u € (I*M)¥, (vesp., u € (I*M)}, or u € (I*M);#") for all k if and only if

1®u e, I*(S® M). O

We now give the promised result connecting tight closure in R, and the m-adic

closure in R* (resp., R*CR, R*# or R™).

Proposition 3.2.7. Let R be a reduced ring of characteristic p > 0. Let m be
a mazximal ideal of R such that R,, has a test element (e.g., this holds if R, is
excellent). Let S = R (resp., let R also be a domain and S = R or let R be a
graded domain and S = R*C® or S = R*® ). Moreover, let R be such that Frobenius
closure (resp., plus closure or graded-plus closure) equals tight closure for finitely
generated modules with m-coprimary quotient. Then for any finitely generated N C
M and w € M, we have u/1 € (Ny,)3,. if and only if 1 @ is in the m-adic closure

of S M/N. For M free, we further note that (Ny,)3, N M = (), (N+mFM)SNM.

Proof. Since x € (N )}y, if and only if T € 03, and My, /Ny = (M/N)yy, it is
enough to show this for the case N = 0. By Lemma 3.2.5, u/1 € 03, if and only
if u/1 € ,(mFM,,)3, . Since M/mFM is clearly m-coprimary, [HH1, Proposition
8.9] shows that the contraction of (m*M,,);, to M is just (m*M)3, for all k. Hence
u/1 € 03, if and only if u € (", (m*M)};,. By our hypothesis, this holds if and only
if u € N, (M*M)E, (resp., u € N, (MFM)}, or u € N, (M*M);#). Then Lemma 3.2.6
shows this is equivalent to 1 ® u € (), m"(S ® M).

In the case that M is free, the above shows u € (Ny,)3,, N M if and only if
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1@u e, m"(S®M/N), but mF(S®@ M/N) = mF(MS/NS) in this case. Further,

u € mF(MS/NS) if and only if u € (N +m*M)S. O

3.3 Computing Injective Hulls

In this section we study the injective hull of the residue field of R*, R*, and RTCR,
where R has positive characteristic and is a complete local domain or a standard
graded K-algebra domain. Recall that for any ring A and A-module M, the injective
hull of M, denoted by E4(M), is a maximal essential extension of M and may be
thought of as the smallest injective module that contains M, since it is a direct
summand of any other injective module containing M.

We start by studying the injective hull, Er=(K°), where R = K{[z1,...,z,]] or
R = Klxy,...,x,]. Inthe case of dim(R) = 1, M. McDermott computed the injective
hull in a rather concrete manner involving formal sums such that the support of
each sum is a well-ordered set. See [McD, Proposition 5.1.1]. For dim(R) > 2, we
conjecture that the injective hull can similarly be written as a set of formal sums
with support that has DCC. We present the progress made so far and a condition
that must be satisfied if the conjecture is false. The results in dimension n > 2,
however, show that there are elements of Fr~ (K ) that are not killed by any power
of the maximal ideal of R. This contrasts with the Noetherian case where no such
elements exist. We then show that this result also holds for complete local domains
and standard graded K-algebra domains, in positive characteristic, and that it holds
for the injective hull of the residue field over Rt or RTGR as well.

This latter result shows that we cannot extend Theorem 3.1.6 by making use of
the injective hull of the residue field of RT“R or R* in the analogous way. The

strategy of the proof of Theorem 3.1.6 was to show that for a module M with an
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element u outside of OJT/Igr or 01, we can map M to a mp-coprimary graded module
M’ such that the image of u remains outside of the closure of 0 in M’. If the injective
hull of the residue field in RTGR or B> was such that every element was killed by a
power of mpg, then we could use a finitely generated R-submodule of Er(K>) as
M'’. Propositions 3.3.12 and 3.3.13, however, bar us from applying this method to
the problem.

We start with the case of R = K[[z1,...,2,]] or R = Klxy,...,x,] and look at

essential extensions of K over R°.

3.3.1 The Regular Case

In order to study the injective hull Ere(K>°), where R = K][[x1,...,x,]] or
R = K|x1,...,x,], we will construct a module of formal sums such that the support
has DCC. The supports will be subsets of —N[1/p]", the set of n-tuples of nonpositive
rational numbers whose denominators are powers of p. We are able to show that this
module is an essential extension of K°°, but we are unable to decide whether it is
the entire injective hull or not in dimension n > 2.

Throughout the rest of this section, we will use bold letters to stand for n-tuples
of elements. For instance, x := xy,...,7,, and a := ay,...,a,. We will place a
partial ordering on n-tuples by comparing coordinate-wise, e.g., a > b if and only if
a; > b;, for all 7, and a; > b;, for some j. We will define addition and subtraction of

n-tuples as usual. If a € Q", then x® := z{" - - - 28",

Definition 3.3.1. Let R = K|[[x]] or R = K|[x], where K is a field of positive
characteristic p and dim R = n. Let L = K, the perfect closure of K. Given a

formal sum f = ) cax™®, where a € N[1/p]"” and ¢, € L, we will say that the



41

support of f is the subset of (—N[1/p])" given by
supp(f) :={—afca # 0}.
Using the same notation, we define the following set of formal sums
N:={f= anx_a |a € N[1/p], ca € L, andsupp(f) has DCC}.

Lemma 3.3.2. Using the notation of Definition 3.3.1, N is an S-module with for-

mally defined multiplication.

Proof. Let fi, fo be in N, and let supp(f;) = A;. Then supp(fi + f2) C A U As.
Since the union of two sets with DCC has DCC and a subset of a set with DCC also
has DCC, f; + f» is in N. Now, let s € S. Then s € R4, for some ¢ = p°, so that

we can write

s = dp x4,

where b € N" and dy, € L. Put

f= anxfa e N.

Using formal multiplication, the coefficient of x™° in sf is
(3.3.3) > cady.
—a+b/q=—s
Notice that the coefficient of x ®is 0 if —s = —a+b/q > 0 as K> = S/msg.
When —s < 0, for sf to be well-defined, the summation (3.3.3) must consist of
a finite sum of nonzero elements. In the polynomial case, this is clear since s has
only finitely many terms. Otherwise, suppose that we have enumerated the terms

contributing to the coefficient of x™° and that the set

{keN| —a® +b® /g = —s, and cadp # 0}
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is infinite. If there are only finitely many distinct b®*), then (3.3.3) is clearly a finite
sum. We may then assume that there are infinitely many distinct b®*) and thus
assume that all of the b®) /¢ are distinct. Hence, we obtain an infinite chain of
equalities

—a® 4 bW /g = —a® £ b g = —a® 4 B® g ... |

Since the sets N/q and supp(f) have DCC, we may apply Lemma 3.3.4, and then we
will have a contradiction. Therefore, (3.3.3) is a finite sum, and sf is well-defined.

We also need to show that supp(sf) has DCC. Suppose to the contrary that
_a(l) + b(l)/q > —8(2) + b(2)/q > _a(3) + b(3)/q > ...

is an infinite chain in supp(sf). If there are only finitely many distinct n-tuples
b*) /g, then we also obtain an infinite descending chain in the —a®, for k > 0, a
contradiction since supp(f) has DCC. We may then assume that there are infinitely
many b*) /¢ and all are distinct and then apply Lemma 3.3.4 again to obtain a

contradiction. O

Lemma 3.3.4. Let A and B be subsets of G™, where (G,+) is a linearly ordered
abelian group. Suppose that A has DCC and that B has DCC' in each coordinate. If
{a®™}, is a sequence of n-tuples in A and {b"¥}, is a sequence of infinitely many

distinct n-tuples in B, then we cannot obtain an infinite chain
a(l) + b(l) 2 8(2) + b(2) 2 8(3) + b(?’) 2 e

Proof. Because each b™®) has only finitely many coordinates and each b®) is distinct,
bgk) takes on infinitely many values, for some ¢. Without loss of generality, we may
assume that b(lk) is distinct, for all k, by taking subsequences. Similarly, if any other

coordinate bg-k) takes on infinitely many values, then we may also assume that each
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bg-k) is distinct, for all k. If any coordinate bg-k) takes on only finitely many values, then
it must take on a particular value infinitely many times. So, by taking subsequences
again, we may assume that b§k) is constant, for all k.

Therefore, after taking subsequences, we may assume without loss of generality
that, for each 7, either bl(-k) = bl(-k,), or bl(-k) < bl(-kﬂ), for all k, k'. (The latter assumption
may be made when there are infinitely many distinct values because B has DCC in
each coordinate.)

These conditions imply that we obtain a chain b < b® < b® < ... and so if
we subtract this line of inequalities from our original chain of inequalities, we obtain
an infinite descending chain a > a® > a® > ... which contradicts the fact that

A has DCC. Therefore, we could not have had the original infinite chain. O

Now that we have established that NV is actually an R*°-module, we can also show

that N is an essential extension of K.

Proposition 3.3.5. Using the notation of Definition 3.3.1, N is an essential exten-

sion of L = K*°. Therefore, N C Ege(K>).

Proof. The second claim follows immediately from the first. For the first, let f =
> .caX @ € N. Since supp(f) has DCC, we can choose a minimal element —al®.

Then x2” € S , and

V=3 cax®” 7 = ey € L\ {0}

(0)

as a;, > a;, for some ¢, for all a # al® in supp(f). O

As mentioned earlier, McDermott showed that N is the entire injective hull of
K> over R in dimension 1. McDermott’s proof covers that case R = K|x], but the

case R = K[[z]] follows routinely.
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Proposition 3.3.6 (Proposition 5.1.1, [McD]). With the notation of Definition

3.3.1, the injective hull Es(L) is isomorphic to N when dim R =n = 1.

Proposition 3.3.5 has the following corollary which demonstrates that in the non-
Noetherian case the injective hull of a residue field behaves very differently from the
Noetherian case in dimension n > 2, where all elements of the injective hull are killed

by a power of the maximal ideal.

Proposition 3.3.7. With the notation of Definition 3.3.1, if n > 2, then Egre(K*)

contains an element not killed by any power of mr = (X)R.

Proof. Let [ = Zexfl/pexge. For e < ¢, —1/p® < —1/p¢ and —e > —¢’ so that
all elements in supp(f) are incomparable. Hence, all chains in supp(f) have only
one link, and f € N, which injects into Er(K°) by the last proposition. Now, let
t>0. Then zhf =", xfl/penge, and if eq > ¢, then t —ey < 0. Therefore, x4 f # 0,

and mb, f # 0, for any ¢ > 0. O

We now prove some additional facts about the module N that may be useful in
showing it is the full injective hull of L = K°°. We first show that N embeds in the
injective S = R*-module Hom/ (S, L) because it is an essential extension of L. This
fact implies that in order to prove that N is isomorphic to Es(L), it is enough to

show that N has no essential extension in Homy (S, L).

Lemma 3.3.8. With the notation of Definition 3.5.1, there exists an injective map
0 : N — Homy(S, L) that takes 1 € L inside N to the map S — L taking 1 — 1 and

mg — 0, where mg = Uq(xl/q)S.

Proof. Let A : N — L be the L-linear map given by A(D>_, caX™?) = co, and let

0" . N xS — L be given by 0"(f,s) = A(sf). It is easy to check that 6" is an
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L-bilinear map and so induces the map 6" : N ®, .S — L given by 0'(f ® s) = A(sf).

By the adjointness of tensor and Hom, we have

Homy (N ®g, S, L) = Homy (N, Hom (S, L)).

Therefore, §" corresponds to a unique L-linear map 6 : N — Homy (S, L).
We claim that 6 is actually S-linear. Indeed, using the adjointness, 0(f)(s) =

A(sf). Let r € S. Using the inherited S-module structure on Homy, (S, L), we have

r0(f)(s) = 0(f)(sr) = A(sr)f) = A(s(rf)) = 0(rf)(s).

Therefore, r0(f) = 0(rf) and 0 is S-linear.
Now, 6(1)(1) = A\(1) =1 # 0, and §(1)(mg) = A(mg) = 0. This shows §(1) # 0 so
that 0|, : L — Homp (S, L) according to the second assertion above. Additionally,

since N is an essential extension of L, we have 6 : N — Hom/ (S, L). O

We next show that if N has an essential extension within the set of formal sums,
then there must be such a sum that has no minimal elements in its support. First

we need a lemma about sets with DCC.

Lemma 3.3.9. Let A be a partially ordered set such that for all B C A, where B

has DCC, the difference A\ B has a minimal element. Then A has DCC.

Proof. Let C' := {a € A]| there exists an infinite chain a > a3 > ay > --- in A}.
Suppose that A does not have DCC. Then C' is not empty. Moreover, C' does not
have a minimal element because all of its members begin an infinite chain. If we set
B = A\ C, then by our hypothesis, B cannot have DCC. Thus, there exists an infinite

chain by > by > by > --- in B C A, and so by € C' N B = &, a contradiction. O

Lemma 3.3.10. Using the notation of Definition 3.3.1, let f = ). caXx~?, where
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supp(f) C (=N[1/p))™. If the support of sf + g has a minimal element, for all s € S

and all g € N, then f € N.

Proof. Let B C supp(f) such that B has DCC. Then g = >, 5 —caX ® is in N.
Therefore, by hypothesis, supp(f + ¢) has a minimal element, but supp(f + g) =

supp(f) \ B. By the previous lemma, supp(f) has DCC, and so f € N. O

3.3.2 The General Case

We will now show how we can extend the result of Proposition 3.3.7 to include
complete local domains and standard graded K-algebra domains in positive charac-
teristic. Moreover, we will also extend the result to one concerning the injective hull
of the residue field over RT or RTSR. These results will then show that in a large
class of rings, there are elements not killed by any power of the maximal ideal of R
in the injective hull of the residue field over R>®, R*, or RTCGR,

We will first need a lemma about purity. An injection of R-modules N — M is
called pure ift W@ N — W ® M is an injection for all R-modules W. When M/N is
finitely presented, the map is pure if and only if the map splits; see [HR, Corollary
5.2]. When S is an R-algebra and R — S is pure as a map of R-modules, one calls

S pure over R.

Lemma 3.3.11. Let R = lim R,, and let S = lim S, such that each S, is pure
—« —«

over R,. Then S is pure over R.

Proof. Since each map R, — S, is injective by hypothesis, it is clear that R — S is
also injective.

Let W be an R-module and thus an R,-module, for each «, by restriction of
scalars. Suppose that W — W ®gzS is not an injective map. Then there exists w € W

such that w®1 =0in W ®gzS. It is easy to check that W®grS = hi>na W ®g, Sa, and
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sow® 1 =0 in some W ®g, S,. Hence, as a map of R,-modules, W — W ®pg_ S,

is not injective, a contradiction. ]

Therefore, if A is a regular ring of positive characteristic and R is a reduced
module-finite extension of A, then A is a direct summand of R as an A-module (see
[Hol, Theorem 1]). Thus, AY9 is a direct summand of R, for all ¢ = p°, and so

the last lemma implies that R> is pure over A,

Proposition 3.3.12. Let (R, m, K) be a complete local domain (resp., a standard
graded K-algebra domain) of positive characteristic and Krull dimension n > 2.
Then there exists an element of E := Egr=(K®) that is not killed by any power of

m.

Proof. By the Cohen structure theorem, R is a module-finite extension of a formal
power series ring A = K|[x1, ..., z,]] (resp., by Noether normalization, R is a module-
finite extension of the graded polynomial ring A = K{zy,...,x,]). Since A is regular,

R is pure over A, and so the last lemma implies that R> is pure over A*®. If we let

Ep := Eqe(K™), then
K ‘—>EO — M := R*® & 4o Eo.

Since K is an R*°-module, we can find an R*°-submodule M’ of M maximal with
respect to not intersecting K°°. Hence, M /M’ is an essential extension of K as
an R*-module. We can then extend M/M’ to a maximal essential extension E of
K over R*. Since the inclusion K* — FE factors through F; and since FEjy is
an essential extension of K over A*, Ej injects into E as a map of A*°-modules.
Since Ey contains an element not killed by any power of the maximal ideal (resp.,

the homogeneous maximal ideal) m4 of A by Proposition 3.3.7, so does E. Since
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my is primary to m, the same element of E not killed by a power of m,4 is also not

killed by a power of m. 0

We can also take advantage of the faithful flatness of AT or ATSR over a regular
ring A (see Proposition 2.3.2) to prove the existence of elements not killed by a power

of the maximal ideal in the injective hull of the residue field over Rt or RtCR,

Proposition 3.3.13. Let (R, m) be a complete local domain (resp., a standard graded
K-algebra domain) of positive characteristic and Krull dimension n > 2. Then there
exists an element of E = Er+(K) (resp., E := Eptor(K)) that is not killed by any

power of m, where K is the algebraic closure of K.

Proof. By the Cohen structure theorem, R is a module-finite extension of a formal
power series ring A = K|[x1, ..., 2,]] (resp., by Noether normalization, R is a module-
finite extension of the graded polynomial ring A = K|[z1,...,x,]). Thus, AT = R*
(resp., ATER =~ RTOR) " and so we may assume that R = K[[z1,...,2,]] (resp.,
R=Klx1,...,7,]). Let B:= RT (resp., B := RTER),

Since RY4 is regular, for all ¢, and since B is a big Cohen-Macaulay R'/9-algebra,
B is faithfully flat over R'/9 by Proposition 2.3.2. Therefore, B is flat over R (using
a simple direct limit argument).

The inclusion of K> C Fre(K*), together with the flatness of B over R gives

the following diagram:

G — R '

| |

B ®Roo KOOC—>B ®Roo EROO(KOO)
As we have a surjection of B ®p-~ K> onto K, the residue field of B, we have a

map from B @z~ K to E, the injective hull of K over B. Because E is injective,
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this map lifts to a map from B Qg Er=(K>). Hence, we obtain a commutative

diagram of R*°-module maps:

Ko B (K)

|

E
where the diagonal map is also injective since Fre (K ) is an essential extension
of K*°. Therefore, the element in Fr~(K>) not killed by any power of m (as in

Proposition 3.3.7) injects into E as an element not killed by any power of m. O



CHAPTER 4

Graded-Complete Big Cohen-Macaulay Algebras

Our goal in this chapter is to create a balanced big Cohen-Macaulay algebra B
for an N-graded ring R with homogeneous maximal ideal m such that if M is a free
R-module and N C M, then NBN M = (Ny,)3;,, N M. In other words, extension
and contraction with respect to B will characterize tight closure in R,,. We will start
by defining the concept of a graded-complete ring which is an analogue, for graded
rings, of complete local rings. This will be used to define a class of lim-graded-
complete rings which are direct limits of graded-complete rings. We then construct
lim-graded-complete R-algebras that are also big Cohen-Macaulay algebras for R.
Finally we show that these algebras have the property claimed above. The methods
used will closely follow those used in [HH7, Sections (3.1)-(3.7)] and in the proof of
[Ho3, Theorem 11.1].

The motivation behind the study of graded-complete rings and modules comes
from our attempts to extend Theorem 3.1.6 to modules that are not necessarily m-
coprimary. We had hoped that the construction of a particular graded-complete
module would allow us to extend our result. So far these attempts have been unsuc-

cessful.

50
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4.1 Graded-Complete and Lim-Graded-Complete Rings

In this section we will define a completion operation for graded rings that is
analogous to the completion operation for maximal ideals of Noetherian rings. In
fact, in the case that Ry is a field and R is Noetherian, these operations coincide. We
then use this operation to define a class of graded-complete rings that have certain
properties of graded rings, but also share some properties with complete rings. We
will also discuss direct limits of graded-complete rings which we will call lim-graded-
complete and how graded-completions and direct limits can preserve the property
of being a big Cohen-Macaulay algebra. Finally, we will introduce graded-complete
modules.

In the following sections we will mostly work with N-graded rings and occasionally
with N1 or Z1-graded rings, where Z1 := {¥|k € Z}, N1 := {%|n € N}, when s is

some positive integer.

Definition 4.1.1. If R = @,_,1 R; is a Z:-graded (not necessarily Noetherian)
ring, then we call R := (Dico Ri) ® (1,50 i) the graded-completion of R. A ring S

is called Z%—gmded—complete if $=R for a Z%—graded ring R.

We can identify R with the subgroup of [],., 1 R; of elements with " coordinate
r; = 0 for all 1 < 0. We will write ), r; for an element of R in order to emphasize
the analogy with the graded case. Here it is understood that r; € R;, and r; = 0 for
all i < 0. Tt is clear that R is an abelian group with addition performed component-

wise, but we can also define a multiplication operation for R.

Lemma 4.1.2. If R is a Z%—gmded ring, then R is a commutative ring with iden-

tity, where multiplication is defined by (3, r:)(3_;8;) = (O, 1) such that t;, =

Z{i—l—j:h} Tisy-
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The proof is clear, noting that because r; = 0 and s; = 0 for 7,j < 0, the sum
defining 5, is finite and so well-defined.

To justify the notation I%, we note the following:

Lemma 4.1.3. If R is a Noetherian N-graded K-algebra such that Ry = K, then
[Lien B = lim. R/m; = (R,,)", where m = @, R; and m; = @, R;. Therefore,

in such cases, R, as defined above, is a complete local ring.

Proof. Since Ry = K, m is the unique homogeneous maximal ideal of R. Then the
second isomorphism follows because R,,/m;R,, = R/m;. For the first isomorphism,
note that linz R/m; = linz Ry®Ri®Ry@---®R;_1 =[], R;. The final claim follows

since (R,,)” is a complete local ring. O

The following result will allow us to define a notion of degree for certain elements

of R and gives a functoriality result for the graded-completion operation.

Lemma 4.1.4. Let R and S be Z%-gmded rings.
(a) The map 11 : R — R given by Ui (r) = Y. ri, where r; is the degree i piece of
r, 15 an injective R-algebra homomorphism.
(b) Given a degree-preserving map ¢ : R — S, ¢ extends to a map 5: R— S and

gives a commutative diagram such that R; in R maps into S; in S for all 1.

$

(¢) If ¢, as in (b), is injective (resp., surjective), then so is o.

Proof. The existence and injectivity in (a) of the map v is clear. For (b), define
g/g(zz ;) = > ¢(r;), where degr; = i. Since all maps clearly commute for homoge-

neous elements of R, the diagram commutes in general. Since ¢ is a degree-preserving
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map, ¥ maps R; in R to R; in }A%, and similarly for ¢, and S, we see that the com-
position R — S does map R; into S; for all 7. Finally, since a(zl r;) is determined

by the images gg(rz) = ¢(r;) in S;, the claims in (c) follow. O

We now define the notion of degree for R and the notion of a map that preserves

degree.

Definition 4.1.5. Given ), r; € }AQ, we call ; the degree i homogeneous piece (or
component) of Y. r;. We will call an element ) . r; homogeneous of degree i if r; # 0
and r; = 0 for all j # 4. A homomorphism ¢ : R — S or o : R — S is called

degree-preserving if R; maps into S; for all 4 and ¢(D>_, ;) = >, ¢(15).

From the definition, it is clear that in R we have R;R; C R;.;, as this is the
case in R, and that all elements of R are (possibly infinite) sums of homogeneous
elements with only finitely many nonzero components in negative degrees. We also
note that the natural map ¢ : R — R is degree-preserving, and if R — S is a
degree-preserving map of graded rings, then the induced maps R — Sand R — S
are degree-preserving.

It is because of the notion of degree defined above and the result of Lemma 4.1.3
that we call the rings R graded-complete. Notice that Lemma 4.1.4 shows that
the graded-completion operation is a functor, and using our definition of degree-
preserving maps, we see that the category of graded rings with degree-preserving
maps is actually equivalent to the category of graded-complete rings with degree-
preserving maps. Since any N %—graded ring is naturally Z%—graded as well, and, if &’
divides s, then a Zé—graded ring is naturally Z%—graded, we can say the same thing
about N % and Z%—graded—complete rings.

It will be useful in the following sections to work also with direct limits of graded-
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complete rings so that we can define degree and, thus, degree-preserving maps for
such direct limits. Let {I/%a}a be a directed system of Z%—graded—complete rings such
that all maps Ea — Eg are degree-preserving. Let S = hLQa Ea in the category of
rings. Given an element s € S, choose a representative ) _, Tga) in }A%a. We will call the
image of r§“) in S the degree i homogeneous piece of s. Because all maps in the direct
limit system are degree-preserving, it is clear that the degree ¢+ homogeneous piece
of s is independent of the choice of representative of s. If we let S; be the abelian
group generated by all homogeneous elements of S of degree i, for all 7 € Z%, then
we also have 5;5; C S;4; since this is true in each }A%a. Further, since each element
of each R, can be written as a (possibly infinite) sum of homogeneous elements, the
same is true for S. Therefore, each element of S can be written as a possibly infinite
sum Y, s; such that each s; is the image of 7). for the same a, where 3, 7(*) is an

element of f%a.

Definition 4.1.6. A ring S = hLQa ﬁa, where each Ea is Z%—graded—complete, will

be called Z%—lz’m—gmded—complete.

Note that all graded-complete rings R are also lim-graded-complete as R is the
direct limit of the directed system containing only R. We can now generalize our
definition of a degree-preserving map to include any map to and from a graded ring

or a lim-graded-complete ring.

Definition 4.1.7. Let R and S each be either graded or lim-graded-complete. A

degree-preserving map is any homomorphism ¢ : R — S such that R; maps to .S; for
all ¢, and ¢(D>_, 1) = >, ¢(15).

Remark 4.1.8. Direct limit and graded-completion do not commute although there

is a natural map. Indeed, let KO ¢ KM ¢ K® ... be a strictly increasing tower
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of fields. We then have the strict inclusion maps
(%) KO (2] — K(l)m — K@ [x] = -~

of polynomial rings. Taking graded-completions we obtain the sequence of formal
power series rings K(O[[z]] «— K®[[z]] < ---, and taking a direct limit produces
the ring R = [J,(K9[[z]]). If L = |J, K9, then taking the direct limit of (x) yields
the polynomial ring L[z] and taking the graded-completion gives the formal power
series ring L[[z]]. Now, let ag be any element of K and for i > 0, let a; be an
element of K&\ K=Y Then >, ;2" is an element of L[[z]] as each a; € L, but it

is not an element of R since no K contains every coefficient a;.

