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PREFACE

The main objective of this monograph is to lay the foundations of tight closure theory
for Noetherian rings containing a field of characteristic 0. However, we intend and hope

that it will be useful in several other ways.

The first chapter contains, in effect, a survey of tight closure in characteristic p. Defi-
nitions and theorems are given in full, although for most proofs we simply give references.
This chapter provides a quick introduction to characteristic p tight closure theory for
newcomers, and may be a useful guide even for expert readers in finding material in the
existing literature, which has become rather formidable. Moreover, it contains all of the
equicharacteristic p material that is needed for the construction of the equicharacteristic 0
theory. For the most part, the equal characteristic zero theory only requires knowledge of
the characteristic p theory for finitely generated algebras over a field and, in fact, the field
can generally be taken to be finite. When no great cost is involved, we have frequently
included results in greater generality, but we have not given the most general results known
when too many technicalities would be involved. A few of the results in this section are

new.

The equicharacteristic 0 theory rests heavily on the method of reduction to characteristic
p. The results of the second chapter are aimed at supplying what is necessary in this
direction: almost nothing here is new, but we had difficulty locating references for the
facts that we needed in the right form and generality, and so we took this opportunity
to give a self-contained treatment of what we required. It was our intention to make the
method of reduction to characteristic p understandable and accessible to an audience with

only a modest background in commutative algebra and algebraic geometry. While our
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treatment was certainly influenced by the need to provide the tools that are required to
develop tight closure theory, it was constantly in our minds that this chapter should enable
many mathematicians to acquire the technique of reduction to characteristic p. Many of
the results are concerned with comparing the behavior of the generic fiber of a map from
an integral domain A with the behavior of “almost all” closed fibers, i.e., of comparing
what happens when one tensors with the fraction field of A with what happens when one
tensors with A/p for g a maximal ideal in a suitably small Zariski dense open subset of
Max Spec A. We have not made an effort to scour the literature to determine first sources
for these results. Many can be extracted, in some form, from the massive Grothendieck-
Diedonné treatise Eléments de Géométrie Algébriques — see for example [EGA1], [EGA2]
in the Bibliography.

The third chapter develops the basic properties of tight closure in equal characteristic
0. We note here that there is a theory for Noetherian K-algebras for each fixed field K of
characteristic 0. We do not know whether all these notions agree. The theory for K = Q
gives the smallest tight closure, which we call equational tight closure. Another notion, big

equational tight closure, is treated in the fourth chapter.

The fourth chapter contains a deeper exploration of properties of tight closure, including
many of the most important and useful properties: that every ideal is tightly closed in a
regular ring, that tight closure captures colons of parameter ideals (and so can be used to
measure the failure of the Cohen-Macaulay property), that a ring in which every ideal (or
even every parameter ideal) is tightly closed is Cohen-Macaulay (and normal), that direct
summands of regular rings are Cohen-Macaulay (as a corollary of the first three character-
istics of tight closure), that there is a tight closure version of the Brian¢on-Skoda theorem,

)

and that there is a theory of “phantom homology” analogous to the characteristic p the-
ory. The fourth chapter also contains a treatment of change of rings, and a brief treatment
of rings with the property that every ideal is tightly closed (weakly F-reqular rings) and
those with the property that parameter ideals are tightly closed (F'-rational rings) and

their connection with rational singularities. There is also a likewise brief discussion of yet

another notion of tight closure, big equational tight closure, as mentioned above. It gives
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a larger tight closure than any of the other theories, but still has the crucial property that
all ideals of regular rings are tightly closed. It was our original intention to give more
detailed treatments of several of the topics in the fourth chapter, but we have decided that

it is more important to make what is already written available at this time.

The Appendix contains a list of open questions. For the convenience of the reader we
have provided a complete glossary of notation and terminology in (1.2.4). We have also
included a very extensive bibliography in the hope that it will prove helpful to readers in
dealing with the now voluminous literature on tight closure.

Mel Hochster and Craig Huneke

Ann Arbor, Michigan and Lawrence, Kansas
March, 2019
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CHAPTER 1.

PRELIMINARIES

In this chapter we first give an introduction that explains some of the motivations for
studying tight closure, gives an overview of the entire monograph, and makes connections
with the literature. The second section reviews many conventions concerning terminol-
ogy and notation and also contains an alphabetical list showing where various terms and
symbols are defined. The third section gives a summary of the main results of the entire
monograph. The last three sections review the theory of tight closure and F-regularity in

characteristic p.

(1.1) INTRODUCTION

In [HH4] (see also [HH1-3]) the authors introduced the notion of tight closure for Noe-
therian rings of characteristic p. The original motivation for studying tight closure in
characteristic p is that it gives very simple proofs of a host of results that, before the

development of this method, did not even seem related. These include:

(1) A new proof that direct summands of regular rings are Cohen-Macaulay (hence,
that rings of invariants of linearly reductive linear algebraic groups acting on regular rings
are Cohen-Macaulay).

(2) A new proof of the Brian¢on-Skoda theorem.

(3) New proofs of various local homological conjectures.

Moreover, in every case, many new results are obtained, often very strong and quite
unexpected generalizations of previous results. Already at the time that [HH4] was written
the authors had worked out, in a preliminary form, a theory of tight closure in equal
characteristic zero, provided that the base ring is a finitely generated algebra over a field.

A definition for the tight closure of an ideal in this case is given in [HHA4|.
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Our objective in this paper is to present, in a greatly improved form, the theory antic-
ipated in [HH4|. One improvement over what is described in [HH4| is that this theory of
tight closure is defined for all rings containing a field of characteristic zero. Moreover, it
behaves sufficiently well to give counterparts for all of the results of types (1), (2), and (3)

described above.

In the next section of this chapter we give some terminological and notational conven-
tions, as well as an alphabetical index of terms and notations. In the following section we
give a summary of some of the main results of the paper, and in the last three sections of
this chapter we present a brief résumé of what is needed repeatedly throughout the paper

from tight closure theory in characteristic p..

In Chapter 2 we develop a theory for affine algebras over a given field K of characteristic
zero and then extend it in Chapter 3 to all Noetherian rings containing K. We indicate this
kind of tight closure for a submodule N C M by N*K. If K = Q, we also write N*®9, and
refer to this as the equational tight closure. Aspects of this theory are discussed further in
Chapter 3 (where we shall also discuss the reason for the name: roughly speaking, when an
element is in the equational tight closure it is there because a finite number of equations
hold).

In general, N*X C N*I whenever K C L, and so N**4 C N*K for all fields K. We shall
also introduce a variant notion of tight closure, N*FQ, with essentially the same formal
properties, such that N*¢4 C N*FQ always, and whenever R happens to be a K-algebra,
N*ea C N*K € N*EQ, We call *FQ the big equational tight closure. We shall only discuss
this notion briefly in this paper.

So far as we know, it is possible that N*4 = N*EQ in all cases, which would simplify

matters a good deal. For the moment, the philosophy is this:

(a) When we want to show that some sort of operation (whose definition does not
depend on referring to tight closure) is contained in a tight closure (e.g., a colon ideal, a
homology module, or an integral closure), then we want to show that it is contained in the

*€4 closure: since this is smallest, it gives the best result.

(b) When we prove an assertion such as, for example, that every submodule of ev-
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ery finitely generated module over a certain ring is tightly closed, we want to prove this
assertion, if we can, for *FQ, since this is largest and gives the strongest result in this

context.

(c) However, if we want to prove results of the sort that if a certain ideal or module
is tightly closed then some ring or module has a certain kind of good behavior, then our

preference is again to prove the result for *°9, since this will give the strongest result.

(d) If the hypothesis and conclusion of a result both refer to tight closure, then the
results for the different theories may well be incomparable: the *FQ theory version may
have both a weaker hypothesis and a weaker conclusion than the **4 theory version (since

w € W*EQ ig a potentially weaker statement than w € W*e9).

We hope that the situation will not prove unduly confusing. We feel that it is only
a minor inconvenience to keep track of the parallel theories for *¢9, *K_ and *FQ until
the situation is resolved. Moreover, we do get results like containments of colon ideals
in tight closures and generalizations of the Briancon-Skoda theorem for *¢4, which is the
most desirable situation according to (a). The **9 theory also suffices to prove that pure
subrings of regular rings are Cohen-Macaulay in complete generality in equal characteristic:

see Theorem (4.1.12).

It is worth noting that some of the results that can be obtained using tight closure
theory can also be obtained using the weakly functorial existence of big Cohen-Macaulay
algebras. The two subjects are intertwined in various ways. This is discussed in Chapter
8. We refer the reader to [HH7| (also see [HH5] and [Hu3]) and [HH11], as well as to [Ho§]

and [Ho9] for more information.

For further information about tight closure theory in characteristic p, we refer the reader
to [HH1-4, 6, 8-10], [Ho8, 9], [Hul|, [AHH], [FeW], [Ab1-4], [Glal-3], [Sm1-9], [Haral-5]
[Si1-6], [Swl, 2], [Vel], [W2], and [Wil].

(1.2) CONVENTIONS OF TERMINOLOGY AND NOTATION

In this section we first give several conventions about terminology and notation that are

used throughout the paper. We also give an alphabetical list of notations and terms and
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indicate where their definitions may be found.

(1.2.1) Basic terminology. We make the following conventions:

(a) Throughout this paper all rings are assumed to be commutative, associative, with
identity, and modules are assumed to be unital. Ring homomorphisms are assumed to
preserve the identity element. In a field or integral domain we assume 1 # 0, and prime
ideals are assumed to be proper, so that an ideal P of R is prime if and only if R/P is
an integral domain. Spec R is the topological space of prime ideals of R in the Zariski
topology. Max Spec R C Spec R is the subspace of all maximal ideals. Both Spec R
and Max Spec R are empty precisely if R = {0}, and not otherwise. By a local ring
(R, m, K) we mean always a Noetherian ring with a unique maximal ideal m and residue
field K = R/m. A ring R with nilradical J is called reduced if J = (0), and R,eq denotes
R/J.

The terms finite type and finitely generated for an R-algebra are synonymous. A local-
ization of an R-algebra of finite type with respect to any multiplicative system is said to
be essentially of finite type over R. An algebra that is finitely generated over a field K is
referred to as an affine algebra (over K ).

(b) Q denotes the field of rational numbers, Z C Q the ring of integers, and N C Z the
set of nonnegative integers.

(c¢) If R is a ring we denote by R° the complement in R of the union of the minimal
primes of R.

(d) If R is an integral domain we denote by R™ the integral closure of R in an algebraic
closure of its fraction field, which we refer to as an absolute integral closure of R. Cf. [Ar2],
[HH7], [Sm1, 2], and [AH]. Note that R is unique up to non-unique R-isomorphism.

(e) The Krull dimension, dim R, of a ring R is the supremum of lengths n of chains
Py C ... C P, of distinct primes in R. The height, ht P, of a prime ideal P of R is dim Rp,
while the height of an ideal I is +o0 if I = R and inf {ht P: P is prime and P D I} if I is
proper.

Let R be Noetherian. We say that a proper ideal I is unmized if all associated primes
are minimal, i.e., if there are no embedded primes. We say that I has pure height h if all

associated primes or I have height h. Let M be a finitely generated nonzero R-module.
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Then dim M = dim (R/AnngM).

We say that a finitely generated R-module M has pure dimension d if, equivalently, for
all P € Ass M dim R/P = d or if every nonzero submodule of M has dimension d.

A system of parameters 1, ... ,x, for a local ring (R, m, K) is a sequence of n = dim R
elements of m such that m is the radical of (z1, ... ,z,)R. (It is empty if dim R = 0).

A local ring R is called equidimensional if for every minimal prime p of R, dim R/p =
dim R. A Noetherian ring is called locally equidimensional if all of its local rings are
equidimensional. (If R is catenary (see (1.2.1h), it suffices that this hold for local rings
at maximal ideals.) A Noetherian ring R is called biequidimensional if for every maximal
ideal m and minimal prime p contained in m, dim R,,/pR,, = dim R. If R is a finitely
generated algebra over a field K, this holds if and only if for every minimal prime p of
R, dim R/p = dim R.

(f) An A-algebra R is called smooth if it is finitely presented (which is equivalent to
finitely generated if A is Noetherian) and formally smooth in the sense of, for example,
[Iv] p. 33. (This is equivalent ([Iv], Proposition (3.3), p. 66) to the condition that R be
A-flat and that the fibers be geometrically regular: cf. (2.3.1) and (2.3.3) for definitions.)

An A-algebra R is called étale if it is finitely presented and formally étale in the sense
of, for example, [Iv] p. 33. See also (3.3.1).

(g) Let R be aring and M an R-module. A possibly improper reqular sequence on M (or

R-sequence on M, or M-sequence) is a sequence of elements z1, ... ,x, € R such that z;,
is not a zerodivisor on M/(xy, ... ,x;)M, 0 < i < n — 1. It is called a reqular sequence
(R-sequence on M, or M-sequence) if, moreover, (z1, ... ,z,)M # M. f R — S is a

homomorphism of Noetherian rings, M is a finitely generated S-module, and I is an ideal
of R, depth; M the depth of M on I, is 400 if IM = M, and otherwise is the length of any
maximal regular sequence on M in I (all of these will have the same length). We write
depth I for depth;R.

A Noetherian ring R is Cohen-Macaulay if one (equivalently, all) of the following con-
ditions hold:

(1) For every maximal ideal m of R, depth mR,,, = dim R,,.

