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0. INTRODUCTION

We introduce the notion of quasilength. Let M be a finitely generated module over a
ring R and let z = xq, ... ,z4 be a sequence of elements of R. Neither R nor M needs
to be Noetherian. Let I = (z)R. Suppose that M is killed by some power of I. The
I-quasilength of M is the least number of factors in a finite filtration of M by cyclic
modules each of which is a homomorphic image of R/I.

We use the notion of quasilength to define two nonnegative real numbers hi(M ) and
hd(M) that are intended heuristically as “measures” of the local cohomology module

H?(M ). Each may be defined as a lim inf of normalized quasilengths: see §2. The second
is actually a limit. In general, one has

0 < hd(M) < hd(M) < v(M)

where v(M) denotes the least number of generators of M. Hence, when M = R one has
0 <hg(R) < hg(R) <1

If HY(M) = 0, then }_‘Lg(M) = 0 (see Proposition 2.2). We do not have an example in
which we can prove that }_li(R) is strictly between 0 and 1. We can show that }_LZ(R) =1
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if and only if h%(R) = 1 (Theorem 3.8(b)). In positive prime characteristic p we can

prove that h%(R) and h?(R) are equal, and that h%(R) must be either 0 or 1 (Theorem
3.9). Whether these numbers depend on the choice of the sequence z of generators or
only on M and the radical of the ideal (x) is an open question, although we can show that
the condition that h?(R) = 1 depends only on the ideal I and d, and not on the choice
of the d generators 1, ... ,xq for I (Theorem 3.8(a)). In any case, we are inclined to
view the numbers h%(M) and h¢(M) as giving quantitative information about the “size”

of H}(M).
Note that our basic reference for local cohomology theory is [GrHa).

When d and z are understood from context we shall also refer to ]’_Li(M ) as the h-

content of HY(M). The positivity of }_Lg(R) gives a necessary condition for there to exist
a map of R to a Noetherian ring such that the z; map to generators of an ideal of height
d. In fact, if R contains a field, it is necessary that }_li(R) = 1. See Theorem 4.1.

We are particularly interested in the case where M = R, especially the case where
R is a local ring of Krull dimension d and z is a system of parameters for R. In §4
we study the conjecture that if z1, ... ,x4 is a system of parameters for a local ring
R, then h%(R) = h*(R) = 1. This conjecture reduces to the case of a complete local
domain. We prove the result (Theorem 4.7) when R is equicharacteristic by reduction to
characteristic p > 0. We prove in the case of an excellent reduced equidimensional local
ring that h?(R) = h?(R) without restriction on the characteristic. In mixed characteristic
we prove that h%(R) = 1 if dim (R) < 2, and that h%(R) > 0 always. In fact, if p is
the multiplicity of the system of parameters z and X is the length of R/(z), we show
that h?(R) > p/A (Theorem 4.6). The conjecture that h%(R) = 1 for every system
of parameters of every local ring R implies the direct summand conjecture. In mixed
characteristic, we do not know that }_LZ(R) = 1 even in dimension 3, although the direct
summand conjecture [Heit] and the existence of big Cohen-Macaulay algebras [Ho6] are
known. We cannot deduce the result from the existence of big Cohen-Macaulay algebras
in dimension 3 because we have not been able to prove that if z is a regular sequence in
a ring that is not necessarily Noetherian, then }_LZ(R) = 1, although we conjecture this.

In §3 we use quasilength to give conditions that may possibly characterize when a
sequence x1, ...,xrq of elements of a ring R has the property that there exists an R-
algebra S such that xq, ... ,z4 is a regular sequence on S. We call such a sequence
of elements a latent regular sequence in R. We also consider sequences such that there
exists an R-module M on which the sequence is regular: we refer to these as latent
reqular sequences for modules. We do not know whether every latent regular sequence for
modules is a latent regular sequence. These notions are closely related to the notion of
a seed in [Dil-2]. We also introduce the notion of a @Q)-sequence. We raise the following
question: is a Q-sequence the same as a latent regular sequence? See §3, Question 3.6.

One motivation for our study is that these ideas ought to be useful in investigating
the existence of big Cohen-Macaulay algebras over local rings, including the mixed char-
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acteristic case. Another is that results on h-content may well be helpful in studying the
direct summand conjecture, and related conjectures, as indicated above. Thus, these
notions may be useful in settling the local homological conjectures (for background, we
refer the reader to [Du|, [EvG1-2], [Heit|, [Hol-5], [PS1-2]|, and [Rol-5]). In any case,
in studying quasilength and content one is immediately led to many questions that are
important and appear to be difficult. We conclude this introduction with some examples
of such questions.

Question 0.1. Let A be either a field K or an unramified discrete valuation domain
(V, pV') of mixed characteristic p > 0. Let Xy, ..., Xg4, Y1, ...,Yy be indeterminates
over A. We define

d
f= fa :X{...Xé_Z}/}X;+1.
j=1
Let
R: Rd,t - A[Xl, ,Xd, Yl, 7Yd]/(fd,t)-

(In mixed characteristic, one may also consider a variant definition by replacing R by
R/(X1 —p).) We ask whether ]’_‘Li(R) = 0. The direct summand conjecture follows if one

can prove this, which is a weakening of the condition that HZ(R) = 0. See Remark 4.10
and Example 3.11.

Question 0.2. Here is a second question that appears to be difficult. Consider the minors
of an n x (n + 1) matrix of indeterminates over Z or over a field, where n > 2. Let I be
the ideal they generate. We know that these are not a latent regular sequence (not even
a latent regular sequence on modules): see Example 3.1. Can one calculate the h-content
of H}™(R)? In characteristic p > 0 it is 0, but over Z or Q we do not know the answer
even if n = 2.

Question 0.3. Finally, suppose that z1, ... ,x4 is a regular sequence on R. Let I; =
(%, ..., 25)R for every t > 1, and let I = I;. It is easy to see (cf. Proposition 1.2) that
for every t > 1, R/I; has a filtration with ¢¢ factors each of which is isomorphic with
R/(x1, ... ,xq). We conjecture that there is no shorter filtration with cyclic factors that
are homomorphic images of R/I. This is equivalent to the statement that I-quasilength
of R/I; is t?. This is true if R is Noetherian (see Proposition 1.2(c) ), but we have not
been able to prove this statement in the general case even if d =2 and n = 3!
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1. QUASILENGTH

Let R be a ring, M an R-module, and I a finitely generated ideal of R. We define
M to have finite I-quasilength if there is a finite filtration of M in which the factors are
cyclic modules killed by I, so that the factors may be viewed as cyclic (R/I)-modules.
The I-quasilength of M is then defined to be the minimum number of factors in such a
filtration. If M does not have finite I-quasilength, we define its I-quasilength to be +oc.
We denote the I-quasilength of M over R as LE(M). The ring R and/or the ideal I may
be omitted from the terminology and notation if they are clear from context. We denote
the least number of generators of M over R as vr(M) or simply v(M), and the length
of M over R as Ar(M) or simply A(M).

Here are some basic properties of I-quasilength.
Proposition 1.1. Let R be a ring, I a finitely generated ideal of R, and M an R-module.

(a) M has finite I-quasilength if and only if M is finitely generated and killed by a power
of I. In fact, v(M) < L;(M), and I*7™M) Eills M.

(b) If M is killed by I, L1(M) = vp(M) = vg/r(M).

(¢) If I is maximal, then L;(M) is finite if and only if M is killed by a power of I and
has finite length as an R-module, and then Li(M) = \(M).

(d) Assume that 0 — M’ — M — M" — 0 is exact. If M' and M" have finite
I-quasilength then so does M, and L(M) < L(M'") + L(M"). If M has finite I-
quasilength then M" does as well, and L(M") < L(M). If M has finite I-quasilength,
then M’ has finite I-quasilength if and only if it is finitely generated.

(e) If M has a finite filtration in which every factor has finite I-quasilengththen M has
finite I-quasilength bounded by the sum of the I-quasilengths of the factors.

(f) If M has finite I-quasilength with I"M = 0 and we interpret I° as R, then L(M) <
STy v(IIM/FFIM) and £(M) < Y075 v(Anny I+ /Anny, I9).

(g) If S is an R-algebra then L74(S @r M) < LE(M).
(h) Lr(M) =0 if and only if M = 0.
(i) If I = P is prime, Lp(M) is at least the length of Mp as an Rp-module.