Lemma 4.1.9. Let {R,}, be directed system of Z%—gmded rings such that all maps

are degree-preserving. Then there exists a degree-preserving R-algebra map

U :lim Ry — (im R,)™
— —

Proof. Let s € lii)na Ea be represented by r = . r; such that r € Ea and degr; = 1.
For each i, we have r; € [R,];, and so the image 7; is in [h_r)na R,]; for all i. Define
U(s) = >, 7. The commutativity of the diagram in Lemma 4.1.4(b) implies that

this map is independent of the choice of representative for s. O

It will also be useful to note that if R is Noetherian (respectively, a domain), then

the graded-completion operation preserves this property.
Lemma 4.1.10. If R is a Noetherian Z%—gmded ring, then R is Noetherian.

Proof. Without loss of generality, we can assume that R is Z-graded. Since R is
Noetherian, R is finitely generated over Ry by [BH, Theorem 1.5.5], and so there

exists a degree-preserving surjection Ro[T3,...,T,] — R, where the T; are indeter-
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minates over Ry. By Lemma 4.1.4(c),

~

Ro[[Tl, e ,Tn]] = (Ro[Tl, ey Tn])/\_» R
so that R is also Noetherian. O

Lemma 4.1.11. If R is a Z%-gmded domain, then Risa graded-complete domain.

Proof. If >".r; and ) ; 8j are non-zero elements in E, let iy be the smallest non-
negative integer ¢ such that r; # 0 and similarly define j, with respect to > i Si
Then the degree ig + jo entry of (3°;7:)(3_;s;) is 7448j, # 0 as R is a domain.

Therefore, (3_;7;)(>_;5;) # 0 in R, which is then also a domain. O

We now take a brief look at lim-graded-complete rings and big Cohen-Macaulay

algebras over a graded ring R.

Definition 4.1.12. A (possibly improper) Z%—gmded big Cohen-Macaulay R-algebra
is a Z%—graded or lim-graded-complete degree-preserving R-algebra B such that every
homogeneous system of parameters in R is a (possibly improper) regular sequence
on B.

If S is any graded or lim-graded-complete R-algebra and xi,...,x; is part of a
homogeneous system of parameters in R, then a relation Z?Zl zju; = 0in S is called

trivial if ug € (z1,...,25-1)S.

Remark 4.1.13. Our definition implies that our graded big Cohen-Macaulay algebras
are balanced, i.e., every homogeneous system of parameters in R is a regular sequence.
Recall that some authors will call an R-algebra B a big Cohen-Macaulay algebra if
a single (homogeneous) system of parameters is a regular sequence on B.

If every relation Zle zju; = 0 in S for all homogeneous systems of parameters
x1,...,x in R is trivial, then S is a possibly improper graded big Cohen-Macaulay

R-algebra.
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We note two useful facts concerning graded big Cohen-Macaulay algebras and the

graded-completion operation:

Lemma 4.1.14. If R and S are Z%—gmded and S is a (possibly improper) graded

big Cohen-Macaulay R-algebra, then S s also.

Proof. Since S has a notion of degree, we can assume we have a homogeneous relation
on a homogeneous system of parameters from R, which is a relation in S since it is

composed of homogeneous pieces. Since the relation trivializes in S, it is trivial in .S

as well.
If there exists a homogeneous system of parameters zi,...,x, in R such that
S/(z1,...,2,)S = 0, then there is a homogeneous relation 1 = > Tjs; in S which

also holds in .S since S injects into S by Lemma 4.1.4(a). Thus, if S is a proper big

Cohen-Macaulay algebra, then S is also proper. O

Lemma 4.1.15. If R is Z%—gmded and S, s a degree-preserving directed system of
Z%—gmded R-algebras such that lii>na Se s a (possibly improper) graded big Cohen-

Macaulay R-algebra, then T = lii>na §a 18 as well.

Proof. Given a relation Zle zju; = 0 on a homogeneous system of parameters
x1,...,Tr in R, we can assume that the relation is homogeneous since 7' is lim-
graded-complete. Now, because 7' is a direct limit, there exists some §a such that all
u; are in S, and so that the relation Zle zjuj; = 0 also holds. Asin Lemma 4.1.4(a),
the natural map S, — §a is injective and so the u; are in S, and Z?Zl zju; =0
holds as well. Since hLQa Se is a (possibly improper) graded big Cohen-Macaulay
R-algebra, this relation is trivial in some Sg and therefore in gg which means it is
trivial in 7.

If there exists a homogeneous system of parameters zi,...,x, in R such that
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T/(z1,...,2,)T = 0, then there is a homogeneous relation 1 = 3 x;u; in 7" which
also holds in some §a. Thus, it holds in S, since S, — §a and so holds in hLQa Sy

Thus, if hi% S, is proper, then T is also proper. O

4.2 Graded-Complete Modules

Although we will not make use of the following in the later sections, for a sense

of completeness, we also define graded-complete R-modules.

Definition 4.2.1. If M is a Z%—graded module over the Z%—graded ring R, then we

will call M = (Dico Mi) D115 M) the graded-completion of M.

We present the following list of properties without proof as the proofs are either
straightforward or are direct analogues of properties for the graded-completion of a

ring.

Lemma 4.2.2. Let M, N, and () be graded modules over a Z%—gmded ring R.
(a) M is an R-module with an action induced by the R-module structure of M.
(b) There exists a natural map ReM— M.
(¢) If M — N is a degree-preserving map of modules, then we have an induced

commutative diagram

o~

M

|

RoM—R®N

7

(d) If we have degree-preserving maps M 2> N EN Q, then (fog) = fo qg.
(e) The graded-completion operation preserves injections and surjections.

(f) If

(#) 0—-M-—-N-—-=Q—0
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is a degree-preserving sequence of maps, and we denote by (#)” the sequence
induced by applying the graded-completion operation, then (#) is exact if and

only if (#) is ezxact.

From these facts, we can conclude the following proposition and corollary relating

the functors R @ — and (=)~
Proposition 4.2.3. Let M be a Z%—gmded module over a Z%—gmded ring R. Then
M=~RoM.

Proof. The claim is clearly true for M = R and thus follows for the case where M is
a free module as well. For a general graded module M, let H — G — M — 0 be a

degree-preserving free presentation of M. We then have a commutative diagram:

ROH—R®G—RoM—=0
H G M

0

where the top row is exact by the right exactness of tensor, and the bottom row
is exact by (f) of the last lemma. Since H and G are free modules, the first two
vertical arrows are isomorphisms. By the Five Lemma ([Mac, Lemma 3.3]), the map

R® M — M is also an isomorphism. O

Corollary 4.2.4. If M, is an exact sequence of Z%—gmded R-modules, then R® M,

18 also exact.

4.3 Building a Graded-Complete Algebra That Captures Tight Closure

Let R be an N-graded Noetherian domain of characteristic p > 0 with Ry = K
and m = P,5, Ri. We want to construct an R*#-algebra B which is N-graded-

complete, a graded big Cohen-Macaulay R-algebra, and where contracted-expansion
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is tight closure. We start by constructing an N-graded R*#'-algebra for which all
homogeneous pieces of elements in R that are in a tight closure (N,,)3, are forced
into satisfying certain relations which are the homogeneous pieces of relations that
force the element into the image of B ® N in B ® M. Then we will enlarge this
to an N-graded big Cohen-Macaulay R-algebra by trivializing all relations on all
homogeneous systems of parameters in R. Finally, we apply the graded completion
operation described above so that we can sum up all of the homogeneous pieces of
the tight closure forcing relations.

For the remainder of the section, let S be an N-graded (not necessarily Noetherian)
R-algebra. In later sections, we will concentrate on the case that S = R'e",

Let TCrel(R) be the set of all u = (M, N, u, a, v, p) such that M = R is a finitely
generated free R-module, N C M is the submodule generated by the column space
of the v x p matrix «, and v € (Ny,)3, N M, where u is given by a v x 1 column
matrix.

For all € TCrel(R), 1 < j < p, and h € N, let b,;, be an indeterminate over S
of degree h. Let u;, for 1 <7 < v, be the entries of u, and let a;; be the entries of «
for 1 <i<wv,1< 7 < p. Since these are elements of R, we may write each as a sum

of graded pieces:
oo [e.e]
Ui = E Uid and Qij = E Aijik,
d=0 k=0

where all but finitely many of the w;q and a;;;, are zero. Now, let
p
fm'd = Ui — Z Z @ijkbujh
j=1 k+h=d
be a homogeneous element in S[b,n : 4,7, h]. Let Z be the homogeneous ideal

generated by all €,q in S[byn : i, j, h] , for p € TCrel(R), 1 < ¢ < v, and d € N.
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Then

TC(S/R) := Slbujn : 1, j, h)/T

is an N-graded S-algebra. Since R is usually understood, we will often write TC(S)
for TC(S/R). We can now form the graded-completion rl/“E?(S) = (TC(9))~
The equation Y " &uiq = 0 is then forced to hold in TAC(S ), which yields
p 0
u; = Z aij(z buin) Vi.
j=1  h=0
Therefore, for 1 < j < p, the > ;7 bun give a solution to the matrix equation
aX =uin TE}(S ).
Remark 4.3.1. If T is any lim-graded-complete rl/“a(S)—algebra such that rl/“a(S) - T
is degree-preserving, then we can also solve aX = u in T using the images of the
bujn- By our construction, the inclusion (Ny,)3, N M C NT'N M is then forced for

any such 7.

4.4 Building a Graded Big Cohen-Macaulay Algebra

We now introduce the constructions needed to build a possibly improper graded
big Cohen-Macaulay algebra for R from a given N-graded R-algebra S. We will
force all relations on parameters to become trivial after a countable number of mod-
ifications of S. In the next section, we will show that for S = ’fb(R*gr/R) this
construction yields a proper graded big Cohen-Macaulay algebra for R. The process
will closely follow the methods used in [HH7, Section 3]. We will use similar nota-
tion to that of Hochster and Huneke, but we will underline items to distinguish our
graded constructions from their local constructions.

For this section, R is any N-graded Noetherian ring of Krull dimension D. For

any N-graded R-algebra S, we define Rel(S) to be the set of all A = (k,x,s) such
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that 0 < k < D, x = (x1,...,2Zxs1) is part of a homogeneous system of parameters

for R, and s = (s1, ..., Sk+1) is a sequence of homogeneous elements in S such that

k
E TiSi = Tk+15k+1
i=1

is a homogeneous relation in S. For A € Rel(S) and 1 < j < k, let z,; be an
indeterminate over S with deg z); := deg sx41 — deg z; in Z. For all A, let
k
9)\ = Z%’ZAJ — Sk+1
j=1
be a homogeneous element in S[zy; : A, j]. Let J(S) be the homogeneous ideal of

Sz 1 A, j| generated by all 6, and by all z,; such that deg z); < 0. Now set
Mod(S) := S[zyj : A, j]/T(S),

an N-graded S-algebra.

Let Mod, (S) := Mod(S). Given Mod,,(S), define Mod,,,;(S) := Mod(Mod,,(5)).
Then each Mod, (S) is an N-graded S-algebra. Since there is a natural degree-
preserving S-algebra homomorphism Mod,,(S) — Mod,, ,(.S) for all n, we can define
Mod(S) :=lim Mod,, (S), which is also an N-graded S-algebra that preserves the

degrees of S.

Proposition 4.4.1. Mod_(S) is a possibly improper graded big Cohen-Macaulay

algebra for R.

Proof. Given a homogeneous relation in Mod__(S) on a homogeneous system of pa-
rameters from R, this must also be a relation in some Mod,,(S). By our construction,

this relation becomes trivial in Mod,, ,(S) and so in Mod_ (). O

Furthermore, we can form the graded-completions Mod,, (S) := (Mod,, (S))” for all

n € Nand (Mod_ (5))". The degree-preserving map Mod,, (S) — Mod,,,,(S) induces
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a degree-preserving map Mod,, (S) — Mod,, ,,(S) for all n that gives a commutative
diagram

= Mod,,(§) —= Mod, () — -

| !

+— Mod,, () —2 Mod,. () — - --

as in Lemma 4.1.4(b). Hence, we may now define the lim-graded-complete ring

Mod. () = lim Mod,, (S).

From Lemma 4.1.9 we obtain a degree-preserving S-algebra map
U Mod, (S) — (Mod_ (5))~

The utility of these two lim-graded-complete R-algebras is that they are both
possibly improper graded big Cohen-Macaulay R-algebras. Indeed, Méd_ (S) is a
direct limit of the Mod,, (S), where the direct limit of the Mod, (S) is Mod_ (5),
and (Mod__(S5))" is a graded-completion of Mod__(S). So, by Proposition 4.4.1 and

Lemmas 4.1.15 and 4.1.14, respectively, we obtain the desired result:

Proposition 4.4.2. The lim-graded-complete S-algebras Mod (S) and (Mod_ (S))”

are possibly improper graded big Cohen-Macaulay R-algebras.

Remark 4.4.3. If R is N-graded and Ry = K, then they will be proper as long as the
expansion of m = P, R; is not the unit ideal. Since we have a notion of degree in
the algebras above, this can only happen if 1 = 0. In order to show that this does
not happen in either case, it is sufficient to show it for (Mod  (S5)) since it is a
degree-preserving Mod, (S)-algebra. By Lemma 4.1.4(a), 1 = 0 in (Mod_(S5))" if
and only if 1 =0 in Mod__(5).

In the next section we will show that if S = RT then 1 # 0 in Mod_(S) by

showing it is true after trivializing a finite number of relations. To show this is
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sufficient, we need to discuss the notion of graded algebra modifications which are a
graded analogue of the algebra modifications defined by Hochster and Huneke.

If S is any N-graded R-algebra and (k,x,s) € Rel(S), then we can form the
N-graded S-algebra

SW = Slzy, -, 2]/,

where the z; are indeterminates of deg z; := deg sx+1 — degx; and J is the homoge-
neous ideal generated by all Zle 242y — Spo1 and by all z; such that deg 2z, < 0. As
in the local case, we call SOV an N-graded algebra modification of S over R. We can

then also look at a finite sequence of graded algebra modifications:

G— 50 _, g _, g _, ... _, g

’

where for all 1 < i < h, S is a N-graded algebra modification of S over R.
We will make use of the following graded analogue of Proposition 2.3.8 and [HH7,

Proposition 3.7]:

Proposition 4.4.4. Let S be an N-graded R-algebra.
(a) If S = SO — s — ... SW js q finite sequence of N-graded algebra

modifications of S over R, then there exists a degree-preserving S-algebra map
S — Mod, (),

and thus a degree-preserving S-algebra map S™ — Mod__(S).

(b) Given any N-graded S-algebra S’ and a degree-preserving map S" — Mod,_(5)
of S-algebras, there exists a finite sequence of N-graded algebra modifications
S =80 580 ... SW of S over R and a degree-preserving S-algebra
map S' — SM.

(¢) 1 #£0 in Mod_(S) if and only if for every finite sequence of N-graded algebra

modifications S = S© — S — ... S0 of S over R, 1 #0 in ST,
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Therefore, in order to establish that Mod _(.S) and (Mod_ (S))” are proper graded
big Cohen-Macaulay R-algebras, it will suffice to show that 1 # 0 in S for all finite

sequences of N-graded algebra modifications S = S — s — 5@ ... - g,

4.5 The Existence Proof

Let R be an N-graded Noetherian domain of characteristic p > 0 such that
Ry = K. Our hypotheses on R then guarantee the existence of a completely stable
homogeneous test element ¢ of degree § > 0 by Theorem 2.2.7 from Hochster and

Huneke.

Put SV .= R*er and
SO .= TC(R*®) = R [byn, : 1, 3, h]/(Eia : 11, d)

as defined in the third section. Choose some ordering on the b,;, and write them as

zt(fl) for t € N. Given S® for 0 <i < h —1, let
SO = SO, 201/

such that J; is the ideal generated by all s() — Zf 1 xi )zé ) and by all zéi) such that

deg zf) < 0, where xgi), e ,x,(i), x,(j) +1 18 a homogeneous system of parameters in R,

xk +13 E xt St

is a homogeneous relation in S, and the zt(i) are indeterminates with deg zt(i) =

deg s — deg x . Then
TC(R™®) = SO _, g) , 5@ _, ... gh)

is a finite sequence of graded algebra modifications.
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We need to introduce a few new rings at this point. First, by a simple generaliza-

tion of [HH3, Lemma 4.1, Proposition 4.2], which define R*¢", we can define
T, := (RYa)ter

as the Né—graded subring of (RY%)* = R*. We can further use Theorem 2.3.4 to
see that T}, is a graded big Cohen-Macaulay algebra for RY4 and then also for R
since every homogeneous system of parameters in R is a homogeneous system of

parameters in R4, Then

U, = Tq[c_l/q]

is a Z%—graded R*&-algebra. So, T\q is an N%—graded—complete ring, and ﬁq is a
Z%—graded—complete ring. Additionally, the degree-preserving inclusion 7, — Uy,
where deg c™/9 := —(1/q) degc, implies that fq — [/jq as Z%—graded—complete rings

by Lemma 4.1.4(c). By Lemma 4.1.14, we have the following helpful fact:

Proposition 4.5.1. For all q, T\q 15 a degree-preserving graded big Cohen-Macaulay

R-algebra.

For sufficiently large ¢ we will construct inductively degree-preserving maps of
R*#-algebras from each S@ to ﬁq. The existence of the map S — ﬁq will show
that 1 # 0 in S as this is true in U, and so in [7q.

In order to construct the maps we will need to keep track of certain numerical
bounds associated with the images of selected elements of each S®. It is important
that these bounds be independent of ¢q. For all 0 < 7 < h — 1, we will use reverse
induction to define I'; (a finite subset of SU) of homogeneous elements) and positive
integers b(j) and B(j).

First, let

Ty o= {0 70 L gy,
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Now, given I';, each element can be written as a homogeneous polynomial in the
zt(j ) with homogeneous coefficients in SU~Y. Let b(j) be the largest degree of any
such polynomial. Let I';_; be the set of all coefficients of these polynomials together
with 50*1),39‘1’, e ,sgj). Now define B(—1) := 1, B(0) := b(0), and given B(j)
for0<j < h-—2,let

B(j+1):=B@)0b0G +1)+1).
Notice that, as claimed, all B(j) are independent of g.

Start with ¢ > ¢(0) := 1. To define a degree-preserving R™"-algebra map
g
¢éo) .50 Uy,

we need to find a homogeneous image for each b,;;, such that each

p
(4.5.2) Epid = Wia — Y > ijkbysn,

j=1 k+h=d

maps to zero. Given (M, N,u,a, v, p) € TCrel(R), v € (Nm)}j,,, N M implies that
My = aX

has a solution in (R,,)"? C RY/a (see Lemma 4.1.3), say X; = rjl-/q, where r; € R,

for 1 < j < p. Write each r; = > ;2,7 such that degr;, = h in R. Then

le-/q =3 T;}/Lq, where deg rjl.,/lq — h/q in RY%. If the entries of u are u; and the

entries of « are a;;, then
P
(4.5.3) My, = Z @Z-jrjl-/q.
j=1

As RY4 C (RY9)er = T, and RY4 = (RY7)", by Lemma 4.1.4(c), RY7 < T, so that
(4.5.3) holds in 7, too.
Taking homogeneous pieces, we have

P
(#id) Cl/quidzz Z aijkrjl'}/Lq

7=1 kt+h/q=0q



68

forall 1 <i <wand for all d € N, where deg u;q = d, deg a;jx = k, and A, := d+J/q.
Since 7, g [7(1 while preserving degree, (#;4) holds in [7q as well. Hence, in [7(1 we
have

p
(4.5.4) uidzz Z aijk(c_l/qrjl.,{q)

=1 kth/g=0g

forall 1 <7 <v and d € N. Define
GO (bn) = o1,

Then all £,;4 will map to zero, and ¥ will be well-defined. Moreover, since (4.5.2)

and (4.5.4) are homogeneous,
deg c_l/qrjl.}/f = degu;q — deg a;jr = deg by

so that wéo) is degree-preserving. Finally, each b,;, maps to c_l/qfq = c_B(_l)/qfq,
and [y maps to ¢ /T, = ¢=BO/aT, as the elements of Ty can all be written as
polynomials of degree < b(0) in the b,;p,.

Suppose that for some 0 < i < h—1 and all ¢ > ¢(i) we have a degree-preserving
R+#-algebra map ¢\’ : SO — [7q, where the 2" all map to c_B(i_l)/qfq, and
I'; maps to ¢ B®/ a7 q- We will extend @/)((f) for ¢ > 0 to a degree-preserving map
from SG+D. If § < h — 2, we will also map each z”) to ¢ BO/AT,  and map Tiyy to
C—B(i+1)/qfq'

In order to simplify notation, we drop many of the (i) labels on parameters. Then
S(iJrl) = S(l) [Zla R Zk]/*]a

where J is the ideal generated by s — Zle x2; and all z; such that deg z;, < 0. Since

s and the s; (in the relation x4 115 = >, 25, in S®) are in T;, we can write

(455) w(l)(S) = C*B(i)/qo_ and w(y)(st) — CiB(i)/qO't

q
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for all ¢ > ¢(i), where o and the o, are homogeneous elements of fq. Hence,

k
$k+1¢y)(5) = Z xtwéi)(St)
t=1

in U,, and multiplying through by ¢3®/4 yields

k
Tp+10 = E IOt
t=1

in T, (as fq injects into ﬁq). By Proposition 4.5.1, T\q is a graded big Cohen-Macaulay

algebra over R. Therefore,

k
(4.5.6) o= thn,
t=1

where 7 = 0 or 7; is a homogeneous element in fq with deg 7, = deg o —deg x;. Thus,
from (4.5.5) and (4.5.6) we have ¢\ (s) = S2F | 2,(¢=80/17,) in U,

If deg z; < 0, then we see from (4.5.5) that

(dego — (B(i)/q) degc) — degax; = deg wﬁj’(s) — degzy
(4.5.7)
= degs—degz; =degz <0.
This implies that

dego < degwx, + (B(i)/q) degc.

Since deg ¢ is positive and B(i) is independent of ¢, we can find g(i + 1) > ¢(7) such

that
(4.5.8) (B(i)/q) dege < 1

for all ¢ > q(i +1). We then have dego < degx; + 1, i.e., dego < deguxy, for all
such ¢ and all ¢ > ¢(i + 1). Since o = Zle 4Ty In fq, which only has non-negative
degrees, either ; = 0 or dego > degx; for all . Hence we see that for all ¢ such

that deg z; < 0 either 7, = 0 or dego = degz; when ¢ > ¢(i + 1). If dego = degxy,
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however, then by (4.5.7) and (4.5.8) we see deg z; = —(B(i)/q) deg ¢ > —1, but deg z
is assumed to be a non-positive integer, so deg z; = 0. This implies that degc = 0
too, a contradiction. Therefore, if degz; < 0, then 7, = 0 for all ¢ > (i + 1).

All of this now implies that for ¢ > ¢(i + 1), there is a well-defined S-algebra

map i L G+ [/jq extending ¥ given by
wéiJrl)(Zt) _ CfB(z')/th'
From (4.5.6) and (4.5.7), if 7 # 0, then we have
deg z; = dego — (B(i)/q) degc — degay = deg 7 — (B(i)/q) deg e,
so that our map is also degree-preserving. If, in addition, + < h — 2, then the z; map
to ¢~ B®/aT, and Ty, maps to ¢ BEHD/T, since B(i+1) = B(i)b(i+ 1)+ B(i) and
these elements can be written as polynomials in the z; of degree at most b(i+ 1) with

coefficients in I';.

We can finally conclude that there exists a degree-preserving R*&"-algebra map
P gh) ﬁq
q

for all ¢ > 0.
Therefore 1 # 0 in S™ which, by Proposition 4.4.4, shows that 1 # 0 in
Mod, (TC(R*#")). Combining this result with Proposition 4.4.2 and Remark 4.4.3,

we have the following:

Theorem 4.5.9. Mod  (TC(R™#")) and (Mod, (TC(R*®")))" are both graded big

Cohen-Macaulay R-algebras.

4.6 Consequences

If S = TC(R"#), where R is N-graded Noetherian domain and Ry = K, then

let B = Mod_(S) or B = (Mod, (S))". By construction, B is a degree-preserving
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lim-graded-complete TC(R*8")-algebra and thus (N,,)3, NM C NBNM for all free
R-modules M and N C M by Remark 4.3.1.

By Lemmas 4.1.3 and 4.1.11, Risa complete local domain, and by our construc-
tion of B, we can see that B is an }A%—algebra. A homogeneous system of parameters
for R is a system of parameters for R,,, and so is a system of parameters for R as
R is faithfully flat over R,,. Hence, there exists a system of parameters for R that
is a regular sequence on B. By [Ho3, Proposition 10.5], B is solid over R. Since R
has a completely stable test element (see Theorem 2.2.7), so does R. Thus, tight
closure equals solid closure in R by Theorem 2.5.4, and by [HH1, Proposition 8.13¢],

(Np)* = (Nm))* N M,,. Therefore,
NBNMC (N, )y BNM C ((Nm)A)* NM=((N,))" N"M = (N,) " NM,
where the second inclusion follows because B is solid over R. We conclude the

following:

Corollary 4.6.1. For N C M, where M is free over R, we have
(N)ar,, "M = NBNM.

For any pair of R-modules N C M with u € M, we have u/1 € (Ny,)3, N M if and

only if l@u e Im(B® N - B® M).

The second claim follows because when we compute tight closure for a pair of
modules, we can always assume the ambient module is free by applying Proposition
2.2.3(f). If, furthermore, M is free and all NJ[\q/I] are contracted from M, (e.g., M/N is
m-coprimary), then [HH1, Proposition 8.9] implies that (N,,)3, N M = Nj;, which

implies that Ny, = NB N M in these cases.



CHAPTER 5

A Study of Solid Algebras

Due to their strong connections to tight closure theory, solid algebras continue to
be an important subject of study. In this chapter we will concentrate on Hochster’s
result, Theorem 2.5.5, which says that over a complete local domain, any algebra that
maps to a big Cohen-Macaulay algebra is solid. The converse question of whether
all solid algebras, in characteristic p, map to big Cohen-Macaulay algebras remains
open, in general.