(2) For every prime ideal P of R, depth PRp = dim Rp.
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(3) For every ideal I of R, depth I =ht 1.

(4) Every system of parameters in every local ring of R is a regular sequence.

The type of a Cohen-Macaulay local ring (R, m, K) is, equivalently, dim xAnng,m,
where I is the ideal generated by any system of parameters, or dim xExt% (K, R), where
d = dim R.

A local ring R is called Gorenstein if, equivalently

(1) The injective dimension of R as an R-module is finite (in which case it is dim R).

(2) R is Cohen-Macaulay of type 1.

A Noetherian ring R is called Gorenstein if all of its local rings (equivalently, all of its
local rings at maximal ideals) are Gorenstein.

(h) A Noetherian ring R is called catenary if whenever P C (@) are prime ideals of the
ring, all saturated chains of prime ideals joining P to () have the same length. R is called
uniwersally catenary if every finitely generated R-algebra is catenary. A Noetherian ring R
is called ezcellent if it is universally catenary, the set of regular primes {P € Spec S:Sp
is regular} is Zariski open in every finitely generated R-algebra S, and if for every local
ring A of R the fibers of A — A are geometrically regular (see (2.3.1) for the definition of
geometrically regular, and (2.3.3) for the definition of fiber). Note that fields and, more
generally, complete local rings are excellent, and that an algebra essentially of finite type
over an excellent ring is excellent. The completion of a reduced (respectively, normal)
excellent local ring is reduced (respectively, normal). Cf. [Mat|, Chapter 13.

A Noetherian ring is called locally excellent if all of its local rings are excellent.

(1.2.2) Characteristic p conventions. (a) The letter “p” always denotes a positive
prime integer (as usual, 1 is excluded). By a ring of characteristic p we always mean a
ring of positive prime characteristic p.

In dealing with rings of positive prime characteristic we employ the following additional
conventions:

(b) The letter “e” always denotes a nonnegative integer, and “q” always denotes p°.
Thus, “for some ¢” means “for some g = p® with e € N” while “for all ¢ > 0” means “for

all ¢ of the form p® with e a sufficiently large element of N.”
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(c¢) If R is a ring of characteristic p, F = Fr denotes the Frobenius endomorphism
F:R — R defined by F(r) = r?. F°¢ = F} denotes the eth iteration of F, so that
F(r) = r?. We usually omit the subscript R.

(d) F = Fpg denotes the Frobenius or Peskine-Szpiro functor from R-modules to R-
modules. See (1.4.1) for more information. F'° denotes its eth iteration. Also see (1.4.1)
for a discussion of the notations M4 and u? when M is an R-module and v is an element
of M.

(e) When R is reduced and of characteristic p, we write R4 for the ring obtained by
adjoining gth roots of all elements of R and R*> for Uqu/ 9. The maps of rings R? C R,

R C RY% and F¢: R — R are isomorphic when R is reduced.

(1.2.3) Base change conventions. The following notational conventions will be very
convenient:

When we have an A-algebra or A-module denoted either X or X4 and B is an A-
algebra, we shall write Xp for B®4 X or B®4 X4. When we have a composite algebra
homomorphism A — B — C the isomorphism C' ®p Xp =2 C' ®4 X 4 gives an essentially
unambiguous meaning to X¢. If x or x4 is an element of X4, we write zp for 1 ® x or
1®xy4 in Xp.

When N C M or Ny C M4 are modules we shall write (Npg) for the image of Np in
Mp. This notation is somewhat ambiguous, since it depends on the inclusion map N C M
or Ny C M4 and not just on N4. It will nonetheless be convenient, and will be clarified
with appropriate comments as necessary. In fact, we occasionally write (N) for the image
of the module N in some other module M when M and the map N — M are clear from

the context.

(1.2.4) Index of definitions and notations. We include here an alphabetical list show-
ing where the reader can find the definitions of various notations and terms. We have made
a great effort to make this list complete. Locations are given by section number.

In the case of certain symbols the position in this list is somewhat arbitrary and there
*

are some intentional redundancies: e.g., T is treated as “plus” alphabetically while

occurs twice, once as though it were “asterisk” and once as though it were “star” (with an
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indication there to look for most * notations as the “asterisk” spot).

13
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A. Usually, A denotes an integral domain with fraction field §.
Absolute integral closure. (1.2.1d).

Absolute domain. (2.3.1).

Absolute prime. (2.3.1).

Admissible (function of ideals). (4.5.1).

Affine algebra (over a field). (1.2.1a).

Affine progenitor. (3.1.1).

Almost all (A-algebras B). (2.3.4).

Almost all (fibers). (2.3.3c).

Almost all (u in Max Spec A). (2.2.2) (second paragraph).
Approximately Gorenstein ring. (4.3.7).

Approximation ring. (3.3.2).

Artin approximation. (3.3.3).

*. Characteristic p: (1.4.3).

4 (3.4.3b).

~*ed, (3.4.3b).

«EQ

>+EQ

*K For affine algebras: (2.2.3). General case: (3.4.3a).

> K (3.2.1).

*/A(2.2.2).

*/(A.Q) (4.6.1).

~ (asin I~ or I). (1.6.3).

Base change conventions (including Mp for B ®4 M4 and (Ng)). (1.2.3).
Base ring (of an affine progenitor). (3.1.1).
Biequidimensional. (1.2.1e).

Big equational tight closure (*BQ). (4.6.1).



TIGHT CLOSURE IN EQUAL CHARACTERISTIC ZERO 15

4], (1.4.1).

Briangon-Skoda theorem. (1.7.1), (4.1.5).

Canonical module or ideal. (4.3.10).

Catenary. (1.2.1h).

Closed fiber. (2.3.3a).

Cohen-Macaulay ring. (1.2.1g).

Commuting with tight closure. (4.2.9).

Complete local domain of a Noetherian ring. (2.3.10).

Completely stable (weak) test element. (1.4.5b,c).

(). (1.2.3).

>*ed_ (3.4.3b). (N.B.: for other “>*"” notations see the “*” entries in the “a” portion
of this list.)

Cyclically pure. (4.1.11).

Dense (weakly or strongly) F-regular type. (4.3.2).

Depth. (1.2.1g).

Descend(s). (2.1.10), second paragraph.

Descendably projective algebra. (4.2.12).

Descent; descent data. (2.1.1), (2.1.2).

dim R. (1.2.1e).

Direct big equational tight closure (Z*Q). (4.6.1).

Direct equational tight closure (Z*°4). (3.4.3b).

Direct K-tight closure (Z*X). (3.2.1).

e. (1.2.2b).

Equational tight closure (*°1). (3.4.3b).

Equidimensional (local ring). (1.2.1e).

Essentially of finite type (for an algebra). (1.2.1a).

Etale algebra. (1.2.1f) and (3.3.1).

Excellent ring. (1.2.1h).

§. Usually, § denotes the fraction field of the integral domain A.

F, Fr, F¢, F&. (1.2.2¢).
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F, F, F¢, F5. (1.2.2d), (1.4.1).

F. (1.5.6).

B (3.2.1).

F-finite. (1.5.6).

Fiber. (2.3.3a).

Fiberwise tightly closed. (4.3.9).

Filtered inductive limit. (4.2.1).

Filtered inductive limit of maps of algebras. (4.2.10).
Finite phantom projective dimension. (4.4.6).

Finite phantom resolution. (4.4.6).

Finite type (for an algebra). (1.2.1a).

For almost all. See “Almost all.”

Formal K-tight closure (%), (3.2.1).

Formally very K-tightly closed. (4.2.11)

Formal minheight of an ideal. (4.4.2).

F-rational. (4.3.1).

F-rational type. (4.3.2).

F-regular. In characteristic p: (1.6.1). In characteristic 0: (4.3.1).
F-regular type. (4.3.2).

Frobenius closure (). (1.5.6).

Frobenius or Peskine-Szpiro functors F', F°. (1.4.1).
G*¢. Discussion preceding Question 3. in the Appendix.
General Néron desingularization. (4.2.1-3).

Generic fiber. (2.3.3a).

Generic freeness. (2.1.4).

Generically smooth. (1.4.8).

Geometrically connected. (2.3.1)

Geometrically normal. (2.3.1).

Geometrically reduced. (2.3.1).

Geometrically regular. (2.3.1), (4.2.1).
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Gorenstein ring (1.2.1g).

Henselization. (3.3.1).

Hilbert ring. (4.3.14).

5. (1.2.2¢).

Integral closure (of an ideal). (1.6.3).
Intersection-flat or N-flat. (4.2.16).

Jacobian ideal. (1.5.2).

Jacobson ring. (4.3.14).

k= k(p). (2.2.2) (second paragraph).

k= k(P). (2.3.3a).

Krull dimension. (1.2.1e).

K-tight closure (*X). For affine algebras: (2.2.3). General case: (3.4.3a).
Lipman-Sathaye Theorem. (1.5.3).

Local ring (R, m, K). (1.2.1a).

Locally stable (weak) test element. (1.4.5b,c).
Locally excellent ring. (1.2.1h).

Map of affine progenitors. (3.1.3a).
Minheight. (2.3.8).

Mnht. (2.3.8).

o. (1.7.4), (4.1.7).

M(R'). (3.1.3¢).

M-sequence. (1.2.1g).

M /2. (3.1.5F).

p. (2.2.2) (second paragraph).

Nearly admissible (function of ideals). (4.5.1).
p. (1.2.2a)

p = p(p) (2.2.2) (second paragraph).
Parameter ideal. (2.3.10).

Parameters. (2.3.10).

17
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Persistence (of tight closure). Characteristic p: (1.4.13). Characteristic 0: (2.5.5k,1),
(3.2.2k,]), (3.2.3k,)).

Peskine-Szpiro or Frobenius functors F', F°. (1.4.1).

Phantom acyclicity. (4.4.1).

Phantom acyclicity criterion. (4.4.3).

Phantom homology. (4.4.1).

Phantom intersection theorem. (4.4.5).

Phantom projective dimension. (4.4.6).

Phantom resolution. (4.4.6).

+.(1.2.1d).

Pointed étale extension. (3.3.1).

Possibly improper (regular sequence or M-sequence). (1.2.1g).

Pseudo-rational singularities. (4.3.16).

Pure dimension. (1.2.1e).

Pure height. (1.2.1e).

Pure submodule or subring; purity. (4.1.11).

Q-Gorenstein. (4.3.10).

q=p°. (1.2.2b).

q=q(p). (2.2.2) (second paragraph).

9 and 19, (1.4.1).

Rank (of a map of projectives).

Rational singularities. (4.3.16).

reg. (4.1.2)

Regular closure. (4.1.2)

Regular sequence. (1.2.1g).

R ® M. (3.1.3b).

R°. (1.2.1¢).

Reduced ring and ;eq. (1.2.1a).

Smooth. (1.2.1f).

Stably phantom homology.
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Standard conditions on a finite complex of projectives. (4.4.2).
Standard étale extension. (3.3.1).

Wa?

*. Characteristic p: (1.4.3). (N. B.: for other notations involving *, see the “a” portion

t “*7 as “asterisk.”)

of the alphabetical list, i.e., trea

Strong parameters. (2.3.10).

Strongly F-regular ring. (1.5.6).

System of parameters. (1.2.1e).

T(R). (1.4.5d).

T(R). (1.4.5e).

Test element. (1.4.5¢).

Test ideal for Frobenius closure. (1.5.6).

Tight closure. Characteristic p: (1.4.3). See also *¢9, *FQ and *K for characteristic
0 notions.

Tight closure relative to a subdomain A (*/4). (2.2.2).

Trapped (ideal). (4.5.2).

Type (as in F-rational type or F-regular type). (4.3.2).

Type (of a Cohen-Macaulay ring). (1.2.1g).

Universal test element. (2.4.2).

Universally catenary. (1.2.1h).

Unmixed. (1.2.1e).

Vanishing theorem for maps of Tor. (4.4.4).

Very tightly closed. (4.2.11).

Weak test element. (1.4.5a).

Weakly F-regular. In characteristic p: (1.6.1).

Weakly F-regular type. (4.3.2).

(1.3) THE MAIN RESULTS

In this section we give a summary of some of the main results of the paper. In choosing
results to be included here, we have been greatly influenced by the usefulness of the result.

We have avoided results whose statements require technical definitions, and in many cases
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we have not stated the strongest form, but have chosen to give instead a weaker result
with a simpler statement. One of our goals has been to make a usable form of the results
available to readers without their needing to read a great deal of the paper. The emphasis
is very much on results that convey important properties of tight closure and on signif-
icant applications of tight closure rather than results that are used to build the theory.
Results of the latter kind, such as Theorems (2.4.7), (2.4.9), (2.5.2), and (3.5.1) have been
omitted here no matter how difficult they are and no matter how important they are in
the development of the theory.

Thus, the title of this section is something of a misnomer, because, on the one hand,
while we have included many of the main results, many have been omitted on the grounds of
technicality, or bacause they are used more in building the theory than in the applications,
while on the other hand we have included quite a few results, particularly in (1.3.1), which
are rather straightforward, because of they are needed frequently when utilizing the theory.

In a number of instances we have repeated definitions in this section, particularly when
they are short, that are given elsewhere. In most cases, we have given a footnote or other
indication of where the reader can find a definition and relevant discussion of a notion
being used.

The notion of K-tight closure discussed in the result below and referred to throughout
this section is the same as the notion of formal K-tight closure of §(3.2).

The following result is essentially a restatement of Theorem (3.2.3).