Proof. Given filtrations of M’ and M", the filtration of M’ together with the inverse
image of the filtration of M" in M yields a filtraton of M whose factors are the union of
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the sets of factors from the filtrations of M’ and M”. This proves the first statement in
(d). The second statement follows from the fact that a filtration of length h on M whose
factors are cyclic R/I-modules induces a quotient filtration on M"” of the same length
whose factors are also cyclic R/I-modules. We postpone the proof of the third statement
until we have proved part (a).

Part (e) follows from the first statement in part (d) by an immediate induction on the
length of the filtration.

To prove (b), note that if uy, ... ,up generate M, then the submodules Ruq +- - -+ Ru;
give a filtration of M whose whose factors are cyclic modules killed by I. Therefore,
L(M) <v(M).

If M has finite quasilength then, since the factors are all cyclic modules, lifitngs of the
generators of the factors to M generate M. This shows that, in general, v(M) < L(M).
It follows that v(M) = L(M) when I kills M.

If0—Q — Q — Q" — 0is exact, 2 kills Q’, and B kills Q”, then 2AQ C Q' and
so AB kills Q. It follows that the product of the annihilators of the factors in a finite
filtration of M kills M. If £;(M) is finite, we therefore have that I7(M) kills M. On the
other hand v(M) < L;(M). Part (a) is now proved except for the “if” part. But if M
is finitely generated and killed by I", then every I7M is finitely generated (since I and,
hence, each I7 is). From part (e),

h h
Lr(M) <Y Ly(FPM/PHM)=> " v(I?M/I* M)
j=0 J=0

by part (b), and this completes the proofs of both (a) and (f). The third statement in
part (d) also follows, because whatever power of I kills M also kills M’.

Both statements in (f) are immediate from parts (e) and (b). If M is finitely generated
and killed by a power of I, then each I’M is finitely generated, and so these give a
filtration of M with finitely generated factors I'M/I7*'M killed by I. If M is not
Noetherian, some of the factors on the left in the second inequality may need infinitely
many generators: the inequality is true but uninteresting in this case.

Part (c) is clear, because when I = m is maximal, the only nonzero cyclic (R/I)-
module is R/m.

Part (g) is clear because given any finite filtration of M by modules M; such that
every M;/M;_; is cyclic and killed by I, we may use the images of the S ®r M, to give
a filtration of S ® g M whose factors are cyclic S-modules killed by IS, and its length is
the same as the length of the original filitration. Note that (g) is obvious if LEM) = oo.

Part (h) is obvious. Part (i) follows from parts (g) and (c) by choosing S = Rp. O

Let A be aring and let T'= A[X7, ..., X4| be a polynomial ring in d variables over A.
Let J be an ideal of T' generated by monomials in X1, ..., Xy that contains a power of
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every X;. Then T'/J is a finitely generated free module on the monomials in X7, ..., Xy
not in J, and we refer to its rank as the co-rank of J. For example, the co-rank of
(X7 o, XY is ty - L.

Now suppose that R is any ring and xq, ... ,z4 € R. Suppose that we are given
an ideal 2 of R generated by monomials in x1, ..., x4 that are given explicitly, in the
sense that the d-tuples of exponents are given explicitly, and that a power of every z; is
given as a generator. If A is any ring (one may always use Z) that maps to R, we may

form a corresponding ideal .J in A[X1, ..., X,4] generated by those X" ... ng such that
x}f L. -xgd is one of the explicitly given generators of 2. We refer, somewhat imprecisely,

to the co-rank of U as the co-rank of J. Alternatively, we say that a monomial is formally
in 20 if it has the form z** ---xljd and there is a given generator ' ---mZ’d of 2 such
that k; > h; > 0 for 1 < j < d. Then the co-rank of 2 is the number of monomials in
x1, ... ,xq that are not formally in 2.

Proposition 1.2. Let R be a ring, let I = (x1, ... ,xq) be an ideal of R, and let M
and N be R-modules. Let t = (t1, ... ,tq) be a d-tuple of positive integers and let I; =
(zf, ..., xgd).

(a) If N is finitely generated and killed by Iy, then Li(N) < ty---tqv(N/IN). In fact,
N has a filtration by ty - - - t4 modules such that every factor is a homomorphic image
of N/IN. In particular, Lr(R/I;) <ti---t4.

(b) If z1, ... ,xq4 is a regqular sequence on M and N = M /I, M, then N has a filtration
by ty - - - tq modules each of which is isomorphic to N/IN = M/IM.

(¢) If R is ring such that x1, ... x4 is a regular sequence on a Noetherian R-module
M, then Lr(R/I;) =ty ---tq. In particular, if x1, ... ,xq is a regular sequence in a
Noetherian ring R, then Li(R/1;) =t1---tq4.

(d) Let A be an ideal generated by a set of monomials in x1, ... ,xq containing a power
of every x;, and suppose that the number of monomials in the x; not formally in A
is a. Let B be another such ideal such that the number of monomials not formally in
B is b. Suppose that every generator if B is formally in A. Then Lr(AM/BM) <
(b—a)v(M/IM).

Proof. (a) N has a filtration by t; - - - t4 modules each of which is a homomorphic image
of N/IN. To see this, note that N has a filtration

NOxyNDzND--- Dzl 'NDzhN =0

with ¢; factors, each of which is a homomorphic image of N/z1 N, since there is a sur-
jection N/x1 N — x{N / :1:{“N induced by multiplication by 33{ on the numerators. We
may use induction on d to complete the proof: each of these factors will have a filtration
with to - - - t4 factors killed by (z3, ... ,x24)R as well as x1, and each of these factors will
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be of a homomorphic image of N/xz; N and therefore of N/IN. The result now follws
from parts (b) and (e) of Proposition (1.1).

(b) With z; not a zerodivisor, the surjection M/z M —» ) M/2z)T" M induced by
multiplication by 3:{ is an isomorphism. This yields a filtration of M /2 M by factors
each isomorphic to M /z1 M. The result now follows by induction on d from the fact that
To, ..., Tq is a regular sequence on each of these factors.

(¢) We know that L;(R) < t;---tq. We obtain a contradiction if L;(R) = h < t1 - - tgq.
This remains true when we replace R by R/Anng M by Proposition 1.1(g), and likewise
when we replace R by its localization at a minimal prime in the support of M/I;M.
Hence, there is no loss of generality in assuming that R is a local ring and that M /I, M
has finite length. The ideals J; of R that give the filtration of length h (since the factors
are cyclic, J; 11 is generated over J; by one element r;,1 such that Ir;1; C J; ) may be
expanded to M. The result is a filtration of M with h factors, each of which has the form

(Ji +ripaR)M i1 M

JZM (JZ‘MQTH_lM)‘

We have a surejction of M onto the latter (sending u +— r;41u) that kills 7M. Hence, the
length of each factor is at most (M /IM), and it follows that A(M /L, M) < hA(M/IM).
However, M/I;M also has a filtration with ¢; - - - t4 factors each isomorphic with M /IM,
and it follows that N(M /L, M) =1, ---ta A\(M/IM), a contradiction.

(d) The ideal 2 is generated over ‘B by the set S of monomials in the x; that are
formally in 2 and not formally in 8. The number of monomials in S is b — a, and these
can be adjoined successively to B to give a sequence of ideals

B=BoyCB1C---CBp_,=DB

such that each ideal ®B;,; is generated over its predecessor B; by one monomial p such
that, in every instance, I C B;. This yields a sequence

BM CB M C---CAM

such that each of the b — a factors is a homomorphic image of M/IM, and the result
follows. [0

Remark on notation. Throughout the rest of this paper, we shall frequently use the
notations I and I; as in Proposition 1.2 when it is understood what z = x1, ... , x4 is
from context.

Remark 1.3. Quasilength is a natural notion but there are difficulties in working with it.
One of these is that we do not know, a priori, how to choose a filtration of a module which
gives the quasilength or even gives a result that is close to the quasilength. Given a specific
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module, every choice of suitable filtration gives an upper bound for the quasilength, but
it is very hard to prove lower bounds for the quasilength. In some cases, one can get
adequate information from arguments making use of length, but there are many important
cases where this method does not give a result that is close to optimal.