We will further investigate solid algebras in the hope that this study will eventually
produce an answer to whether solid algebras over a complete local domain in positive
characteristic are exactly the algebras that map to big Cohen-Macaulay algebras.
Our first attempt is a direct approach that tries to exploit the local cohomology
criterion for solidity over a complete local domain (see Proposition 2.5.2(d)) to show
that every algebra modification of a solid algebra is a solid algebra, as this result will
answer the question.

The second approach is a characterization of solid algebras in terms of phantom
extensions (see Section 5.2.1 or [HH5, Section 5]) and direct limits of phantom ex-
tensions. Despite this new characterization of solid algebras, the question, “Do solid

algebras map to big Cohen-Macaulay algebras?” remains open in characteristic p.

72
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5.1 Solid Algebras and Big Cohen-Macaulay Algebras

In this section, we investigate the following question:

Question 5.1.1. In positive characteristic, does a solid algebra over a complete local

domain map to a big Cohen-Macaulay algebra?

The converse of this statement is true in any characteristic, as shown in Theorem
2.5.5. Hochster also shows that in equal characteristic 0, the answer is “no” in
general (see [Ho3, Example 10.7]), but the answer is “yes” in any characteristic when
dim R < 2 (see [Ho3, Theorem 12.5]). The general answer in mixed characteristic
and in positive characteristic is unknown. We will study the question in positive

characteristic.

5.1.1 Reductions of the Problem

Let R be a complete local domain of positive characteristic p and dimension n,
and let S be a solid R-algebra. If xq,...,x,41 is part of a system of parameters in
R, and sq,...,spy1 are elements in S such that zys1 4+ -+ zp1 15,41 = 0, then recall

from Chapter 2 that

T =S[Uy,.... U/ (sh1 — Y aiU)

=1

is an algebra modification of S over R. Using this notion, we also record the following

question originally posed by Hochster in [Ho3]:

Question 5.1.2. In positive characteristic, is every algebra modification of a solid

algebra over a complete local domain still solid?
Hochster also points out that our two questions have equivalent answers.

Lemma 5.1.3 (Hochster, [Ho3]). For any fized complete local domain, Questions

5.1.1 and 5.1.2 are equivalent.
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Proof. Since the proof is brief, we will reproduce it here. Suppose Question 5.1.1 has
a positive answer. If S is solid over a complete local domain (R, m), then S maps to
a big Cohen-Macaulay algebra B. If T'is an algebra modification of S over R, then
T also maps to B. By Theorem 2.5.5, T" is solid.

If we instead suppose that Question 5.1.2 can be answered positively, then every
finite sequence of algebra modifications of a solid algebra S terminates in a solid alge-
bra T'. Therefore, 1 ¢ mT (using the local cohomology criterion), and so Proposition

2.3.8 implies that S can be mapped to a big Cohen-Macaulay algebra. O

While investigating Question 5.1.2, we will show that we can make several reduc-
tions to simplify the problem. We will show that one can assume R is a formal power
series ring over a field, that S is a finitely generated R-algebra domain, and that the

algebra modification is constructed with respect to a full system of parameters

Lemma 5.1.4. In order to prove that Question 5.1.2 has an affirmative answer, it

suffices to assume R = K|[xq, ..., x,]].

Proof. Since R is a complete local domain containing a field, R is a module-finite
extension ring of A = K[[x1,...,z,]], where we have extended the partial system of
parameters xq,...,Tr11 (used to construct the algebra modification T of the solid
algebra S) to a full system of parameters z1,...,x,. By Proposition 2.5.2(c), S is
solid over A, and T is solid over R if and only if it is solid over A. Furthermore, T

is also an algebra modification of S over A. O

If (R, m) is a complete local domain of dimension n with z1,...,z, any system
of parameters, then, by the local cohomology criterion, S is solid over R if and
only if H'(S) # 0. In positive characteristic, we can then deduce the following

computational result.
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Lemma 5.1.5. Let (R, m) be a positive characteristic complete local domain of di-
mension n > 1 with system of parameters x1,...,x,. An R-algebra S is solid over

R if and only if (xy---,)* & (25T . 2F+N)S for all k > 0.

Proof. The necessity comes from [Ho3, Observation 2.6]. For the converse, suppose

k41 k+1)

(21 2" isin (27 ... S, for some k. Then for all ¢ = p°,

(21 x,)" € (xlf“q, ., ahate) g,

Let [z + (27, ..., 2))S] € H{, . ,(S). Choose ¢ > N. Then

kq c (Ilfq+q, o kq+q)S C ( kq+N l.kq+N)S

Thus,
[z + (x{v, S xN)S] = [z(2 - xn)kq + (ah kq+N o ’xchLq—l—N)S]
= [0+ (2N, gkt g),

O

Lemma 5.1.6. In order to answer Question 5.1.2, it suffices to do the case where

S is finite type over R.

Proof. Suppose that Question 5.1.2 has a positive answer when S is a finitely gener-
ated R-algebra. Now, let S be an arbitrary solid R-algebra with a nontrivial relation

2181+ -+ Tpy1Spe1 =0in S, If

T =S[Uy,....,Un)/(shs1 — inUl)

is an algebra modification that is not solid, then for some k, we have an inclusion
(z1---an)* € (2T, ..., 2P+ )T, Since elements of T are represented by polynomials

? TL

in S[Uy, ..., U], the inclusion above yields

(517) (.Tl < .Tn)k = $1+1F (U) : k+1F ( <5h+1 - sz z) 7
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for polynomials F; and W in S[Uy,...,U,). Let f(t1 """ ) € S be the coefficient of
Uir---U» in Fy, for all j and similarly define w(~) € S as a coefficient of W
(with the convention that w1 ) = 0 if any t; < 0). With these definitions and

(5.1.7), we obtain the following system of equations in S:

181+ + Thy18p41 =0

(1 ap)F = bt 00 g f OO g (©0e0),
(518) xlw(tlfl,tg,...,th) + . + Ihw(tlwwthflvth*l)
— x’f“fl(tl """ W) g g, fletn) Spypqwttn)

V(t1,...,tn) #(0,...,0).
Since the F; and W have only finitely many nonzero coefficients, (5.1.8) is a finite
system of equations that holds in S.
Let © be the set of these equations, and let X be the finite set of all s, f;tl"”’t”),
and w®-th) - Let

§'= R[X]/(©),

and let
h

= S0, ..., U/ (sni1 — Y willh).

=1

Then S" maps to S so that S’ is also solid over R. By our assumption, 7" is solid
since it is an algebra modification of S’ over R. Since the equations given by (5.1.8)

hold in ', we see that (21 ---x,)F € (257, ... 2517, a contradiction. O

We can also assume that S is a domain by making use of minimal solid algebras.
In [Ho3, Section 6], Hochster defines a solid R-algebra as minimal if no proper
homomorphic image of S is solid. It is clear that if S is a Noetherian solid algebra,
then S maps onto a minimal solid algebra. It is also shown in [Ho3, Section 6] that

Noetherian minimal solid algebras are domains.
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Lemma 5.1.9. To answer Question 5.1.2, it suffices to do the case where S is a

domain.

Proof. By the last lemma, we may assume that S is of finite type over R, and so also
is Noetherian. Since S is Noetherian, it maps onto a minimal solid R-algebra S/p,

where p is a prime ideal of S. If T' is an algebra modification of S over R, then

h
T = S/p[Uh,...,Unl/(sh41 — Zl’z'Ui)
=1

is an algebra modification of S/p over R. Since T maps to T, T is solid if 7" is

solid. O

Lemma 5.1.10. To answer Question 5.1.2, it suffices to do the case where the

modification T is a modification of a relation on a full system of parameters

Proof. By extending the parameters zq,...,z,.1 to a full system zy,...,2, and
extending s1,...,Sp41 t0 S1,...,5, by setting s;, = 0 for all h +2 < i < n, we can
reduce the problem as claimed. O

We have now reduced our problem to the following question: (Notice that R < S
if S is solid because the R-module composition map R — S - R, where (1) # 0,

is just multiplication by a(1) in the domain R.)

Question 5.1.11. Let R = K]{[xy,...,x,]], where K is a characteristic p > 0 field,
and let S be an R-algebra domain such that R <— S and zys1 + -+ 2,5, =01in S.
If
n—1
T =S[U,....Upa] /(50— Y 2:l)
i=1

is an algebra modification of S over R, and if S is solid over R, then is T" solid too?

For a moment, we will let R be any complete local domain, with a system of

parameters xi,...,xT,, in order to study properties of algebra modifications that
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are not solid over R. If T" is any algebra modification of S over R for the relation
181+ -+ 2,8, =0in S, and T is not solid, then there is a k € N and polynomials

Fy, ..., F,,Win S[Uy,...,U,_4] such that
n—1

(5.1.12)  (21---20)" = T F(U) + -+ 2ELN(U) + (Sn — ZI‘ZUZ> w(U),
i=1

as in (5.1.7). Given (5.1.12), there exists a degree bound d € N for the F; and W

such that deg F;,deg W < d, for all j.

Definition 5.1.13. Let R be a complete local domain, S be an R-algebra, and T
be an algebra modification of S over R. Given (5.1.12) and a degree bound d on the

F; and W, we call T" a hollow modification of type (k,d).

If T is a hollow modification of S with coefficients of the F; and W denoted by
fj(tl """ tn=1) and qw(tiesta-1) (resp.) in S, as in (5.1.8), then the following system of

equations holds in S.

1851+ -+ s, =0
(1w ap)k = a0 g g OO g (000
(5.1.14) ppwt—ltzentn=1) oo g gp(Bentn2,tn-1-1)
_ :I:1+1 1(t1 ----- tn—1) 4 +xnf7§t1 ~~~~~ tn—1) + Snw(tl ..... tn1)
V(t1, ... ta—1) # (0,...,0).

If deg F;,degW < d, S is a domain, and R — S, then we can also see that

‘/I/-jw(ov---yovdvov"'vo) =0,

0,d,0,--,0) — () ynder the above conditions.

where d is in the j** position, and so all w©-
We will now define a family of finitely generated Z/pZ-algebras that will help

classify when an R-algebra has a hollow modification.
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Definition 5.1.15. For n > 1, let
SO = {51, s, [0 et |1 < G <ny by Aty < d)
be a set of indeterminates over Z/pZ, and let
Omkd) .— fthe equations of (5.1.14)} U {w©®=0d0-0 |1 < 5 <pn — 1},

We now define

Az()"’k’d) = Z/pZlzy,. .., oy, D]/ (OFD),

and
ATk = 7 /7 (21, .., 2, ])[E™D]/(©0FD)

We can now restate the problem in Question 5.1.1 using the algebras A},””“’d’.

Proposition 5.1.16. For a complete local domain R of dimensionn > 1 and positive

characteristic p, the following are equivalent:

oy (ALY =0, for all k. d.

(ASFDY = 0, for all k, d.

(21 x,)N € (2. ,an“)A;"’k’d).

Proof. The equivalence of (i) and (ii) is given by Lemma 5.1.3. Since every element of

e, xn)(Aj(Dn’k’d)) and H{}, )(gj(on’k’d)) is killed by a power of the ideal (x4, ..., z,),

------

xn)(Aén’k’d)) ~H! (ASFD)  Therefore, (iii) is equivalent to (iv).

we have H&l (Z1500sn)

The equivalence of (iv) and (v) can be seen from Lemma 5.1.5.

To show (ii) and (iii) are equivalent, we will use Lemma 5.1.4 to assume that

R = K]{[z1,...,x,]]. By construction, zzl\z(,"’k’d) is an R-algebra that has a hollow
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modification of type (k,d). Thus, if (ii) holds, then ?1},””“"“ cannot be solid over R,
and (iii) follows. If we suppose that (iii) holds, but (ii) does not, then by Lemmas
5.1.9 and 5.1.10, there exists a solid domain S and a hollow modification T" of type
(k,d) constructed with respect to ,...,x,. Therefore the system of equations
(5.1.14) holds in S, and so S is an gl(,"’k’d)—algebra. Since we assumed that S is solid,
E,(,"’k’d) is also solid, but this fact contradicts (iii). Hence, we have finally shown that
(iii) implies (ii). O

5.1.2 The Family of Algebras Az(,n’k’d), n<2

First note that if dim R = 0, then we can assume that R is a field by Lemma
5.1.4. Since all algebras over a field are solid, Question 5.1.1 obviously has a positive

answer in dimension 0. When n =1,

ANRD = 7,57y, 51, ] (@ — 2B f)

as d is forced to be 0. Clearly, H(lxl)(Az(,l’k’d)) =0.
For n = 2, we also show that Question 5.1.1 can be answered affirmatively. (This
fact is also demonstrated in [Ho3, Section 12] by explicitly constructing a big Cohen-

Macaulay algebra to which a given solid algebra maps.) In this case,

L[ pZiw:, x2, 51, S2, fl(t), fét),w(t) |0 <t <d]

2,k,d) __
(5.1.17) AR —

X181 + X989
(2122)F — f LAY — b O — 500

gD — gt O gkt gD on® > 1

W@

We will now show that (z,2)5+ € (25F91 25+4+1y and, hence, H2  (AF)

(z1,22)

is 0. Throughout the rest of this section, we fix the notation, for all N > 1,

Iy = (z), ... ,:z:g)AI()"’k’d).
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Lemma 5.1.18. (a) For all N >0 and all0 <t < N, sgx]lv’txglkﬂ C Irinaa-

(b) Forall N>1and1 <t<N,

b1, N=t+1,.N t—1 t N—t N t
Sy T N(sow™ V) — stz (s;w®) € Iyngs.

(c) For all N > 1, (z122)N (55w ) — (2952)N (s5w™)) € Iy ny1.

Proof. (1) Clearly (shoy "2 )a5™ € Iy, n11, and, using 8,21 + sp79 = 0,
t N—t N\ k+l _  k+tN+1—t N—t b g (kN Nt ot
(spa1 "my )ay T =y Ty (S2w2)" = F(a] xy '81) € Tyt

(2) As shtaN Tl (sow® V) — sbalV Tl (spw®) = shal Tl (zwY — syw®),
and 2wV — sow® € Iy by (5.1.17), (a) gives the result.
(3) This part follows from repeated applications of (b).

O

Proposition 5.1.19. For any p,k,d, (2122)*"? € Iyiqs1, and as a consequence,

02 (AP =

(z1,22)

Proof. Since AF4T Aj(on’k’d), for all p,n, k,d, we may assume that d > 1. By

(2,k,d) -

construction of Ay in (5.1.17) and Lemma 5.1.18,

k+d

(2122)F 4 = (2120) 4 (550 ) = (2952)% (550w D) = 0,

where congruences are modulo [y g.1. ]

We have now proven the following result by way of the last proposition, Proposi-

tion 5.1.16, and [Ho3, Corollary 10.6].

Proposition 5.1.20. If R is a complete local domain of positive characteristic and
dim R < 2, then an R-algebra S is solid over R if and only if S maps to a big

Cohen-Macaulay R-algebra.
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5.1.3 The Families of Algebras A§,””“’°>, Aé"’k’l), and A§,”’°7d>

The new cases where we can show that H&l,m,xn)(Aé"’k’d)) =0 are when d <1 or

when k£ = 0. We will present the argument for each case, including two proofs for

the d < 1 case.

Proposition 5.1.21. H(’;L___Vxn)(Aé"’O’d)) =0, for all p,n,d.
Proof. Let congruences be taken modulo Iy = (22, ..., 22)A"*? . Using the defining

relations of AY"*? as given in (5.1.14),

(21 20) (50w @) = (21 -+ - Zp1) (Tn5n)w®

(xl I xn)
= —(21 T ) (@181 + -+ T 18p1) w0

0.

O

We now handle the case of d < 1. We only need to study Aé"’k’l) as this case will
also take care of the d = 0 case since there is a map Aj(on’k’l) — A},”’k’o). Now, let
€ :=(0,...,0,1,0,...,0), where the 1 is in the £** position. Then

onty _ BIELs sy ) w0 1< G <t At <

Ap
181+ -+ TS,
k k+1 £(0,...,0) k+1 £(0...,0) 0,...,0
(a’/’l...xn) _Il 1 —...—xn—"_ fn _Snw(7 7)
xpw(0--0) — xlf“ = —ghtlfe V1< /i<n-—1

Proposition 5.1.22. For all p,n,k, H(T;h___vxn)(A;”’k’l)) = 0. (The first proof will

show explicitly that (x - - 2,)"P~ 1 € Iy, = (377, ,xflerp)Aén’k’l).)

Proof 1. The defining relations of A},n’k’l) imply that

(w1 xn)kp - (Snw(()’""()))p € Lypip
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and that for all 1 < ¢ <n — 1, each (zw®9)? is in I},,,. We then have
(21 )P 2y 2) = (g 2)P (5w 0P
= PPy (g - - a)P (g w O D)
4o Sy - .xnﬂ)p—l(xnflw(O,---,O))p]
= 0

modulo [y, p, using x1s; + - - + 2,8, = 0. m

Proof 2. The defining relations of A = AlrRD give us the following equation
P
(21 -a)h = 2t 1(07""0) + UL+ [ Un)
o Y U fr U)
+w (s, — 21Uy — -+ — 2y 1 Up1)
in A[Uy,...,U,_1]. By taking p'* powers, we also obtain
(e = TR0+ (PO o+ (7 PURL)
o PO (U] e (i PUL)
OO (sp = U =+ = ol (UL

n—1

in A[UY,...,U"_,]. We can then map A[UY,... , U" ] — A, .., by sending

_¢.ep1
L
J p—1 ’
T Tn
Since
sP—alUP — o — P UP_| — sP+af ﬁ NN S Y
1 n—1-"n—1 1 1 ﬂfn n—1 ;D 11£En

st
o (w151 + -+ Tp18n-1)
p—1
S
= Sfl + ;n (_l‘nsn) = 07
and since (- --x,)?~" clears the denominator of the image of each U}, we obtain

(xl e xn)kp+p_1 & Ikp+p -+ ker(A — Axlztn)

To finish, note any element of ker(A — A,,....,) is killed by (zy - - - z,), for some N.

Hence, (21 2,) VTP € Tnyinip O
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To summarize the state of our knowledge about Questions 5.1.1 and 5.1.2:

Proposition 5.1.23. If R is a complete local domain of dimension n and charac-
teristic p > 0, S is solid, and T is a hollow modification of type (k,d), then n > 3,

k>1, and d > 2.

5.1.4 The Family of Algebras AZ(,S’k’Q)

We briefly examine one more case, where dim R = 3 and d = 2. After changing

notation, we have

AR = Z/pZLlz,y, 2 a,b,¢, fj, gj, hys wo, wr, w2 |0 < j < 5]
axr + by + cz
(zyz)* — " fo —y* gy — 2*hg — cwy
Twy — xk+1f1 _ yk+1gl — R, — cwy
ywo — ¥ fy — yF gy — 2K by — cw,

k1 k1 k1
zwy — ¥ fa — YTy — 2¥ T hy

k+1 k+1 k+1
ywy — ¥ fy —yt gy — 25 Ry

k+1 k+1 k+1
zTwy 4+ ywy — " f5 — yF gy — ZFp

At this time, we do not have enough information about Aég’k’Q) to determine whether

or not H(3 (Aff”k’m) = 0. Attempts have been made with Macaulay 2 [M2] to test

T,Y,2)
whether or not certain powers (zyz)™ are contained in (zV,y"~, 2N)AP*? . Even for
small values of k and p, the computations have been too complex for Macaulay 2
to perform successfully. For example, the case £k = 1 and p = 2 was entered into
Macaulay 2. After twelve days, the program terminated without an answer or even
an error message.

For the time being, we will have to leave the question of whether H(Sx’yyz)(Aff’k’Q))

is zero or not as an open problem.
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5.2 Solid Algebras and Phantom Extensions

In [HH5], Hochster and Huneke defined the notion of a phantom extension for
a map N — M of finitely generated R-modules, where R is a Noetherian ring of
characteristic p > 0. In this section, we will extend this definition to all R-modules
and introduce the concept of a phantom algebra over R. For a Noetherian domain R
we will show that the solid R-algebras are exactly the phantom algebras. We will also
introduce lim-phantom extensions, where o : N — M is lim-phantom if N — M’ is
phantom for all finitely generated submodules M’ C M such that «(N) C M’. The
primary result, Theorem 5.2.13, will be that if R is a complete local domain, then S
is solid if and only if S is phantom if and only if S is lim-phantom. We hope that
this perspective on solid R-algebras will help to show that an algebra modification of
a solid algebra is still a solid algebra, which holds if and only if the solid algebras are
the same as the algebras that map to a big Cohen-Macaulay algebra. (See Lemma
5.1.3.)

Let R be a Noetherian ring of characteristic p > 0 throughout this section.

5.2.1 Phantom Extensions

We start with a generalized definition of phantom extensions for maps of R-
modules that is essentially the definition given by Hochster and Huneke in [HH5|

with the requirement that the modules be finitely generated removed.

Definition 5.2.1. A map o : N — M of arbitrary R-modules is a phantom extension
if there exists ¢ € R° such that for all e > 0, there exists a map 7. : F¢(M) — F¢(N)
such that 7. o F¢(a) = c(idpe(ny). We will also say that M is a phantom extension
of N. If S is an R-algebra and the structure map R — S is a phantom extension,

we will call S a phantom R-algebra.



36

Remark 5.2.2. In [HH5, Remark 5.4], the following alternate description of a phantom
extension is given in the case that R is reduced. When R is reduced, the algebra
map F°: R — R may be identified with the inclusion map R — RY?, where ¢ = p°.
Thus, a« : N — M is a phantom extension if there exists ¢ € R° such that for
all e > 0, there exists an RY9-linear map 7, : R"/? ® M — RY? ® N such that
Yeo (RM1®a) = cM(idpijagy)-

We will often make use of this remark in the following results. We also note
that when R is reduced and M is a phantom extension of R, there exists a map

Ye : RY9® M — R4 as in the remark above, for all e > 0.

Lemma 5.2.3. Let R be reduced, and let M be an arbitrary R-module. If « : R — M
is a phantom extension, then there exists ¢ € R° such that for all e > 0, there is a

map e : RV @ M — RY9 such that v, o (RY? ® o) = c¢"/9(idgi/q).

Proof. Since R — M is phantom, there exists d € R° such that for all e > ey,
there is a map (3, : RY/?® M — RY9 such that 3, o ap(r'/?) = d"%r'/4 where
a.(rt/1) = r/1(1 ® a(1)). Let S = (R°)7'R, a finite product of fields since R is
reduced. Then SY4 = ((R°)Y9)"'RY? is also a finite product of fields. Thus, the
existence of 3, shows that the map S/7 — SY¢ @ M, induced by a, splits for all
e > ey. Since S — S'4 is faithfully flat, the map S — S ® M, induced by «, also
splits.

This implies that there exists ¢ € R° and an R-module map 3 : R® M — R such
that o a = d(idg). Let go = p®, and let ¢ = (¢)%d € R°. For all e > g, define

Ye : RY1® M — RY by ~,(u) = (¢/)®/13,(u). Then

Ye © 046(1) = (C/)QO/le/q — Cl/q'
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For e < e, let v, : R"7® M — R be defined by
3w = (@R 6) ()

Then v, 0 (1) = () W/ D=1q" 9 B(a(1))) = (&) @/D=1gt/ae) = (M, 0

Therefore, when R is reduced, if o : R — M is a phantom extension, then the
e = 0 condition in the lemma shows that there exists ¢ # 0 in R and an R-module

map v : M — R such that v o (1) = ¢. We therefore have the following corollary.

Corollary 5.2.4. Let R be a domain, and let M be any R-module. If M is a phantom

extension of R, then M 1is solid.

It will also be helpful to show that when R is reduced and M is a phantom

extension of R, the map R — M is always injective.

Lemma 5.2.5. Let R be reduced, and let M be any R-module. If « : R — M is a

phantom extension, then « is injective.

Proof. Suppose a(u) = 0. Then for all e > 0, F¢(a)(u) = 0 in F¢(M) too. For
e > 0, there exists 7. : F*(M) — F¢(R) such that 7. o F°(a) = c(idpe(p)) since a is
phantom. Therefore, 0 = 7, o F¢(a)(u) = cu?, for e > 0, and so u € 05 = 0 since R

is reduced (see Proposition 2.2.3(k)). O

We will now show that when R is a domain the solid R-algebras are exactly
the phantom R-algebras by taking advantage of the multiplication in S and the ¢

powers of elements of S.

Proposition 5.2.6. Let R be a domain. An R-algebra S is solid if and only if it is

a phantom R-algebra.
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Proof. By the previous corollary, we need only show that a solid algebra S is a
phantom extension of R. Since S is solid, there exists an R-linear map v : S — R
such that (1) = ¢ # 0 in R by Proposition 2.5.2(b). Since v is R-linear, for all ¢ > 1,
we can define an R-bilinear map f3, : RY? x S — RY4 by B,(r'/4,s) = r¥/y(s9)/q,
where r € R. Therefore, 3, induces the R'/%-linear map v, : RY/?®p S — R'Y? that

sends /7 ® s to r/9y(s7)'/4, Moreover,
%(Tl/q ®1) = rl/qy(l)l/q — cMapl/a

Therefore, S is a phantom extension of R. O

We now show that a solid R-module need not be a phantom extension of R, even

if the module is finitely-generated and torsion-free.

Example 5.2.7. Let R be a regular local domain of dimension at least 2. Let I be
any ideal minimally generated by at least 2 elements, and let o : R — I be a fixed
injection such that «(1) # 0. We claim that any such extension « is solid, but not
a phantom extension of R. Indeed, the inclusion map I C R shows that [ is solid.
Since R is a domain, [ is also a rank 1 torsion-free submodule of R, and so R is not
a direct summand of I via a. (Since I has torsion-free rank 1, I/a(R) is a torsion-
module. So, if « is split, then I = «a(R) & W, where W is a torsion submodule
of I, which is not possible unless W = 0, but then I = R. This contradicts the
assumption that I is generated by at least two elements.) By [HH5, Theorem 5.13],
a phantom extension R <— M over a weakly F-regular ring is actually a split map.
Since a regular ring is weakly F-regular (see Proposition 2.2.3(i)) and since there is

no split map R — I, we see that I cannot be a phantom extension of R.
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5.2.2 Lim-Phantom Extensions

We now introduce the concept of a lim-phantom extension of R-modules and
demonstrate some connections between this property, phantom extensions, and solid

algebras.