(1.3.1) Theorem (existence and very basic properties of K-tight closure). Let K
be a field of characteristic zero. Then there is a closure operation, K -tight closure, defined
on submodules N of finitely generated modules M over a Noetherian K -algebra S, with the
properties listed below. The K-tight closure of N in M is denoted N;E or simply N*¥.

In what follows S is a Noetherian algebra over the characteristic zero field K, N', N C
M are finitely generated S-modules, I is an ideal of S, u is an element of M, and v denotes
the image of w in M /N.

Unless otherwise indicated, *¥ indicates K -tight closure in M.

(a) N*E is a submodule of M containing N .
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(b) we N¥y if and only if v € 0% /N

(c) The following three conditions are equivalent:

(m)

(1) u e N*K,
(2) For every complete local domain' B of R, we have that up € <NB>*KMB.

(3) For every complete local domain C' to which R maps, we have that

uc € <NC>*KMC'

If N C N' C M then N*K,; C N5, and N*K , C N*Ey,
(N*E)K = N*K |

(N AN N*E A N K

(N + N')E = (N*K 4 N FOK
(IN ) = (I*K g)N*E )*KM'

(N : MI)*KM C N*E 3 T (respectively, (N :¢ N')*% C N*E:g N'"). Hence, if N =
N*E then (N :pr I)*] = N:pp I (respectively, (N :s N')*E = N:g N'.

If N; C M; are finitely many finitely generated S-modules and we identify N = &;N;
with its image tn M = &;M; then the obvious injection @iNi*KMZ. — M maps
@; N yp. isomorphically onto NiE.

(Persistence of formal K -tight closure) Let L be a field containing K, let S’ be a Noe-
therian L-algebra (hence, also, a K-algebra) and let S — S’ be a K-algebra homo-
morphism. Let u € N*5 ;. Then 1@u € (' @5 NY*™
this holds when L = K.

sean over S'. In particular,

(Persistence of formal K-tight closure: second version). Let L be a field containing
K, let S’ be a Noetherian L-algebra (hence, also, a K-algebra) and let S — S be
a K-algebra homomorphism. Let N C M be finitely generated S-modules, and let
V C W be finitely generated S’-modules. Suppose that u € N*¥ ;. Suppose also that
there is an R-homomorphism v: M — W such that v(N) C V. Then y(u) € V*Ey,

(Irrelevance of nilpotents) If J is the nilradical of S, then J C (0)*%, and so J C I*K
for all ideals I of S. Consequently, JM C N*X. Moreover, if N~ denotes the image of

.e., the quotient of the completion of a local ring of S by a minimal prime: see (2.3.10).
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N in M/JM, then N*E is the inverse image in M of the tight closure (NN)*KM/JM,
which may be computed either over S or over Sieq (= S/J).

(n) Let pM, ... p) be the minimal primes of S and let S = R/p®. Let M®) =
SO @¢ M and let N® be the image of S @g N in MW . Let u?) be the image of u
in M® . Then u € N*5 if and only if u® € (NO)YE jn MO over S, 1<i <s.

(o) IfR = H?:lRi s a finite product and M = 11; M; and N = 1I;N; are the corresponding
product decompositions of M, N, respectively, then u = (u1, ... ,up) € M isin N* ¥y,

over R if and only if for alli, 1 <i < h, u; € N;*%,, .

7

Proof. See Theorem (3.2.2). O

(1.3.2) Theorem. If S is a locally excellent Noetherian K-algebra, where K is a field
of characteristic 0, and N C M are finitely generated S-modules such that u € N;E
for a certain element u € M, then there exist a finitely generated K-algebra R, a K-
homomorphism R — S, a finitely generated R-module My, a submodule Ny of My and an
element ug € My such that ug is in the K-tight closure of Ny in My over R, such that
S ®r My =2 M and such that under that identification the image of 1 ® ug is u and the
image of S ®r Ny is N.

Moreover, if S is a finitely generated K -algebra then the notion of K -tight closure agrees
with that obtained by reduction to characteristic p > 0 discussed in (2.2.2).

Proof. See Theorem (3.4.1) and Corollary (3.4.2). O

A Noetherian K-algebra is called weakly F'-reqular (respectively, F-rational) over the
field K of characteristic zero if every ideal (respectively, every parameter ideal® is K-
tightly closed. A K-algebra is called F-regular over K if all of its localizations are weakly

F-regular.

(1.3.3) Theorem (basic properties of weak F-regularity). Let R be a Noetherian
K-algebra over a field K of charcteristic zero.

(a) If R is reqular than it is weakly F-regular, and, hence, F-regular.

2See (2.3.10).
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(b) If R is weakly F-reqular over K then every submodule of every finitely generated R-
module 1s tightly closed.

(¢) R is weakly F-regular over K if and only if its localization at every mazimal ideal is
tightly closed.

(d) A local ring is weakly F-regular over K if and only if its completion is weakly F -
reqular.

(e) A weakly F-regular ring over K and, more generally, an F-rational ring over K, is

normal. A universally catenary F-rational ring over K and, hence, a universally catenary

weakly F-regular ring over K, is Cohen-Macaulay.

Proof. For part (a) see Theorem (4.3.6), for parts (b), (c), and (d) see Theorem (4.3.8),
and for part (e) see Corollary (4.3.5). O

The fact that F-rational and weakly F-regular rings are Cohen-Macaulay (under mild
hypotheses) depends on some form of result concerning the fact that tight closure “cap-

tures” colon ideals involving parameters: the following is one result of this type.

(1.3.4) Theorem (tight closure captures colons). Let K be a field of characteristic
zero and let S be a Noetherian K -algebra. Let x1, ... ,x, be strong parameters® in S.

Then (x1, ..., &p_1)*F 52,8 = (21, ..., 20n_1)*K.

Proof. See Theorem (4.1.7). O

Although we do not restate here the rather lengthy descent result given in Theorem
(3.5.1), we do want to emphasize that it plays a critical role in the proofs of the results on
K-tight closure stated below.

We next note the following, which contains the result that a ring of invariants of a
linearly reductive algebraic group acting on a regular ring is Cohen-Macaulay. Cf. [HR1],

[Ke], and [Bou].

3See (2.3.10). This means that the x; generate an ideal of height at least n modulo every minimal
prime after localization and completion at any prime ideal of R. If R is universally catenary and locally
equidimensional the condition simply means that the x; are part of a system of parameters when one
localizes at any prime containing them.
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(1.3.5) Theorem. If S is a reqular Noetherian ring of equal characteristic zero and R is
a subring of S that is a direct summand of S as an R-module (or, more generally, is pure*
in S) then R is Cohen-Macaulay (and normal — in fact the completion of every local ring

of R is normal).
Proof. See Theorem (4.1.12). O

The main points leading up to the proof of Theorem (1.3.5) may be summarized as
follows: because of the colon-capturing property of tight closure, under mild conditions
one has that a ring in which every ideal is tightly closed is Cohen-Macaulay. But a regular
ring has the property that every ideal is tightly closed (ultimately, because of the flatness
of the Frobenius endomorphism once one passes to positive characteristic regular rings),
and it is easy to show that the property that every ideal is tightly closed passes to direct

summands (or pure subrings).

Recall that over a Noetherian ring S, if N C M are finitely generated S-modules then
an element u € M is said to be in the reqular closure N*8y; of N in M or, simply, in N8,
if for every homomorphism of S to a regular Noetherian ring 7', we have that the image
of uin T ®g M is in the image of T ®¢ N in T ®g M. See (4.1.2). Because the integral
closure of an ideal I of S has a similar characterization in terms of homomorphisms to

discrete valuation rings, we have at once that I™%incl.

(1.3.6) Theorem. Let K be a field of characteristic zero and let S be a Noetherian K-
algebra. Let N C M be finitely generated S-modules. Then N*K ; C N™8,,.

Hence, if I is an ideal of S then I** C I8 C T,
Proof. See (4.1.3) and (4.1.4). O

(1.3.7) Theorem (generalized Briancon-Skoda theorem). Let S be a Noetherian
ring of equal characteristic zero and let I be an ideal of S generated by at most n elements.
Then for every k € N, (I"tF)= C (IF+1)>*ea (C (Jk+1)*eq),

Hence, if S is also a K-algebra for some field K then (I"TF+t1)— C (Ik+1)>=K (C
(TFH+1)K ).

4See (4.1.11).
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Proof. See Theorem (4.1.5). O

Theorem (1.3.8) (phantom acyclicity criterion). Let K be a field of characteristic
0 and let R be a Noetherian K-algebra. Let Go be a finite complex of finitely generated
projective R-modules of constant rank.

Suppose that R is universally catenary and locally equidimensional and that Rieq ®r Ge

5 on rank and height. Then G4 is K-phantom acyclic, i.e.,

satisfies the standard conditions
the cycles Z; in G; are in the K-tight closure Bi*KGi of the module of boundaries B; in

G;.

Proof. See Theorem (4.4.3), which gives a more general version that relaxes the conditions

on the ring R. [
The phantom acyclicity criterion has the following powerful corollary:

Theorem (1.3.9) (vanishing theorem for maps of Tor). Let R be an equicharacter-
istic zero reqular ring, let S be a module-finite extension of R that is torsion-free as an
R-module (e.g., a domain), and let S — T be any homomorphism to a regular ring (or, if R
1s a K -algebra for some field K of characteristic 0, we may suppose instead that T is weakly
F-reqular over K). Then for every R-module M, the map Torf(M,S) — Tor®(M,T) is
0 for all 1 > 1.

Proof. See Theorem (4.4.4). O

To see that this is a powerful theorem, note that it implies again that direct sum-
mands (and pure subrings) of regular rings are Cohen-Macaulay in equal characteristic
zero. We may reduce to the case where S is complete local and a direct summand of a
regular ring 7. Then S is a module-finite extension of a regular ring R with system of
parameters 1, ... ,xq. We may take M = R/(x1, ... ,x4)R and conclude that the maps
Torf*(M,S) — TorE®(M,T) are 0 for i > 1. But since S is a direct summand of T' these
maps are injective, and so this shows that Tor®(M,S) = 0 for i > 1, which implies that

r1, ... ,xq is a regular sequence in S and, hence, that S is Cohen-Macaulay.

5See (4.4.2).
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In [HH11], §4, it is shown that if (1.3.9) were known in mixed characteristic it would
imply the longstanding conjecture that regular rings are direct summands of their module-

finite extensions (which is known in equal characteristic but not in mixed characteristic).

Theorem (1.3.10) (phantom intersection theorem). Let K be a field of characteris-
tic zero and let R be a Noetherian K -algebra that is locally equidimensional and universally
catenary.b Let Go be a complex of finitely generated projective R-modules of constant rank
that satisfies the standard conditions” on rank and height. Suppose that the complex G, is
of length d. Let z € M = Hy(Gs) be any element whose annihilator in R has height > d.
Then z € 03K In consequence:

(1) if (R,m,K) is local, z cannot be a minimal generator of M.

(2) the image of z is 0 in Ho(S ®@r Ge) for any regular (or weakly F-reqular) ring S to

which R maps.

Proof. See Theorem (4.4.5). O

The following result greatly generalizes the colon-capturing property for tight closure
given in (1.3.4). The notions of “admissible” and “nearly admissible” functions of ideals

needed for the statement of the theorem are discussed in (4.5.1).

(1.3.11) Theorem. Let K be a field of characteristic zero and let A — R be a homomor-

phism of Noetherian K-algebras such that A is reqular. Suppose either that

(1) A is the ring Q[z1, ... ,x,], T is the set of all ideals of A generated by monomials
in the variables x1, ... ,x,, and that for every integer h, 1 < h <n, every h element
subset of x1, ... , T, consists of strong parameters®: this is equivalent to the hypothesis

that every such subset generates an ideal of formal minheight® at least h in R or
(2) A is any regular ring, I is the class of all ideals of A, and for every complete local

domain S of R at a maximal ideal,'®, if P is the contraction of the mazimal ideal

6These conditions are omitted in the more general version of this result given in Theorem (4.4.5), but
then, wherever one has a hypothesis on the height of an ideal, one needs to make that hypothesis for the
formal minheight of the ideal, which is discussed at the end of (4.4.2), instead.
"See (4.4.2).
8See (2.3.10).
9If R is universally catenary formal minheight coincides with minheight, and if R is locally equidi-
mensional as well, formal minheight coincides with height, and this condition is much less technical.
10See (2.3.10).
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of S to A then the height of PS is at least the height of P. ideal I of A the formal
minheight of IR is at least the height of I.

Let F be a nearly admissible function of k ideals. Then for any k ideals I, ..., Ij
inZ, F(LR, ---,IxR) C (]—"(Il, ,Ik)R)*K, and if F is, moreover, admissible, then
F(ILR, -+, IxR) is trapped over F(Iy, ... ,Ix), i.e.,

F(I,...,Ii)RC F(LR, ---, L,R) C (F(L, ... , I,)R)™.

Proof. See Theorem (4.5.3). O

(1.3.12) Theorem (testing tight closure at maximal ideals. Let R be a Noetherian
ring containing o field K of characteristic 0, let N C M be finitely generated R-modules,
and let w € M. Then u € N*5; if and only if for every complete local domain B of R at

a mazimal ideal, ug € (NB)*KMB.

Proof. See (4.2.6). O

(1.3.13) Theorem (height-preserving extensions do not affect tight closure). Let
K be a field of characteristic 0 and let R — S be a homomorphism of Noetherian K -algebras
such that

(#) for every maximal ideal m of R and every minimal prime p of (Ry,)”", there is a
prime ideal Q of S lying over m and a prime ideal q of (Sq)~ lying over p such that
htP(Sq)7/q > dim(R,,)"/p.