Ezxample 1.4. Let K be an infinite field, Let let S = K|s, ¢, u, v] be a polynomial ring,
and let R = S/ where 2 = (uvs, uvt, v?s, v?t)S, the product of the ideals (u,v)S and
(vs, vt)S. Let 17 = vs and o = vt. Let I = (z1, x2)R. Then I? = 0. We can see
that £;(R) = 2 using the filtration 0 C vR C R. There are several points that we
want to make. Both of the inequalities in part (f) of Proposition 1.1 are strict in this
case. We have v(R/I) + v(I/I?) =1+ 2 = 3. Let J = (u, v)R. We also have that
Anngl = J, and v(R/J) + v(J) = 14+ 2 = 3. Over an infinite field one might use the
following strategy to attempt to calculate £;(R). Choose generators for the annihilator
of I in R, and consider an element in general position in the vector space they span.
Let this element generate the first ideal in a filtration. Kill this ideal, and then continue
recursively in this way. In the present example, one starts by killing an element of the
form ciu + cov where ¢; and ¢y are nonzero scalars. Regardless of how the scalars are
chosen, the quotient is isomorphic with K][s, ¢, v]/(v?s, v?t). This still has quasilength
2. Therefore, the proposed strategy does not give the quasilength in the example under
consideration: it is nencesary to begin the filtration with an ideal generated by an element
that is, in some sense, in special position in Anngl. It is appears to be very difficult to
give an algorithm for calculating quasilength even in very simple situations in where the
quasilength is known to be small and the ambient ring is finitely generated over a field.
See also Remark 2.7 and the last paragraph of Example 3.1.

2. HEURISTIC MEASURES OF LOCAL COHOMOLOGY

Suppose that M is a finitely generated module over the ring R, x = x1, ..., x4,
and I = (21, ... ,zq4)R. Let t = (t1, ... ,tq) denote a d-tuple of positive integers. Let
I = (2% ..., :czld)R, and for k € N let t + k denote the d-tuple (t1 + k&, ... ,tq+ k). We
define

(I, M) = U (T4 M) iar (1 -+ 20)*).

The notation is somewhat inaccurate, since (1; M )im depends on knowing M, x1, ... , x4,
and ¢, not just on I; M. However, we believe that what is meant will always be clear from
the context. Observe that if we allow d-tuples k = (kq, ... ,kq) € N%, we also have that

(1 M)™ = (TeraM) iag - 2l?).
EeNd
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Note that
HY(M) =lim, M/I,M,

where the maps in the direct limit system are such that the map M/I,M — M /I, M

is induced by multiplication by :c]fl e x’;d on the numerators. It follows that (I, M )™ is
the kernel of the composite map M — M/I;M — H{(M), so that

H{ (M) = lim  M/(IM)"™,
and the maps in the direct limit system are now injective.

We write ¢t > s for s € N to mean that every t; > s.

We now define

h?(M) = lim inf{ Li(M/((IM)"™))

1t > s}
S—)CXJ tlttttd

By Proposition 1.2(a), every element of every set is at most
Li(M/L)/(ty---ta) < v(M/LM) < v(M),

and since the sets are decreasing with s, the terms in the limit are nondecreasing. Hence:

Propostion 2.1. With notation as above, the limit }_‘Li(M ) always exists, and we have
that
0<hi(M)<v(M). O

We emphasize that no finiteness hypotheses are needed. We note:
Proposition 2.2. With notation as above, if HY(M) = 0, then ]’_Lg(M) = 0.

Proof. If the local cohomology vanishes, we have that every M /(I,M)"™ = 0, and so all
the quasilengths are 0. [J

We next introduce a variant notion that, for certain purposes, is easier to work with.
We shall see that when x1, ..., x4 is a system of paramters for an excellent, equidimen-
sional, reduced local ring R and M = R, the two notions agree.

Again, let x1, ... ,z4 € R be any sequence of elements of the ring R and let M be a
finitely generated R-module. We define

Lr(M/(I,M
hd(M) = lim inf{ 1(M/(1M)) 1t > s).
= §—00 t]. o e td
This limit exists by the same reasoning used for }_Li(M ), but we can now assert some-
thing stronger. We first observe:
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Lemma 2.3. Let R, x1, ... ,xq4 € R and M be as above and let a d-tuple of integers t =
(t1, ... ,tq) > 1 be given. Let I = (x1, ... ,xzq)R. Let a real number € > 0 be given. Then
there exists an integer s > 0 such that for all d-tuples of integers T = (T, ... ,Tq) > s,

Lr(M/IrM) _ Li(M/1,M)
T Ty =  t;---tg

+ €.

Proof. Use the division algorithm to write
Ty =qitj + 15 1<j<d,

where ¢j, r; € Nand 0 <r; <t; for all j. Let t' = (q1t1, ..., gatq). Then M/Ip M has
the submodule Iy M /I M with quotient M /Iy M, and so we have

(%) Lr(M/IpM) < Ly(M/Iy M)+ Li(Ipy M/I7M).

We want to give upper bounds for both terms on the right. We can think of z% b

J
(:B;j)qﬂ'. It follows from Proposition 1.1(a) that M /I,y M has a filtration with ¢; ---qq

factors each of which is a homomorphic image of M/I; M. Hence,

as

Li(M/TyM) < g1+ qq L1(M/I,M).
By Proposition 1.2(d),
Li(IyM/IpM) < (Ty - Ty — (q1t1) - - - (qata) ) v(M/IM).
After we divide by T - - - Ty, these two estimates coupled with (x) yield

Li(M/IrM) _ Q1"'Qd£1<M/ILM)+(1_q1t1 qatd

KL AW a878)
Tl"'Td - Tl"'Td Tl Td )V( / )

The first summand on the right hand side increases if we replace the denominator by
(g1t1) - - - (gatq). In the second summand, we note that ¢;t;/7; is the same as 1 —r;/T; >
1— tJ/TJ T‘hllS7

ra-a-2ae %))V(M/IM).

Li(M/IpM) < Lr(M/I1M)
T Ty — Ty---Ty

Since t is fixed, it is clear that the second term on the right is eventuallly < e when the
T; are sufficiently large. [

This yields:
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Theorem 2.4. With notation as in Proposition 2.3,

Li(M/I;M Co(M/LM
hi(M)Zinf{M t>1} = lim Li(M/1,M)
B t1---ta t—oo -1y
If Iy = (i, ..., JJZ)R fort > 1, we also have
M/I; M
hd(M) = im LM/ 1M)
- t— o0 td
Proof. Let
Ly(M/I; M
n:jnf{M:z21}'
-ty

Let v be any element of the set. By the preceding Lemma, hg(M ) <y +eforall e >0,
and so h%(M) < . It follows that h{(M) < n, while the opposite inequality is obvious.

Thus, h%(M) = n. Let € > 0 be given. Let
Lr(M/1,M)
M=
t1-- -ty
Choose a specific d-tuple T such that 7, < n+¢€/2. From the Lemma, there exists s such

that for all t > s, 7, < (4 €/2) +€/2=n+¢, and so n <, <1+ € for all t > 5. Both
statements about limits follow. [J

Remark. Let R — S be a surjective homomorphism of rings, let x = z1, ... ;x4 € R,
and let y = 1, ... ,yq be the images of x1, ... ,zgin S. Let J =15 = (y1, ... ,ya)S5, let
M, N be S-modules, and let gpM denote the R-module obtained from M by restriction
of scalars. Then it is obvious g(J;M)'™ = (I, RkM)"™ that if N is killed by a power of
J then LE(rN) = L5(N), and we may apply this when N = M/(J,M)"™ (respectively,
M/J¢M) to conclude that }_Lg(RM) = hg(M) and that hi(rM) = hZ(M).

We next observe that both notions of content can only decrease under base change.

Proposition 2.5. Let R — S be a ring homomorphism, let x1, ... ,xq be a sequence of
elements of R. Let M be any R-module, and let y1, ... ,yq be the images of x1, ... ,xq
in S. Then hg(M) > }_LZ(S ®r M) and hi(M) > hi(M). In particular, P_LZ(R) > T_Li(S)
and hi(R) > hi(S).

Proof. The statement for h¢(M) is immediate from Proposition 1.1(g) and the fact that
(z1', ...z )R expands to @il, .. y")S. The argument for P_Lg(M ) is similar, but needs
the fact that the image of

S o (@, ...al)M)"™
in S ®g M is contained in

(' -yl (S @r M))™,
which is entirely straightforward to verify. [
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Proposition 2.6. Let x1,...,2q4 € R, let ki, ..., kq be positive integers, let y =
o ke and let M be any R-module. Let I = (z)R and J = (y)R. Let t de-
note a variable d-tuple of positive integers. Let I, denote (:Cil, ce :L’Zd)R, and let Jy
denote (yi*, ..., yfld)R. We write k - t for the d-tuple whose i th term is k;t;.