Definition 5.2.8. A map o : N — M of a finitely generated R-module N to an
arbitrary R-module M is a lim-phantom extension if the map N — M’ is a phantom
extension for all finitely generated submodules M’ C M such that o(N) C M'. If
S is an R-algebra, and R — S is lim-phantom, then we will call S a lim-phantom

R-algebra.

The next lemma is a generalization of [HH5, Proposition 5.7¢] and will be used

to connect the concepts of phantom and lim-phantom extensions.

Lemma 5.2.9. Let N, M, M’ be any R-modules with maps N oM S M. Let

a=~0op. If ais a phantom extension, then 3 is also phantom.

Proof. Since « is phantom, there is a ¢ € R° such that for all e > 0, there exists
an R-linear map 7. : F¢(M) — F¢(N) such that v, o F¢(«) = c(idpe(ny). Let

v, F¢(M') — F¢(N) be the map v, = 7. o F¢(6). Then

Ve o F(B) = 7. 0 F¥(0) o F¥(B) = . 0 F*(0 0 3) = 7. 0 F*() = c(idpe(ny).-

The following is an immediate consequence of the previous lemma.

Lemma 5.2.10. If N — M is a phantom extension, where N is a finitely generated
R-module and M 1is not necessarily finitely generated, then it is also a lim-phantom

extension.
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It is also clear that when M is a finitely generated R-module, a map N — M is
a phantom extension if and only if it is a lim-phantom extension.
We are about to show that solid and lim-phantom algebras are equivalent notions

when R is a complete local domain. First, however, we need the following result.

Proposition 5.2.11. Let R be a domain that is a module-finite extension ring of
A, and let M be any R-module. If o : R — M s a phantom extension over R, then

A — M 1is a phantom extension over A.

Proof. Let a(1) =u € M, and let a, = RY? ®p a. There exists ¢ # 0 and
v,: RY*®pr M — RY4,
an RY4-linear map, such that v,(1 ® u) = c'/9 for all ¢ > 1. Let
Py AV @4 M — RY1 @ M

be the natural A'/4-linear map induced by the inclusion A9 < R, Notice that
the map 7, is also an A'/9-linear map.

Since R is a domain and A C R is a module-finite extension of A, R is a finitely
generated torsion-free A-module. So, there exists an h and a map f : R — A"
Since f(c) # 0, there exists a projection map g : A* — A such that the composition
n=gof:R — Ayields an A-linear map with n(c) = d # 0 in A. We can then
define n, : RY9 — AY4 by n,(r'/?) = n(r)"/9, where r € R, for all ¢ > 1.

Now, let 0, : AY9®4M — AY4 be given by 0, = n,07,01,. Then §, is AY4-linear,
and

0,(1 ® u) = ny 0 7e(1 @ u) = n,(c"/?) = n(c)/? = d'/4.

Hence, A — M is a phantom extension over A. O
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We now prove the last necessary lemma before our main result. First, recall that
an injection of R-modules N — M is pure it W @ N — W ® M is an injection, for
all R-modules W. When M/N is finitely presented, the map is pure if and only if

the map splits, see [HR, Corollary 5.2].

Lemma 5.2.12. Let (R,m) be a complete local domain of dimension d, and let M

be any R-module. If o : R — M is a lim-phantom extension, then M is solid.

Proof. Let { My} ea be the set of all finitely generated submodules of M such that
a(R) C M. Then R — M), is phantom for all A. Since R is a complete local domain,
R is a module-finite local extension of a regular local ring (A,n). By Proposition
5.2.11, since each R — M, is a phantom extension over R, A — M, is a phantom
extension over A. Since A — M, is phantom, by Lemma 5.2.5, A < M, for all A\. As
A is regular, and so weakly F-regular, [HH5, Theorem 5.13] shows that all the maps
A — M, are split and, thus, are pure because M), is finitely generated over A. Since
M = lim M, (over R or A) and all maps A < M, are pure, [HH7, Lemma 2.1i]
tells us that A < M is pure over A. Hence, HY(A) — H%(A) ®4 M = HY(M), and
so HY(M) # 0. Since the radical of nR in R is m, HZ (M) = HY(M) as R-modules.

By the local cohomology criterion, M is solid over R. U
We can finally state our main result of the section.

Theorem 5.2.13. Let R be a complete local domain, and let S be an R-algebra.

Then S is solid if and only if S is phantom if and only if S is lim-phantom.

Proof. We know that solid implies phantom by Proposition 5.2.6. By Lemma 5.2.10
we see that phantom implies lim-phantom. The final implication follows directly

from the previous lemma. O



CHAPTER 6

Seed Algebras

In this chapter we will study the class of algebras over a local ring R that map to
a big Cohen-Macaulay algebra over R. We call these algebras seeds over R. Seeds
are closely related to the class of solid algebras by Hochster’s Theorem 2.5.5. and the
fact that solid algebras are seeds when the dimension of the base ring is at most 2 (see
[Ho3, Theorem 12.5]). Although seeds and solid algebras are not generally the same
in equal characteristic 0 (see [Ho3, Example 10.7]), it is still possible that seeds and
solid algebras are the same in positive characteristic, and even in mixed characteristic,
for complete local domains. This study of seeds leads to new understanding of big
Cohen-Macaulay algebras and we hope that it will eventually lead to new insight
into solid algebras.

In the following section, we will show how seeds in positive characteristic can be
mapped to big Cohen-Macaulay algebras with some special properties. In the second
section, we will show that if R is a module-finite extension of a Cohen-Macaulay ring
A, and S is an R-algebra, then a colon-killer (see Definition 6.2.1) in .S, with respect
to parameters from A, has a power that is a colon-killer with respect to parameters
from R. As a result, if S is a big Cohen-Macaulay A-algebra, then it is also a big

Cohen-Macaulay R-algebra. We will also define a special class of colon-killers, called

92
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durable colon-killers, whose existence can be used to classify when an algebra maps
to a big Cohen-Macaulay algebra in positive characteristic.

In the third section we will define minimal seeds, which are seeds that have no
proper homomorphic image that is a seed (c¢f. minimal solid algebras, [Ho3, Section
6]). We demonstrate that, without any finiteness conditions, every seed maps to a
minimal seed. We will first show that in positive characteristic, minimal seeds are
reduced and later show that they are, in fact, domains. These results are parallel to
analogous results for minimal solid algebras, as Noetherian solid algebras map onto
minimal solid algebras which are domains.

In the fourth section, we will examine module-finite and integral extensions of
seeds and show that these extensions are also seeds in positive characteristic. This
result may be viewed as a generalization of the fact that every complete local domain
maps to a big Cohen-Macaulay algebra. The proof is complicated. One key element
is the construction of a durable colon-killer in a particular module-finite extension
of a big Cohen-Macaulay algebra.

In the fifth section, we will use the result about integral extensions of seeds in
positive characteristic to show that minimal seeds are in fact domains and that
seeds can be mapped to quasilocal big Cohen-Macaulay algebras domains that are
absolutely integrally closed and m-adically separated.

We finally will use our new insight into seeds to prove some new facts about big
Cohen-Macaulay algebras over complete local domains in positive characteristic. We
will show that the tensor product of seeds is also a seed and that the property of being
a seed is preserved under base change between complete local domains (c¢f. Proposi-
tion 2.5.2(a),(e)). As a consequence, we can use the classes of big Cohen-Macaulay

algebras over complete local domains to define a closure operation equivalent to tight
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closure in characteristic p > 0.

6.1 Definition and Properties of Seeds

Definition 6.1.1. For any local Noetherian ring R, an R-algebra S is called a seed

over R if S maps to a big Cohen-Macaulay R-algebra.

Using our new terminology, Proposition 2.3.8 implies that S is a seed if and
only if S does not have a bad sequence of algebra modifications. Based on this

characterization of seeds, a direct limit of seeds is still a seed.

Lemma 6.1.2. Let (R,m) be a local Noetherian ring, and let S =lim Sy be a direct

limit of a directed set of R-algebras. Then S is a seed if and only if each Sy is a seed.

Proof. Since S is an Sy-algebra for all A, it is clear that if S is a seed, then so is each
Sy. Conversely, suppose that S is not a seed. We will find an .S that also has a bad
sequence of modifications.

As S is not a seed, it has a bad sequence of algebra modifications
S =80 _, o) _, ---S(t),

where 1 = Tlsgt) +--+ Tkts,gi) in S® (with r; €m),

SOUO, ... U]

s() — § jl 175 Uj
sWg = E ks x(i)s(i) in S®. and J}(i) x(i) is part of a system of paramet
ki+1 =15 85 , 155y, 18 part of a syste parameters

in R, forall 0 <i<t—1.
It is straightforward, but rather tedious, to show that some S has a bad sequence
of modifications induced by the bad sequence originating with S because the sequence

is finite and involves only finitely many relevant elements. This Sy is not a seed. [
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We next show that in positive characteristic, we can use the Frobenius endomor-
phism and its iterates to map any seed to a reduced and perfect big Cohen-Macaulay
algebra.

Since we do not want to limit ourselves to the study of only reduced rings, we will
generalize our definition of R* to include non-reduced rings. From now on, we will

let R denote the direct limit of the directed system
R—F(R) —=F*R)---—F(R) — ---,

where F¢ is the iterated Peskine-Szpiro functor. Note that R® = (Ryq)™, where
R,cq is the quotient of R obtained by killing all nilpotents. If R is already reduced,

then our new definition of R* is isomorphic to the original definition.

Lemma 6.1.3. Let R be a local Noetherian ring of positive characteristic p. If B
1s a big Cohen-Macaulay R-algebra, then there is a homomorphism B — C such
that C' is a reduced big Cohen-Macaulay R-algebra with C' = C*. Moreover, if B is

quastlocal, then C' is also quasilocal.

Proof. Let C' = B*. Let ¢ € (x1,...,2%)C :¢ Tgs1, for some partial system of
parameters in R. Since C is a direct limit of the F¢(B), there exists an e € N
such that ¢ € (@1,...,2,)F°(B) tpe(p) Tp41. Since F¢(B) is just B as a ring, we
have ¢ € (2f,...,2])B :p 2} ,. Since B is a big Cohen-Macaulay R-algebra, c is in
(zf,...,2{)B, so that ¢ € (z1,...,25)F°(B). Therefore, ¢ € (z1,...,25)C. Thus,
every system of parameters in R is a possibly improper regular sequence on C'. If
1€ (z1,...,25)C, then 1 € (24, ..., 24)F°(B), for some ¢, and so 1 € (29, ...,z})B,
a contradiction. Hence, every system of parameters in R is a regular sequence on C,
and C'is a big Cohen-Macaulay R-algebra.

Suppose that ¢ = 0 in C. Then there exists an F¢(B) such that c is the image
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of b € F¢(B) and b = 0 in F¢(B). Choose p > N, then b maps to » =0 in
Fet¢(B). Since c is also the image of bpel, ¢=0in C. Thus, C is reduced.

Now, let ¢ € C. For a given p¢, we will find d € C such that d*° = ¢. Choose ¢’
such that c is the image of b € F*(B). Then c is also the image of b in F+¢(B).
Let d be the image of the copy of b in F¢+¢(B). Then d*° = ¢ as desired.

Finally, if B is quasilocal, then C' is a direct limit of quasilocal rings via local

maps. Therefore, C' is also quasilocal. O

Although the above result shows that every seed in positive characteristic can be
mapped to a reduced big Cohen-Macaulay algebra, we will show later (Proposition
6.5.6) that any reduced seed (in any characteristic) can be modified into a reduced

big Cohen-Macaulay algebra.

Lemma 6.1.4. Let (R, m) be a local Noetherian ring. If B is a big Cohen-Macaulay
R-algebra and p is any prime ideal of B containing mB, then B, is also a big Cohen-
Macaulay R-algebra. Moreover, if B is reduced (resp., R has positive characteristic

and B is reduced and perfect), then By is still reduced (resp., reduced and perfect).

Proof. Given xjy1(r/u) € (21,...,xx)By, where x1,..., 2541 is part of a system of
parameters for R, we may assume u = 1 in showing that the relation is trivial.
Therefore, there exists a v € B \ p such that xy1(rv) € (z1,...,2,)B. Since B is a
big Cohen-Macaulay algebra, rv € (x1,...,2;)B, and thus /1 € (z1,...,24)B, as
needed. Furthermore, since mB # B and p 2O mB, we see that mB, # B,, and so
B, is a big Cohen-Macaulay algebra.

The other claims follow from the following easy lemma. O

Lemma 6.1.5. If S is any reduced ring and U is a multiplicatively closed set in S,

then U~LS is also reduced. If in addition, S has positive characteristic and is perfect,
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then U™LS is also perfect.

Proof. The first claim is well known.

Now suppose that S has positive characteristic and is perfect. Given s/u in ULS,
we need to find a ¢ root of s/u. Since S is perfect, we have s = a¢ and u = b7,
where a and b are in S. Then ab?~!/u is an element of U~1S, and is a ¢'* root of

s/u:

S
ud w4 U

(abql)q al(b9)=t  sud!

u

O

Another operation that we will use is the separated completion of a big Cohen-
Macaulay R-algebra with respect to the maximal ideal of R. The result of Bartijn
and Strooker, [Bar-Str, Theorem 1.7], shows that the separated completion of a big
Cohen-Macaulay algebra is still a big Cohen-Macaulay algebra. (In fact, it shows
that if a single system of parameters is a regular sequence on B, then every system
of parameters is a regular sequence on the separated completion of B.) What will be
especially useful is the fact that this completion operation will give us an m-adically
separated big Cohen-Macaulay algebra while preserving the other properties we have
worked with earlier. We will start by showing the completion operation preserves

whether a ring is reduced and perfect in positive characteristic.

Lemma 6.1.6. If A is a reduced and perfect ring of positive characteristic p, and I
1s an ideal of A, then the I-adic completion A of A is reduced and perfect.

Proof. By definition,

-~

A={a=(ay,a9,as,...) € HA/[j]ak =a; (mod I7), Vk>j}.
J

If a" =0in E, then there exists ¢, a power of p, such that a? = 0, so that a} € I*

for all k. Given any index j, there exists an integer k(j) such that I*@) C (17)ld,
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Therefore, for any j, we can find k(j) > j such that ay ;) € (1)l Since A is perfect,

)
ar(j) € 17, and since k(j) > j, we have a; € I7. Hence, a = 0, and A is reduced.
Given a = (ay,as,...) € 2, we will now find an element b € A such that b7 = a.
Indeed, let b = (aiéf),aig),...), where k(j) is chosen so that k(j) > j, k(j) >
k(j — 1), and I*0) C ()l If i > k(j), then a; = agy) (mod I*V), so that
a; = ay(;) (mod (I9)14). Since A is perfect, we can take ¢ roots to see that ag/q =

a,i(]q.) (mod 1Y), which shows that b is a well-defined element of A. Finally, b¢ =

(aj(1y, aj(), - - -.), which is easily seen to be equal to a. a

This lemma is the last piece we need to show that seeds map to big Cohen-
Macaulay algebras with certain rather useful properties. In the fifth section, we will

show that seeds map to big Cohen-Macaulay algebras with even stronger properties.

Proposition 6.1.7. Let (R, m) be a Noetherian local ring of positive characteristic.
Every seed over R maps to a big Cohen-Macaulay R-algebra B that is reduced, perfect,

quasilocal, and m-adically separated.

Proof. By Lemma 6.1.4, a seed maps to a quasilocal big Cohen-Macaulay R-algebra.
By Lemma 6.1.3 it maps further to a quasilocal, reduced, and perfect big Cohen-
Macaulay algebra B. By [Bar-Str, Theorem 1.7], the m-adic completion B, which is
m-adically separated, is still a big Cohen-Macaulay algebra, and the previous lemma
shows that it is also reduced and perfect. Finally, since B is quasilocal, it is easy
to see that the set of Cauchy sequences in B with each (equivalently, one) element
of the sequence not a unit forms a unique maximal ideal of B so that B is still

quasilocal. 0
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6.2 Colon-Killers and Seeds

Hochster and Huneke used colon-killers (also called Cohen-Macaulay multipliers)
in [HH2] and [HH3] as tools for proving the existence of big Cohen-Macaulay algebras
in positive characteristic. Not surprisingly, the existence of such elements in algebras
over a local ring will be useful in determining whether an algebra is a seed or not.
We shall work with a slightly generalized version of their definition, and will define a

special class of colon-killers that will help us determine when an R-algebra is a seed.

Definition 6.2.1. Let R be a local Noetherian ring, S an R-algebra, and M an

arbitrary S-module. An element ¢ € S is a colon-killer for M over R if

(@1 200 M 0t T1) € (w1, - )M,

for each partial system of parameters zy,..., x5 in R.

We will soon prove that if B is an S-algebra, where S is a local Noetherian
integral extension of a Noetherian local ring R, and B is a a big Cohen-Macaulay
R-algebra, then B is also a big Cohen-Macaulay S-algebra. We will actually prove a
more general statement showing that a colon-killer for an S-module M over R has a
power that is a colon-killer for M over S. First, we need the next lemma connecting
colon-killers and Koszul homology. (For an introduction to Koszul complexes and

Koszul homology, we refer the reader to [BH, Section 1.6].)

Lemma 6.2.2. Let R be a local Noetherian ring, let S be an R-algebra, and let M be
an arbitrary S-module. If ¢ € S is nonzero, then the following are equivalent:

(i) Some power of ¢ is a colon-killer for M over R.

(ii) Some power of ¢ kills all Koszul homology modules H;(x1,...,xx; M), for all

1 > 1 and all partial systems of parameters x1, ..., xx.
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(iii) Some power of ¢ kills Hy(x1,...,xx; M), for all partial systems of parameters

T1yewoy Tk

Proof. (ii) = (iii) is obvious. For (ili) = (i), let x = x4, ...,z be part of a system
of parameters for R, and let X' = x1,...,x,_1. We obtain a short exact sequence

H;(x'; M)

6.2.3 0 _
( ) - xpH;(x'; M)

— H;(x; M) — Anng, |z — 0

for all ¢, from [BH, Corollary 1.6.13(a)]. In the case i = 1, we see that there is a
surjection of H(x; M) onto the module ((xX')M :p xx)/(x")M, which implies that
the latter module is killed by the same power of ¢ that kills the former.

For (i) = (ii), assume without loss of generality that c itself is a colon-killer for
M over R. We will use induction on k to show that ¢ kills Hi(xy, ... x5 M),
for i > 1. If k = 1, then H;(xq1; M) is the only nonzero Koszul homology module,
and it is isomorphic to Annyz; = (0 :p 21). Since ¢ is a colon-killer for M, ¢ kills
Hy(x1; M). Now let k > 2, x =xy,..., 2k, X' = x1,..., 251, and suppose that 2
kills H;(x'; M), for i > 1. Using the sequence (6.2.3), we see that ¢ kills H;(x; M),
for all i > 2, by the inductive hypothesis, and ¢ *+! kills H;(x; M) by the inductive

hypothesis together with ¢ being a colon-killer. Therefore, if N = 24m =1 then N

kills all of the relevant Koszul homology modules. O
From this lemma, we can obtain our result on colon-killers.

Proposition 6.2.4. Let S be a Noetherian local ring that is an integral extension
of a local Noetherian ring R. Let M be an arbitrary S-module. If ¢ € R kills all
Koszul homology modules H;(x1,...,x; M), for all © > 1, and all partial systems
of parameters 1, ...,z in R, then ¢V kills Hy(yy, ..., yw; M), for alli > 1, and all
partial systems of parameters yi,...,yx in S, for some N. Consequently, if c is a

colon-killer for M over R, then a power of ¢ is a colon-killer for M over S.
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Proof. Based on the previous lemma, it is enough to prove the first claim. Let
Y = Y1,---,Yr be part of a system of parameters for S. Since R — S is integral,

R/((y) N R) — S/(y) is also integral, so that
dimR/((y) " R) = dimS/(y) =dim S — k = dim R — k.

We claim that (y) N R contains a partial system of parameters x = 1, ...,z for R.
Indeed, we proceed by induction on k, where the case k = 0 is trivial. We can then
assume without loss of generality that £k = 1 and obtain our result from the general
fact that if I is an ideal of R such that dim R/I < dim R, then I contains a parameter
of R. If not, then for every x € I, there exists a prime ideal p of R such that x € p
and dim R/p = dim R. Therefore, I is contained in the union of such prime ideals,
and so by prime avoidance, I is contained in a prime p such that dim R/p = dim R.
We have a contradiction, which implies that I contains a parameter.

Thus, there exists part of a system of parameters x = xq,...,x; of R such that
(x)S C (y). Then a power of ¢ kills H;(y; M), for all i > 1 by the following lemma,

where the power depends only on k&, which in turn is bounded by dim R. O

Lemma 6.2.5. Let S be any ring and M any S-module. Suppose (x1,...,z5)S C
(Y1, -+ yk)S = (y)S and that ¢ € S kills Hi(xq,...,xm; M), for alli > 1 and all
1 <m <k. Then cP™ kills Hyi1_m(y; M), for 1 < m < k, where D(1) = 1, and

D(m) =2F2D(m — 1) + 2, for m > 2.
Proof. We will use induction on m. For m = 1, we need ¢ to kill Hy(y; M), but
Hy(y; M) = Anny(y) € Annyy(21) = Hi(z1; M),

which implies what we want.
Now, let m > 2. The hypothesis on ¢ together with Lemma 6.2.2 implies that c is

a colon-killer for M with respect to subsequences of x1, ..., z, but this implies that
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¢ is a colon-killer for M /xqy M with respect to subsequences of zs, ..., x,. The proof
of Lemma 6.2.2 then implies that ¢~ kills Hi(xo,...,xpm; M/x M), for all i > 1
and all 2 <m < k.

For the induction, suppose that ¢?™=Y kills Hy o_,,(y; M). Consider the exact
sequence

0— Annyz, — M 3 M — M/xyM — 0,
from which we obtain two short exact sequences

0— Annyx; > M — oM — 0
0—=x M —>M— M/z;M — 0.
These sequences then induce long exact sequences in Koszul homology:
Hi1(y; M) fil Hipi(y;20M) — Hi(y; Annyzy) — Hy(y; M) 4 Hi(y;x, M)
Hiyi(y; 21 M) = Hisy (y; M) — Hi(y; MjaiM) — Hy(y; 2:M) % Hi(y; M),
which in turn yield short exact sequences, for all i > 0,

H¢+1(y;1’1M)
fir1(Hip1 (y; M))

(%) 0— — H,;(y; Annyz) — ker(f;) — 0

Hz‘+1(}’§ M)

(#Z) 0— gi+1(Hi+1(y§x1M))

— Hip1(y; M/2 M) — ker(g;) — 0.
Since the map of homology
H(y; M) % Hy(y;2:M) % H(y; M)

is induced by the composition M — x1M — M, which is multiplication by z, and
since 71 € (y)S, gio fi =0, for all i > 0.

Since cAnnyz; = 0 by hypothesis, (x;) implies that

cHia(y; 21 M) C fis1(Hipa(y; M) C ker(giva),
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for all i > 0. Applying the inductive hypothesis to M /21 M implies that ¢2" *P(m=1)

kills Hyo—m(y; M/x,M). Then (#411—m) shows that ¢ 2D ker(gpy1_m) = 0.
Therefore, ¢ *Pn=U+1 kills Hy,1_,,(y; 21 M). To finish, notice that ¢2* *Pm=D+1 —
cPm=1"which kills the image of Hy 1 ,,(y; M) inside Hyyi_p(y; 21 M) under the
map fys1—m. Thus, P =VH, . (y; M) is contained in ker (fi41—n ), which is killed

by ¢, using (*g41-m), and so c?™ kills Hy 1_(y; M), as needed. O

Since 1 is a colon-killer for a big Cohen-Macaulay algebra, the previous result

gives us the promised result about big Cohen-Macaulay modules (and algebras).

Corollary 6.2.6. Let S be a Noetherian local ring that is also an integral extension
of a local Noetherian ring R. If M is an S-module and a big Cohen-Macaulay R-

module, then M is a big Cohen-Macaulay S-module.

We will now introduce another notion of a colon-killer that will be very useful for

us in the following sections when we need to determine whether a ring is a seed.

Definition 6.2.7. For a local Noetherian ring (R, m) and an R-algebra S, an element
c € S is called a weak durable colon-killer over R if for some system of parameters
X1,...,2T, of R,

C((lﬁv s ,ZEZ)S ‘S ‘r§c+1) - (xtlu cee ,ZEZ)S,
forall 1 <k <n-—1andallt &N, and if for any N > 1, there exists £k > 1 such

that ¢V &€ mFS. An element ¢ € S will be simply called a durable colon-killer over

R if it is a weak durable colon-killer for every system of parameters of R.

Notice that if S = R, then all colon-killers in R that are not nilpotent are durable
colon-killers. So, if R is a domain, or even reduced, all colon-killers are durable

colon-killers. Also, if B is a big Cohen-Macaulay algebra over R, then 1 is a durable
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colon-killer. We can now use the existence of durable colon-killers to characterize

when an algebra is a seed by adapting the proof of [Ho3, Theorem 11.1].

Theorem 6.2.8. Let (R, m) be a local Noetherian ring of positive characteristic p,
and let S be an R-algebra. Then S is a seed if and only if there is a map S — T
such that T has a durable colon-killer ¢ if and only if there is a map S — T such

that T has a weak durable colon-killer c.

Proof. If S is a seed, then S — B, for some big Cohen-Macaulay R-algebra B. As
pointed out above, 1 is a durable colon-killer in B, so T' = B will suffice. For the
converses, we will modify the proof of [Ho3, Theorem 11.1] to obtain our result.
We will show that the existence of a (weak) durable colon-killer in an S-algebra T
implies that S is a seed. (All parenthetical remarks will apply to the case that T
only possesses a weak durable colon-killer.)

Suppose that S — T such that 7" has a (weak) durable colon-killer ¢ (with respect

to a fixed system of parameters in R). Let S© := S, and given S® for 0 <i <t—1,

let
glit1) . S [Ul(i)’ o UIEZ)]
s — Zf;l xg-z)U]@ ’
where x(li), S xgj) 41 15 a system of parameters for R (the fixed system of parameters
in the latter case), and x,(g?ﬂs(") = Zle xy)sy) is a relation in S®. Then

S =80 g _,g®@ . .._, g0

is a finite sequence of algebra modifications. Suppose to the contrary that S is not a
seed and the sequence is bad, so that 1 € mS®. (In the weak case, we are supposing

that S does not map to an S-algebra where the fixed system of parameters is a
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regular sequence.) We can then write

n

(6.2.9) 1= rw;,
j=1
where r; € m and w; € SY, for all j.