Let N C M be finitely generated R-modules and let w € M. Then ug € <NS>*KMS if
and only if u € N*K ;.

In fact, the conclusion that ug € (N5>*KMS if and only if u € N*X s is valid for a fized
pair of finitely generated modules N C M if condtion (# ) holds for every maximal ideal m
of R that is in the support of M/N.

Proof. See Theorem (4.2.7). O

The next three results are connected with the problem of when tight closure commutes

with base change.
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(1.3.14) Theorem (main theorem on geometrically regular base change). Let K
ba field of characteristic zero, and let R, S be Noetherian K -algebras such that S is locally
excellent.

(a) If R — S is a filtered inductive limit of K-algebra homomorphisms that commute with
K -tight closure, then R — S commutes with K -tight closure.

(b) If R — S is a homomorphism of finitely generated K -algebras that is smooth and such
that S is descendably projective over R relative to K, then R — S commutes with
K -tight closure.

(¢) If R — S is a filtered inductive limit of K-algebra homomorphisms satisfying the
condition in (b) then R — S commutes with K -tight closure.

(d) If S is a polynomial ring in finitely many variables over R, say S = R[x1, ... ,Ty],
then R — S commutes with K-tight closure. Morever, if I is any ideal of I that is
K -tightly closed then the ideal of S generated by IS and any set W of monomials in
the x’s is tightly closed in S.

(e) If N C M are finitely generated R-modules such that N is very K -tightly closed in M
and S is geometrically regular over R, then Ng is very K-tightly closed in Mg.

(f) IF S is geometrically reqular over R and if N C M are finitely generated R-modules
such that N is formally very K-tightly closed'' in M, then Ng is K-tightly closed in
Msg.

(g) Let R be either a finitely generated K -algebra or a complete local ring,'? and assume
that R is reduced and equidimensional. Let I be an ideal of R that is generated by
parameters.'® Let S be a geometrically regular R-algebra. Then (IS)*¥ (in S) is
I"K S, where I*% is the K-tight closure of I in R. In particular, this holds when S is

a localization of R.

Proof. See Theorem (4.2.14). O

11See (4.2.10). A weaker condition suffices, namely it is sufficient that for each prime ideal P of R
lying under a maximal ideal of S in the support of (M/N)g, the image of Np is very K-tightly closed in
Mp with B = (RP)A

12 As should be clear from the proof, the result holds somewhat more generally: what is needed is that
R be a locally excellent Noetherian K-algebra that is a filtered inductive limit of reduced, equidimensional
affine K-algebras, each of which contains a sequence of parameters that maps to the generators of the
given ideal.

13See (2.3.10).
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(1.3.15) Theorem. Let K be a field of characteristic 0 and let R — S a K-algebra

homomorphism. Suppose that S is locally excellent.

(a) If R is a finitely generated K-algebra and S = T ®k R, where T is reqular, then
R — S commutes with K -tight closure. In particular, this holds when T is any field
extension of K.

(b) If S is module-finite and smooth over R, then R — S commutes with K-tight closure.
In particular this holds when L is any field contained in R, L' is a finite algebraic
extension of L, and S = L' ®r, R.

(¢) If S = L'®1 R where L' is a possibly infinite algebraic extension of a field L C R, then
R — S commutes with K-tight closure (but notice that we are assuming that L' @1, R

is Noetherian and locally excellent: this is not automatic in this case).

Proof. See (4.2.17). O

(1.3.16) Theorem. Let R be a Noetherian K-algebra, let m be a mazimal ideal of R, let
L = R/m (thought of as an R-module), and let N C M be finitely generated R-modules.
let R — S be a homomorphism of Noetherian K -algebras such that m’ = mS is a mazimal
tdeal of S and R,, — Sy s fatihfully flat. Suppose either that
(1) M/N is an essential extension of L, or else that
(2) M/N has a finite filtration by copies of L, and L — S/m.S is an isomorphism.

Then N is K-tightly closed in M over R if and only if Ng is K-tightly closed in Mg

over S.
Proof. See (4.2.18). O

The final three results listed discuss weak F-regularity, base change, and F-rationality.

Weak F-regularity and F-ratioonality over K are defined in (4.3.1).

(1.3.17) Theorem (characterization of weak F-regularity). Let K be a field of
characteristic 0. Let R be a Noetherian K-algebra. Then the following conditions on R
are equivalent:

(1) R is weakly F-reqular over K (i.e., every ideal of R is K-tightly closed).

(2) For every maximal ideal of R, R,, is weakly F-regular over K.
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(3) For every maximal ideal of R, the completion of R,, is weakly F-regular over K.

(4) R is normal (respectively, approzimately Gorenstein), and for every mazximal ideal m
of R there is a sequence of m-primary irreducible ideals cofinal with the powers of m
that are K-tightly closed.

(5) For every pair of finitely generated R-modules N C M, N is tightly closed in M.

Proof. See Theorem (4.3.8). O

(1.3.18) Theorem (F-regularity and base change). Let K be a field of characteristic

0 and let R — S be a flat homomorphism of Noetherian K -algebras.

(a) If R is weakly F-regular over K, R — S is local, and the closed fiber is regular then
S is weakly F-reqular over K.

(b) If Rp is weakly F-reqular over K for every prime ideal P of R lying under a mazximal
ideal of S, and R — S is geometrically regular, then S is weakly F-regular over K.

(¢) If R is F-regular over K and R — S is geometrically reqular then S is F-reqular over
K.

(d) If R is a Hilbert ring'* (e.g., a finitely generated algebra over a field), R — S is

smooth, and R is weakly F-reqular over K, then S is weakly F-reqular over K.
Proof. See Theorem (4.3.14). O

(1.3.19) Theorem (behavior of F-rational rings). Let K be a field of characteristic

0 and let R be a locally excellent Noetherian K -algebra.

(a) R is F-rational over K iff R, is F-rational over K for every maximal ideal m or R.

(b) If R is local, then R is F-rational over K iff R is F-rational over K.

(¢) (Localization and base change) If R is F-rational over K, then every localization of
R is F-rational over K, and, more generally, if R is F-rational over K, R — S is
geometrically regular, and S is locally excellent, then S is also F-rational over K.

(d) If R is local and equidimensional, then R is F-rational over K if and only if the ideal
generated by one system of parameters is K-tightly closed.

(e) (F-rationality deforms) If R/ fR is F-rational over K, where f is a nonzerodivisor in

R, then Rp is F-rational over K for every prime ideal P containing f. In particular,

14See (4.3.13).
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if (R,m) is local and f € m is a nonzerodivisor such that R/fR is F-rational over
K, then R is F-rational over K.

(f) If R is Gorenstein, then R is F-rational over K iff R is weakly F-reqular over K iff
R is F-regular over K.

Proof. See Theorem (4.3.15). O

(1.4) TIGHT CLOSURE THEORY AND TEST ELEMENTS
IN POSITIVE CHARACTERISTIC

The reader may wish to review the characteristic p conventions discussed in (1.2.2).

(1.4.1) Frobenius (Peskine-Szpiro) functors. When #: R — S is a ring homomor-
phism the functor S ® g _ is a covariant functor from R-modules to S-modules. It takes
free modules to free modules of the same rank, projective modules to projective modules,
and flat modules to flat modules. It preserves finite generation. If a module M has a finite
presentation with matrix (r;;) then S ® g M has such a presentation with matrix (6(r;;)).

When S = R and 0 = Fg, the eth iterate of the Frobenius endomorphism, we denote
this functor Ff,. (See (1.2.1) and (1.2.2).) The subscript g is frequently omitted. All of the
above remarks apply. Thus, if M has a finite presentation with matrix (r;;), F¢(M) has a
finite presentation with matrix (r?j). Quite generally, there is a natural map M — S®r M
sending u — 1®wu, giving a natural transformation from the identity functor on R-modules
to the composition of S ®p _ with restriction of scalars from S to R. In the case where
§ = F5, we denote the image of v € M under this map (in F{(M)) by u?. With this
notation we have that (ru)? = r%(u?) for r € R and u € M.

When N C M we denote by N (or N ][\3] if greater precision is needed) the image of
F¢(N) in F°¢(M). This is the same as the R-span in F¢(M) of all the elements u? for
u € N. Tt suffices to let u run through a set of generators for N over R. N9 may also
be viewed as the kernel of the map from F¢(M) — F¢(M/N), by the right exactness of
tensor.

When M is free, F¢(M) may be identified (non-canonically) with M: if we choose a

free basis {u;} for M we may establish the isomorphism by letting u; correspond to {u}
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in F¢(M). In coordinates, the map u — u? corresponds to the map sending the vector
with coordinates r; to the vector with coordinates rf.

When M = R, F¢(M) = R. If I C R is an ideal, 119 is the expansion of I under F*°,
a standard notation, and is the ideal of R generated by all qth powers of elements of I.

Note that for u € I, the notation u? just introduced coincides with the usual meaning of

ud. Of course, F¢(R/I) = R/I9.
The following observation is straightforward but often useful:

(1.4.2) Fact. If R — S is a homomorphism of Noetherian rings of characteristic p then
for all e there is an isomorphism of functors SQrFg(_) = F§(S®pr _) (both are covariant

functors from R-modules to S-modules). [

(1.4.3) The definition of tight closure in characteristic p. Now suppose that R is
a Noetherian ring of characteristic p, that N C M are finitely generated R-modules, and
that w € M. We say that u € N* (or N*)s), the tight closure of N in M, if there exists
an element ¢ € R° (see 1.2.1)) such that for all ¢ > 0, cu? € N][\q).

In the rest of this section we give some definitions and results that exhibit the properties

of tight closure in characteristic p that will be needed throughout this manuscript.

(1.4.4) Theorem. Let R be a Noetherian ring of characteristic p and let N';, N C M be
R-modules. Let I C R be an ideal. Let ¢ € R, let w € M and let v be the image of u in
M/N. Unless otherwise specified, * indicates tight closure in M.

a) cul? € Nl in Fe(M) if and only if cv? =0 in F¢(M/N).

b) u € N*p if and only if v € 0 pr/N-

N* is a submodule of M and (N*)* = N*.

IfNC N CM then N*C N'™ and N* N C N* .

(c
d

(e

(
(b)
)
(d)
) If J is the nilradical of R, then JM C N*. Moreover, if N~ denotes the image
(N + JM)/JM of N in M/JM, then N* is the inverse image in M of the tight
closure (NN)}"WJM, which may be computed either over R or over Ryeq (= R/J).

(f) If R is reduced or if Anng(M/N) has positive height, then u € N* if and only if there
exists ¢ € R® such that cx? € N9 for all ¢ = p® (not just for ¢ > 0).
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(g) Let p1, ... ,pn be the minimal primes of R and let R; = R/p;. Let M; = R, g M
and let N; be the image of R; ®r N in M;. Let u; be the image of u in M;. Then
u € N* if and only if u; € N in M; over R;, 1 <1 < h.
) (NNNHY*C N*NN'".
) (N+ N')*=(N*+ N'x)*.
(§) IN)* = (I"N*)*.

) (N:ipy ) CN*:pp I and (N:g N')* C N*:g N'. Hence, if N is tightly closed in M,

then so are N :p I (in R) and N :g N' (in M ).

() If N; € M; are finitely many finitely generated R-modules and we identify N =
@®; N; with a submodule of M = @®;M; in the obvious way, then @i(Ni)*Mi s carried
isomorphically onto N*p by the obvious map into M.

(m) IfR = H?ZlRi s a finite product and M = I1;M; and N = 1I;N; are the corresponding
product decompositions of M, N, respectively, then u = (uy, ... ,up) € M is in N* ),

over R if and only if for alli, 1 <i < h, u; € N;"py,.

Proof. (a) holds since F¢(M/N) = F¢(M)/N!4 and (b) follows from (a). For (c)-(f) cf.
[HH4] Proposition (8.5) (a)-(c), (e), and (j). For (g) see [AHH] Lemma (2.10c). For (h),
(i), (§), (k), (1) cf. [HH4] Proposition (8.5) (f), (g), (h), (k), (m). (Part (k) as stated
here follows by applying part (k) of Proposition (8.5) of [HH4] with N replaced by N*,
for then we have (N:pI)* C (N*:gI)* = (N*:g1)) and (N:p N')* = N*:py N'. Part
(m) is immediate from the definitions, since R® = II; RY and Fg(M) = II; F§ (M;), while

Nl = HiNi[q] M, Where Ni[q] M, is calculated over R;.

(1.4.5) Definition. (a) Let R be a Noetherian ring of characteristic p and let ¢/ = p¢ for
some integer ¢/ € N. Then ¢ € R° is a ¢'-weak test element if for every finitely generated
R-module M and every submodule N C M, an element u € M is in N*); if and only if
cud € N4 for all ¢ > ¢'.

(b) An element ¢ € R° is called a locally (respectively, completely) stable q’'-weak test
element if its image in (respectively, in the completion of) every local ring of R is a ¢’-weak
test element.

(c) If ¢ is a ¢’-weak test element for ¢’ = 1 then c is called a test element. We make the
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same convention for the locally stable and completely stable cases. If we do not want to
specify the value of ¢’ we may refer simply to a weak test element, or a locally or completely
stable weak test element.