(a) Lr(M/IM) < ky kg Ly(M/JM).

(b) (JEM)hm with respect to y is the same as (IE_EM))hm with respect to x.
(¢) Lr(M/(LM)"™) <ky---kqLy(M/(JM)™).

(d) hg(M) < hd(M) and hg(M) < hy(M).

Proof. Part (b) follows from the fact that J; = Ix.;, and the usual identification of the
the local cohomology modules H¥(M) and H4(M) and hence of the maps M — H%(M)
and M — H%(M). Parts (a) and (c) follow from the fact that a filtration of the module
ocurring on the right hand side of the inequality that has h factors that are homomorphic
images of R/J can be refined to one that has k; - -- kg h factors that are homomorphic
images of R/I, since R/J has a filtration with k; --- k4 factors that are homomorphic
images of R/I. The statements in (d) follow from (a) and (c) and the definitions of
content. [J

Remark 2.7. Remark 1.3 and Example 1.4 emphasized the difficulty in finding an algo-
rithm or procedure that calculates quasilength. We want to point out that in trying to
study, for example, hZ(R), it would be very useful to have a procedure if it gave a result
asymptotic to £;(R/I;) as t — oo. This may well be much easier than finding a method
that yields precise quasilengths.

Let R C S be a module-finite extension and let z1, ... ,z4 be a sequence of elements
of R. We shall say that the map R C S is x-split if there is a positive integer h and
an R-linear map S®"* — R whose image contains a power of every x;, i.e., whose image
has the same radical as (z)R. This holds, in particular, if R C S is split as a map of
R-modules, in which case we may take h = 1.

Theorem 2.8. Let R C S be a module-finite extension such that S is generated as
an R-module by r elements. Suppose that this extension is x-split, so that there exists
an R-linear map S®" — R whose image is an ideal containing a power of every x;.
1
Then h(R) > h%(S) > —hhg(R), and h%(R) and h(S) are both 0 or both positive. In
z z rh Z T T
1
particular, if R — S splits over R, then h¢(R) > h%(S) > —h%(R).
z T oz

Proof. Let I = (z)R and I; be defined as usual. Suppose that we have an R-linear map
6 : S — R whose image J contains a power of every z;. Suppose that we have a
filtration of S/I,S with L = £9,(S/1;S) factors each of which is a homomorphic image
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of S/IS. Since S is generated by r elements over R, each factor can be filtered further as
an R-module so that one has a filtration by at most » homomorphic images of R/I. This
yields a filtration of S/I;S by R-submodules with at most rL factors each of which is a
homomorphic image of R/I. We then obtain a filtration F of (S/1;S)®" by R-submodules
with at most rhL factors such that every factor is a homomorphic image of R/I.

The map ¢ induces a map 0:(S/1;S)®" — R/I;R whose image is (J + I;)/I;. We may
apply 0 to the R-modules in F to obtain a filtration of (J + I;)/I; such that the factors
consist of rhL homomorphic images of R/I. This yields

Li(R/I;) <rthL+ L (R/(J + 1)) < rhL + LE(R/J) = rhL7s(S/1,S) + LT(R/J).

We may now divide by t? and take the limit of both sides at ¢ — oo. Since LF(R/J)
is constant, we obtain the inequality on the right in the statement of the theorem. The
inequality on the left is the last statement in Proposition 2.5. [

Remark 2.9. Let x = x;. If R, C S, splits over R,, we can often obtain an R-linear map
S — R whose value on 1 is a power of x. This is true (1) if z is a nonzerodivisor in R, or
(2) if the kernel of R — R, is killed by z! for some fixed ¢, or (3) if S is finitely presented
over R. In each of these cases we can use the composite map S — S, — R, (where the
map on the right is the splitting) to get a map f : S — R, with f(1) = 1. The image
of each of the finitely many generators of S will have the form r;/z*i for some suitably
large k;. If k is the supremum of the k;, and z is a nonzerodivisor, the values of xF f are
in R, and its value on 1 is 2¥. More generally, let 2 be the kernel of R — R, and suppose
that it is killed by z'. Let R = R/2. Then, as in the case where z is a nonzerovisor, we
get a map ¢ : S — R whose value on 1 is the image of z*. Since R = z'R C R, we get a
map S — R whose image on 1 is 2%, In the case where S is finitely presented, we may
use that (Homp(S, R))I =~ Hompg, (S;, R,) instead. If, for every i, one of the numbered

conditions holds, then we get a map S¢ — R whose image contains a power of every ;.

3. LATENT REGULAR SEQUENCES AND Q-SEQUENCES

We recall that z1, ... ,z4 is a latent regular sequence (respectively, a latent regular
sequence for modules) in R if there exists an R-algebra S (respectively, an R-module M)
such that z1, ... ,z4 is a regular sequence on S (respectively, M). Note that, by defini-
tion, for the sequence to be regular, we must have that S/(x1, ... ,z4)S # 0 (respectively,
that M/(x1, ... ,xq)M # 0). Of course, a latent regular sequence is also a latent regular
sequence for modules.

We note that if such an algebra or module exists, then we may localize at a minimal
prime in the support of S/(z1, ... ,zq)S (respectively, M/(x1, ... ,x4)M), so that we
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may assume that S is quasilocal (respectively, that M is a module over a local ring
of R). When we refer to completion in the I-adic topology, we shall always mean the
separated I-adic completion. When we complete S or M with respect to the I-adic
topology, the regular sequence x4, ... ,xq becomes a permutable regular sequence on the
completion. See [BS], Cor. 1.2, Th. 1.3, and Prop. 1.5. Hence, latent regular sequences
(respectively, latent regular sequences on modules) are permutable, i.e., a permutation
of such a sequence is again such a sequence.

Moreover, if R is a local ring, z1, ... , x4 is a system of parameters, and x1, ... ,xq is
a regular sequence on M, a module or algebra, then every system of parameters for R is a
regular sequence on the I-adic completion of M (which is an algebra if M is an algebra).
Again, see [BS]. Thus, the existence of big Cohen-Macaulay algebras over a local ring
is equivalent to the statement that some (equivalent, every) system of parameters is a
latent regular sequence, and there is a parallel statement for modules. Hence, the study
of latent regular sequences is closely related to the study of seeds over a complete local
domains in [Dil-2].

Ezxample 3.1. Let A = (r;;) be an n x (n+ 1), n > 2, matrix over the ring R, and let
Ay, ..., A1 be the sequence of n x n minors of A with alternating signs: specifically,
A; is the product of (—1)*~! and the n x n minor obtained by omitting the i th column.
Then Ay, ... ,A,+1 is not a latent regular sequence on modules. To see this, let I be
the ideal that these elements generate, and suppose that they form a regular sequence
on M. Let wu e M — IM. Each row of the matrix gives a relation on Ay, ... A, yq. If
we multiply by a given element of M, this becomes a relation with coefficients in M. It
follows that every for all ¢, 7, r;;M C IM. But then IM C I™M, since every minor is a
homogeneous polynomial of degree n in the r;;. It follows that Ju C I" M, and the fact
that the A; form a regular sequence then implies that v € I"~'M, a contradiction.

Let A denote either Z or a field. Let A = (X;;) denote an n x (n + 1) matrix of
indeterminates over A, and let R be the polynomial ring in the X;; over A. Let z denote
the sequence of n x n minors of A, and let d = n+1. Let I = (z). We are very interested
in the behavior of HY(R). If A is a field of characteristic p, we know that H¢(R) = 0 by
a result of Peskine and Szpiro [PS1], Prop. 4.1, and, hence, hi(R) = 0. It follows from
Theorem 3.9 below that h?(R) = 0 as well. If K is of equal characteristic 0, we know
that HY(R) # 0. In this case, B = K[Ay, ... ,A,41], which is a polynomial ring in all
characteristics, is a direct summand as a B-module of R (because it is a ring of invariants
of the linearly reductive group SL(n, K) acting on R), and so H (d@ 5(B) # 0 is a direct
summand over B of H}(R). In equal characteristic 0 and over Z we do not know the
values of h%(R) and h%(R).