We will construct inductively homomorphisms wéi) from each S® to F¢(T') forming

a commutative diagram:

F(T),—FT).—=F(T),—- - =—=F(T).
$& T p T p? T pM T
S(0) S S e S

In order to construct the maps we need to keep track of bounds, independent of
q = p°, associated with the images of certain elements of each S®. Forall 1 <i < t,
we will use reverse induction to define a finite subset I'; of S® and positive integers
b(i). We will then inductively define positive integers 3(i) and B(i), which will be
the necessary bounds.

First, let

Ty o= A{wy, ..., w,},

where the w; are from relation (6.2.9). Now, given I';;; (with 0 < i < ¢ —1), each
element can be written as a polynomial in the UJ@ with coefficients in S®. Let
b(i + 1) be the largest degree of any such polynomial. For i > 1, let I'; be the set
of all coefficients of these polynomials together with s, sgi), e ,s,(f,). Now define

7

B(1):=1, B(1) :=b(1), and given B(i) for 1 <i <t —1, let
Bi+1):=B@l)+1 and  B(i+1):=p0(i+1)b(i + 1)+ B(i).

Notice that, as claimed, all 5(i) and B(7) are independent of gq.
Fix ¢ = p°. By hypothesis, we have a map S = S — T that can be naturally

extended to a map wé"’ : SO — F¢(T), by composing with 7' — F¢(T).. We next
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define a map 1/)£l) : SO — F¢(T). that extends 1/)9, maps the Uj(»o) to the cyclic
F¢(T)-submodule ¢ 'F¢(T) = ¢ *WF¢(T) in F*(T)., and maps I'; to ¢ PMFe(T) =
¢ BOF(T) inside F*(T).. To do this we need only find appropriate images of the

U such that the image of s© — 3% x(-O)Uj(»O) maps to 0.

J ko
Since
ko
0 o (0
3712:0)+15(0) = Z ZL’; )55. ),
j=1
we have
ko
0 o .
(s (50 = Do)l (s)
j=1

in F¢(T)., where the the image of ¥ is contained in the image of F¢(T) inside
F¢(T).. As cis a (weak) durable colon-killer in 7", and so also a (weak) colon-killer

in Fe(T),
ko

e (s®) =3 (),

j=1
where the o”) are in the image of Fe(T) in F¢(T).. If we define Y such that

J
U ](0) — 0,10§0)7 then we have accomplished our goal for qﬁél) because the elements
of I'; can be written as polynomials in the UJ(O) of degree at most b(1) = B(1) with
coefficients in S.

Now suppose that for some 1 <7 <t — 1 we have a map qﬁéi) . SO — Fe(T),,
where the U;iil) all map to ¢ *@OF¢(T), and T; maps to ¢ BOF¢(T). We will extend
w8 to a map from SE+D such that each Uj(»i) maps to ¢ ?C+UF(T), and T, maps
to ¢ BOFDFe(T).

In order to simplify notation, we drop many of the (i) labels on parameters. Then
SO, ..., U]

s =20

Since s and the s; (in the relation zj115 =7 ;s; in S@) are in T;, we can write

S(i-i—l) _

(6.2.10) P(s)=c B and  P(s;) = ¢ B0q;,
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where ¢ and the o; are elements in the image of F¢(T') in F¢(7T').. Hence,
k
w00 (s) = Y afu?(s)
j=1

in F¢(T).. Multiplying through by ¢®® yields

k

q — q_ .

LT10 = E :xjaj
j=1

in the image of F¢(T") in F¢(T).. Using our (weak) colon-killer ¢, we have

k
co = xdr;
— I,
j=1

where 7; is an element in the image of F¢(T') in F¢(T').. Therefore,

k

WO(s) =Y al(c PO y)

=1
in Fe(7T)..

We now have a well-defined map " ; §G+D — F¢(T). extending & given by

w(Hl)(Uj) — ¢ BO-1 — B

e

such that the U; map to ¢ #0FUF¢(T), and I';y; maps to ¢ BEHHDF(T) since
B(i+1)=p3G+1)b(i+ 1)+ B(i)

and these elements can be written as polynomials in the U; of degree at most b(i+1)
with coefficients in I';.

We can finally conclude that, for all ¢ = p®, there exists a map
WSO — FUT).

such that the equation (6.2.9) that puts 1 € mS® maps to

n

1= ri (w)).

j=1
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If we let B := B(t), then each e (w;) is in ¢ PF4(T) as T, contains these elements.
Multiplying through by ¢®, we see that ¢® € mldT, for all ¢ > 1, where B is
independent of g, which implies that ¢ € m*T, for all k > 1. Since c is a (weak)
durable colon-killer, we have a contradiction. Therefore, no such finite sequence of
modifications of S is bad.

In the case of the durable colon-killer, we see that S is a seed over R. In the
case of a weak colon-killer, S maps to an S-algebra S’, where a single system of
parameters of R is a regular sequence on S’. By the result [Bar-Str, Theorem 1.7]
of Bartijn and Strooker, the separated completion of S’ with respect to the maximal
ideal of R is a big Cohen-Macaulay R-algebra. Therefore, S is a seed in this case as

well. .

Later we will use this result as a piece of the proof that integral extensions of
seeds are seeds. We will also use durable colon-killers to obtain our results in the

sixth section concerning when the seed property is preserved by base change.

6.3 Minimal Seeds

We will now introduce the class of minimal seeds. This class will help us gain
more insight into the class of big Cohen-Macaulay algebras to which a particular

seed can be mapped.

Definition 6.3.1. For a Noetherian local ring (R, m), an R-algebra S is a minimal

seed if S is a seed over R and no proper homomorphic image of S is a seed over R.

Example 6.3.2. (1) If R is a Cohen-Macaulay ring, then R is a minimal seed.
(2) If R is an excellent local domain, then R is a big Cohen-Macaulay algebra over
R. The ring R" is also a minimal seed. Indeed, let J C R™, with s # 0 in J.

Therefore, s satisfies a minimal monic polynomial z* +r2* 14+ - 47,1247y,
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with coefficients r; € R. Since the polynomial is minimal and R is a domain,
we have a nonzero element r, € J N R. Therefore, ry kills R*/J, and so R*/J

cannot be a seed, which shows that R™ is a minimal seed as claimed.
We also point out the following easy, but useful, fact about minimal seeds.

Lemma 6.3.3. A seed S over a local Noetherian ring R is a minimal seed if and
only if every map from S to a big Cohen-Macaulay R-algebra B is injective if and

only if every map to a seed over R is injective.

Proof. 1If S is minimal, then since no homomorphic image of S can be a seed, S
must be isomorphic to its image in every big Cohen-Macaulay algebra to which it
maps. Conversely, if S is not minimal, then there is a nonzero ideal I C S such that
S/I — B, for some big Cohen-Macaulay algebra B. Thus, S — B is not injective.

The second claim is equally easy to see. O

A very important question one should ask about minimal seeds is whether or not
every seed maps to a minimal seed. Whereas it is currently unknown whether solid
algebras that are not Noetherian map to minimal solid algebras, we are able to show

that every seed maps to a minimal seed.

Proposition 6.3.4. Let R be a local Noetherian ring, and let S be a seed over R.

Then S/I is a minimal seed for some ideal I C S.

Proof. Let ¥ be the set of all ideals J of S such that S/.J is a seed. If ¥ contains a
maximal element I, then S/I will be a minimal seed. Let J; C Jy C --- be a chain
of ideals in ¥, and let J = {J; J;. Then S/J = lim S/J;, and since each S/ Jj is a
seed, Lemma 6.1.2 implies that S/J is a seed as well. By Zorn’s Lemma, ¥ has a

maximal element I. O
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Now that we know minimal seeds exist, we would like to know whether they are
domains or not, as minimal Noetherian solid algebras are domains. After dealing with
integral extensions of seeds, we will prove in Section 6.5 that in positive characteristic
minimal seeds are domains. In the meantime, we will point out that minimal seeds

are reduced in positive characteristic.

Proposition 6.3.5. Let S be a minimal seed over a local ring R of positive charac-

teristic. Then S is a reduced ring.

Proof. By Lemma 6.1.3, there exists a reduced big Cohen-Macaulay algebra B such
that S — B. Since S is minimal, Lemma 6.3.3 implies that S < B. As B has no

nilpotents, neither does S. O

The fact that all seeds map to a reduced seed in positive characteristic will be
helpful in the next section, when we demonstrate that integral extensions of seeds
are still seeds. In turn, that result will eventually help us prove that each seed maps

to a domain seed and also to a big Cohen-Macaulay algebra that is a domain.

6.4 Integral Extensions of Seeds

The primary goal of this section is to prove that integral extensions of seeds
are seeds in positive characteristic. Since all integral extensions are direct limits
of module-finite extensions, with Lemma 6.1.2 we can concentrate on module-finite
extensions of seeds. We begin the argument by proving that the problem can be
reduced to a much more specific problem, which we attack by constructing a durable
colon-killer in a certain module-finite extension of a big Cohen-Macaulay algebra.
Our first reduction of the problem will be that we can assume we are considering a
module-finite extension of a big Cohen-Macaulay algebra that is reduced, quasilocal,

and m-adically separated.
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Lemma 6.4.1. Let (R, m) be a local Noetherian ring of positive characteristic, and
let S be a seed with T a module-finite extension of S. Suppose that any module-finite
extension of a reduced, quasilocal, m-adically separated big Cohen-Macaulay algebra

1s a seed. Then T is a seed.

Proof. By Propositions 6.3.4 and 6.3.5, S/I is a minimal reduced seed for some ideal
I. Since S/I is reduced, I is a radical ideal and so is an integrally closed ideal.
Therefore, IT'N.S = I so that S/I injects into T'/IT, which is thus a module-finite
extension of S/I. Since T is a seed if T'/IT is a seed, we can now assume that S is
a reduced seed.

By Lemma 6.3.3 and Proposition 6.1.7, there exists a commutative square
- 5 C

]

where B is a reduced, quasilocal, and m-adically separated big Cohen-Macaulay

 —~

?

algebra, and C' := T ®g B. If we can show that the vertical map B — C' is injective,

then C' will be a module-finite extension of B, and our hypotheses will imply that C

and 7" are seeds. Since B is reduced, the next lemma allows us to reach our goal. O

Lemma 6.4.2. If S is a ring, T is an integral extension of S, and B is a reduced

extension of S, then B injects into C':=T Qg B.

Proof. We will first prove the claim in the case that S, T, and B are all domains.
Let K be the algebraic closure of the fraction field of S, and let L be the algebraic

closure of the fraction field of B. Since T is an integral extension domain of S, we
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have the following diagram:

I

=

|

Under the injection K < L, the ring T" maps isomorphically to some subring 7" of

W

>

L. Now let C" be the S-subalgebra of L generated by B and T". Since C =T ®g B,

we have a (surjective) map C' — C” and a diagram

//Cl

T—C
L}
Since B injects into C’, B also injects into C.
For the general case, it will suffice to show that the kernel of B — C'is contained in
every prime ideal of B since B is reduced. Let p be a prime of B, and let py :=pNS.

Since T' is integral over S, there exists a prime qq of 7' lying over py. If we put

D :=T/q0 ®s/p, B/p, then we obtain the following commutative diagram:

T/qo D

A
J |

v

S(

T

Since T'/qq is still an integral extension of S/py and B/p is a domain extension of

S/po, the domain case of the proof shows that B/p injects into D. Therefore, if b is
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in the kernel of B — C, then b is in the kernel of B — D, which implies that b € p,

as desired. 0

Now, in order to show that module-finite extensions of seeds are still seeds, it
suffices to consider a module-finite extension C' of a reduced, quasilocal, m-adically
separated big Cohen-Macaulay algebra B. To finish our argument that module-
finite extensions of seeds are seeds, will show that we can extend the map B — C' to
another module-finite extension B# < C# such that B* is still a reduced, quasilocal,
m-adically separated big Cohen-Macaulay algebra. In addition, our new rings will
have the property that there exists a nonzero element b € B* such that b multiplies
C# into a finitely generated free B#-submodule of C#. We will then finally show
that b is a durable colon-killer in C# so that Theorem 6.2.8 implies that C is a seed.

We start the process by showing we can adjoin indeterminates and then localize

our ring B without losing any of its key properties.

Lemma 6.4.3. If (B,p) is a reduced, quasilocal, m-adically separated big Cohen-

Macaulay R-algebra, where (R, m) is a local Noetherian ring, then the ring

B*™) .= Blt;; |i < n,j < slpsp

i)

defined for some n,s € N, is also a reduced, quasilocal, m-adically separated big

Cohen-Macaulay R-algebra.

Proof. For the duration of the proof, n and s will be fixed, so we will simply write
B# instead of B#(™*). We will let t denote the set of all Lij-

Since B is reduced, B[t] is reduced after adjoining indeterminates. By Lemma
6.1.5, B will also be reduced. As p is prime in B, the extension of p to Blt] is also

prime so that it makes sense to localize at this ideal and end up with B# quasilocal.
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The construction of B¥ implies that B¥ is a faithfully flat extension of B. There-
fore, for any ideals I and J of B, we have [B# 54 JB#* = (I :p J)B#* (see [N2,
Theorem 18.1]). This fact implies that every system of parameters of R will be a
possibly improper regular sequence on B¥, because B is a big Cohen-Macaulay al-
gebra. Moreover, the faithful flatness also implies that mB* # B# as mB # B.
Hence, B* is a big Cohen-Macaulay R-algebra.

To show that B¥ is also m-adically separated will take a little bit more effort.
Suppose that an element F € B# is in m~ B#, for every N. Multiplying through
by its denominator, we obtain such an element from Blt], so that we may assume
without loss of generality that F' is a polynomial in Blt]. Thus, for every N, there
exists G & pBlt] such that Gy F € m” B[t]. It suffices to show that any polynomial
G ¢ pBlt] is not a zerodivisor modulo m” B|t], for any N. If we put D := B/m" B,
then the image G of G in D[t] is a polynomial not in pD[t], i.e., G is a polynomial
whose coefficients generate the unit ideal of D. To finish, it suffices to apply the

following general lemma. O

Lemma 6.4.4. If D is any ring and G is a polynomial in D[ty |\ € A] such that the

coefficients of G generate the unit ideal in D, then G is not a zerodivisor.

Proof. As in the previous proof, we will let t denote the set of all t,. Suppose that
GH = 0, for some H € DI[t]. If A is the prime ring of D, then let D’ be the A-
subalgebra of D generated by the coefficients of G and H and by the elements in a
relation showing that 1 is in the ideal generated by the coefficients of G. Therefore,
GH = 0 in D'[t], and the coefficients of G still generate the unit ideal in D', so
without loss of generality we may assume that D is Noetherian.

The Noetherian case follows from Corollary 2 on p. 152 of [Mat]. O
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Lemma 6.4.5. If (B,p) is a quasilocal ring, and B*™*) = B[t;; |i < n,j < S|pBlt

ij]’

for some n and some s, then for any k < n,

B#(n,s) g (B#(kvs))#(n_kvs) .

Proof. Let x denote the indeterminates ¢;; such that 1 < <k and 1 < j <s, and
let y denote the remaining indeterminates t;;. Let C := B#** = B[x],pn, Q be
the maximal ideal of C, and D := (B##))#(n=ks) = Cly]oopy.

Since D is a B-algebra, there exists a unique ring homomorphism B[x,y] — D
that maps the indeterminates ¢;; to their natural images in D. We claim that the
units in B[x,y| map to units in D under this map. Indeed, if f(x,y) is a unit in

B[x,y], then f has some coefficient that is in B\ p. If we rewrite

fxy) = gX)y" + -+ a(x)y + g0(x),

then some g¢;(x) is in C'\ @ so that the image of f is in not in the maximal ideal of
D. We therefore have a ring homomorphism ¢ : B#(™) — D,
We further claim that ¢ is an isomorphism. Using the previous lemma, it is easy

to verify that ¢ is injective. It is also routine to check that ¢ is surjective. O

Using the construction B#*) = Blt;;|i < n,j < s|upu,), where (B,p) is a

tij

quasilocal ring, we also define

#(TL,S)M = B#(nvs) ®B M

Y

for any B-module M. Since B#(™*) is faithfully flat over B, when M = C'is a module-
finite extension of B, we also have that #(*)C is a module-finite extension of B#(™*).
The utility of this operation is that the adjunction of indeterminates will allow us to

find B#(™*)_linear combinations of the module generators of #™*)C such that these
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elements are in “general position” and, as a result, span a B#("%)_free submodule of
#(:5)C'. Moreover, the quotient of #(™*)C' by this free submodule will be killed by
a nonzero element b of B#(™%) After we show the existence of such an element for
a particular value of n, we will show that the element b is a durable colon-killer in
#(5)C' when B is a reduced, quasilocal, m-adically separated big Cohen-Macaulay

R-algebra over a local Noetherian ring (R, m).

Lemma 6.4.6. Let B be a reduced quasilocal ring, and let M be a finitely gener-
ated B-module generated by mq,...,ms tn M. Then there exists k < s such that
b(#ES M) C G, where b is a nonzero element of B**%) and G is a finitely generated

free B#%:5)_submodule of #**) M .

Proof. Throughout the proof, define
gi = timy + -+ tisms

in any B#(W), where 7 < n. Note that there exists a maximum 0 < n < s such that
the set {g1,. .., gn} generates a B#("*)free submodule of #* M where B#(®%) = B,
since #(™*) M has s generators. If a = (#;;)1<ij<s, then det(a) is not in the unique
maximal ideal of B#(>%) so that « is an invertible matrix. As my,...,m, generate
#5) M over B#(5%) and a is invertible, ¢q,...,gs also generate #&) M. If the g,
are linearly independent over B#(5%) then #(*% M is a free module, and we can use
k=s,b=1, and G = #&9)) to fulfill our claim.

Otherwise, the maximum value n is strictly less than s, and we put k :=n+1. In
this case, there exists a nonzero &' € B#(#) such that b'gy, € (g1, ..., gr_1)(FEIM).
Indeed, since n was chosen to be a maximum and k = n + 1, there must be a
nontrivial relation b'gy = b1gi + - - - bp_1gs—1 in #EINM . If ' = 0, then we have a

nontrivial relation on gy, ..., gp_1. As B#ks) = (B#E=L)#(19) (hy Lemma 6.4.5),
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we see that B#(9) is faithfully flat over B#(*~1%) and so the nontrivial relation on
Gy .., Gr—1 in #ESD DM implies that there is a nontrivial relation on g1, ..., gs_1 in
#(k—1s) \[ | a contradiction. Hence, b is nonzero as claimed. Notice that the same
argument implies that gq, ..., gr_1 still generate a finitely generated free submodule
G of #Es)I T

We now claim that there exists a nonzero b € B#%) such that b(#**) M) C G.
If we put My := (#***M)/G, and replace my,...,m, and g, by their images in
My, then b’ kills g,. We intend to show that the annihilator of M, cannot be zero.
Suppose to the contrary that no nonzero element of B#*-) kills M,. Then we have
an injective map B#**) — MP* defined by b+ (bmy, ..., bmy).

After clearing the denominator on ', we may assume that b is a polynomial in
Blt], where t denotes the set of all ¢;;, with ¢ < k and j < s. Write 0 = ) ¢, t”,
where v is an n X s matrix of integers, and each ¢, is in B. Let Ay be the prime
ring of B, and let A be the Ag-subalgebra of B (finitely) generated by the nonzero
¢,. Then A is Noetherian and reduced. If we let q be the contraction of p to A and
replace A by the local ring A, then (A4, q) is a reduced local Noetherian subring of
B. We then obtain an injective map A# < B#*5) where A# denotes A# ()

Since ' is in A# (and still nonzero), we can define an A#-module by

A#ml @ ...@A#ms

N = .
b’(tklml + -+ tksms)

There is then a natural map N — M, that induces a commutative square:

Bk V[P

!

A# ——= N5,
This implies that the map A# — N®¢ defined by a — (amy,...,am,) is injective

(which also shows that N # 0). Therefore, we may now assume without loss of
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generality that B is a reduced, local Noetherian ring.

As B is reduced and Noetherian, B has finitely many minimal primes @)1, ..., Q
such that (), @Q; = 0. Since V' is a nonzero polynomial in B#(k:5) some coefficient of ¥/
is not in some minimal prime Q. Thus, the image of V' is still nonzero in (Bg)#®**),
Moreover, if M, := (Bg)***) @ gax.o My, then M} is a finitely generated (Bg)#*:*)-
module with o' (tg;my + - - - + tgem,) = 0 and with an injection (Bg)#**) — (M])®*,
since (Bq)#*) == (B#*9)pu0.. (Again, this fact implies that M is nonzero.)
Since B is reduced and @) is minimal, By is a field, and so we can now assume that
B = K is a field.

In this final case, K#**) = K(t), and M, is a nonzero module over a field, so
that M, is a nonzero free K#**)-module. Therefore, if &/ (tj1my + - - - + tpems) = 0
in My, then tymy + - - - +tgsms = 0 in My. This is impossible, however, since the t;;
are algebraically independent.

The resulting contradiction implies that M, is killed by some nonzero element
b € B#%2) in our original set-up, and since My was originally (#*** M) /G, where G

is free over B#(") we are finished. O

We are now ready to show that module-finite extensions of sufficiently nice big
Cohen-Macaulay algebras are indeed seeds. As mentioned above, the key fact will

be that the element b constructed in the previous lemma is a durable colon-killer in

the modification #*5)C'

Lemma 6.4.7. Let (R, m) be a local Noetherian ring, and let B be a reduced, quasilo-
cal, m-adically separated big Cohen-Macaulay R-algebra. If C is a module-finite

extension of B, then C' is a seed.

Proof. By Lemma 6.4.3 and the remarks made before the previous lemma, for any
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k, we have a commutative square:

B#(k,s)C_> #(k,s)o

]

B———=C,
where the top map is also a module-finite extension of a reduced, quasilocal, m-
adically separated big Cohen-Macaulay R-algebra, and C'is generated by s elements
as a B-module. After applying the previous lemma, we may assume that there exists
a nonzero element b € B such that b multiplies C' into a finitely generated free B-
submodule G. In order to see that C'is a seed, we show that b is a durable colon-killer
in C' and then apply Theorem 6.2.8.

Indeed, let xq,...,x:11 be part of a system of parameters in R and suppose that
u € (r1,...,2)C :¢ yr1. Then by construction, buzyy, € (z1,...,7,)G, so as an
element of G, we have (bu) € (x1,...,2:)G :¢ T41. Since B is a big Cohen-Macaulay
R-algebra and since G is a free B-module, GG is clearly a big Cohen-Macaulay R-
module. Hence, bu € (z1,...,2,)G C (21, ...,2,)C as G is a submodule of C.

Now, if b € N, m'C, for some N, then b¥*! € N, m'G. Since B is m-adically
separated, (), m'B = 0, and since G is free over B, we also have (), m'G = 0. As
G is a submodule of C' and the map B — C is an injection, b¥"*! = 0 in B, but B
reduced implies that b = 0, a contradiction. Therefore, b is a durable colon-killer,

and C'is a seed by Theorem 6.2.8. O

We have now gathered together all of the tools that we will need to prove the

primary result of this section.

Theorem 6.4.8. Let (R, m) be a local Noetherian ring of positive characteristic. If

S is a seed and T is an integral extension of S, then T is a seed.
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Proof. By Lemma 6.1.2, we may assume that 7" is a module-finite extension of S
because integral extensions are direct limits of module-finite extensions. By Lemma
6.4.1, we may assume that S = B is a reduced, quasilocal, m-adically separated big

Cohen-Macaulay algebra. Finally, Lemma 6.4.7 implies that 7" is a seed. O

Remark 6.4.9. We feel it is worthwhile to point out that the hypothesis that our
base ring has positive characteristic is only required in two places: (1) the existence
of a durable colon-killer implies that an algebra is a seed, and (2) all seeds map to a
reduced big Cohen-Macaulay algebra. These facts have proofs that rely heavily on
the use of the Frobenius endomorphism, but are the only two that we can prove only

in positive characteristic.

We can also view the above theorem as a generalization of the existence of big

Cohen-Macaulay algebras over complete local domains of positive characteristic.

Corollary 6.4.10 (Hochster-Huneke). If R is a complete local domain of positive

characteristic, then there exists a big Cohen-Macaulay algebra B over R.

Proof. By the Cohen structure theorem, R is a module-finite extension of a regular
local ring A. Since A is clearly a seed over itself, Theorem 6.4.8 implies that R is a
seed over A as well. Let B be a big Cohen-Macaulay algebra over A such that B is

also an R-algebra. By Corollary 6.2.6, B is also big Cohen-Macaulay over R. O

6.5 More Properties of Seeds

In this section, we will show that all seeds in positive characteristic can be mapped
to quasilocal big Cohen-Macaulay algebra domains that are absolutely integrally
closed and m-adically separated. We start off the section by delivering the promised
proof that minimal seeds are domains. First, we show that we can reduce to the case

of a finitely generated minimal seed.
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Lemma 6.5.1. Let R be a local Noetherian ring. If all finite type minimal seeds are

domains, then all minimal seeds are domains.

Proof. Let S be an arbitrary minimal seed over R. Then S = li_r)nAE A Sy, where A
indexes the set of all finitely generated subalgebras of S. Suppose that S is not a
domain and that ab = 0 in S with a,b # 0. Since S is a minimal seed, S/aS and S/bS
are not seeds. Let A(a) and A(b) be the subsets of A indexing all finitely generated
subalgebras of S that contain a and b, respectively. Then S/aS = hLEI,\E Aa) Sy/aSy,
with a similar result for S/bS. Since S/aS and S/bS are not seeds, Lemma 6.1.2
implies that there exists an S, containing a and an Ss containing b such that S,/aS,
and Sg/bSs are not seeds. Therefore, there exists a common S, containing a and b
such that S, is not a seed modulo @S, nor modulo bS,. We can enlarge S, further
and so also assume without loss of generality that ab = 0 in S, since ab = 0 in 5.
Since S is a seed, S, is a seed. Since S, is also finitely generated as an R-algebra,
S., maps onto a finitely generated minimal seed T". Therefore, ab = 0in 7', and as T’
is a domain by hypothesis, a = 0 or b = 0 in 7". Suppose without loss of generality
that @ = 0. This implies that the map S, — T factors through S,/asS,, which is
not a seed and so cannot map to any seed. We have a contradiction, and so S is a

domain after all. O

Proposition 6.5.2. Let R be a local Noetherian ring of positive characteristic p. If

S is a minimal seed over R, then S is a domain.