(d) We let 7(R) = NpAnng0*ps. If R has a test element, then 7(R) is the ideal
generated by the test elements and c is a test element if and only if ¢ € 7(R) N R°. See
Definition (8.22) and Proposition (8.23) of [HH4]. Note that if ¢ € 7(R) and u € N* ),
then cu? € N4 for all q > 1 whether ¢ € R° or not.

(e) We let 7(R) denote the ideal of all elements ¢ of R such that for every ring B
that is the completion of a local ring of R, the image of ¢ in B is in 7(B). If R has a
completely stable test element, then 7(R) is the ideal generated by the completely stable
test elements for R. An element ¢ € R is a completely stable test element for R if and

only if ¢ € 7(R) N R°. (Cf. the discussion prior to Theorem (7.29) of [HH9].)
The following easy observation is used frequently:

(1.4.6) Fact. If R — S is a flat homomorphism of arbitrary Noetherian rings, then R°
maps into S°. O (See (1.2.1c) for notation.)

We record the following facts about test elements:

(1.4.7) Theorem. Let R be a Noetherian ring of characteristic p.

(a) ¢ is a ¢'-weak test element for R if and only if its image in R, is a q'-weak test
element for R,, for every maximal ideal m of R.

(b) A ¢'-weak locally stable test element is a ¢’ -weak test element.

(¢) If ¢ € R is a ¢'-weak test element (or a completely stable q'-weak test element) for
a faithfully flat extension S of R, then it is a ¢'-weak test element (respectively, a
completely stable q'-weak test element) for R.

(d) In particular, if ¢ € R, R is local, and c is a q'-weak test element for E, then ¢ is a
q'-weak test element for R.

(e) A completely stable q'-weak test element for R is a locally stable weak test element for
R.

(f) Let J be the nilradical of R and suppose that Jld"l = 0, where ¢ is a power of p. Let
¢ € R and let ¢ be the image of ¢ in Ryea = R/J. If ¢ is a ¢'-weak test element for
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R, then ¢ is a ¢'-weak test element for Rieq. If ¢’ is a ¢'-weak test element for Rieq,
then ¢ is q'q"-weak test element for R. The same statements are valid for the case
of locally stable weak test elements, and for completely stable weak test elements if R
has reduced formal fibers (e.g., if R is excellent).
(g) If R has a completely stable q'-weak test element ¢ and N C M are finitely generated

R-modules with uw € M, then the following conditions are equivalent:

(1) we N*p.

(2) u/l € (Ny)*n,, for every maximal ideal m of R.

(3) For every B of the form (R,,)", where m is a mazimal ideal of R, 1 ® u €

(NB)*np (see (1.2.3) for notation).
(4) For every ring C of the form (R,,) /p, where m is a mazximal ideal of R and p

is a minimal prime of (Ry)™, 1®@u € (No)™ -

Proof. (a) is Proposition (8.13a) of [HH4]. (b) is immediate from (a). Part (c) follows from
Lemma (6.14b,c) of [HH9], while (d) is immediate from (c) and (e) follows at once from
(d). Part (f) follows from Proposition (8.13d) of [HH4] and Corollary (6.2c,d) of [HH4] as
generalized to modules in the discussion following Proposition (8.13) of [HH4].

It remains to prove (g). Note first that if we have a map R — S such that R° maps into
S° then it is trivial for finitely generated R-modules N C M that N* maps into (Ng)* in
Msg. Since R° — S° when R — S is flat (including localization and completion) and also
when S is obtained by killing a minimal prime of R, it follows easily that (1) = (2) = (3)
= (4). Since (3) < (4) by (1.4.4g), it suffices to show that (3) implies that u € N* ;. But
if not, we can choose ¢ > ¢ such that cu? ¢ N9, and this will be preserved when pass
to R,, for a suitable maximal ideal m and then to B = (R,,)", contradicting that ¢ is a

q'-weak test element in B. [

(1.4.8) Discussion. We next record some results that we shall need concerning either
the existence of test elements, or which we shall use later to prove the existence of test
elements. Recall that R™ = U,R'/? when R is reduced of characteristic p. (Cf. (1.2.2¢).)
If R is a finitely generated algebra over a reduced Noetherian domain A we say that R is

generically smooth over A if there exists an element a € A° such that R, is smooth over
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A,. This is equivalent to the assertion that (A°)~!R is smooth over (A°)~!A; the later
ring is the total quotient ring of A and is a product of fields, one for every minimal prime
of A. If R is module-finite over A, this is equivalent to the condition that (A°)~'R be
étale over (A°)~1A. When (A°)71A4 is a field L, this simply says that (4°)"!R is a finite

product of finite separable field extensions of L.

The next result is Theorem (6.13) of [HH4] generalized to the module case as indicated
in the discussion following Theorem (8.14) of [HH4]. For a closely related result in which
the condition that ¢ be in A° is relaxed, see Theorem (1.5.1) and the discussion that

precedes it. Cf. also Exercise 2.5 of [Hub).

(1.4.9) Theorem. Let R be module-finite, torsion-free, and generically smooth over a
reqular domain A of characteristic p. Then every element d € A° such that Ry is smooth
over Ay has a power c that is a completely stable test element in R, and also in B ®r R
for every A-flat reqular domain B O R. A sufficient condition for ¢ € A° to have this
property is that cR* C A>®[R|. O

If A is regular but not necessarily a domain the situation does not change a great deal.
It is then a finite product of regular domains, and R is a product in a corresponding way.

By working in each coordinate separately we see at once:

(1.4.10) Corollary. Let R be module-finite, torsion-free, and generically smooth'® over
a reqular ring A of characteristic p. Then every element d € A° such that Ry is smooth
over Aq has a power c that is a completely stable test element in R. A sufficient condition

for ¢ € A° to have this property is that cR> C A>®[R]. O

Corollary (1.4.10) has important uses in developing the theory of tight closure in equal

characteristic zero: see, for example, Theorem (2.4.7), where it is applied.

The following result on the existence of test elements is very useful (see [HH9], Theorems

(5.10) and (6.1)):

(1.4.11) Theorem. Let R be a Noetherian ring of characteristic p and let ¢ € R° be such
that (Ryed)c @s reqular. Suppose either that F: R — R is finite or that R is essentially of

15See (1.4.8)
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finite type over an excellent local ring. Then c has a power that is a completely stable weak

test element. If R is reduced, then ¢ has a power that is a completely stable test element.
In particular, any ring essentially of finite type over an excellent local ring has a com-

pletely stable weak test element, and such a ring has a completely stable test element if it

18 reduced. [

(1.4.12) Remarks. Notice that the result applies to any algebra essentially of finite type
over a field and to any excellent local ring (in particular, to any complete local ring). The
result is also valid if one assumes only that (Ryeq)c is weakly F-regular and Gorenstein,

by [HH9], Theorem (7.32b).

We next note the following important result, which we refer to as the persistence of

tight closure.

(1.4.13) Theorem (persistence of tight closure). Let R — S be a homomorphism of
Noetherian rings such that either R is essentially of finite type over an excellent local ring
or such that S has a completely stable weak test element. Let N C M be finitely generated
R-modules and w € N*p;. Then 1 @ u € (Ng)* . over S. (See (1.2.3) for notation.) In
particular, the conclusion is valid whenever either R or S is essentially of finite type over
an excellent local ring. Note that when M = R and N = I is an ideal, this implies that
I*S C (I5)*.

Proof. 1f R is essentially of finite type over an excellent local ring the result follows from
part (i) of Theorem (6.24) of [HH9] together with Proposition (6.23) of [HH9]. If S has a
completely stable weak test element the result follows from part (ii) of Theorem (6.24) of

[HH9] coupled with the last part of the remarks (6.26) of [HH9]. O

(1.4.14) Theorem. Let R — S be a homomorphism of Noetherian rings of characteristic
p. Suppose that at least one of the following four conditions holds:

(1
(2
(3
(4

) R° maps into S°.

) R° has a weak test element that maps into S°.

) R is essentially of finite type over an excellent local ring.
)

S has a completely stable test element.
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Suppose that M is a finitely generated R-module and W is a tightly closed submodule
of SR M. Let N={ue M :1®uec W}. Then N is tightly closed in M over R. In
particular, if J is a tightly closed ideal of S, the contraction of J to R s tightly closed.

Proof. Suppose that v € N*. Each of the four conditions implies that when we pass to
S ®pr M, the image u of v is in W* (this is immediate from the definitions in the cases of
conditions (1) and (2), and a consequence of (1.4.13) in cases (3) and (4)). Thus, u € W
andsove N. U

(1.4.15) Proposition. Suppose that S is faithfully flat over R and that, moreover, the
hypothesis of (1.4.14) holds. If ¢ is an element of R such that c € 7(S) (respectively, T(S)),
then ¢ € T(R) (respectively, T(R)). In particular, if ¢ € S° is a test element (respectively,
a completely stable test element) for S, then it is a test element for R (respectively, a

completely stable test element for R). See (1.4.5d,e) for notation.

Proof. The flatness implies that S° N R C R°, and so the statement about test elements
follows from the statements about the behavior of 7 and 7. First suppose that ¢ is in 7(S).
By persistence of tight closure, u € Nj,;, where N C M are finitely generated R-modules
implies the same after one tensors with S, and it follows that cu is in the image of Ng (in
Mg). Since S is faithfully flat over R, the result follows, since Ng N M = N.

Now suppoe ¢ € 7(5), and let P be any prime of R. Then there is a prime @ of S lying
over P. The map Rp — S¢ is faithfully flat, and so is the induced map of completions,

from which the desired result follows. O

The following result gives one case in which characteristic p tight closure always com-

mutes with localization:

(1.4.16) Proposition. Let R be a Noetherian ring of characteristic p and let N C M be

finitely generated R-modules.

(a) Let W be a nonempty multiplicative system of R. Then W~ (Ny;) = (W= IN)5, 1,
(over WL R) provided that this holds for every multiplicative system of the form R—P,
where P is a prime ideal of R disjoint from W. Hence, tight closure commute with

localization at an arbitary multiplicative system for a given pair of finitely generated
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modules N C M if and only if it commutes with localizationat prime ideals.
(b) Tight closure commutes with localization at W for the pair N C M if and only if it
commutes with localization at W for the pair 0 C M/N.

(¢) If M/N has finite length, then tight closure commutes with localization in the sense
of (a).

Proof. Part (a) is given by Lemma (3.5a) on p. 79 of [AHH], and part (b) is contained in
(3.2) on p. 77 of [AHH]. For (c), note that by (b) we may assume that M has finite length
and N = 0. by part (1) of (1.4.4) we may assume that M is killed by a power of a maximal
ideal m (and N = 0). By part (a) we may assume that we are localizing at a prime ideal.
If this prime ideal P is different from m, then both objects considered are 0, while the case

where P = m is Proposition (8.9) on p. 76 of [HH4]. O

The discussion that follows fills a gap in the proof of Proposition (8.18b) on p. 81 of
[HH4].

(1.4.17) Tight closures of submodules of projective modules over reduced rings:
a corrected proof. We begin re-examine the proof of (8.18b) in [HH4]. It contains an
error that we correct here, although the statement is correct. The mistake is in the second
line of the argument, where a reduction is made to the local case by choosing a maximal
ideal m of R containing N :gx and passing to the localizations at m. This may not
guarantee that the image of x remains outside (Nm)*Gm, however, since tight closure is
not known to commute with localization at a maximal ideal except in special cases. If R
has a locally stable ¢’-weak test element ¢, one can correct this line of argument as follows:
since z ¢ N*qg, we can choose ¢ > ¢ such that cz? ¢ N9, and we can preserve this
condition after localizing at a maximal ideal m by choosing m to contain N4 :p 9. Since
¢/1is also a ¢'-weak test element in R,,, we have that /1 is not in (N,,)"(, , as required.

However, we can give a different proof of (8.18b) of [HH4] without any additional hy-
pothesis. First choose a finitely generated projective module G’ such that G &g G’ is free.
Then N C G@r G' C F & G’ will also give a counterexample: since N = N @& 0 has a
compatible direct sum decomposition, its tight closure in G® G’ is N* ¢ @ r0 while its tight

closure in F' & G’ is N*p @ g 0. Thus, we may assume without loss of generality that G is
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free. The remainder of the argument given in the proof of (8.18b) in [HH4] is then valid
without any changes in wording: the fact that R is local is not used. (Localization was
only used to reach the case where G is free.) One replaces F' by a quotient by a submodule
maximal with respect to the property of not meeting GG, so that G — F' is essential. This
implies that F' is torsion-free and can be embedded in a free module having the same rank
as G. Thus, we may assume that G, F are free of the same rank, say that both are R",
and that the map between them is given by a size h square matrix @ whose determinant
D is not a zerodivisor in R. The rest of the calculation is word for word the same as what

is given in the proof of (8.18b) in [HH4]. O

(1.5) SOME NEW RESULTS ON TEST
ELEMENTS IN POSITIVE CHARACTERISTIC

In this section we record some results on the existence of test elements in characteristc p
that are not in the literature, although several of them can be proved by small modifications
of existing arguments. Most of these results will be needed to develop the theory of test
elements in the equal characteristic 0 case. Cf. (2.4).

The first result is a refinement of part of (1.4.10) stated earlier here, and also of part of
Theorem (6.9) of [HH4|. The point is that in earlier versions of this result the element ¢
is assumed to be in A or even A°, and this is not needed: the conclusion holds when c is
simply an element of R. While in some sense this is a minor point, it was missed by the
authors earlier, and it turns out to be very useful to have the stronger result available. Cf.