We can say more. The following argument, using results of [Ly], is due to G. Lyubeznik.
Assume that K has characteristic 0 and continue the notations of the preceding para-
graph. Then HY(R) is a holonomic D-module. After localization at any X;;, the ideal I
is generated by the n — 1 size minors of an (n — 1) x n matrix, and so H¢(R) is supported
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only at the homogeneous maximal ideal. Since it is a holonomic D-module, it follows
from the results of [Ly] that it is a finite direct sum of copies of the injective hull E of
R/m, where m = (x;; : 1,j)R is the maximal ideal generated by all the variables, and
Ex Hﬁff“)n(R). It follows from the results of [W] that when n = 2, H3(R) = HS (R).
See also Theorem 6.1 and its proof in [HuKM]|, where this isomorphism is shown to have
surprising applications. In general, in equal characteristic 0, H¢(R) = H gbﬂ)n(R)@k",
where k,, > 0 is an integer, and z is a string formed from the (n+1)n indeterminates Tij.
We conjecture that k,, = 1 in general, but so far as we know this is an open question except
when n = 2. Note that from Theorem 4.7, it follows that ?_LSET,LH)H(R) = thH)n(R) =1
in equal characteristic 0 and p > 0 for all n. However, this does not a priori yield any
information about the case where the string of elements from the ring consists only of
the n + 1 minors and the exponent is n + 1, even though the local cohomology module
may be the same. Note that in characteristic p > 0 in the latter case h"™!(R) = 0.

Let K be a field and let I be the ideal generated of a 2 x 3 matrix of indeterminates over
K. To underline the difficulty of calculating I-quasilength, we note that we do not know
what it is for the quotient of R by ideal I, generated by the squares of the 3 minors.

By mapping to the polynomial ring K[y, z] so that the matrix becomes (1 00

Y

0 vy =z
one sees that the quasilength is at least 4, while it is obviously bounded above by 8 (in
characteristic 2, it is bounded by 7, because the product of the minors is in I5). We have
not been able to prove more.

Ezample 3.2. Tt may be tempting to believe that if z1, ... , x4 € R, x1 is not a zerodivisor
in R, but zo, ..., x4 is a latent regular sequence in R/x1 R, then x1, ... ,x4 is a latent
regular sequence in R. But this is false. Consider the situation in the preceding paragraph
when n = 2 and A = K is a field. We have already seen the A;, Ay, A3 is not a latent
regular sequence on modules. But the images of As; and Az do form a latent regular
sequence in R/(Aq). Let x,2’,y, 2, s,t be new indeterminates over K, let D = xt—a's—1,
and let S = (K|z,a',s,t]/(D))ly,z]. Map R/(A1) as a K-algebra to S by sending the
ys zs
i > Note
that the map is well-defined because the second and third columns of the image matrix
form a matrix with determinant 0. Under this map, the images of Ay and Az are —z
and y, respectively, which is a regular sequence in S. [

entries of the matrix X to the corresponding entries of the matrix (xx/

By an equational constraint on x = x1, ... ,rq and R, we mean a finite family of
polynomials Fy, ..., F}, over Z with coefficients in Z in variables X1, ..., X4, Y7, ..., Y}
(s may vary). We shall say that x and R satisfy the constraint if there do not exist
elements 71, ... ,rs € R such that F;(xy, ... ,zq, 71, ... ,75) =0, 1 < i < h. We shall
say that a condition C on x and R is equational if there is a family of equational constraints
such that x and R satisfy C if and only if x and R satisfy all of the equational constraints
in the family. The following result is already known, except for the terminology of “latent
regular sequences.”
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Theorem 3.3. The condition that z1, ... ,xq4 € R be a latent reqular sequence (respec-
tively, a latent regular sequence for modules) is equational.

We briefly mention the idea of the proof. By a module (respectively, algebra) modifi-
cation of an R-algebra (respectively, module) M of type k with respect to x1, ... , x4 we
mean a map M — M’, where

k
Tr+1Uk+1 = Z%uz
i=1
with all of uy, ... ,uxgr1 € M, is a relation, 0 < k < d — 1, and M’ is either

k
M — M[Zl, c. ,Zk]/(uk+1 — szZz)
i=1

in the algebra case, where the Z; are indeterminates, or

k
M — (M & Rey & -+ & Reg)/R(ug 1 — Y mies),

i=1
in the module case, where Re; @ - - - @ Rey, is an R-free module with free basis eq, ... , ex.
Then z1, ... ,x4 is a latent regular sequence (respectively, a latent regular sequence for

modules) if and only if for every sequence
R—-M —---— M,

algebra (respectively, module) modifications of types ki, ... ,k,, respectively, we have
that 1 € R does not map into (x1, ... ,x4)M,. The failure of this condition for specific
r and kq, ...k, is easily seen to be equivalent to the failure of an equational constraint
on R. For details in the module case we refer the reader to [Ho2| §4, and for the algebra
case to (3.31) of [HH5]. O

Let x1, ... ,x4 € R. Let the notations I; and I; be as in (2.3) and (2.4). We say that
1, ... ,xq form a Q-sequence if the following equivalent conditions hold:

(1) For allzztl, e ta, ‘C[(R/I£> =t1---1,.
(2) For all t > 1, L;(R/I;) = t%.
(3) hi(R) =1.

The equivalence is immediate from Theorem 2.4. We shall show that the condition that
x1, ... ,xq form a Q-sequence depends only on d and the ideal I = (z1, ... ,24)R. See
Theorem 3.8(a). Moreover, Remark 3.7 and Theorem 3.8(b) give additional equivalent
conditions for x1, ... , x4 to form a Q-sequence (for example, it is equivalent that ]’_L;l(R) =
1).

If z1, ..., x4 is a regular sequence in R, we conjecture that z1, ... , x4 is a Q-sequence,
but we cannot prove this even if d = 2. We note:
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Proposition 3.4. The condition that x4, ... ,zq be a Q-sequence in R is equational.

Proof. The failure of the condition is equivalent to the existence of t and h < t¢ such that
R/I; has a filtration with h cyclic factors such that each quotient is killed by (z1, ... ,xq).
This in turn is equivalent to the existence of elements rq, ... ,r, € R with r, = 1 such
every x;r; is in the ideal generated by z%, ...,z and the r; for i < j. We may then
take the terms in the filtration to be the ideals J/I; where J; is generated over I; by
r1, ... ,rx. If Z; is the variable corresponding to r;, the polynomials we want to vanish
are Z; — 1 and

j—1 d
XiZj =Y YijuZy, =Y Vi, XL, 1<j<h1<i<d,
v=1

v=1

where the Y; ; , and V; ; , are auxiliary variables. [
We also note:

Remark 3.5. Note that an equational condition on z1, ..., x4 holds in R if and only if it
holds for all finitely generated subalgebras of R that contain x1, ... ,x4. Also note that
if we have a direct limit system of rings R’ and for each R’ a sequence of d elements x’
such that 27 — 2¥ under R — R* for j < k, then the direct limit of these sequences
satisfies the equational condition if and only if all of the z/ satisfy it.

Hence, both observations apply to the following three conditions:

(1) x1, ... ,z4 is a latent regular sequence.

(2) z1, ... ,z4 is a latent regular sequence for modules.

(3) 1, ..., x4 is a Q-sequence.
Question 3.6. Is it the case that a sequence x1, ... ,z4 in R is a latent regular sequence
if and only if it is a Q-sequence? Note that we do not know either direction, since we
have not been able to show that if z, ..., x4 is a regular sequence in R, then it is a

Q-sequence.

Remark 3.7. If the quasilength of R/I; is t¢, where I, = (x}, ... ,2%)R, then for any
ideal J generated by monomials in the elements 1, ..., x4 that contains contains I,
the I-quasilength of R/.J is the co-rank h of J (see the discussion in the two paragraphs
immediately preceding Proposition 1.2). For if R/J has a filtration with k < h factors
that are images of R/I, then R/I; has a filtration with k + (¢t — h) < t¢ factors that
are images of R/I, since L;(J/I;) < t¢ — h by Proposition 1.2(d), and this gives a
contradiction. Hence, if x1, ..., x4 is a Q-sequence, the [-quasilength of R/J for any
ideal J generated by monomials in z1, ..., x4 that contains a power of every z; is the
same as the co-rank of J, since J O I, for all sufficiently large ¢.

We next observe:
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Theorem 3.8. Let R be any ring and let x1, ... ,zq € R.