Proof. By the previous lemma, we can assume that S is finitely generated over R.
By Proposition 6.3.5, we have that S is Noetherian and reduced. Let S be the
normalization of S in its total quotient ring. Then S is a finite direct product

of normal domains by Serre’s Criterion (see [E, Theorem 11.5]) and is an integral
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extension of S. By our main result of the last section, Theorem 6.4.8, S is also a
seed. Since S is a seed and a finite product Dy x --- x D, of domains, we will be

done once we have proven the following lemma. O

Lemma 6.5.3. Let (R,m) be a Noetherian local ring. If S = S; X -+ X Sy, then S

1s a seed over R if and only if S; is a seed over R, for some 1.

Proof. Clearly, if some S; is a seed, then S is also a seed. Suppose then that S is
a seed, but no S; is a seed. Since S is a direct product, if S — B, a big Cohen-
Macaulay algebra, then B = By x --- x B;, where each B; is an S;-algebra. We first
claim that each B; is a possibly improper big Cohen-Macaulay algebra. Indeed, let
Tr1b = Zle x;b; be a relation in B; on a partial system of parameters x1, ..., x5
from R, and let e; be the idempotent associated to B; in B. Therefore, xy41(be;) =

Z?lej(bjei) is a relation in B, and so be; = Zle

xjcj, for elements ¢; in B.
Multiplying this equation by e; yields be; = Z?Zl z;(cje;) since e = e;. If we let c

be the image of cje; in B;, for all j, then b = Zle

x;c; in By, as claimed.
Now, if, as assumed, each S; is not a seed, then 1 € mB;, for all . Thus e; € mB,
for all ¢, and so 1 =) . e; € mB, a contradiction. Therefore, some S; must be a seed

if S is a seed. U

As a corollary, we will show that each seed maps to a big Cohen-Macaulay algebra
that is also a domain. In order to accomplish this goal, we must first demonstrate
that a domain seed can be modified into a big Cohen-Macaulay algebra domain. In
[HH7, Section 3], Hochster and Huneke prove that if S is a seed, then S maps to a
big Cohen-Macaulay algebra B constructed as a very large direct limit of sequences
of algebra modifications. To obtain our result, we will use a different direct limit

system of algebra modifications to construct a big Cohen-Macaulay algebra B.
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We will use the “Q-transform”
O = 0O(x,y;9) = {u € Suy| (zy)"u C Im(S — S,,), for some N}.

See [N1, Chapter V] and [Ho3, Section 12] for an introduction to the properties of ©.
The most useful property for us is that if xz, y form part of a system of parameters in
a local Noetherian ring R and S is a seed over R, then z,y become a regular sequence
on O (see [Ho3, Lemma 12.4]). As a result any map from S to a big Cohen-Macaulay
R-algebra B factors through ©. Indeed, let ¢ be the map S — © and let f: S — B.
Given u € ©, xNu = ¢(s;) and yVu = ¢(sz), where s1,5, € S. Since yVs; — 2V sy is
in the kernel of ¢, there exists M > 0 such that 2MyM*+ Vg, = o2MTNyMg, in S. If
f(s1) = by and f(s3) = by, then aMyM TNy = M+NyMp) in B, and so yVb, = Vb,
as (zy)™ is not a zerodivisor in B. Moreover, since B is a big Cohen-Macaulay
algebra, by = ™V and by, = y™l,, where b} = b, as (zy)Vb] = (xy)Vb, in B. We
can then extend the map f:S — B to © — B by mapping u to b] = bj. It is then

straightforward to check that this map is a well-defined ring homomorphism.

Suppose now that S is a seed over a local Noetherian ring R, and let

S[Uh”‘uUk]

T:
(S—SlUl—"'—SkUk)

be an algebra modification of S, where xp115 = 2151 + - - - + 7Sk is a relation in S

on a partial system of parameters zy,..., 2511 in R. When £ > 2, we also have an
induced relation on xy, -+, 2541 in © = O(z1, x9; 5) so that
T/: @I:Ul,,Uk]
(s — 51U — -+ — sxUp)

is an algebra modification of © over R. We will call 7" an enhanced algebra modifi-

cation of S over R induced by the relation xpi18 = 2151 + - - - + T Sk.
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With our remarks above about how any map from S to a big Cohen-Macaulay

algebra B factors through ©, we obtain a commutative diagram

0——T

LN

S——T—B

which shows that maps from algebra modifications of seeds to big Cohen-Macaulay
algebras factor through the induced enhanced modification of S when 7' is a mod-
ification with respect to a relation on 3 or more parameters from R. With the use
of this factorization, we can adapt the process described in [HH7, Section 3| to con-
struct a big Cohen-Macaulay algebra from a given seed as a very large direct limit
of enhanced modifications and ordinary modifications with respect to relations on 1
or 2 parameters.

The following lemma shows that enhanced algebra modifications preserve the
properties of being reduced or a domain. This fact will show us that domain seeds
and reduced seeds (in any characteristic) can be mapped to big Cohen-Macaulay

algebras that are domains or reduced, respectively.

Lemma 6.5.4. Let (R, m) be a local Noetherian ring, and let S be a domain (resp.,
reduced). If T' is an enhanced algebra modification of S over R, then T is also a

domain (resp., reduced).

Proof. Let T be induced by the relation x5 = 2151 + - - -+ xS, in S, where k > 2.
Then x, x5 forms a possibly improper regular sequence on © = O(xy,z5;5) (see
[Ho3, Lemma 12.4]), and so x1,s — 21Uy — - - - — 23Uy, is a possibly improper regular
sequence on O[Uy, ..., Ux]. (Any polynomial f(U) that kills s — 21Uy — -+ - — 2,Uy
modulo x; has a highest degree term as a polynomial in Us, but this term is killed by

o modulo x1. Since x5 is not a zerodivisor modulo x1, the term must be divisible by
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x1. Hence, f(U) is divisible by 21, and s—x1U; —- - -—x U}, is not a zerodivisor modulo
x1.) Therefore, x; is not a zerodivisor on O[Uy, ..., U] /(s — 21Uy — - - - — xxUy). The
result now follows from the following short lemma. O

Lemma 6.5.5. Let A be a domain (resp., reduced). If a and x are elements of A
such that = is not a zerodivisor on A’ := A[U]/(a — zU), then A" is also a domain

(resp., reduced).

Proof. Since x is not a zerodivisor on A’, we have an inclusion A" < (A’), so that
it suffices to show (A’), is a domain (resp., reduced). It is, however, easy to verify
that (A’), = A, via the map that sends U to a/z (even without any hypotheses on

A or x). Since A is a domain (resp., reduced), so is A,. O

As promised, we now prove that one can modify a domain or reduced seed into
a big Cohen-Macaulay algebra with the same property. Note that the result is
characteristic free and thus independent of the reduced result proved earlier in the

first section of the chapter.

Proposition 6.5.6. Let R be a local Noetherian ring. If S is a seed and a domain
(resp., reduced), then S maps to a big Cohen-Macaulay algebra that is a domain

(resp., reduced).

Proof. To start, notice that any element of S killed by a parameter of R will be in
the kernel of any map to a big Cohen-Macaulay R-algebra B, so that the map S to B
factors through the quotient of S modulo the ideal of elements killed by a parameter
of R. When S is a domain, this ideal is the zero ideal, and when S is reduced, this
ideal is radical. Hence the quotient is still a domain (resp., reduced). Without loss

of generality, we may then assume that no element of S is killed by a parameter of
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R. Thus, any nontrivial relation xy,15 = 151 + - - - + xS in S on part of a system
of parameters xq, -+, x;1 from R will have k > 1.

If k. = 1, then an algebra modification with respect to that relation factors through
the 2A-transform O(xy,z9;5). If £ > 2, then we can factor any algebra modification
through an enhanced algebra modification. Therefore, we can map S to a big Cohen-
Macaulay R-algebra that is constructed as a very large direct limit of sequences of
enhanced algebra modifications and 2-transforms.

Since we are starting with a domain (resp., reduced ring) S and since A-transforms
of domains (resp., reduced rings) are domains (resp., reduced), Lemma 6.5.4 implies
that all enhanced algebra modifications and A-transforms in any sequence will con-
tinue to be domains (resp., reduced). Hence, S maps to a big Cohen-Macaulay
algebra B that is a direct limit of domains (resp., reduced rings), and so B itself is

a domain (resp., reduced). O

We are now able to verify in positive characteristic that every seed can be mapped

to a big Cohen-Macaulay algebra that is a domain.

Corollary 6.5.7. Let R be a local Noetherian ring of positive characteristic. If S is

a seed, then S maps to a big Cohen-Macaulay algebra domain.

Proof. By Proposition 6.3.4, .S maps to a minimal seed, and Proposition 6.5.2 implies
that the minimal seed is a domain. The previous lemma then implies that a minimal

seed can be mapped to a big Cohen-Macaulay algebra that is a domain. O

As a consequence of this result, we can also show that all seeds map to big Cohen-
Macaulay algebras with a host of nice properties. We will use an uncountable limit
ordinal number in the proof and refer the reader to [HJ, Chapters 7 and 8| for the

definitions and properties of such ordinal numbers.
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Proposition 6.5.8. Let (R, m) be a local Noetherian ring of positive characteristic.
If S is a seed, then S maps to an absolutely integrally closed, m-adically separated,

quastlocal big Cohen-Macaulay algebra domain B.

Proof. We will construct B as a direct limit of seeds indexed by an uncountable
ordinal number. Let 3 be an uncountable initial ordinal of cardinality N;. Using
transfinite induction, we will define an S-algebra S,,, for each ordinal number o < (3,
and then we will define B to be the direct limit of all such S,.

Let Sy = 5. Given a seed S,, we can form a sequence

So— S — 8P - 8B 5 —. 35, .,

«

where S{ is a minimal seed (and so a domain by Proposition 6.5.2), S = (S&l)ﬁ
(an integral extension of a seed and so a seed by Theorem 6.4.8), SC(VS) is a quasilocal
big Cohen-Macaulay R-algebra (which S maps to by Lemma 6.1.4), and S is the
m-adic completion of S&) (which is m-adically separated and a big Cohen-Macaulay
algebra by [Bar-Str, Theorem 1.7]). If « is a limit ordinal, then we will define
Sy = h_r)n S..
~N<a
Given our definition for S,, for each ordinal a < 3, we define
B := 53 = h_r)n Se.
a<f
Since each S, maps to a domain Sél), and conversely, each e maps to S,y1, the
ring B can be written as a direct limit of domains and is, therefore, also a domain.
Similarly, B is also a direct limit of absolutely integrally closed domains (using Sc(f),
for each a < (3). If we let L be the algebraic closure of the fraction field of B and

let K, be the algebraic closure of the fraction field of Sc(f), for each o < 3, then an
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element u € L satisfying a monic polynomial equation over B is the image of an
element v in some K, that satisfies a monic polynomial equation over Séz), for some
a. Since S is absolutely integrally closed, v is in Sc(f), and so its image u in L is
also in B. Therefore, B is absolutely integrally closed.

Using the rings SC(YS), we can see that B is the direct limit of quasilocal big Cohen-
Macaulay R-algebras, and so B is itself a quasilocal big Cohen-Macaulay algebra.
Indeed, it is easy to see that (xy,...,zx)B : Brgy1 C (21,...2%)B, for each partial
system of parameters x1, ...,z of R as this fact is true in each S Furthermore,
mB # B, as the opposite would imply that mSC(E’) = SC(E’), for some «, which is
impossible in a big Cohen-Macaulay algebra. It is also straightforward to verify that
a direct limit of quasilocal rings is quasilocal.

Finally, to see that B is m-adically separated, we note that B is a direct limit of the
5&4), where each of these rings is m-adically separated. Suppose that u € (), mFB.
Then for each k, there exists an ordinal a(k) such that u € mkSg&). Let « be the
union of all the a(k). Since a(k) < 3, for all k, we have a countable set of ordinal

numbers, and since [ is uncountable, we see that o < 3. Therefore, u € (), mFS,,

and so u € [, mkst = 0. O

6.6 Tensor Products and Base Change

In this section, let R and S be complete local domains of positive characteristic,
and let S be an R-algebra. We will look at two previously open questions about big
Cohen-Macaulay algebras and use our previous results to provide positive answers
to the questions, which show that the class of seeds over a complete local domain
possesses further properties of the class of solid algebras.

First, given two big Cohen-Macaulay R-algebras B and B’, does there exist a big
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Cohen-Macaulay algebra C' such that

B——C

L

R— P
commutes? An equivalent question is whether the tensor product of two seeds over
R is also a seed over R.

Another open question involves base change R — S between complete local do-
mains. Given a big Cohen-Macaulay R-algebra B, can B be mapped to a big Cohen-
Macaulay S-algebra C' such that the diagram

B C
|

R——S

.

commutes? Equivalently, we could ask whether the property of being a seed is
preserved under this manner of base change since B ®g S fills in the diagram and
would map further to a big Cohen-Macaulay S-algebra if it were a seed over S.

We will show that both of these questions have positive answers in positive char-
acteristic. First, we address the question of why the tensor product of seeds is a
seed. We will derive our result from the case of a regular local base ring and make
use of tight closure and test elements for the general case. We will need the next two

lemmas to obtain our result in the regular case.

Lemma 6.6.1. If S and T are any commutative rings such that T s flat over S, I

is an ideal of S, and x € S, then IT .7 x = (I :5 x)T.
Proof. Over S, we have an exact sequence

0— N

—

I :sx S
I

~l %
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Since T is flat over S, the sequence remains exact when we tensor with 1. Therefore,

IT :px/IT = ([ :gx/I)®sT = (I :¢ x)T/IT, and we are done. O

Lemma 6.6.2. If C is a big Cohen-Macaulay algebra over a local ring (S,n) and D

18 faithfully flat over C, then D is a big Cohen-Macaulay S-algebra.

Proof. Let x1,...,xry1 be part of a system of parameters for S, and let d be an

element of (z1,...,2,)D :p k1. Using the lemma above,
d e (o1, 3)C i 1e1)D C (@1, -, 2)C)D = (&1, 5)D

because C' is a big Cohen-Macaulay S-algebra. Finally, as D is faithfully flat over

C, and nC # C, nD # D either. O

Now, if A is aregular local ring, and B and B’ are big Cohen-Macaulay A-algebras,
then B is faithfully flat over A by Proposition 2.3.2. Therefore, B ® 4 B’ is faithfully
flat over B’, and since B’ is a big Cohen-Macaulay A-algebra, we can use the previous

lemma to conclude:

Lemma 6.6.3. If A is a reqular local Noetherian ring, and B and B’ are big Cohen-
Macaulay A-algebras, then B ®4 B’ is a big Cohen-Macaulay A-algebra as well.

Consequently, if S and S’ are seeds over A, then S ®4 S’ is a seed over A.
We can now establish our first result, concerning tensor products of seeds.

Theorem 6.6.4. Let (R, m) be a complete local domain of positive characteristic.

If (Si)ier is an arbitrary family of seeds over R, then )., S; is also a seed over R.

iel
Consequently, if B and B' are big Cohen-Macaulay R-algebras, then there exists a

big Cohen-Macaulay R-algebra C' filling the commutative diagram.:

|

—>O

]

I 5]
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Proof. Since a direct limit of seeds over R is a seed over R by Lemma 6.1.2, we
may assume that [ is a finite set. By induction, we may assume that [ consists
of two elements. We may then also assume that S; = B and Sy, = B’ are big
Cohen-Macaulay R-algebras. By the Cohen Structure Theorem, R is a module-finite
extension of a complete regular local ring A.

We next want to reduce to the case that R is a separable extension of A. Notice
that for any ¢ = p°, R[A'9] is still a module-finite extension of A9, a complete
regular local ring. Furthermore, B[AY9] and B’[A'9] are clearly still big Cohen-
Macaulay R[AY9]-algebras, and if B[AY] ®pia/a B'[AY7] is a seed over R[AY7],
then it is also a seed over R, which will show that B ®p B’ is a seed over R, as
needed. We may therefore replace A and R by A% and R[AY9] for any ¢ > 1. We
claim that for any ¢ > 1, we obtain a separable extension A7 — R[A"9]. Indeed,
suppose that R is not separable over A. Passing to the fraction field K of A, we have
that K ®4 R is a finite product of finite field extensions of K. We may then assume
that L is a finite inseparable field extension of K and show that L[K'/?] is separable
over K4 for some ¢ > 1. For any element 3 of L whose minimal polynomial
is inseparable, we can find ¢ sufficiently large so that the minimal polynomial of
y in L[K'9] over K9 becomes separable. Since L is a finite extension, for any ¢
sufficiently large, L[K'/9] becomes separable over K/, which implies that R[A'/1]
will be separable over A4,

We can now assume without loss of generality that R is separable over A. Let J
be the ideal of R® 4 R generated by all elements killed by an element of A. We claim
that Ry := (R®a R)/J is a reduced ring. As Ry is a separable extension of A (since
R is separable), if r is a nilpotent element, then r satisfies a polynomial X7 over A.

Thus, the separability implies that » must also satisfy the polynomial X, i.e., r = 0.
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Since B and B’ are big Cohen-Macaulay R-algebras and R is a module-finite
extension of A, we also have that B and B’ are big Cohen-Macaulay A-algebras.
By Lemma 6.6.3, B ®4 B’ is also a big Cohen-Macaulay A-algebra. The R-algebra
structures of B and B’ induce a natural map from R ®4 R to B ®4 B’. Since the
latter ring is big Cohen-Macaulay over A, the ideal J in R ® 4 R is contained in the
kernel of the map to B&4 B’. Therefore, the map R® 4 R — B® 4 B’ factors through
Ry.

Since R is a domain and a homomorphic image of R®4 R (and so a homomorphic
image of Ry), the kernel of Ry — R is a prime ideal P. Moreover, since Ry is also a
module-finite extension of A, the dimensions of R and R, are the same, so that P is
a minimal prime of Ry. Finally, notice that the kernel of B®4 B’ — B ®g B’ is the
extended ideal P(B ®4 B’), since it is also generated by the elements r@ 1 — 1 ®r,

for all r € R. We therefore obtain a commutative diagram

B®y B —= B®r B’

| |

Ry R

where the horizontal maps are the result of killing the minimal prime ideal P of Ry
(resp., P(B®a B')).

We will now show that B ®r B’ is a seed over R by constructing a weak durable
colon-killer with respect to the systems of parameters of R that are contained in A.
We can then apply Proposition 6.2.4 and Theorem 6.2.8 to finish the proof.

Since Ry is reduced and P is a minimal prime, there exists ¢ ¢ P such that
P = 0. Therefore, {P(B®4 B') = 0 too. As ¢ ¢ P, its image in R is nonzero.
Since R is a complete local domain (and so local, reduced, and excellent), R has a

test element ¢ # 0 by Theorem 2.2.6. Let ¢ = ¢/¢”, a nonzero test element of R, and
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let d be a lifting of ¢ to Ry so that dP(B ®4 B’) = 0.
Now, suppose that zi,...,x, is a system of parameters of A, and suppose that

gt € (x1,...,25)(B ®@g B'), for some k <n — 1. Then
Tp41U € ((xla .- '73:]9) +p)(B ®a B/)a

and zpi1du € (z1,...,21)(B ®4 B'). Since B ®4 B’ is a big Cohen-Macaulay A-
algebra, du € (x1,...,2)(B ®a B'), and so cu € (z1,...,2)(B ®g B’), as ¢ and
d have the same image in B ®z B’. Therefore, ¢ is a colon-killer for systems of
parameters of A in B®pr B’. By Proposition 6.2.4, we may replace ¢ by a power that
is a colon-killer for systems of parameters of R.

Finally, suppose that ¢ € (), m*(B @g B’). Then Theorem 2.5.4 and Theorem
2.5.5 imply that ¢ € N, ((m*)*) since BRrB' is solid over R. (The solidity of B& B’
follows from Proposition 2.5.2(a).) As c is a test element in R, N *! € M), mF = 0,
a contradiction. Hence, ¢ is a durable colon-killer in B ®z B’, and so B ®r B’ is a

seed over R by Theorem 6.2.8. O

We now proceed to the question of whether being a seed over a complete local
domain of positive characteristic is a property that is preserved by base change to
another complete local domain. If R — S is a map of complete local rings, then
[AFH, Theorem 1.1] says that the map factors through a complete local ring R’ such
that R — R’ is faithfully flat with regular closed fiber, and R’ — S is surjective. It
therefore suffices to treat the cases of a flat local map with regular closed fiber and
the case of a surjective map with kernel a prime ideal. We start with an elementary

lemma and then prove the result for the flat local case.

Lemma 6.6.5. Let (A,m) be a local Noetherian ring, and let B be a flat, local

Noetherian R-algebra. If yy, ..., y; is a reqular sequence on B/mB, then yy,...,y; is
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a reqular sequence on B, and B/(y1,...,y:)B is flat over A.

Proof. The proof is immediate by induction on ¢, where the base case of t = 1 is

given by [Mat, (20.F)]. O

With this lemma, we are ready to prove our base change result for flat local maps.
It is perhaps interesting to note that our argument only requires that the closed
fiber is Cohen-Macaulay, not regular. Unlike the surjective case, we will not need to

assume that our rings have positive characteristic, are complete, or are domains.

Proposition 6.6.6. Let R — S be a flat local map of Noetherian local rings with a
Cohen-Macaulay closed fiber S/mS, where m is the maximal ideal of R. If T is a

seed over R, then T ®gr S is a seed over S.

Proof. Tt suffices to assume that T'= B is a big Cohen-Macaulay R-algebra, and by
[Bar-Str, Theorem 1.7], it suffices to show that a single system of parameters of S
is a regular sequence on B ®p S since this result shows that such a ring maps to an
S-algebra where every system of parameters of S is a regular sequence.

Fix a system of parameters xy,...,z4 for R. Since S is faithfully flat over R,
we have the dimension equality dim S = dim R + dim S/mS. Hence, the images of
x1,...,2qin S can be extended to a full system of parameters x1, ..., xq, Tar1,-- -, Ty
of S, where z4,1,...,2, is a system of parameters for S/mS. As x1,...,z4 form a

regular sequence on B, for any 1 < k < d — 1, we have an exact sequence:
O_)B/(Ilw“)xk)Bxk—H)B/(Ilw”ul‘k)B?

and since S is flat over R, the sequence remains exact after tensoring with S. Thus,

Zk41 is not a zerodivisor on

(B/(z1,...,2)B) ®r S = (B®gr S)/(1,...,21)(B®g S),
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forany 1 <k <d-—1.
It now suffices to show that z4.1,..., 2, is a regular sequence on the quotient

B = (B QR S)/(l‘l, ce ,ZEk)(B QR S)

Let [ := (x1,...,24)R, and let R := R/I, and S := S/IS. Then S is faithfully flat
over R, and since 24,1, ..., x, is a system of parameters for the Cohen-Macaulay ring
S/mS, it is a regular sequence on S/mS = S/mS, where m = m/I, the maximal
ideal of R. We can now apply Lemma 6.6.5 to R and S to conclude that zgy1, ...,z
is a regular sequence on S and that S/(xqy1,...,2)S is flat over R, for all d + 1 <
k<n.

For any d < k <n — 1, we have a short exact sequence

0— g/(xd-i-h s 7Ik)§ xk_ﬂ) g/(‘rd-i-la s 7xk)§ - g/(‘rd-f—lv ce Ty l‘k+1)§ - 07
where 4.1, ..., 7 is the empty sequence when k = d. Since S/(xg41,...,Tpp1)S is

flat over R, we have Tor’ (B, S/(z4y1, . .., 2rs1)S) = 0. Therefore,

0 — B®g (S/(xa1,- ., 2x)S) 25 By (S/(Tasn, - - 2x)S)

is exact, and since

(B®zS)/(Tasr, .- o) (B S),

I

E ®§ (g/($d+1, N ,ZEk)g)

T4, .., T, is a possibly improper regular sequence on B QF S. We can now finally
see that x1,..., 24, 2qs1,..., %, iS a possibly improper regular sequence on B ®g S
as BRr S 2 (B®rS)/I(B®gS). If, however, (B®p S)/n(B ®r S) = 0, where n
is the maximal ideal of S, then B ®pg (S/nS) = 0, which implies that the product
(B/mB) @pgm (S/nS) = 0 over the field R/m. Therefore, B/mB =0 or S/nS =0,
but neither of these occurs, so we have a contradiction. Hence, 1, ..., x, is a regular

sequence on B ®pg S, and so B ®r S is a seed. O
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We will now deal with the case of a surjective map R — S of complete local
domains of positive characteristic. We can immediately reduce to the case where
S = R/P, where P is a height 1 prime ideal of R. We will first demonstrate the
result when R is normal and then show how the problem can be reduced to the
normal case using Theorem 6.4.8 concerning integral extensions of seeds.

In the normal case, we will make use of test elements again. When R is normal,
the singular locus I has height at least 2. Since R, is regular for any ¢ € I, when R
is also a reduced excellent local ring, [HH6, Theorem 6.1] implies that some power

N

¢ is a test element of R. Hence, if P is a height 1 prime of R, there exists a test

element ¢ of R not in P. We record this fact in the following lemma.

Lemma 6.6.7. Let R be a normal excellent local ring of positive characteristic. If

P is a height 1 prime of R, then there is a test element ¢ € R\ P.

Lemma 6.6.8. Let (R, m) be a complete local, normal domain of positive charac-
teristic, and let S = R/ P, where P is a height 1 prime of R. If T is a seed over R,

then T/PT is a seed over S.