Exercise 2.5 of [Hub].

(1.5.1) Theorem. Let A be regular Noetherian ring of characteristic p and let R be a
module-finite extension of A that is torsion-free and generically smooth'® over A. Suppose
that ¢ is an element of R such that cR*° C A*[R]. Then c is in the test ideal for R,
and remains so after localization and completion. Thus, if ¢ € R° as well, then c is a

completely stable test element for R.

Proof. First note that A is a product of domains and there is a corresponding decomposi-

tion for R. We may therefore reduce to the case where A is a regular domain. To see that

16See (1.4.8)
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¢ is in the test ideal for R we need to see that if N C M are finitely generated modules
and u € N* then cu € N (cf. (1.4.5) (d)). The argument is exactly the same as in the
proof that (d) = (e) in (6.9) or (8.14) of [HH4|. Since the details are written out explicitly
only for (6.9) we refer to that proof. In the second line of that proof the subscript 4 in
the expression “c ¢ I [9]. 4 97 should be changed to a subscript z. Nothing else needs to
be changed in that argument. Neither the fact that ¢ € A nor the fact that ¢ € A° is used
anywhere.

To see that if ¢ is in R° then it is a completely stable test element let () be a maximal
ideal of R lying over the maximal ideal m of A, and let B be the completion of A,,.
Our hypotheses are preserved when we replace A, R with B, B ®4 R. (Proceed in two
steps: first localize at m and then complete. It is easy to verify that localization preserves
the hypothesis. The least obvious point is that ¢ still multiplies R> into A*°[R] after
completion. To see this note that for each choice of ¢, since R is module-finite over A,
RY/9 is module-finite over A9, and, hence, R'/? is module-finite over A/ 1[R]. For ¢’ > ¢
sufficiently large, the product of ¢ with each of the finitely many module generators of R/4
over AY4[R] will lie in AY/¢'[R], and the condition that ¢ multiply R'/¢ into AY7'[R] is
preserved when we complete with respect to the maximal ideal of A (this gives the same
topology on A'/9 as the maximal ideal of A'/9 does.) Because B is flat over A, the image
of cin S = B®4 R is not in any minimal prime. The ring S is a finite product of local

rings, one of which is the completion of R¢, and the result follows. [

We shall use this result to produce test elements in a number of ways: one is to combine
it with a theorem of Lipman and Sathaye, (1.5.3) below.
(1.5.2) Discussion. In this discussion we do not make any assumption on the charac-
teristic. Let T' C R be a module-finite extension, where T is a Noetherian domain, R
is torsion-free as a T-module and the extension is generically smooth. Thus, if K is the
fraction field of T and £ = K ®p R is the total quotient ring of R then K — L is a finite
product of separable field extensions of K. The Jacobian ideal J(R/T) is defined as the
0th Fitting ideal of the R-module of Kéhler R-differentials (2,7, and may be calculated
as follows: Write R = T[Xy, ... ,X,|/P and then J(R/T) is the ideal generated in R
by the images of all the Jacobian determinants 9(gi, ... ,gn)/90(X1, ..., X,,) for n-tuples
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g1, -+ ,gn of elements of P. Moreover, to generate J(R/T) it suffices to take all the
n-tuples of g; from a fixed set of generators of P.

Now suppose in addition that T is regular. Let R’ be the integral closure of R in
L, which is well known to be module-finite over 7' (the usual way to argue is that any
discriminant multiplies it into a finitely generated free T-module: cf. (2.4.5), part (g)).
Let J = J(R/T) and J' = J(R'/T). The result of Lipman and Sathaye ([LS], Theorem
2, p. 200) may be stated as follows:

(1.5.3) Theorem (Lipman-Sathaye). With notation as above (in particular, there is
no assumption about the characteristic, and T is reqular), suppose also that R is an integral
domain. If u € L is such that uJ’ C R’ then uJR' C R. In particular, we may take u = 1,
and so JR' C R. O

This property of “capturing the normalization” will enable us to produce test elements

here and universal test elements in (2.4).

(1.5.4) Corollary (existence of test elements via the Lipman-Sathaye theo-
rem). Let R be a domain module-finite and generically smooth over the regular domain
A of characteristic p. Then every element ¢ of J = J(R/A) is such that cR'/? C A4[R]
for all q, and, in particular, cR* C A*[R]. Thus, if c € J N R°, it is a completely stable

test element.

Proof. Since AY4[R] = AY9 @, R, the image of c is in J(A'9[R]/AY%), and so the
Lipman-Sathaye theorem implies that ¢ multiplies the normalization S of A'Y9[R] into
AY4[R)]. Thus, it suffices to see that R/9 is contained in S. Since it is clearly integral over
A'Y4[R] (it is obviously integral over R), we need only see that the elements of RY/9 are in
the total quotient ring of A/ 1[R], and for this purpose we may localize at A°. Thus, we
may replace A by its fraction field and assume that A is a field, and then R is replaced
by (A°)~!R, which is a separable field extensions. Thus, we come down to the fact that
if A C R is a finite separable field extension, then the injection A7 @4 R — RY9 (the
map is an injection because separable and purely inseparable field extensions are linearly

disjoint) is an isomorphism, which is immediate by a degree argument. [
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(1.5.5) Corollary (more test elements via the Lipman-Sathaye theorem). Let K
be a field of characteristic p and let R be a d-dimensional geometrically reduced'” domain
over K that is finitely generated as a K-algebra. Let R = K[z, ... ,z,|/(91, --. ,gr) be a
presentation of R as a homomorphic image of a polynomial ring. Then the (n—d) x (n—d)
minors of the Jacobian matriz (0g;/0x;) are contained in the test ideal of R, and remain
so after localization and completion. Thus, any element of the Jacobian ideal generated by

all these minors that is in R° is a completely stable test element.

Proof. We pass to K (t)®x R, if necessary, where K (t) is a simple transcendental extension
of K, to guarantee that the field is infinite. Our hypothesis remains the same, the Jacobian
matrix does not change, and by (1.4.15), since K (t) ®g R is faithfully flat over R, it suffices
to consider the latter ring. Thus, we may assume without loss of generality that K is infi-
nite. The calculation of the Jacobian ideal is independent of the choice of indeterminates.
We are therefore free to make a linear change of coordinates, which corresponds to choosing
an element of G = GL(n, K) C K™ to act on the one-forms of K|[z1, ... ,zy]. For a dense
Zariski open set U of G C K ”2, if we make a change of coordinates corresponding to an
element v € U C G then, for every choice of d of the (new) indeterminates, if A denotes
the K-subalgebra of R that these d new indeterminates generate, the two conditions listed

below will hold:

(1) R will be module-finite over A (and the d chosen indeterminates will then, per force,

be algebraically independent) and

(2) R will be generically smooth over A.

We may consider these two statements separately, for if each holds for a dense Zariski
open subset of G we may intersect the two subsets. The first statement follows from
the standard “linear change of variable” proofs of the Noether normalization theorem for
affine K-algebras (these may be used whenever the ring contains an infinite field). For
the second, we want each d element subset, say, after renumbering, xz1, ..., x4, of the
variables to be a separating transcendence basis for the fraction field L of R over K. (The

fact that R is geometrically reduced over K implies that L is separaby generated over K.)

17See (2.3.1).
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By, for example, either Theorem 5.10 (d) of [Ku3] or Propositon 5.4 of [Swan| a necessary
and sufficient condition for z1, ... , x4 to be a separating transcendence basis is that the
differentials of these elements dx1, ..., drg in Qp /g = L% be a basis for QK as an L-
vector space. Since the differentials of the original variables span €, /g over L, it is clear
that the set of elements of G for which all d element subsets of the new variables have
differentials that span €1y ,x contains a Zariski dense open set.

Now suppose that a suitable change of coordinates has been made, and, as above, let
A be the ring generated over K by some set of d of the elements ;. Then the n — d size
minors of (0g;/0x;) involving the n — d columns of (Jg;/0x;) that correspond to variables
not chosen as generators of A precisely generate J(R/A). R is module-finite over A by
the general position argument, and since it is equidimensional and reduced, it is likewise
torsion-free over A, which is a regular domain. It is generically smooth likewise, because of
the general position of the variables. The result is now immediate from (1.5.4): as we vary

the set of d variables, every n — d size minor occurs as a generator of some J(R/A) O
We record below some further facts about test elements in characteristic p.

(1.5.6) Discussion. We next prove a lemma in characteristic p that is a variation on
Theorem (3.4) of [HH3] and Theorem (5.10) of [HH9] and that uses one of the ideas of
[Ab2]. Recall that a Noetherian ring R of characteristic p is called F'-finite if the Frobenius
endomorphism F: R — R is such that R is module-finite over F'(R). Recall also that a
reduced F-finite ring R is strongly F-regular if for every d € R°, there exists ¢ such that
(equivalently, for all sufficiently large ¢) the inclusion of the cyclic R-module Rd'/1 — R4
splits as a map of R-modules. We refer the reader to §3 of [HH3| and §5 of [HH9] for more
detail. Strongly F-regular rings retain the property under localization, and strongly F-
regular rings are F-regular. A Gorenstein F-finite ring is strongly F-regular if and only if
it is weakly F'-regular.

If N C M the Frobenius closure N¥ 5; of N in M consists of all elements © € M such
that u¢ € N4, for some gq. We define the test ideal for Frobenius closure to consist of
all elements d € R such that d kills NI, /N for all pairs N C M of finitely generated

R-modules. Notice that if for every ¢ there is an R-linear map RY/¢ — R sending 1 to
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d (or if there is an R-linear map R — R sending 1 to d) then d is in the test ideal for

Frobenius closure.

(1.5.7) Theorem. Let R be a reduced locally excellent Noetherian ring of characteristic
p. Let 2 be an ideal of R such that for all c € A either (i) R. is F-regular and Gorenstein
or (it) R is F-finite and R, is strongly F-regqular. Let B be an ideal of R contained in
the test ideal for Frobenius closure. Then AB C 7(R). (Cf. (1.4.5e) for the definition of
T(R).) Hence, if A and B meet R°, then R has a completely stable weak test element.

Proof. We must show that if ¢ € A and d € B then e¢d € T(R). All hypotheses are
preserved by replacing R by its localization at a prime, and so we might as well assume
that (R, m) is local. Since R is excellent local and reduced, Ris reduced, and for every ¢
we have that R ®p R = (R)'/. (To see this, note that R ®p RY? = (RY/9)™; thus we
have a map

(RV7~ =~ Rog RY1 — (R)V/1.

The gth power of any element in R® r R is evidently in the image of R. Since R is
reduced, so is (R'/?)™ (as a ring, it is isomorphic with E), and we find that we have an injec-
tion (RY4)™ — (ﬁ)l/q. Both are module-finite over R, and so A = (RYa)™ — (R\)l/q =B
is module-finite. If x1, ... ,x) generate the maximal ideal of R then :ci/q, ,x,ll/q gen-
erate the maximal ideal in both A and B. The surjectivity now follows from the fact the
induced map of residue fields is an isomorphism and Nakayama’s lemma applied over A.)
This yields that R® r R* = }AEOO, and so applying R® r _ to an R-linear map R*° — R
whose value on 1 is d yields an R-linear map R>® — R whose value on 1 is d. Moreover,
}A%c is F-regular and Gorenstein if R, is: the Gorenstein property follows because R — Ris
flat with Gorenstein (in fact, regular) fibers, while the F-regularity follows from Theorem
(7.25¢) of [HH9]. Finally, (]?i)C is strongly F-regular if R, is. (To see this, first pick v € R°
so that R, is regular, and then replace v by a power so that it is a completely stable test
clement for both R and R (cf. Theorem (6.21) of [HH9]). Choose ¢ such that Ry/4 — RY/4
splits. Then ﬁ’yl/q — (E)l/q splits (this is just the result of applying R®gr _ ). But then
R is strongly F-regular by Theorem (5.9a) of [HHO).

We have thus reduced to the case where R is complete local reduced and either (i) R,
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is Gorenstein and F-regular or (ii) R is F-finite and R, is strongly F-regular, and d is in
the test ideal for Frobenius closure. What we need to show is that cd € 7(R).

First consider case (i). Fix a coefficient field of R, a p-base for the coefficient field,
and consider the rings R' as defined in the first paragraph of (6.11) of [HH9], where T’
is a cofinite subset of the p-base. By Lemma (6.13) of [HH9] for T' sufficiently small, R"
is reduced. By Lemma (6.19) of [HH9], for T' sufficiently small (R'). is F-regular and
Gorenstein (the result is stated for ¢ € R°, but the proof makes no use whatsoever of the
condition that ¢ € R°). But R' is F-finite, purely inseparable over R, and faithfully flat
over R by the second paragraph of (6.11) of [HH9]. Since (R'), is F-finite, Gorenstein
and weakly F-regular, it follows that (R'). is strongly F-regular.

Thus, in both case (i) and case (ii) we may assume that R has a reduced local faithfully
flat purely inseparable F-finite extension algebra R’ (R’ is R' in case (i) and is R in case
(ii)) such that R is strongly F-regular.