(a) The condition that h¢(R) = 1 depends only on d and I = (z1, ... ,z4)R, and not on
the specific choice ofid generators for I. More specifically, he(R) = 1 if and only if

t+d—1
d

for every integer n, L;(R/I") is the co-rank ( ) of the ideal I*.

(b) The following conditions are equivalent:
(1) hi(R) =1.

(2

(3

(

1, ...,2Tq 18 a Q-sequence.

For all d-tuples t of positive integers, Lr(R/I}™) =t ---tq.

)
)
)
4)

Proof. (a) By Remark 3.7, to check that the x1, ..., x4 are a Q-sequence it suffices to
show for any sequence of monomial ideals J; cofinal with the ideals I; that every L;(R/J;)
is the same as the co-rank of J;. In particular, we may use J; = I°.

(b) It is clear that (3) = (4) = (1) (since h%(R) < h%(R) < 1) and we already know
that (1) < (2). Hence, it suffices to assume (2) and prove (3). Suppose that R/I'™ has
a filtration with h < t; - - - t4 factors that are homomorphic images of R/I. This will also
be true for R/J, where J is obtained by enlarging I using finitely many elements of I}™.
Let y denote x1 - - - 4. Then we may assume without loss of generality that J is contained
Ity e y* for a suitable positive integer k. The cyclic submodule C' of R/ Iy} generated
by %" is killed by .J, and so has a filtration with h factors that are images of R/I. But
R/(I; + y*R) has co-rank (t; +k)---tq+k) —t1---tq (we may do this calculation in the
case where the x; are indeterminates over some base ring), and so R/ has a filtration
with (t1 +k)--- (ta+k)—t1---ta+h < (t1+k)--- (ta+k), factors that are homomorphic
images of R/I, contradicting the assumption that x1, ... ,z4 is a Q-sequence. [

We are now in a position to prove:

Theorem 3.9 (dichotomy in positive characteristic). Let x1, ... ,xq4 € R, where
R has prime characteristic p > 0. Then hg(R) must be either 0 or 1. Thus, either x is

a Q-sequence or else hi(R) = 0. Moreover, ]’_LZ(R) =hi(R).

Proof. Let I denote (z1, ... ,z4)R and let I; denote (xf, ..., z%)R as usual. Note that

if () is any power of p, then ng] = I;4. If the elements do not form a Q-sequence we can
choose an integer ¢ > 0 such that £;(R/I;) = h < t?. By Remark 3.7, we can replace t
by any larger integer, and so we may assume that t = ¢ = p°® is a power of p and that
R/I, has a filtration in which the factors are h homomorphic images of R/I with h < ¢.

We prove by induction on n that R/I,» has a filtration in which the factors are h"
homomorphic images of R/I. The case n = 1 is given. At the inductive step, assume that
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one has such a filtration for R/I,». Let S denote R viewed as an algebra over itself using
the eth iterate F'° of the Frobenius endomorphism. By taking images in S ®@p R/Ijn
we obtain a filtration of S/I»S with h™ factors, each of which is a homorphic image of
S/1S. But S/Ign = R/In+1, and S/IS = R/I,;. Thus, R/I;n+: has a filtration F with
h™ factors, each of which is a homomorphic image of R/I,. Since R/I, has a filtration
with h factors each of which is a homomorphic image of R/I, we may refine the filtration
F to a filtration of R/In+1 with h-h™ = h"*! factors, each of which is a homomorphic
image of R/I. This completes the induction.

h™ h h Li(R/Im)

Since ——— = ()" and — < 1, we have that lim

—0.
(¢ ¢ q? n—oo  (q")4

For the final statement, note that if h(R) = 0 then }_Li(R) < hZ(R) must also be zero,
while if h?(R) = 1, then h!(R) = 1 by Theorem 3.8(b). O

Definition 3.10. Let x1, ... ,xq € R and let I = (z)R. We say that H}(R) is robust
for z if ]’_Li(R) = 1. We show in §4 that if x1, ... ,z4 is a system of paramters for an
equicharacteristic local ring (R, m), then H}(R) = HZ (R) is robust for z (Theorem 4.7).

Ezxample 3.11: Paul Roberts’s calculation of local cohomology. Let K be a field of char-
acteristic 0. Let

R = K[xla T2, T3, Y1, Y2, 3/3]/(55%35%37% - ylx:l)) - y237§ - y3x§)

be the ring R3o considered in Question 0.1 of the Introduction, or its localization at
(z, y), or the completion of that ring. The main result of [Ro6] is that H (?’:C)(R) # 0. This
provides an example of a nonzero local cohomology module that is not robust, since it
is clear that £;(R/I3) is at most 7, and so h3(R) < 7/8. We do not know the values of

LL;(R) and h3(R) in this case.

Ezample 3.12: the case of one element. Let R be any ring. It is quite easy to see that
r € R is a latent regular sequence for modules if and only for all n, 2™ ¢ "' R. The
necessity of this condition is clear. For sufficiency note that J = 2R + |J,, Annga™ # R,
for if rz + v =1 and vz™ = 0 then 2" = 2™ - 1 = 2" (rx +v) = ra" 1. If we localize at a
minimal prime @) of J, then the image of x is not nilpotent, and x is in the maximal ideal
of Rg. We may now kill a minimal prime of Rg to obtain a quasilocal domain in which the
image of x is a nonzero element of the maximal ideal, and, hence, a nonzerodivisor. [J

Ezample 3.13: the case of two elements. Let R be any ring and z, y € R. Let I = (x,y),
and let R be the image of R in R.y. Let T, ,(R) denote the submodule of R, consisting
of all elements u that I™u € R for some positive integer n. It is easy to verify that
S =7, ,(R) is a subring of R,,. Then z, y is a latent regular sequence for modules if
and only if (x,y)S # S, in which case z,y is a regular sequence on S. See §12 of [Ho5|
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(where 7, ,(R) is denoted ©(R; z,y)). Thus, z, y is a latent regular sequence for modules
if and only if it is a latent regular sequence.

Ezxample 3.14. Consider the polynomial ring R = K|s, t, u, v], where K is a field. Let
P = (s,t)R and Q = (u, v)R. Then J = PQ = PN Q is the radical of the ideal I =
(71, T2, 23)R, where x1 = su, x5 = tv, and r3 = sv—tu. In fact, (sv)? —x350 — 2129 = 0,
from which it follows that sv is integral over I, and, consequently, tu is integral over I as
well. It is clear that z1, x2, x3 is not a latent regular sequence. To see this, suppose it
were regular on an R-algebra S. Then either PS or QS must be a proper ideal of S or
else PQS = S and this forces IS = S. But, even in the non-Noetherian case, a proper
ideal generated by two elements cannot contain a regular sequence of length 3 ([Nor],
Theorem 13, p. 150).

We next note that by the Mayer-Vietoris sequence for local cohomology, we have an
exact sequence:

- — H}(R) @ HY(R) — H}(R) — Hp o(R) — Hp(R) ® HYH(R) — - --

Sincde HE(R) = Hj(R) = 0 for i > 2, this gives an isomorphism H}(R) = H,, (R) where
m = P + @ is the maximal ideal of R. Thus, H;(R) # 0.

Of considerable interest here is that we have not been able to determine whether
x1, T2, T3 is a Q-sequence in any characteristic! We can show that £;(R/I,,) lies between
cn? and n3 where c is a positive constant, but have not been to get finer information. In
positive characteristic, we know that x1, z2, 23 is a Q-sequence if and only if h2(R) > 0,
which is equivalent to the condition that £;(R/I;) > ¢/n3 for some positive constant ¢’
and all n, by Theorem 3.9. But we have not been able to prove any such lower bound.
Note that if we map R — K|s, t] as a K]s, t]-algebra by sending v +— 1 and v — 1, z
specializes to s, t, s —t. Since R/I maps to K. This shows that L;(R/I;) is at least
the K-vector space dimension of K|s, t]/(s", t", (s — t)™). Clearly, this is at least the

dimension of K|s, ¢]/(s, t)", which is (" —; 1).

Likewise, we cannot determine whether £;(R/J") is bounded below by cn3. Because
J? C I C J, this would yield the corresponding fact for I. We feel that it is striking
that it is very hard to calculate quasilength even in quite simple examples involving a
monomial ideal in a polynomial ring in a small number of variables.