Proof. 1t suffices to assume that B = T' is a big Cohen-Macaulay R-algebra. Since
R is normal and ht P = 1, we see that Rp is a DVR. Therefore, PRp is a principal
ideal, which we may assume is generated by the image of an element x € R. Each
element of P is then multiplied into xR by some element of R\ P, and since P is
finitely generated, there exists ¢ € R\ P such that /P C xR. By Lemma 6.6.7,
there exists a test element ¢’ € R\ P, and so if we put ¢ := ¢/¢’, then ¢ is a test
element, cP C xR, and ¢ is not in P.

We claim that ¢ is a weak durable colon-killer for B/PB so that B/PB will be

a seed over S = R/P by Theorem 6.2.8. Extend x to a full system of parameters
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T, Tg,...,x4 for R. Then zf, ... % is a system of parameters for S, for any t € N.
Suppose that bz, € (25, ..., 2} )B/PB, for some k < d—1 and some ¢. This relation
lifts to a relation bxj , € (24, ...,2},)B+ PB in B, and so cbzj, | € (z,25,...,2})B
because ¢ multiplies P into zR. Since B is a big Cohen-Macaulay R-algebra, we
have ¢b € (z,2h,...,2%)B, and so ¢b € (zf,...,2%)B/PB.

To finish, suppose that ¢ € (N, (m/P)*B/PB, where m/P is the maximal ideal
of S = R/P. We can then lift to B to obtain ¢ € (,(m* + P)B. Since R is a
complete local domain, and B is a big Cohen-Macaulay R-algebra, Theorem 2.5.6
implies that ¢ € (,(m*+ P)*, and since ¢ was chosen to be a test element, we have
ANt e N, (m* + P) = P. We now have a contradiction as ¢ ¢ P. Therefore, the
image of ¢ in B/PB is a weak durable colon-killer, and so B/PB is a seed over S

by Theorem 6.2.8. U

We finally treat the case of an arbitrary surjection of complete local domains by

reducing to the case of the previous lemma.

Proposition 6.6.9. Let R — S be a surjective map of positive characteristic com-

plete local domains. If T is a seed over R, then T ®gr S is a seed over S.

Proof. We can immediately assume that the kernel of R — S is a height 1 prime
P of R. Let R’ be the normalization of R in its fraction field. Then R’ is also a
complete local domain. Since R’ is an integral extension of R, there exists a height
1 prime @) lying over P.

By Corollary 6.5.7, T maps to a big Cohen-Macaulay R-algebra domain B, and
so we may replace 1" by B and assume that 7" is a domain. We then have an integral
extension T'[R'] of T inside the fraction field of T'. Since T' is a seed over R, Theorem

6.4.8 implies that T'[R'] is also a seed over R. Therefore, T[R’| maps to a big Cohen-
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Macaulay R-algebra C' (which is also an R'-algebra), and so Corollary 6.2.6 implies
that C'is a big Cohen-Macaulay R’-algebra since R’ is integral over R. We now have

the commutative diagram:

C C/QC
e
T ‘ T/PT
R R/Q
R/ S/

since S = R/P and Q@ lies over P. By Lemma 6.6.8, C'//QC' is a seed over R'/(Q.
Since R'/(Q is an integral extension of S = R/P, every system of parameters of S is
a system of parameters of R'/Q, and so C'/QC is also a seed over S, but this implies

that T/ PT is also a seed over S, as needed. O

Now that we have shown that the property of being a seed over a complete local
domain is preserved by flat base change with a regular closed fiber (Proposition 6.6.6)
and by surjections (Proposition 6.6.9), we may apply [AFH, Theorem 1.1] to factor
any map of complete local domains into these two maps. We therefore arrive at the
following theorem, which answers the base change question asked at the beginning

of the section.

Theorem 6.6.10. Let R — S be a local map of positive characteristic complete local
domains. If T is a seed over R, then T'®g S is a seed over S. Consequently, if B is

a big Cohen-Macaulay R-algebra, then there exists a big Cohen-Macaulay S-algebra
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C filling the commutative diagram:

]

6.7 Seeds and Tight Closure in Positive Characteristic

e

Because we have the two main results from the last section (Theorems 6.6.4 and
6.6.10), we can now use the class of all big Cohen-Macaulay R-algebras #(R), where
R is a complete local domain of characteristic p, to define a closure operation for all
Noetherian rings of positive characteristic. A key point is that Z(R) is a directed
family and has certain base change properties. By Theorem 2.5.6, our new closure
operation is equivalent to tight closure for complete local domains of positive char-
acteristic, but the results above imply many of the properties one would want in a
good closure operation directly from the properties of big Cohen-Macaulay algebras,
independent of tight closure. This result adds evidence to the idea that such a closure

operation can be defined for more general classes of rings.

Definition 6.7.1. Let R be a complete local domain of positive characteristic, and
let N C M be finitely generated R-modules. Let Nj'w be the set of all elements
u € M such that 1 @ u € Im(B ®g N — B ®g M), for some big Cohen-Macaulay
R-algebra B.

Let S be a Noetherian ring of positive characteristic, and let N C M be finitely
generated S-modules. Let Nj.w be the set of all u € M such that for all S-algebras
T, where T is a complete local domain, 1 @ u € Im(T ®s N — T ®g M)uT®SM. We

will call Nj.w the g-closure of N in M.

We will see in Lemma 7.4.4 that the two definitions of g-closure coincide for com-
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plete local domains. We also show in the following chapter that g-closure satisfies
many nice properties, including persistence, (1.5 )i’ NRC Ilu% for module-finite exten-

sions, I* = I for ideals in a regular ring, phantom acyclicity, and colon-capturing.



CHAPTER 7

Axioms for a Good Closure Operation

In equal characteristic, tight closure, or similar methods, can be used to show
the weakly functorial existence of big Cohen-Macaulay algebras. See Theorem 2.3.5,
[HH3], [HH7, Section 3], and [Ho3|. In these cases, the notion of weakly functorial
is that given in Theorem 2.3.5.

By weakly functorial existence of big Cohen-Macaulay algebras for a class of local
Noetherian rings €, we will mean, however, that we can assign a directed family % (R)
of big Cohen-Macaulay R-algebras to each R € % such that given an R-algebra S,
with S € ¢, and B € #(R), there exists C' € H(S) such that the diagram below

comiutes.
B—C
]
R——S
We call B(R) a directed family if for all B,C' € B(R), there exists D € #(R) such
that B and C' both map to D as R-algebras.
The intent of this chapter is to investigate, for a given class of rings, what may
be the minimal necessary axioms which a closure operation must possess in order to

be a good analogue of tight closure. Another motivation is that we hope that the

existence of a closure operation satisfying sufficiently powerful axioms will imply the

141
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weakly functorial existence of big Cohen-Macaulay algebras, although we have not
been able to complete this program here.

In the second and third sections, we will show various consequences of the existence
of a closure operation that satisfies our list of axioms. The third section concentrates
on an analogue of phantom extensions (see Section 5.2.1 or [HH5] for the tight closure
notion of phantom extension). Phantom extensions are used in [HH5, Discussion
5.15] to give another proof of the existence of big Cohen-Macaulay modules in positive
characteristic. We introduce our analogue of phantom extensions, and the properties
we know about them, in the hope that they may eventually be used in a proof that
our axioms (or a larger set) imply the existence of big Cohen-Macaulay algebras.

As part of the “minimality” condition on our axioms, we will require that each
axiom can be derived from the weakly functorial existence of big Cohen-Macaulay
algebras. We will define a closure operation on ideals and modules using contracted-
expansion from big Cohen-Macaulay algebras and then show that this closure op-
eration satisfies all of our axioms. We will also extend our definition to general
Noetherian rings using the definition for complete local rings.

If € is the class of complete local domains of positive characteristic p, then R
is a big Cohen-Macaulay algebra for all R € ¢. Given a map R — S, there is a
“compatible” map Rt — S*. If Z(R) = {R"} for all R € €, then the plus closure
is the derived closure operation from this family of big Cohen-Macaulay algebras.

In the previous chapter we showed that the family of all big Cohen-Macaulay
R-algebras #(R) in the class of complete local domains of positive characteristic p
is a directed family (see Theorem 6.6.4) and induces a weakly functorial existence
of big Cohen-Macaulay algebras (see Theorem 6.6.10), so that the family of all big

Cohen-Macaulay algebras in positive characteristic very naturally induces a good
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closure operation, i.e., setting Z(R) to be the class of all big Cohen-Macaulay R-
algebras wills give a closure operation that will satisfy our axioms. Over complete

local domains, this operation coincides with tight closure.

7.1 The Axioms

Definition 7.1.1. Let # be a full subcategory of Noetherian rings such that, for
all R € Z, all homomorphic images and localizations of R are in 4, all completions
of localizations are in Z, and all R-algebra DVRs are in Z. We will call such a
category Z a suitable category of Noetherian rings. Let % be the full subcategory

of Z of all complete local domains.

A closure operation satisfying the following list of axioms will be denoted by Nj.w
for the closure of N within M, and throughout we will call this the g-closure of N

in M.

Axioms 7.1.2. In the following, R and S are rings in #, a suitable category, with S
an R-algebra; [ is an ideal of R; and N C M and W are finitely generated R-modules.
Let & be the full subcategory of Z of all complete local domains.

(1) N%, is a submodule of M containing N.

(2) If M C W, then N}, C M.

(3) If f: M — W, then f(N},) C f(N)jy.

(4) (persistence) Im(S @z NI, — S @z M) C Im(S @z N — S ®p M)i@RM. In

particular, if N = I and M = R, we have ]E%S C (IS)%.

(5) [N C (INY,,.
(6) (N%)%, = N%,, ie., the g-closure of N in M is closed in M.
(7) If N%, = N, then 0/ 0.

)

M/N —

(8) If u+pM € Im(N/pN — M/pM)?WPM, calculated over R/pR, for all minimal
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primes p of R, then u € NR/I.
(9) If u/1 € (Nm)gwm, calculated over R,,, for all maximal ideals m of R, then
u € Nj'\/[.

(10) Let S be faithfully flat over R. If 1®u € Im(S ®r N — S @r M)k,
calculated over S, then u € N ]hw In particular, if N =1 and M = R, we have
(IS)yNRC Ik

(11) Let S be a module-finite extension of R. If 1®u € Im(S®rN — S®RM)E‘9®RM,
calculated over S, then u € N ]hw

(12) If R is regular, then N%, = N.

(13) (phantom acyclicity) For R € %, a complete local domain, let G, be a finite

free complex over R:
0—-G,—Gp1—-—G — Gy— 0.

Let «; be the matrix map G; — G;_1, and let r; be the determinantal rank of
oy, for 1 <7 < n. Let b; be the free rank of G;, for 0 <7 < n. Denote the ideal
generated by the size r minors of a matrix map « by I.(«). If b; = r; +r;_y
and ht I, (a;) > i, for all 1 < i < n, then Z; C (BZ-)E;Z,, where B; is the image
of a;11 and Z; is the kernel of a;. In other words, if the previous rank and
height conditions are satisfied, then the cycles are contained in the g-closure of

the boundaries.

Remark 7.1.3. Axioms (4), (8), (9), and (10) allow us to reduce many problems to
the case of complete local domains since the completion of a local ring is faithfully
flat over the base. Essentially, this allows us to ignore the larger class Z and mainly

work over the class of complete local domains ¥ when necessary.

Remark 7.1.4. Comparing to Proposition 2.2.3 and Theorems 2.2.9, 2.2.10, and
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2.2.11, we see that tight closure is known to possess all of these axioms, except
for Axioms (9) and (10). If, however, we defined tight closure for complete local
domains and then extended to all positive characteristic rings R by testing tight
closure over all complete local R-algebra domains, then we would have the notion of
formal tight closure, as described by Hochster in [Ho3, Remark 8.7]. Formal tight

closure obeys all of the axioms above.

7.2 Corollaries of the Axioms

Using the axioms of the last section, we can derive many nice properties. Included
amongst these properties are colon-capturing and the fact that, like tight closure, the
g-closure of an ideal is contained in its integral closure. Throughout this section, #
is a suitable category, and % is the full subcategory of Z consisting of all complete

local domains of Z.

Lemma 7.2.1 (colon-capturing). Let R be a local ring in Z such that every system
of parameters of R is a system of parameters in ﬁ/p, for every minimal prime p of

R. If x1,..., 211 1S part of a system of parameters for R, then

(X1,...,Tk) iR Tpy1 C (xl,...,xk)h.

Proof. Using Axioms (8) and (10) and our hypothesis on R, we can assume R is a
complete local domain.

Let Gy := Ko(21,...,2541; R), the Koszul complex for z1,...,2541. Let Z be
the kernel of G; — Gy, and let B be the image of G5 — G;. Let €1,..., €1 be
the standard basis for G; = Ki(z1,...,2511; R) & R, Then Z is the collection
of vectors (ry,...,rgr1) such that riay; + -+ 4+ rpp2p; = 0 in R, and B is the
submodule of Gy generated by {z;e; — z¢;|1 < i,5 < k+1}. Let 7 : G; - R be

the projection map (rq,...,7k11) — Try1, so that 7(B) = (z1,...,2,)R. Axiom (3)
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implies that W(Bgl) C n(B)% = (x1,...,x)"% If uzrgy = 217 + - - - + 27, then the
vector (—ry,...,—rg,u) is in Z. By phantom acyclicity, (—rq,...,—rg,u) € BhGl,

which implies that u = 7(—ry, ..., —rg,u) € (21,..., 2" a
Lemma 7.2.2. If R € # and I C R, then I* C I, the integral closure of I.

Proof. An element x € R is in I if and only if h(x) € IV for every homomorphism
h : R — V such that V' is a DVR, and ker h is a minimal prime of R. (See [HHI,
Section 5] or [L].) By Axiom (4), z € I* implies that h(z) € (IV)%, for all such maps
h: R — V. Axiom (12), however, implies that (]V)E/ = IV so that the conclusion

holds. O

The following list of properties mimics the list of properties given for tight closure

of modules in [HH1, Section 8§|.

Lemma 7.2.3. Let R € #. In the following, N, N', N;, and M; are all R-
submodules of the finitely generated R-module M, and I is an ideal of R.
(a) Let T be any set. If N; € M, for all i € I, then (1 N4, C ﬂieI(Ni)Ew.

(b) Let I be any set. If N; is g-closed in M, for all i € T, then (.7 N; is i-closed

i€T
mn M.

(¢) (N1 + Noiy = (V1) + (N2)iy)is

(d) (INYiy = (TN3)ir-

(e) If N is g-closed in M, then N :p I is §-closed in M, and N :p N' is §-closed
in R.

(f) Let N' C N C M. Then u € N, if and only if u+ N’ € (N/N’)?WN,.

(g) If T is a finite set, N = @,.; N, and M = ,.; M;, then Nt = EBZ.GI(NZ-)EVI.

(h) Let J be the nilradical of R. Then 0% = J. If R is reduced, then 0% = 0.

(i) Let J be the nilradical of R. Then JM C NY,.
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Proof.  (a) Let v € (1 N;)4,. By Axiom (2), u € (N;)4, for all i € Z.

(b)
()

Since each N; is f-closed, the conclusion follows from (a) and Axiom (6).

As N; C (N;)%,, Axiom (2) implies that
(N1 + Ny (V) + (V2)3)ie

Conversely, N; € Ny + Na, with Axiom (2), implies that (N;)%, € (N1 + Ny)?,.

Therefore, (Ny)%, + (N2)%, € (N1 + No)%,. Axioms (2) and (6) then yield
(N + (N2)i)is C© (N1 + Noip )y = (N1 + Noiy

IN C I',N*, implies that (IN)%, C (I%N%,)%, by Axiom (2). For the converse,
Axiom (6) implies that it is sufficient to show I4N%, C (IN),, which is exactly
Axiom (5).

Since I(N :py I) € N (resp., (N :g N')N' C N), by Axioms (2) and (5),
IH(N 0 Dy C(I(N iy )5, SNy =N
(resp., (N :g N")%(N")%, C (N :z N')N')%, € N%, = N). Therefore,
(N o 1%, CN oy I

(resp., (N :g N')% C N :x (N)%,). Since N :p I% is trivially contained in
N iy I (vesp., N :g (N')%, C N :g N'), N :p I (vesp., N :x N') is g-closed.

Since (M/N")/(N/N') =2 M/N, it is enough to show the case where N’ = 0.
Let 7 : M — M/N be the natural surjection. If u € N?,, then Axiom (3)
implies that u+ N = 7w(u) € (W(N))L/N = O?\/[/N' Conversely, if u+ N € O?\/[/Nv
then applying Axiom (3) to the map M/N — M/N¥, yields u+ N%, € OL/NL'

By Axiom (7), 0 is f-closed in M/N?,, so u+ N, is zero in the quotient.



148

(g) Let m; : M — M, be the natural projection, and let ¢; : M; — M be the natural
inclusion, for all <. By Axiom (3), Wi(Nj.w) C m(N)t}wi = (Nl)ng Therefore,
N, C @Z(Nl)gw in M = ), M;. Conversely, we apply Axiom (3) to the map
L; to see LZ((NZ)LZ) C 1;(N;)?,, which is contained in N?, by Axiom (2). Thus,
EBZ(NZ)EWZ - N]hw'

(h) First, assume that R is a domain. Then u € 05%, and by Lemma 7.2.2, u is in
the integral closure of the zero ideal. Since (0) is a prime ideal, it is integrally
closed, and v = 0. For a general R, if u € 05%, then for all minimal primes p of
R, uwe O%/p = 0. This implies that « is in all minimal primes of R, and so u
is in J. Conversely, if v € J, then w = 0 in R/p for all minimal primes p, and
u e O%/p for all such p. By Axiom (8), u is in 05%.

(i) By (h), JM = 0%M, and since M = M’ we have JM C (0M)%, = 0%, by

Axiom (5). Then Axiom (2) implies that JM C 0%, C N,.

7.3 g-Phantom Extensions

In this section we want to define a notion of phantom extensions for g-closure. We
will continue the use of the axioms of Section 7.1 as our definition of g-closure and
will assume that all rings are in a suitable category Z.

Since phantom extensions were used in [HH5] to produce a new proof of the exis-
tence of big Cohen-Macaulay modules in positive characteristic, a study of g-phantom
extensions may be very useful in showing the existence of big Cohen-Macaulay mod-
ules, or even algebras, in suitable categories.

Recall from Section 5.2.1 or [HH5] that for a map oo : N — M of finitely generated

R-modules, « is a phantom extension if there exists ¢ € R° such that for all e > 0,
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there exists 7. : F¢(M) — F¢(N) such that v, o F*(a) = c(idpe(n)).

Via the Yoneda correspondence, every short exact sequence
0-N3M-—-Q—0

corresponds to a unique element e of EX’C}{(Q, N). Let P, be a projective resolu-
tion of Q = M/a(N). Then Exty(Q, N) is isomorphic to H'(Hompg(P,, N)), and ¢
corresponds to a unique element of H'(Hompg(P,, N)).

Given the map a : N — M, and the corresponding element € of EX’C}{(Q,N ),
Hochster and Huneke called € phantom if a cocycle representative of € in Homg(P;, N)
is in the tight closure of Im(Hompg(Py, N) — Hompg(P;, N)) within Homg(P;, N). In

the case that N = R, Hochster and Huneke provide the following equivalence.

Theorem 7.3.1 (Theorem 5.13, [HH5]). Let R be a reduced Noetherian ring of

positive characteristic. An exact sequence
0—-RSM-—-Q—0

is a phantom extension if and only if the corresponding element ¢ € Exty(Q, R) is

phantom in the sense described just above.

We will use this latter property to define g-phantom extensions with respect to

g-closure.

Definition 7.3.2. Let R be a reduced Noetherian ring, M be a finitely generated
R-module, and v : R — M an injective R-linear map. With @) = M/a(R), we have

an induced short exact sequence
0—-RS5M—Q—0.

Let € € Extp(Q, R) be the element corresponding to this short exact sequence via

the Yoneda correspondence. If P, is a projective resolution of ) consisting of finitely
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generated projective modules P;, then we will call € §-phantom if a cocycle represent-
ing € in Homg (P, R) is in Im(Homg(Py, R) — Hompg(P;, R))* within Homg(P;, R).
We will call a a g-phantom extension of R if € is g-phantom. We will also call the

module M f-phantom.

Since the choice of projective resolution above is not canonical, we must demon-
strate that whether e € Extj(Q, R) is phantom or not is independent of the choice
of P,. Let Q)4 be another projective resolution of () consisting of finitely generated

projective modules. Given e € Extp(Q, R) representing the short exact sequence
0—-R3M—Q—0,

let ¢ € Hompg(Py, R) (resp., ¢ € Homg(Q1, R)) be a corresponding cocycle. Assume
that ¢ € Im(Homp(Py, R) — Hompg(Py, R))* in Homp(P;, R). We will show that
Qb/ c Im(HOIHR(Q(), R) — HOHIR(Ql, R))h in HOIHR(Ql, R)

We can lift the identity map @ 9 @ to a map of complexes:

(#) Py Py Q 0

[l

1 Qo Q 0

If we let (—)" denote Homg(—, R), then taking the dual of (#) yields the commuta-

tive diagram

(#") e Py Ey Q" 0

D

QY Qy QY 0

Via the Yoneda correspondence, ¢ — ¢’ under the map fV. Since the element ¢ is

in Im(P) — P/’ )531“ applying Axiom (3) to fV gives us

o = Y(¢) € Im(RY — QY)}y-
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Since Im(Fy — QY) C Im(Qy — QY) in @Y, Axiom (2) shows ¢’ € Im(Qy — Q\{)EH,
as claimed.

Now that we have a well-defined notion of j-phantom extensions, we will derive
some of the properties of tight closure phantom extensions for g-phantom exten-

sions using our definition and axioms. We start with a result analogous to [HH5,

Proposition 5.7a,e].

Lemma 7.3.3. Let R be a reduced Noetherian ring, let M be a finitely generated
R-module, and let o : R — M be a f§-phantom extension.
(a) If S is any reduced flat R-algebra, then the induced map S @ av: S — S Qr M
is a f-phantom extension of S. In particular, S may be any localization of R.
(b) If B: R — N is an injection and ¢ : N — M such that « = ¢ o 3, then [3 is

also a f-phantom extension of R.

Proof. (a) Given the short exact sequence 0 — R = M — Q — 0, we apply S ®p —
to obtain

0S¥ SoprM — S®rQ — 0,

which is still exact because S is flat. The element 1 ® € in S ®p Exth(Q, R) =
Extfg(S ®rQ,S) corresponds to this new sequence. Let P, be a projective resolution
of () as in the definition above. Since S is flat, S®g P, remains a projective resolution
of Q. As S ®r Hompg(P;, R) = Homg (S ®g F;, S), if € is represented by the cocycle
¢ € Hompg(Py, R), then 1 ® € is represented by the image of the cocycle 1 ® ¢ in

Hompg(S ®g P, S). By Axiom (4),
1® ¢ € Im(Homg(S ®@p Py, S) — Homg(S @z P, S))?

in Homg (S ®g Py, S). Therefore, S ® « is a g-phantom extension of S.
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(b) From the injective maps « and 3, where « is injective since it is f-phantom,

we get a commutative diagram with exact rows:

where ¢(u+B(R)) = ¢(u)+a(R). Let € € Exth(Q, R) correspond to the top row, and
let € € Exty(Q', R) correspond to the bottom row via the Yoneda correspondence.
The map ¢ induces a map 1 : Extp(Q, R) — Extp(Q’, R). By [Mac, Lemma II1.1.2],

1(€) corresponds to the short exact sequence 0 — R — N’ — @' — 0, where
N :={(m,n) € M ® Q' |n(m) = ¢(7)}.

We claim that N is isomorphic to N’. Indeed, let f: N — N’ be the map

The target of f is N’ as 7(¢(n)) = ¢(7'(n)), and f is clearly R-linear. If f(n) = (0,0),
then m = 0 implies that n = ((r), for some r € R. Then o« = ¢ o 3 implies that
¢(n) = a(r), but ¢(n) = 0 and « injective means that » = 0 so that n = 5(0) = 0.
Therefore, f is injective. Given (m,7) in N’, we have f(n) = (¢(n),m). Since

m(m) = ¢(m), 7(m — ¢(n)) = 0, and m — ¢(n) = a(r), for some r € R. Thus,

f(n+B(r)) = (¢(n + 5(r)),n) = (6(n) + a(r),n) = (m,n),

and so f is also surjective.
Therefore, 1(€) = €. If P, is a projective resolution of M consisting of finitely
generated projective modules, and P, is a projective resolution of N consisting of

finitely generated projective modules, then by hypothesis, a cocycle representing € in

Hompg(P;, R) is also in Im(Hompg(Py, R) — Hompg(Py, R))f. We canlift ¢ : Q' — Q to



153

a map of complexes P, — P,. After applying Homg(—, R), we get the commutative

diagram

Hompg (P, R) <— Homg(Fy, R)

| |

Hompg(P], R) <— Homg(F}, R)
where the map g induces ¢ : Exth(Q, R) — Exti(Q’, R). Therefore, if we apply
Axioms (2) and (3), the cocycle in Hompg(Pj, R) representing € = 1(e) is also in

Im(Homp(P}, R) — Hompg(P], R))*. Thus, € is also phantom. O

We now demonstrate more explicitly what it means for a module to be -phantom.
In the local case we will derive extra information. Let R be reduced (resp., let (R, p)
be reduced and local). For a finitely generated R-module M and an injection R = M,

if we set Q@ = M/a(R) as above, we have the short exact sequence
(7.3.4) 0= R2AM—Q—0.

Let wy,...,w,_1 be elements of M such that the images wy,...,w,_; in ) form a
generating set for ) (resp., a minimal generating set), and let w, = a(1) so that

wy, ..., w, generate M. Let
(7.3.5) S RN AR N I

be a free resolution of @ (resp., a minimal free resolution), where Fy & R with
basis €1, ...,€,_1 such that (3, is given by ¢; — w;. We can also choose a basis for

F} =2 R™ such that f3; is given by the (n — 1) X m matrix

b11 ce bim
51 :

bnfl,l e bnfl,m
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(where the entries b;; are in p when (7.3.5) is a minimal resolution over (R, p)). We

can then construct the diagram

(7.3.6) R —"—pr s g 0

o,k

Rm—>Rn_1—>Q—>0

where R™ has basis €1, ..., €,, () = ¢ for i < n, and 7(e,) = 0. The map 7, is

given by €; — w;, and 7y, is given by the n x m matrix

bll e blm
"= ' ' )
bn—l,l bn—l,m
bnl bnm

where by, jw,, + byjwy + -+ b1 jw,—1 = 0in M, for 1 < j < m. (Such a b,; exists
for all j because by;wy + - - + by—1 ;W1 = 0 in Q = M/Rw,.)