It will suffice to show that if M = R! is a finitely generated free R-module, N C M is
a submodule and uw € N* then cdu € N. Since u € N* there is an element f € R° such
that fu? € N9 for all ¢. Since R, is strongly F-regular the map (R.)fY/? — (R.)'/4 =
((R")'/9),. splits for some ¢. This yields an R’-linear mapping of ((R')'/9)., — R’ sending
f14 t0 1, and hence an R'-linear mapping 1 of R'/9 — R’ sending f/? to 1. Since R''/4 is
module-finite over R’ we may multiply by a power of ¢ to get an R’-linear map R'Y1 — R
sending f1/7 to a power of ¢, say ¢?, and by increasing @ if necessary, we may assume that
Q is a power of p. Now, fu?? € Nl€@l and taking gth roots yields that f1/7u®@ e NIQI R/
(i.e., the image of RY? @ NIQ1 — RY4 @p F¢(M)). Since R4 C R’/ we may now
apply, componentwise, the R'-linear map v : R'*/9 — R’ sending /9 to ¢® to obtain that
Qu?@ e NIQIR'. Taking Qth roots again yields that cu € NR'/Q C NR*, and it follows
that cu € NRY? for some sufficiently large choice of ¢’, since only finitely many elements
from R* will be needed on the right. Then (cu)? € N9 and so cu € NF and this yields

that cdu € N, as required. [

If one knew that every weakly F-regular F-finite ring is strongly F-regular, then one
could replace the conditions (i) and (ii) on ¢ in the preceding theorem by the single weaker

condition that R. be weakly F-regular. This is an open question. Partial results, under
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mild hypotheses, are obtained in [Wil] (the case where the ring has dimension at most 3),
[MacC] (the case where the ring has isolated non-Q-Gorenstein points (where a Cohen-
Macaulay ring is Q-Gorenstein if the canonical module represents a torsion element of the

divisor class group) and [LySm] (the case of finitely generated N-graded algebras over a

field).

(1.6) FFREGULARITY IN POSITIVE CHARACTERISTIC

(1.6.1) Definition. A Noetherian ring of characteristic p is called weakly F-regular if
every ideal is tightly closed. It is called F'-regular if its localization with respect to every

multiplicative system is weakly F'-regular.

(1.6.2) Theorem. Let R be a Noetherian ring of characteristic p.

(a) If R is regular, then R is F-regular.

(b) If R is weakly F-regular then every submodule of every finitely generated module is
tightly closed.

(¢c) R is weakly F-regular if and only if its localization at every mazimal ideal is weakly
F-reqular. R s F-regular if and only if its localization at every prime ideal s weakly
F-regular.

(d) If R is weakly F-regular then R is normal.

(e) If R is either a homomorphic image of a Cohen-Macaulay ring or if R is locally
ezxcellent, and R is weakly F-regular, then R is Cohen-Macaulay.

(f) If R is Gorenstein, then R is weakly F-reqular if and only if R is F-regular.

(g) A Gorenstein local ring is F-regular if and only if the ideal generated by one system

of parameters is tightly closed.

Proof. Parts (a), (b), (c) (first statement) and (d) are, respectively, Theorem (4.6), Propo-
sition (8.7), Corollary (4.15), and Corollary (5.1), all from [HH4]. The second statement in
(c) is immediate from the first. Part (e) follows from Theorem (3.4c) and Theorem (6.27b)
of [HH9], while parts (f) and (g) follow from Theorem (4.2) of [HHY], parts (g), (f) and
(d). O
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(1.6.3) Definition. If I is an ideal of a ring R, an element = of R is called integral over

I if there exists a positive integer £ and an equation
k - k—1 . j . .
¥+ uxt g +i =0

where i; € 1 J for 1 < j < k. The set of elements integral over I is an ideal, denoted I~
or I, called the integral closure of I. I~ may also be characterized as follows: (I7)t is
the degree one part of the integral closure of the Rees ring R[It] in the polynomial ring in
one variable, R[t]. If R is Noetherian, then v € I~ if and only if for every homomorphism
h: R — V, where V is a discrete valuation ring (equivalently, every such homomorphism
whose kernel is a minimal prime of R), h(x) € IV. Moreover, if S is an integral extension
of the ring R and [ is an ideal of R then IS N R C I~. We refer the reader to [L] and
[HH4], (5.1) for more background on integrally closed ideals.

The proof of (1.6.2d) depends on the following result, which is of considerable interest

in its own right:

(1.6.4) Theorem. Let R be a Noetherian ring of characteristic p.
(a) If I is any ideal of R, then I* C I~. In particular, every integrally closed ideal and,
hence, every radical ideal is tightly closed.

(b) If I is a principal ideal then I~ = I*.

Proof. Part (a) is Theorem (5.2) of [HH4]. Part (b) in the case where the principal ideal
is generated by an element of R° is Corollary (5.8) of [HH4]. The general case of (b) then
follows from the fact that we may test modulo each minimal prime, and so we may assume

that R is a domain. The result then follows from the case already discussed when I # (0),

while it is trivial if 7 = (0). O
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(1.7) FURTHER TIGHT CLOSURE THEORY IN
POSITIVE CHARACTERISTIC

We next observe:

(1.7.1) Theorem (generalized Briancon-Skoda theorem). Let R be a Noetherian
ring of characteristic p and I be an ideal of R generated by n elements. Then for every
integer k € N,

(In+k)— C (Ik+1)*_

Hence, if R is weakly F-regular (in particular, if R is reqular), then

(In+k)— g Ik+1.

Proof. The second statement is obvious from the first. It suffices to prove the result modulo
each minimal prime of R, so that we may assume that R is a domain. If I = (0) the result

is obvious, while otherwise we may apply Theorem (5.4) of [HH4]. O

(1.7.2) Remarks. This is a somewhat improved version of Theorem (5.4) of [HH4]. Note
that when n =1 and k = 0 it may be used to prove Theorem (1.6.4b).

(1.7.3) Theorem. Let R be a Noetherian ring of characteristic p and let S be an extension

ring of R. Let N, M be finitely generated R-modules.

(a) If S is module-finite over R then the inverse image of (Ng)y,. (over S) in M is
contained in N*yr (over R).

(b) If R has a completely stable weak test element and S is faithfully flat over R then the

inverse image of (Ns)ys. (over S) in M is contained in N*p; (over R).

Proof. Part (a) is Corollary (5.23) of [HH10]. To prove (b), suppose that v € M is such
that its image in Mg is in (Ng)* but that u ¢ N*. Since R has a completely stable weak
test element we can choose a maximal ideal m of R such that the image of u in Mp is not

in (Np)*, where B = (R,,)". We can choose a prime ideal @) of S lying over m, and it
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follows that we have a counterexample with R — S replaced by B — (Sg)”. Thus, there
is no loss of generality in assuming that R — S is a flat local homomorphism of complete
local rings. Notice that if the original map R — S was étale, we are done by part (a),
since the map of completions will be a module-finite extension.

In the general case we may use Theorem (5.9a) [Ho8], since tight closure and solid

closure agree in this case by Theorem (8.6b) of [Ho8]. O

(1.7.4) Theorem. Let R be a universally catenary Noetherian ring of characteristic p
and suppose that R has a completely stable weak test element. (Both conditions hold, for
example, if R is essentially of finite type over an excellent local ring or if R is F-finite
(module-finite over F(R)).)

Let n > 1 be an integer and let x1, ... ,x, be elements of R such that for every minimal
prime p of R and every prime ideal P containing p + (x1, ... ,z,)R, the images of the x’s
form part of a system of parameters in (R/p)p. (If R is locally equidimensional it suffices,
by (2.3.11d), that for every prime ideal P containing (1, ... ,x,), the images of the x’s

i Rp form part of a system of parameters.

Then (z1, ... ,Tpn—1)* 15 xp = (1, ... ,Tpn_1)*, i.€., T, is not a zerodivisor on the ideal

* . *

(1, ... ,xpn_1)*. Hence, (x1, ... ,Tp-1):rTn C (T1, ..., Tp_1)".
Moreover, under the same hypotheses, if a1, ... ,a, and by, ... ,b, are non-negative

integers and a © b denotes max {a — b, 0}, then

(7, ..., zon) iR xlil xlr’b" = (a:‘l“ebl, cee xzneb")*.
Proof. Suppose that uzx, € (x1,...,z,-1)" but that u ¢ (z1,...,x,-1)*. Let ¢ be

a completely stable g,-weak test element. Then there exists ¢ > ¢gg such that cu? ¢

q

+_1). This will be preserved after localization and completion at a suitable max-

(2, ...,z
imal ideal of R, and the parameter condition is also preserved (cf. (2.3.11b,d)). Since the
image of c¢ is still a go-weak test element, it follows that we still have u ¢ (x1, ... ,z,-1)*.
Thus, there is no loss of generality in supposing that R is a complete local ring. Since tight

closure may be tested modulo every minimal prime and since the hypothesis continues to

hold after killing a minimal prime, there is no loss of generality in assuming that R is a
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complete local domain. In this case R has a test element d. If uz, € (z1,...,2,-1)*
then d(ux,)? € (zf, ..., 21 ) for all ¢, and then du? € (xf, ..., 2! _|):gad for all
q. By Theorem (7.15) of [HH4], this is contained in (x4, ..., z? ,)* and since d is a
test element we find that d(du?) = (d*)ud € (x4, ..., 2% ) for all ¢, which implies that
u € (x1,...,T,-1)", as required.

The statement in the second paragraph is immediate from the statement in the first
paragraph. It remains only to prove the final statement.

The left hand side is tightly closed by part (k) of Theorem (1.4.4), and the fact that it
contains the right hand side is then immediate from the observation that b; + (a; ©b;) > a;

for all 7. Thus, it suffices to show that if

b bn a n\*
it xpru € (a7t L e
then u € (xi”ebl, ..., 2% )* FExactly as in the earlier part of the proof we may reduce

to the case where R is a complete local domain, and so has a test element d. We then have

that

b
xd% g2

Pyl e (xf*, ... xd)

for all ¢, from which we have that for all ¢

du? € (x{*, ... xd%) :Rx'fbl .- -x%b"
which is contained in (249 .. z9%nSbn)* Ly Theorem (7.15) of [HH4]. Note that

qga © gb = q(a © b) when g > 0. This yields
d*ul e (m‘l“ebl, e xff‘eb”)[q]

for all ¢, and so u € (mi‘lebl, v, 28nOP)*ag required. O

(1.7.5) Theorem. Let R — S be a homomorphism of Noetherian rings of positive char-

acteristic p and suppose that

(#) for every mazximal ideal m of R and minimal prime ideal p of (R,,)” there exists a
prime ideal Q of S lying over m and a prime ideal q of (Sq)~ lying over p such that
htm(Sq)Ya > dim (Ro) Tp.
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(Condition (#) holds, in particular, if S is module-finite over R or if S is faithfully flat
over R.)

Suppose also that R has a completely stable weak test element.

Let N C M be finitely generated R-modules and let w € M. If ug € <N5>*MS then
u € Ny, over R. (Of course, the converse is also true under mild hypotheses, by the

persistence of tight closure, Theorem (1.4.13).)

Proof. This is Corollary (8.8) of [Ho9], except for the parenthetical comment, which is

discussed in the remarks below. O

(1.7.6) Remarks. The condition (#) has a variant in which it is imposed for every prime
ideal m of R, not just every maximal ideal. Both conditions make sense whenever R — S is
a homomorphism of Noetherian rings, not just in the characteristic p case, and the remarks
that follow apply to both conditions without any restrictions on the characteristic.

Note that whenever the specified inequality ht m(Sg)7/q > dim (R,,)”/p holds, it is
actually an equality, for if dim (R,,)”/p = n, m(R,,)"/p is the radical of an n generator
ideal, and so the height of its expansion cannot exceed n.

To verify that the condition holds when R < S is module-finite, note that we may
first replace R — S by R,, — S, and so assume that (R, m) is local. Then, since the
completion C' of R is R-flat, C' — S¢ is a module-finite extension of C. Sc may be
identified with the completion of S at mS: it is the product of the completions of S with
respect to the finitely many maximal ideals lying over m. Given any minimal prime p of
C, there is a prime ideal qq of S lying over it, and C/p < S¢/qo. Thus, Sc/qo is local,
and must be a homomorphic image of one of the factors of S¢, i.e., it can be viewed as
(Sg)7/q for a suitable maximal ideal @ of S lying over m.

If R — S is faithfully flat this is preserved when we localize R and S at m and then
localize S at any prime @ lying over m, and it is preserved as well when we pass to the
map of completions (R,,)”— (Sg) and then to (R,,)”— (Sg)~ We simplify notation: we
assume that R, m is a complete local domain, that =i, ... ,x, is a system of parameters
for R and that S is local and faithfully flat over R. We want to show that xq, ... ,x, is

part of system of parameters for S, for then we can preserve this while killing a suitable
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prime lying over (0) in R. But this is immediate from [Mat], Theorem 19 (3ii), p. 79, since
a flat homomorphism satisfies going-down and a faithfully flat homomorphism induces a

surjection Spec S — Spec R.

The next two results record some of the facts about when base change commutes with
tight closure in characteristic p. The first shows that for ideals that are, locally, generated
by parameters, tight closure commutes with geometrically regular base change under mild
conditions. We have not attempted to put this theorem in its most general form: the

version stated will suffice for the applications to characteristic zero.

(1.7.7) Theorem. . Let R be a locally excellent Noetherian ring of characteristic p, and
suppose that R is locally equidimensional, and possesses a weak test element. Suppose also
that R is a homomorphic image of a Cohen-Macaulay ring, or that R is essentially of
finite type over an excellent local ring, or that R is F-finite,'®, and let R — S be a flat
homomorphism with geoemtrically reqular'® fibers. Let I be an ideal of R such that for

every mazximal ideal m of R, IRy; is generated by part of a system of parameters. Then

(IS)* = (I*)S.