If it turns out that x1, xo, x3 is a Q-sequence, it would show that Q-sequences are not
necessarily latent regular sequences. If x1, x5, 3 is not a Q-sequence in characteristic p
for some p > 0, it would provide an example of a nonzero local cohomology module that
has content 0. Both possibilities are of interest.
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4. THE CASE OF A SYSTEM OF PARAMETERS

Our main objective in this section is to prove the following:

Theorem 4.1. Let x1, ... ,xq be elements of a Noetherian ring R. If the height of the
ideal I = (x1, ... ,xq)R is d, or if R maps to a Noetherian ring S such that the height of
(21, ... ,xq)S is d, then }_lg(R) > 0. Moreover, if we also know that R contains a field,

then hd(R) = hi(R) = 1.

By Proposition 2.5, the statement for S is immediate if we can prove the statement
for R. Moreover, we may localize at a minimal prime of I of height d, complete, and
kill a minimal prime of the resulting complete local ring such that the dimension of the
quotient is d. Hence, Theorem 4.1 reduces to the case where z1, ... , x4 is a system of
parameters in a complete local domain of Krull dimension d.

We first want to prove that in every excellent reduced equidimensional local ring R with
system of parameters x1, ... , x4, we have h%(R) = }_Li(R). We need some preliminary
results.

Lemma 4.2. Let (R, m, K) be a local ring of dimension d > 1. Let xq,...,xq be
a system of parameters for R. Let I = (x1,...,x4)R, and for each t = t1, ... ,lq

consisting of positive integers, let I = (:pil, e ,xild)R. Let M be any finitely generated
R-module such that dim (M) < d. Then

(@
o AQL/LM)

t—o00 tl"'td

=0.

(b) Suppose that c is part of a system of parameters for R, i.e., that dim (R/cR) =
dim (R) — 1. Then
A(Anng/ g, c)

lim — =
£_>oo tl...td

Proof. (a) We use induction on dim (R) and dim (M). If dim (M) = 0 then the numerator
is bounded and the result is clear. This also handles the case where dim (R) = 1. Now
suppose that dim (R) > 2. If the result holds for all the factors in a finite filtration of
M, then it holds for M: this comes down to the case of a filtration of length 2, say
0C M; C My=M. Let M = M /M. The result follows from the exactness of

0— My/(ILM N M) — M/I;,M — M/I;M — 0
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and the fact that we have a surjection My /I, My — My /(I;M N My). Thus, there is no
loss of generality in assuming that M is a prime cyclic module. Since we may also assume
that it has positive dimension, it follows that at least one xz;, say x1, is a nonzerodivisor
on M. Let M' = M/x1M. Then M/I;M has a filtration by ¢; homomorphic images of

M'/(z%, ... .2%*)M’ (whether z; is a nonzerodivisor or not), and so
AM/1M) MM/ (z%, ..., 2 M)
t1-tg to---tq ’
The result now follows from the induction hypothesis applied to the ring R/xi R, the
system of parameters consisting of the images of s, ..., 4 in this ring, and the module
M.

(b) Let S = R/I; and J = Anngc. Then S/J = ¢S and so A(J) = A(S) — A(cS) =
A(S/cS). Thus, it suffices to show that

. AR/(Iy + cR))

t—)oo tl...td

=0.
This is part (a) applied to R/cR. O
The following result follows at once from Lemma 3.2 on p. 61 of [HHA4].

Lemma 4.3. Let R be an excellent equidimensional reduced local ring and let co € R
be any element such that R., is Cohen-Macaulay. Then cy has a power c such that for

every system of parameters x1, ... ,xq for R and for all k, 0 < k <d—1,
C((mla s ,%k)R ‘R xk:-i—l) - (‘,1"17 s ,Ik)R
and c kills the Koszul homology H;(x1, ... ,xk; R) for all i > 1. Moreover, such an

element ¢ may always chosen to be part of a system of parameters for R.

Note that the final statement follows because the localization of R at its minimal primes
is Cohen-Macaulay, and the Cohen-Macaulay locus is open in an excellent ring, so that
there exists an element ¢y not in any minimal prime such that R., is a Cohen-Macaulay
ring.

Lemma 4.4. Let R be an excellent equidimensional reduced local ring of Krull dimension
d and let ¢ be chosen as in Lemma 4.2. Let x1, ... ,xq be any system of parameters, let
t =11, ...,tq be positive integers and let I, = (a:il, ,xﬁld). Then cdfélm C I;.

Proof. Suppose that u € Ifm. Then we have that

k k ti+k tqg+k
.I‘ll"'ZdeUE(.Tll 1,...7.Tdd d)R7
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where the k; € N. Let h be the number of k; that are positive. It suffices to show that
cu e I;. This reduces at once to the case where there is only one positive value of k, say
k1 (systems of parameters are permutable), for then we obtain that

k kaq t to+k tgt+kq
xy? - xyteu € (27, 2T TR,

and the result follows by induction on h. But if

d
k tj
gy =t th 4 g rix;

=2

then
b (u—ratt) e (2, ..., )R
and we have that
clu—riz") € (a8, ..., 2R

from which cu € I; follows at once. [

Note that in characteristic p, instead of ¢? as above, we may use a test element for tight
closure. In fact, it is the development of tight closure (cf. [HH1-3], [Hu] for background)
that inspired this argument.

Theorem 4.5. Let (R, m, K) be an excellent reduced equidimensional local ring of Krull
dimension d and let x1, ... ,xq be a system of parameters. Then }_Lg(R) =hi(R).

Proof. 1t will suffice to show that

. Ly(R/I™) — Li(R/I})
lim —
E"OO tl e td

From the short exact sequence
0— ™/, = R/I; » R/I}™ — 0

we have that . . .
Li(R/I"™) < L1(R/Ly) < Li(R/I™) + L1(I™ /1)

and so the difference in the numerator is bounded by
L1(1"™ /1) < MI™/L).
Hence, it suffices to show that

AI™ /1)

L—)oo tl...td
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Choose a parameter ¢ for R as in Lemma 4.2. By Lemma 4.3, I;m/IL C AnnR/Izcd for
all ¢, and the result now follows from Lemma 4.2(b). O

Recall that in any local ring (R, m, K), if x = x1, ... ,z4 is a system of parameters
then Lech’s Theorem asserts that

AR/1L)

1 — =

§_>OO tl...td

b

where p is the multiplicity of the system of parameters z. See [Le].

Theorems 4.6 and 4.7 below complete the proof of Theorem 4.1.

Theorem 4.6. Let R be an equidimensional reduced local ring and x1, ... ,xq a system
of parameters for R. Then }’_Lg(R) = hi(R) > p/NR/I), where i is the multiplicity of
the system of parameters x1, ... ,xq. If dim (R) < 2, hg(R) = hg(R) = 1.

Proof. Since R/I; has a filtration by L£;(R/1;) cyclic modules each of which is a homo-
morphic image of R/I, we have that A\(R/I;) < Li(R/I;)\(R/I), and so

Li(R/1I)
td

AR/ 1)
ta

>

INR/I).

Taking the limits of both sides as ¢ — oo yields the required result.

For the final statement it suffices to consider the case of a complete local domain, and
we may replace this ring by its normalization, which is Cohen-Macaulay. The result now
follows from Proposition 1.2(c). O

We can now show that for any equicharacteristic local ring R and system of parameters
X1y oee T, H(dm)(R) is robust for z (see Definition 3.10).

Theorem 4.7. For an equicharacteristic local ring of dimension d, if x1, ... ,xq 1S a
system of parameters, then hi(R) = }_lg(R) = 1. Equivalently, every system of parameters
18 a (Q-sequence.

Proof. We first consider the case where the ring contains a field of characteristic p. If
there is a counterexample, we may map to a counterexample that is a complete local
domain. Then ‘r_Li(R) = h{(R), and it suffices to show that h%(R) = 1. By Theorem 4.6,

h(R) > 0, and then Theorem 3.9 implies that hd(R) = 1.