From the construction, it is clear that (7.3.6) commutes and that o oy, = 0.
The choice of the w; implies that (7.3.6) is exact at M. To see that ker vy, C Im 4,
suppose that ryw; + -+ -r,w, =0 in M. Then rwy + -+ + r,—1w,—1 = 0 in ), and

so there exist s1,...,$,, in R such that
Bi(st, .oy sm)™ = (1, ..., r1)™,
where (—)* denotes the transpose of a matrix. Then
Y81,y 8m) = (r, .o e, 7)™ € R

Since vy o v; = 0, we see that ryw, +-- -+ r,_1w,_1 + rw, = 0 in M. Therefore our

hypothesis implies that rw,, = r,w,, and so

alr—r,) = (r—rp)a(l) = (r —r,)w, =0.
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Since « is injective, r = r,, so that the vector (r;) € Im ~;.

We can now conclude that the top row of (7.3.6) is a finite free presentation of
M. (Since we do not know a priori whether wy, ..., w, form a minimal basis for
M in the local case, we do not know whether the b,; are in p, i.e., we do not know
whether our presentation of M is minimal when R is local.)

We also obtain a commutative diagram

(7.3.7) 0 R——M Q 0

P

0

F2—>Rm—1>Rn*1—>Q—>O
where ¥(€;) = w;, and ¢ is given by the 1 x m matrix (—b,; -+ — byn). Because
bijwr + -+ byjw, = 01in M, for 1 < j < m, it is clear that (7.3.7) commutes as

claimed. We can then take the dual of (7.3.7) into R:

(7.3.8) 0 R Hompg(M, R) <— Hompg(Q, R) <— 0
Ay
F, R™ R Homp(Q, R) <—0

Let Z be the kernel of R™ = Hompg(R™, R) — Hompg(Fy, R) = Fy, and let B be
the image of 4". Then an element of Exty(Q, R) is an element of Z/B. In fact,
as described in [HH5, Discussion 5.5], the element of Ext(Q, R) corresponding to
the short exact sequence (7.3.4) is represented by the map ¢ : R™ — R in (7.3.7).
Equivalently, it is represented by the image of ¢™ in (7.3.8).

We are now ready to state an equivalent condition for a finitely generated R-

module M to be g-phantom over a local ring.

Lemma 7.3.9. Let R be a reduced ring, let M be a finitely generated module, and
let a: R — M be an injective map. Using the notation of the preceding discussion,

« is a g-phantom extension of R if and only if the vector (byy, ..., bym)™ is in Bgzm,
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where B is the R-span in R™ of the vectors (biy, ..., bim)™, for 1 <i<mn-—1, and
(=)™ denotes transpose.
If, moreover, (R, p) is local, then we can choose the b;; to be inp, forl <i<mn-—1

and all 7.

Proof. By our definition and the constructions above, « is g-phantom if and only if the
cocycle representing the corresponding element e in Exth(Q, R) is in (Im 3)%,.. As
pointed out above, € is represented by the image of ¢™, which is (=b,1, ..., —bum)™.
Moreover, the image of 5" is the R-span of the row vectors of 31, which is the R-span
of (i, ... byy)™, for 1 <i<n-—1.

The second claim follows from the parenthetical remarks in the discussion just

above. O
We can now prove the following fact, an analogue of [HH5, Proposition 5.14].

Lemma 7.3.10. Let R be reduced, and let M be a finitely generated R-module. If
a: R — M is a §-phantom extension, then the image of a(1) is not in pM,, for any

prime ideal p of R.

Proof. Suppose there exists a prime p such that a(1) € pM. This remains true
when we localize at p, and by Lemma 7.3.3(a), a; is a g-phantom extension of R,,.
Therefore, we can assume that (R,p) is a reduced local ring. Using the notation
above developed for the reduced local case, a(1) = w,. So, a(1) € pM if and only
if w, = rqwy + -+ + rp,_qw,_1 such that the r; are in p. This occurs if and only if
the vector (—r1,...,—7,-1,1)" is in ker(R" — M) = Im(R™ — R") = Im . In
order for a vector with last component a unit to be in Im v, the last row of ~; must
generate the unit ideal, i.e., (b1, ..., bym) R = R. Therefore, there exists jy such that

bnj, € R\ p. By Lemma 7.3.9, since « is f-phantom, the vector (b1, ..., bym)™ is in
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Bg{m, where B is the R-span in R™ of the vectors (b;1, ..., biy,)", for 1 <i<mn—1.
Since R is local, we may assume that every b;;, for 1 <i<n—1and 1 <j<m,is
in pR, Axiom (2) implies that (byy, ..., bym)™ is in (pR™)%.. Using Axiom (3), for
the projection R™ — R mapping onto the ji"-coordinate, we see that b,;, € (pR)az,
but (pR)% = p by Lemma 7.2.2. This implies that b,j, cannot be a unit, and so

a(l) € pM. O

In order to use f-phantom extensions to produce big Cohen-Macaulay modules
(resp., algebras) using the previous lemma, we would still need to show that module
(resp., algebra) modifications of f-phantom extensions are still j-phantom extensions.
If this were true, then any finite sequence of modifications of a f-phantom extension
would terminate in a g-phantom extension. No such sequence could then be a bad
sequence because the image of 1 would not be in the expansion of the maximal ideal

of R. Therefore, g-phantom extensions merit further study.

7.4 A Closure Operation Derived From Big Cohen-Macaulay Algebras

Let Z be a suitable category of rings (as defined in Section 7.1), and let € be
the full subcategory of # of all complete local domains. In this section, we will
also assume that for each (R,m) € ¥, there exists a directed family %(R) of big
Cohen-Macaulay R-algebras such that

(i) if B € #(R) and S is an R-algebra in Z, then there exists C' € Z(S) such

that the diagram below commutes.

i

(i) if S € € is an R-algebra with dim S = dim R+dim S/m.S, then B(S) C A(R),

.

(7.4.1)

n——Q

e
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where #(R) directed means that for any B, C' € Z(R), there exists D € ZA(R) such
that both B and C' map to D.

The hypothesis that dim .S = dim R + dim S/m.S is equivalent to the condition
that the image of every partial system of parameters in R remains part of a system

of parameters in S since R and S are complete local. (See [Ho3, Remark 2.7].)

Remark 7.4.2. Theorems 6.6.4 and 6.6.10 of the last chapter show that if we let Z be
the category of all rings of positive characteristic and let #(R) be the class of all big
Cohen-Macaulay R-algebras, for each complete local domain R, then the definitions

Z and AB(R) satisty the conditions given above.

We will now define a closure operation, using the big Cohen-Macaulay algebras
A(R), by initially defining it for ¥ and then extending the definition to all of Z.

We will then show that this closure operation satisfies the axioms from Section 7.1.

Definition 7.4.3. Let R € %, and let N C M be finitely generated R-modules.
Then N, is the set of all elements u € M such that 1Qu € In(B&z N — B®g M),
for some B € #(R).

Let S € Z, and let N C M be finitely generated S-modules. Then Nj.w is the set

of all w € M such that for all S-algebras T', where T € €,
1@ueIm(T®s N — T ®s M)y -

We will call Nj.w the g-closure of N in M.

Before proving that the axioms hold, we must show that the definition of f-closure

for # is consistent with the definition for & .

Lemma 7.4.4. If R € €, and N C M are finitely generated R-modules, then Nj.w

1s independent of which definition above is applied.
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Proof. Let ue M. If 1®u € Im(T®r N — T ®pg M)uT®RM for all R-algebras 1", such
that T' € €, then this is certainly true for 7' = R. Therefore, membership defined
by the second criterion implies the first.

Now suppose that there exists B € Z(R) such that 1®u € Im(BrN — BgrM).
Let S be an R-algebra such that S € ¥. Then there exists C' € Z(S) that fills in

the commutative square (7.4.1). Hence, the image of u is in

Im(C@B (B QR N) — (C ®p (B QR M))

I

Im(C@RN—>C®RM)

I

Im(C ®s (S @r N) — C @y (S @r M)),

and so 1®u € Im(S®r N — S ®p M)i@RM. Thus, the first criterion also implies

the second. O

(7.4.5) For the remainder of this section, R and S are rings in # with S an R-algebra;

I is an ideal of R; and N C M and W are finitely generated R-modules.

Proposition 7.4.6 (Axiom 1). With notation as in (7.4.5), the set N*, is a sub-

module of M containing N .

Proof. From the definition, it is clear that it suffices to show the case where R € €.
Let u,v € NR/I, and let » € R. Since B(R) is directed, there exists a common
B € #(R) for u and v such that 1 ® v and 1 ® v are in Im(B®r N — B®r M).
Therefore, 1@ (ru+v) € Im(B&xN — B®zM) as well. This shows that ru+v € N,.
Finally, if u € N, then 1 ® u € Im(B®r N — B®g M), for any B € AB(R), so that

Njhw contains V. O

Proposition 7.4.7 (Axiom 2). With notation as in (7.4.5), if M C W, then N3, C

M,
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Proof. Let u € Nﬂv, and let T' € # be an R-algebra. Then
1@ueIm(T@r N — T @ Wiy, -

Since Im(T®@r N - T @r W) CIm(T ®g M — T ®r W), it is enough to show the
case where R € ¢

Let R € €, and let u € NEV. Then there exists B € Z(R) such that
l1ueIm(BrN —- BrW)CIm(B@r M — BorW).

Therefore, u € Mgv O

Proposition 7.4.8 (Axiom 3). With notation as in (7.4.5), if f : M — W, then
F(Ni) S F(N iy

Proof. Let R € € initially. Then u € N¥, implies that there exists B € Z(R) such
that 1®u € In(B®gr N — B®g M). This implies that 1 ®@u = >, b; ® v; such that
bi € Band v; € N. Hence 1 ® f(u) = >, b; ® f(v;), where f(v;) € f(N), for all i.
This means that 1 ® f(u) € Im(B ®g f(N) — B®z W) so that f(u) € f(N).

IfSe# and uc N]hw, then for any S-algebra T', where T € €,
1@uem(T ®s N — T ®sM)jy .

The map f: M — Winduces T ® f : T ®s M — T ®g W. Since T € €, the last
paragraph implies that 1 ® f(u) € (T ® f)(Im(T ®s N — T ®5 M))uT®SW, but this

module is Im(7 ®g f(N) = T ®g W)“T@@Sw- Therefore, f(u) € f(N)%. O

Proposition 7.4.9 (Axiom 4: persistence). With notation as in (7.4.5),
Im(S ®@r Ny, — S®r M) CIm(S®r N — S ®@r M)y 4

In particular, if N =1 and M = R, we have ]E{S C (IS)%.
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Proof. The second claim follows directly from the first claim. For the first, let R — S
be a map such that R and S are in #, and let N C M be finitely generated R-
modules with u € Nj.w. We must show that 1 ® v in S ® M is an element of
(S @r N — S @p M)k -

Suppose that T' € € is an S-algebra. Then T is also an R-algebra. Since u € N ]hw,
we have 1 @ u € Im(T ®@x N — T ®g M)hT®RM. Since the functors T' ®pz — and

T ®s (S ®r —) are isomorphic, we also have that
1®(1®u) € Im(T ®s (S ®@r N) =T Qg (S @ M))?

inT ®s(S®rM),sothat 1 @u € Im(S®@r N — S ®pg M)i@RM as required. O
Proposition 7.4.10 (Axiom 5). With notation as in (7.4.5), I5N%, C (IN)5,.

Proof. By a straightforward application of Axioms (9), (10), and (8), we may assume
that R is a complete local domain in €. If u € I%Nf\/[, then u = ), a;v; such that
a; € I% and v; € N%,. Since Z(R) is directed, there exists a single B € Z(R) such
that a; € IB and 1 ® v; € Im(B ®g N — B ®pg M) for all i. Thus, a; = Y, mCi,
where 7, € I and ¢;, € B, for all i and k, and 1 ® v; = Zj bij ® w;;, where b;; € B
and w;; € N, for all ¢ and j.

In B ®r M, we have

l@u = 1®Zaivz‘:zai(1®vi)

7

= Z(Z Tszzk)(Z bij ® w;j) = Z(Cikbij> ® (rigwi;),

i 1,5,k
where ¢;xb;; € B and rjw;; € IN. Thus, 1 ® v € Im(B ®p IN — B ®p M), so

ue (IN):,. O

Proposition 7.4.11 (Axiom 6). With notation as in (7.4.5), (N,)%, = N%,.
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Proof. Let T € € be an R-algebra. If u € (N%,)%,, then
1@ueIm(T @z Ny — T @r M)jg -
By Axioms (3) and (4),
1@ue (Im(T®r N — T @& Mg, 1) v

Thus, if the claim is true for €, then 1 @ u € Im(T' ®gr N — T ®p M)hT®RM, and so
u € NR/I.

Hence, we assume that R € ¢, and u € (N%,)%,. Then
1®ueIm(B®g N, — B®og M),

for some B € Z(R). This means that 1®u = ), b;®v;, where b; € B and v; € Nj'w for
all i. For each i, there exists C; € Z(R) such that 1®v; € Im(C; @r N — C; @r M).
Since #(R) is directed, there exists C' € Z(R) that is a B-algebra and a Cj-algebra
for all ¢, with f : B — C. We can then write 1 ® v; = Zj cij @ w;j, where ¢;; € C

and w;; € N, for all 7 and j. As an element of C' ® M,

1®U:Zf(bi)®viZZZf(bi)Cij®wz‘j,
i i
which is an element of Im(C' ® N — C ®x M). Thus, u € N%,. O

Proposition 7.4.12 (Axiom 7). With notation as in (7.4.5), if N°y = N, then
i —
04 = 0.

Proof. For R € €, fu:=u+ N € O?WN, then there exists B € Z(R) such that

l1®u=01in B®r M/N. Since B®r M/N = B®g M/Im(B®r N — B®g M),

Thus, u € Ni, = N, and @ = 0.
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ForRe Z,ifu e 05\4/N7 then for every R-algebra T in ¢, 1®7 € 0° in T®g M/N,
calculated over T'. Using T'®@r M/N =T ®@r M/Im(T ®g N — T ®@r M), the image
of 1@uin T ®r M/Im(T g N — T @ M) is in 0°. By Axiom (3), the image of
1@uinT®g M/Im(T ®r N — T Qg M)HHX)RM is also in 0%. By Axiom (6) and the
previous paragraph, 0 = 0 here, so 1®@u € In(T @z N — T ®x M)hT®RM for all

such T'. Hence, u € Nj'w = N, and uw = 0. 0

Proposition 7.4.13 (Axiom 8). With notation as in (7.4.5), if u+ pM 1is in
Im(N/pN — M/pM)?VI/pM, calculated over R/pR, for all minimal primes p of R,

then u € N]u\/[.

Proof. Let R € %, and let T be an R-algebra in €. The kernel of R — T is a prime
ideal, so there exists a minimal prime p of R such that the map R — T factors

through R/p. Then u € Im(N/pN — M/pM)?WFM implies that
1®7 € Im(T ®gjp N/pN — T Qg M/pM)*,
in T ®p/py M/pM, since T is an R/p-algebra. This implies that
1@uem(T @r N — T &p M)jy, -
Therefore, u € N]u\/[. O

Proposition 7.4.14 (Axiom 9). With notation as in (7.4.5), if u/1 € (Nm)g\/[m,

calculated over R,,, for all mazimal ideals m of R, then u € NR/I.

Proof. Let R € %, and let (T, n) be an R-algebra in €. If m is a maximal ideal of R,
then f: R — T factors through R,, if and only if f~'(n) C m. If R — T does factor
through any such R,,, then 7" is also an R,,-algebra, and u/1 € (Nm)gwm implies that
1®u/l € Im(T ®g, Ny — T ®g,, My,)* in T ®g,, M,,. This in turn implies that

1@ueIm(T @ N — T @r M)yg,
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Thus, u € Nj'w if, for every such R-algebra T', there exists a maximal ideal m such
that f~'(n) C m. Suppose to the contrary that there is a T such that f~!(n) & m,
for all maximal ideals m of R. Then f~'(n) must be the unit ideal, which implies

that T = nT, a contradiction since 7" is a local Noetherian ring. O

Proposition 7.4.15 (Axiom 10). With notation as in (7.4.5), let S be faithfully flat
over R. If

l@uelm(S®r N — S®g M)?§®RM7

calculated over S, then u € NR/I. In particular, iof N = I and M = R, we have

(IS)LNRC I

Proof. The second claim follows directly from the first. Let u € M be such that 1®u
isin Im(S®rN — S®g M)2®RM. By Axiom (9), it is enough to show u € (Nm)g\/[m,
for all maximal ideals m of R. For any such m, since S is faithfully flat over R, there
exists a prime n of S lying over m. Then R,, — S, is a faithfully flat local map.
Using Axiom (4), we can then assume, without loss of generality, that R and S are
local and R — S is a local map.

Suppose that the claim is true when both rings are complete local. Using persis-
tence again, for the map S — S , and using the fact that R — Sisstill a faithfully
flat map, we can conclude that u € N]Ew\, calculated over R. If T is an R-algebra in

%, then T is also an ﬁ—algebra. Therefore,
1oueIm(T ©; (Ror N) = T @ (R@r M)

in T ®p (R@pr M), and so 1@ u € Im(T @z N — T ®p M)hT®RM as needed.
We can now assume that R and S are complete local rings and that R — S is a
faithfully flat local map. It suffices to show that @ € Im(N/pN — M /pM)" for

M/pM>

all minimal primes p of R, by Axiom (8). Let p be a minimal prime of R. Then S/pS



165

is still faithfully flat over R/p, and we can choose q a prime of S that is minimal

over pS such that dim S/q = dim S/pS. Then
dim S/q = dim S/pS = dim R/p + dim(S/pS)/m(S/pS)
by the faithful flatness of S/pS over R/p. We can then conclude that
dim S/q = dim R/p + dim(S/q)/m(S/q).

Using persistence for the map S — S/q with Axiom (8), we can assume that R and
S are complete local domains in % such that dim S = dim R 4 dim S/mS.
Now, 1®@u € Im(S®@r N — S ®g M)i*@RM implies that there exists a big Cohen-

Macaulay S-algebra B in %(S) such that the image of 1 ® w is in
Im(B ®s (S®gr N) — B®s (S®r M)).

Therefore, 1 ®u € In(B®r N — B®g M), where B € #(R) by condition (ii) from

the start of the section, and so u € N]u\/[. O

Remark 7.4.16. The method used in the preceding proof to reduce from the complete
local case to the complete local domain case is essentially the same argument used

by Hochster in [Ho3, Lemma 3.6¢]|.

Proposition 7.4.17 (Axiom 11). With notation as in (7.4.5), let S be a module-

finite extension of R. If
l@uelm(S®r N — S®g M)?s'(g)RMy

calculated over S, then u € Nj'w.

Proof. By Axiom (9), it is enough to check the claim at each maximal ideal m of R.

Pairing this with Axiom (4) for the map S — (R \ m)~'S, we may assume without
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loss of generality that (R, m) is local, every maximal ideal of S lies over m, and
R — S is still a module-finite extension.

If we then use persistence for the map S — S (where S is the m-adic completion
of S), Axiom (10) for the faithfully flat map R — R, and the fact that S = R ®p S,
we can assume that R is complete local. If we now use Axiom (4) for S — S/q
and Axiom (8), where ¢ is a minimal prime of S lying over a minimal prime p of R,
then we may assume that (R, m) is a complete local domain, S is a module-finite
extension domain, dim R = dim S, and every maximal ideal of S lies over m.

Since there exists an S-algebra T' such that 7" is a complete local domain with
dim 7T = dim S obtained by localizing S at a maximal ideal, completing, and then
killing a minimal prime, 7" is a local R-algebra with dim7" = dim R + dim T'/mT.
By condition (ii) from the beginning of the section, Z(T) C A(R).

Let u € M such that 1 @ u € Im(S ®@r N — S ®p M)i@RM. Then
1@ueIm(T@r N — T ®p M)y, 1

using the isomorphism of T'®g (S ®r —) and T'®pr —, and so there exists B € B(T)
such that the image of 1 ® u is in Im(B @7 (T'®g N) — B ®7 (T ®r M)), which is

isomorphic to Im(B ® N — B ®x M). Hence, u € N%, as B is also in Z(R). [

Proposition 7.4.18 (Axiom 12). With notation as in (7.4.5), if R is reqular, then

N, =N.

Proof. Suppose the claim is true when R is regular local. Then u € Nj'w implies, by
persistence, that u/1 € (Nm)i\/[m, for all maximal ideals m of R. Since R, is regular
local, u/1 € N,,, for all m, and this implies that u € N.

We can now assume that (R, m) is regular local. Suppose the claim is true for

complete regular local rings. Using Axiom (4), the image of u is in N ]EW\ = N because
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R is regular. Therefore, the image of u in M/N maps to zero via the map
¢: M/N — R®p (M/N).

Since R is faithfully flat over R, ¢ is injective (see [Mat, 4.c(i)]) so that u € N.
Now we can assume that R is a complete regular local ring and, hence, R € ¥ .

Then u € N¥, means that there is a B € Z(R) such that

By Lemma 2.1 of [HH7|, B is faithfully flat over R. Therefore, @ maps to zero under

the injective map M/N — B ®g (M/N), and uw € N by [Mat, 4.c(i)]. O

For the following result and proof, we refer the reader to Theorem 2.2.11 for a
statement of phantom acyclicity for tight closure and to [HH1, Section 9] for a general
overview of phantom acyclicity. For the topic of K-depth and the generalization of
the Buchsbaum-Eisenbud acyclicity criterion used below, see [Ab, Sections 1.1, 1.2]

and [Nor, Appendix BJ.

Proposition 7.4.19 (Axiom 13: phantom acyclicity). With notation as in (7.4.5),

let R € €, be a complete local domain, and let G4 be a finite free complex over R:
0—-G,—=Gpg — - — G — Gy — 0.

Let a; be the matriz map G; — G;_1, and let r; be the determinantal rank of o, for
1 <i<mn. Letb; be the free rank of G;, for 0 < i < n. Denote the ideal generated by
the size v minors of a matriz map o by I.(«). If b; = r;+1;_1 and ht I, (cy;) > 1, for
all 1 < i <n, then Z; C (Bz-)uGi, where B; is the image of ;1 and Z; is the kernel
of a;. In other words, if the previous rank and height conditions are satisfied, then

the cycles are contained in the f-closure of the boundaries.
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Proof. Choose B € (R). Then B®gG, has the same rank condition as G,, and the
K-depth of I,.(a;) on B is at least ht I, («;) > ¢ since B is a big Cohen-Macaulay
algebra over R. By the generalized Buchsbaum-Eisenbud acyclicity criterion (see

[Ab, Theorem 1.2.3]), B ®g G, is acyclic. Therefore,

and so if u € Z;, then 1®u € Im(B®gB; — B&rG;), which says that u € (BZ)uG O

We have now verified that all axioms of Section 7.1 are satisfied by the closure
operation we defined based on the existence of big Cohen-Macaulay R-algebras for

complete local domains.



CHAPTER 8

Open Questions

In this final chapter, we present several questions that are left for future study.

Question 8.1. Let R be a standard graded K-algebra domain of positive charac-
teristic p such that K is algebraically closed, and let m be the homogeneous maxi-
mal ideal. Can the equivalence of tight closure and graded-plus closure for finitely
generated modules N C M such that M/N is m-coprimary be used to prove the
equivalence of the closure operations for all finitely generated modules?

Can this be done if one additionally assumes that the ideal of all test elements is

m or is m-primary, as is the case for the cubical cone?

Question 8.2. What is the injective hull Eqe(K*), when A = Klzy,...,x,] or
A= Klxy,...,z,]], n > 2, and K is a field of positive characteristic? Is Eje(K*)

the module of all formal sums with DCC support as described in Section 3.37

Question 8.3. Is every solid algebra S over a complete local domain R of positive

characteristic a seed over R?

Question 8.4. Are the main results of Chapter 6 true in the equal characteristic 0
case? In particular, if R contains a copy of QQ, are integral extensions of seeds over R

still seeds over R? If R is also a complete local domain, are tensor products of seeds
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over R still seeds? If S is also a complete local domain and an R-algebra, does any
seed over R map to a seed over S?
Can these equal characteristic 0 results be achieved using a reduction to charac-

teristic p argument?

Question 8.5. Theorem 6.4.8 shows that if R is a local Noetherian ring of positive
characteristic and S is a seed domain over R, then the absolute integral closure S*
of S is still a seed over R. Is ST actually a big Cohen-Macaulay algebra over R, at

least when R is an excellent local domain?

A positive answer to this last question would greatly generalize Hochster and
Huneke’s theorem in [HH2] that R* is a big Cohen-Macaulay algebra over R when

R is an excellent local domain.

Question 8.6. When R is a complete regular local ring of positive characteristic,

what are the minimal seeds over R?

In [Ho3], Hochster asks the same question for minimal solid algebras. If one could
show that these minimal seeds are in fact integral extensions of R, then an immediate

consequence would be the equivalence of tight closure and plus closure.

Question 8.7. Let (R, m) be an excellent local domain of positive characteristic. If
B is a big Cohen-Macaulay R-algebra and also an Rt-algebra, is B faithfully flat

over RT? What if B is m-adically separated or absolutely integrally closed?

A positive answer to either of the previous questions would show that tight closure
equals plus closure. The results of Chapter 6 allow us to only check the case where

B is m-adically separated and absolutely integrally closed.

Question 8.8. Are the axioms of Chapter 7 strong enough to imply some form of

the Briangon-Skoda Theorem, at least for regular rings?
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Question 8.9. Are the axioms of Chapter 7 strong enough to imply the weakly func-
torial existence of big Cohen-Macaulay algebras over complete local domains? Are
they strong enough to imply any existence result for big Cohen-Macaulay algebras

or modules?
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