We give a second proof for the characteristic p > 0 case. Again, we complete, and so
we may assume that R is a module-finite extension of a complete regular local ring A
which has z1, ... , x4 are a regular system of parameters. We know that hi(A) = 1, since
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A is a regular and, hence, Cohen-Macaulay Noetherian ring. Moreover, it is known that
A — R splits over A (see [Hol], Theorem 2, p. 31), and, hence, hg(R) > 0 by Theorem

2.8. Again, h{(R) =1 then follows from Theorem 3.9.

To show the result in equal characteristic zero, we make use of the fact that whether
1, ... ,xq is a Q-sequence is an equational condition, by Theorem 3.3. But the main
result Theorem 5.2 of [Ho2] on reduction to characteristic p > 0 then implies the desired
conclusion at once. [

Remark. The argument in the second paragraph of the proof above generalizes as follows.
Let R C S be a module-finite extension of rings of positive prime characteristic p, and
let 1, ...,2zq € R. Suppose that R C S is z-split, i.e., that there is an R-linear map
S" — R whose image contains a power of every z;, which holds if R — S splits as a map
of R-modules. Then z1, ..., x4 is Q-sequence in R if and only if it is Q-sequence in S.
This is immediate from Theorem 2.8 and Theorem 3.9. [

Remark 4.8. 1f the direct summand conjecture fails, then for some local ring R we have
a system of parameters x1, ..., x4 such that x’i“ e mgﬂ € I;. This yields a filtration
of R/I;1, with fewer then (¢ + 1)? terms, which shows that h{(R) < 1 in R. Hence, the

conjecture that ‘r_Li(R) = h{(R) =1 for every system of parameters of every local ring R
implies the direct summand conjecture.

The following completes the proof of Theorem 4.1.

Corollary 4.9. Let x1, ... ,xq € R, where R is a Nooetherian ring containing o field.
A necessary condition for x1, ... ,xq to map to elements generating an ideal of height d
in some Noetherian ring S is that ]’_Lg(R) > 0. If R contains a field, it is necessary that

hi(R) = 1.

Proof. We may replace S by its localization at a minimal prime of (x)S of height d The
result is now immediate from Proposition 2.5 and Theorems 4.6 and 4.7. [J

Remark 4.10. Consider the ring R = Rg,; defined in Question 0.1 of the Introduction. (In
mixed characteristic p, one may alternatively replace R by R/(X;—p).) If one could prove
that h?(R) = 0, then Corollary 4.9 shows that the images of the X; in R cannot map
to a system of parameters in a local ring. This establishes the monomial conjecture and,
hence, the direct summand conjecture. (In mixed characteristic, if one uses R/(X; — p)
it establishes the monomial conjecture in mixed characteristic for systems of parameters
containing p, but Theorem 6.1 of [Ho4] implies that this suffices for the general case.) By
Corollaries 6.10 and 6.11 of [Ho4], we have that H?(R) = 0 in characteristic p, and also
if d = 2 in all characteristics, so that P_Lg(R) = 0 in those cases. If d > 3, we do not know

whether hi(R) = 0 in equal characteristic 0, nor in mixed characteristic p.



26

[BS]

[Dil]

[Di2]

[Du]
[EvG1]

[EvG2]

[EvG3]

[GrHa)]

[Heit]

[Hol]

[Ho2]

[Ho3]

[Ho4]

[Hob5]

[Ho6]

[HH1]

[HH2]

[HH3]

MELVIN HOCHSTER AND CRAIG HUNEKE

REFERENCES

J. Bartijn and J. Strooker, Modifications Monomiales, Séminaire d’Algébre Dubreil-Malliavin,
Paris 1982, Lecture Notes in Mathematics, 1029, Springer-Verlag, Berlin, 1983, 192-217.

G. Dietz, Closure operations in positive characteristic and big Cohen-Macaulay algebras, Thesis,
University of Michigan, 2005.

G. Dietz, Big Cohen-Macaulay algebras and seeds, Trans. Amer. Math. Soc. 359 (2007), 5959—
5989.

S. P Dutta, On the canonical element conjecture, Trans. Amer. Math. Soc. 299 (1987), 803-811.
E.G. Evans, E.G. and P. Griffith, The syzygy problem, Annals of Math. 114 (1981), 323-333.

, Syzygies, London Math. Soc. Lecture Note Series 106, Cambridge University Press,
Cambridge, 1985.

, The syzygy problem, in Commutative Algebra, Math. Sci. Research Inst. Publ. 15,
Springer-Verlag, New York - Berlin - Heidelberg, 1989, pp. 213-225.

A. Grothendieck (notes by R. Hartshorne), Local Cohomology, . Lecture Notes in Math. No.
41, Springer-Verlag, New York - Berlin - Heidelberg, 1967.

R. Heitmann, The direct summand conjecture in dimension three, Ann. of Math. (2) 156 (2002),
695-712.

M. Hochster, Contracted ideals from integral extensions of regular rings, Nagoya Math. J. 51
(1973), 25-43.

, Topics in the homological theory of modules over commutative rings, C.B.M.S. Re-
gional Conf. Ser. in Math. No. 24, A.M.S., Providence, R.I., 1975.

, Big Cohen-Macaulay modules and algebras and embeddability in rings of Witt vectors,
in Proceedings of the Queen’s University Commutative Algebra Conference, Queen’s Papers in
Pure and Applied Math. 42, 1975, pp. 106-195.

, Canonical elements in local cohomology modules and the direct summand conjecture,
J. of Algebra 84 (1983), 503-553.

, Solid closure, in Contemporary Math. 159 (1994), 103-172.

, Big Cohen-Macaulay algebras in dimension three via Heitmann’s theorem, Journal of
Algebra 254 (2002), 395-408.

M. Hochster and C. Huneke, Tightly closed ideals, Bull. Amer. Math. Soc. 18 (1988), 45-48.

, Tight closure, in Commutative Algebra, Math. Sci. Research Inst. Publ. 15, Springer-
Verlag, New York - Berlin - Heidelberg, 1989, pp. 305-324.

, Tight closure, invariant theory, and the Briancon-Skoda theorem, J. Amer. Math. Soc.
3 (1990), 31-116.




QUASILENGTH, LATENT SEQUENCES, AND CONTENT OF COHOMOLOGY 27

[HH4] , Infinite integral extensions and big Cohen-Macaulay algebras, Annals of Math. 135
(1992), 53-89.

[HH5] , Applications of the existence of big Cohen-Macaulay algebras, Advances in Math. 113
(1995), 45-117.

[Hu] C. Huneke, Tight Closure and its Applications, CBMS Lecture Notes 88, American Mathemat-
ical Society, Providence, R.I., 1996.

[HuKM] C. Huneke, D. Katz, and T. Marley, On the support of local cohomology, in this issue, J. of
Algebra.

[Le] C. Lech, On the associativity formula for multiplicities, Ark. Mat. 3 (1957), 301-314.

[Ly] G. Lyubeznik, Finiteness properties of local cohomology modules (an application of D-modules
to commutative algebra), Invent. Math. 113 (1993), 4155.

[Nor] D. G. Northcott, Finite Free Resolutions, Cambridge Tracts in Math. 71, Cambridge Univ.
Press, Cambridge, England, 1976.

[PS1] C. Peskine and L. Szpiro, Dimension projective finie et cohomologie locale, .H.E.S. Publ. Math.
42 (Paris) (1973), 323-395.

[PS2] , Syzygies et multiplicités, C. R. Acad. Sci. Paris Sér. A 278 (1974), 1421-1424.

[Rol] P. Roberts, Two applications of dualizing complexes over local rings, Ann. Sci. Ec. Norm. Sup.
9 (1976), 103-106.

[Ro2] , Cohen-Macaulay complexes and an analytic proof of the new intersection conjecture,
J. of Algebra 66 (1980), 225-230.

[Ro3] , The vanishing of intersection multiplicities of perfect complexes, Bull. Amer. Math.
Soc. 13 (1985), 127-130.

[Ro4] , Le théoréme d’intersection, C. R. Acad. Sc. Paris Sér. I 304 (1987), 177-180.

[Ro5] , Intersection theorems, in Commutative Algebra, Math. Sci. Research Inst. Publ. 15,
Springer-Verlag, New York - Berlin - Heidelberg, 1989, pp. 417—436.

[Ro6] , A computation of local cohomology, in Contemporary Math. 159 (1994), 351-356.

[W] U. Walther, Algorithmic computation of local cohomology modules and the local cohomological
dimension of algebraic varieties, J. Pure Appl. Algebra 139 (1999), 303—321.

DEPARTMENT OF MATHEMATICS DEPARTMENT OF MATHEMATICS

UNIVERSITY OF MICHIGAN UNIVERSITY OF KANSAS

ANN ARBOR, MI 48109 LAWRENCE, KANSAS 66045

USA USA

E-MAIL:

hochster@umich.edu huneke@math.ku.edu