Proof. Since R is locally equidimensional, the hypothesis on I implies that the minheight
of I is equal to the number of generators of I. The result is now immediate from Corollary
(8.5) of [AHH] (corresponding to part (b) of Theorem (8.3) of [AHH]). Note that the word

“smooth” is used in [AHH| mean flat with geometrically regular fibers. [

Second, for future reference we record the following result on geometrically regular base

change from [HH9].

(1.7.8) Theorem. Let h: R — S be a flat homomorphism of Noetherian rings of charac-
teristic p with geometrically reqular®® fibers, and suppose that R is locally excellent (or that
every local ring of R contains a test element for its completion). Let N C M be finitely
generated R-modules.

(a) If N is tightly closed in M and remains so under localization, then S @r N s tightly

closed in S @r M and remains so under localization.

18See (1.5.6). Any of these three conditions implies that R is of acceptable type in the sense of [AHH]
19See (2.3.1) and (4.2.1).
20See (2.3.1) and (4.2.1).
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(b) If S is projective as an R-module and N is tightly closed in M then S ®pr N is tightly
closed in S ®pr M.

Proof. This is Theorem (7.1) of [HH9]. O
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CHAPTER 2.

TIGHT CLOSURE IN AFFINE ALGEBRAS

The main objective of this chapter is the development of the definition (in the second
section) and basic properties (in the fifth section) of tight closure in equal characteristic
zero for an affine algebra R over a field K. This is achieved by the method of reduction
to positive characteristic. The process involves studying, instead of the homomorphism
h: K — R, a homomorphism hs: A — R, instead, where A is a finitely generated Z-
subalgebra of K, R4 is a finitely generated A-subalgebra of R, the map A — R4 is
induced by restricting K — R, and K ® 4 hy = h. One then makes definitions in terms of
the behavior of the fibers R, (= k®4 Ra), where k = A/p for a maximal ideal p varying
in a Zariski dense open set of Max Spec A, i.e., the “general” closed fibers of A — R4.

The first section of this chapter contains a detailed study of the process of descent: there
may be several K-algebras involved, modules over them, and maps between the various
algebras and modules. As already mentioned, the definition of tight closure is given in
the second section, but little is proved about it there. We first need to know a great deal
about how the generic fibers (obtained by tensoring with the fraction field § of A) of various
kinds of objects over A compare with the general closed fibers, and the results needed are
established in the third section. The material in the first and third sections is not new,
but it is difficult to find a convenient reference for it in the form that we need. The fourth
section is devoted to a theory of “universal” test elements which enables us to show that
apparently different notions of tight closure agree, and is useful for many technical reasons.
As indicated above, in the fifth and final section we use the tools that have been developed

to establish the fundamental properties of tight closure for affine K-algebras.

(2.1) DESCENT DATA AND DESCENT

(2.1.1) Discussion. Throughout this section R will denote a finitely generated algebra
over a field K of characteristic 0, while N C M will be finitely generated R-modules
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and u an element of M. We want to discuss what it means to give descent data for the
quintuple (K, R, M, N,u). We also explore other aspects of descent: roughly speaking,
what we mean by “descent” here is replacing K by a finitely generated Z-subalgebra A,
while replacing various finitely generated K-algebras and finitely generated modules over
them by corresponding finitely generated algebras over A and modules over those algebras.
One wants these “replacement” objects to be free as A-modules. Moreover, all this is to
be done in such a way that the original objects are recovered when one applies K ®4 _ .
One may also wish to keep track of the behavior of various maps, and other information as
well. The base change conventions discussed in (1.2.3) are used extensively in this section.

In the next section we shall explain when w is in the tight closure of N in M in terms
of descent data. The reader interested in getting quickly to the definition of tight closure
for affine algebras over fields of characteristic zero may read (2.1.2) and then (2.2.1-3),

referring back to the further developments in (2.1) only as needed.

(2.1.2) Descent data. By descent data for a quintuple (K, R, M, N,u) as in (2.1.1) we

mean a quintuple (A, Ra, M4, Na,u,) satisfying the following conditions:

(1) A is a finitely generated Z-subalgebra of K. (Thus, R is an A-algebra.)

(2) R4 is a finitely generated A-subalgebra of R such that the inclusion R4 C R induces
an isomorphism of Ry with R. Moreover, R4 is A-free.

(3) Ma, N4 are finitely generated A-submodules of M, N respectively such that Ny C
My, and all of the modules My, Na, Ma/N4 are A-free. Moreover the inclusion
M4 C M induces an isomorphism My = M as R-modules (Mg becomes an R-
module because of the identification of Rx with R).

(4) The element u of M isin M4 and uyg = u.

The condition (3) is slightly redundant, in that the freeness of Ny and M4 /N4 forces
the freeness of M4 (as an A-module).

The key point about descent data is that it always exists and is “stable” under enlarge-
ment.

(2.1.3) Discussion: the existence of descent data. Consider a quintuple

(K,R,M,N,u)
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as above. We can write R as K[x1, ... ,x,]/(G1, ... ,Gs), where the x; are indeterminates
over K and GGy, ... ,G are finitely many polynomials. As a first approximation to giving
descent data we can let A be the Z-subalgebra of K generated by the coefficients of the
G; and we may let Ry = Alzq, ... ,2,]/(G1, ... ,Gs). Since we will have very frequent
occasion to use it, we give here explicitly the lemma of generic freeness in the strong form

developed in [HR1], Lemma (8.1), p. 146.

(2.1.4) Lemma (generic freeness). Let A be a Noetherian domain, let R be a finitely
generated A-algebra, let S be a finitely generated R-algebra, let W be a finitely generated
S-module, let M be a finitely generated R-submodule of W and let N be a finitely generated
A-submodule of W. Let V. =W/(M + N). Then there ezists an element a € A —{0} such
that V, is free over A,. [

This is quite important even in the special case where R = S and M, N are both 0 (this
case may be found in [Mat], §22.) In most cases where we make use of generic freeness,
the flatness of the module or algebra under consideration would suffice. In fact, the most

important use of (2.1.4) is the following:

(2.1.5) Observation. If Ny C M4 and M4/N4 is A-flat (no finiteness conditions are
needed) then for every A-algebra B, we have an injection Ng — Mp, and in this situation

we identify Np with its image in Mp. (The point is that Torl,(M4/Na, B) is zero.) O

(2.1.3) continued. We may localize A at a single element to make R 4 free over A. Then
R4 injects into Rx and the latter is clearly isomorphic with R. Thus, we may take R4 to
be a subring of R. We have then satisfied conditions (1) and (2) in the list we gave in the
definition of descent data.

We next note that if B is any finitely generated Z-subalgebra with A C B C K then

Rp satisfies all of these conditions. Moreover, we have:
(2.1.6) R =Rg =1lim Rp,
—B

where B runs through the finitely generated Z-subalgebras of K containing A and the
direct limit is actually a directed union. Thus, for B with A C B C K we have that

Rp = R4[B] C R and we make this identification.
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We have not yet addressed the construction of M4, N, and us. We may describe M
as the cokernel of a certain matrix (r;;) whose entries may be represented by elements of
K|[z]: say r;; is the image of f;;. For A sufficiently large all of the f;; will lie in Afx]. We
may then define M4 as the cokernel of the matrix (f;;) which is the image of (fi;) under
the quotient map A[z] - R4. Again, we may localize at one element of A — {0} such
that M 4 becomes A-free, by generic freeness. Then Mg is obviously isomorphic with M,
since they have the same presentation, and M4 C Mg since M4 is A-free. Thus, we may
identify M 4 with a submodule of M, and do so.

If we pass to Rg, Mp for B with A C B C K then all this is preserved for choices of B
finitely generated over Z. Every Mp may be identified with Im (Mp — M), and once this

is done we have:
(2.1.7) M = MK = lim MB,
—B

where B runs through the finitely generated Z-subalgebras of K containing A and the
direct limit is actually a directed union.

We have a presentation for both M, and M as the cokernel of the matrix (f;;) (in the
first case thought of as map of free R -modules, and in the second case thought of as a
map of free R-modules). We can choose finitely many column vectors with entries in R
(these are not necessarily columns of the matrix) whose images in M span N over K. After
enlarging A further we can assume that there are polynomials g;; in Afx] such that their
images in R4 give the entries of a matrix formed from these column vectors. Concatenating
the matrices (fi;), (gir) yields a matrix (f;;]|gir) with entries in A[z] whose image in R4
gives a presentation of N. The image of this matrix over R4 gives a presentation of a
module (M/N) 4 such that there is an obvious surjection M4 — (M/N)4. By localizing
at one element of A — {0}, we may suppose that (M/N)4 is A-free. We may let Ny =
Ker (Ma — (M/N)y4): this is the same as the span in M4 of the images of the columns
of the matrix (g;z). Localizing A once more we may assume that N, is A-free. We have
that (M/N)a = Ma/Ny, and all three of M4, N4, and M4/Ny are A-free. For every
A-algebra B we have that 0 — Ng — Mp — B ®4 (M4/N4) — 0 is exact. Applying
this with B = K, we see that under the identification of My with M, N is carried to NV,
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as we wanted. We also have:
(2.1.8) N:NK = lim NB;
—B

where B runs through the finitely generated Z-subalgebras of K containing A and the
direct limit is actually a directed union.

Evidently, from (2.1.7), if A is chosen sufficiently large the element u will be in M4,
and we may let uq = u.

Clearly, we have constructed descent data: (1)—(4) are satisfied.
From this discussion we have:

(2.1.9) Proposition. Given a quintuple (K, R, M, N,u) as in the first paragraph of this
section there exist descent data (A, Ra, Ma,Na,ua). Moreover, given such descent data

the statements (2.1.6), (2.1.7), and (2.1.8) are valid, and the quintuple
(B7RBaMB7NB7U’B)

also gives descent data for every finitely generated Z-subalgebra B of K containing A. U

(2.1.10) Discussion: more elaborate descent. In many instances one has a field
K, a finitely generated K-algebra R, and, instead of an inclusion of finitely generated
R-modules N C M and an element v € M, a much more complicated set of information:
a finite family of finitely generated R-modules, finitely many elements of those modules,
finitely many maps among those modules, some of which are specified to take certain of the
given elements of the modules to other given elements of the appropriate target modules,
finitely many commutative diagrams involving those modules and maps, and finitely many
exact sequences involving those modules and maps. One wants to “descend” all this. This
situation is obviously much more general than the original one.

This means that we want to give a finitely generated Z-subalgebra A of K, and R4 as
before. We sometimes say that A — R4 descends K — R or that R descends R from K
to A. For each module M in the finitely family we want to construct M4 C M, a finitely
generated A-free R4-submodule of M such that My — M is an isomorphism. Again, we

say that M4 descends M when this is the case. We want the specified elements in a given



60 MELVIN HOCHSTER AND CRAIG HUNEKE

M to be elements of M. For each map ¢: M — M’ in the family we want it to be the
case that ¢(My4) C M/, so that the restriction ¢4 of ¢ to a map M4 — M/, is defined,
and such that ¢k is identified with ¢ (this will be automatic, since the two will agree on
My, and M4 spans M over R = R ). We shall also require that the kernel, image, and
cokernel of every ¢4 be A-free (but it is obvious that we may achieve this by localizing
at one element). There will be diagrams over R4 corresponding to the specified diagrams
over R: we shall want these to commute. Finally, we shall want that the sequences of
modules over R4 corresponding to the exact sequences specified over R continue to be
exact.

All of this can be done without difficulty. For each module M we can construct M4 from
a presentation as in the proof of existence of descent data. Given a map ¢: M — M’ it lifts
to a map of finite presentations. Thus, we have two exact sequences R¥ — R¥ — M — 0
and R — R" — M’ — 0 where the left hand maps have matrices, say, a and o
respectively, and we have ¢o: R* — R* and ¢1: R¥ — RY (which we also think of as

given by matrices) such that the diagram

RY $1 Rl/

RH L R

l l

M —% A

commutes. This says, in particular, that o/¢; = ¢pa (as composition of maps or as
products of matrices: our matrices act on the left). When A is large enough the entries
of all these matrices are in R4. M4 and M/, are constructed as the cokernels of «,/,
respectively considered as maps of standard free modules over R4, and the fact that
o/ p1 = Poa (this obviously still holds) implies that when ¢q is viewed as a map of free
R 4-modules, it induces a well-defined map ¢4 from M4 — M/;. By localizing A at one
element of A — {0} we may assume that both M4, M/, are A-free, and then M4 and M
inject into Mg = M, M) = M’, respectively. By construction, K ®4 ¢4 is ¢, and it
follows that ¢4 is the restriction of ¢ to M4, M.
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If we enlarge A further, all this is preserved, and we are free to make any number of
such enlargements, so long as we keep A a finitely generated Z-algebra. In this way, we
may enlarge A sufficiently that all the modules and maps under consideration descend.

In this situation, we observe the following: suppose that we have, originally, a se-
quence M 2oM Y MY and also M % M” where § = 6. Suppose that we have
arranged descent for the three modules and the three maps, so that we have ¢ 4: M4 —
M)y, Ya: M)y — MY and 64: My — M. Then 64 = 1a¢4 automatically, since each of
da,0a,04 is the restriction of ¢,1, or 6, respectively, and 6 = 1¢. It follows that the
commutativity of the diagrams that held for the original maps is preserved automatically.

As in the discussion of descent data, we have for every one of the modules in the finite

family under consideration that
(2.1.11) M:MK = lim MB,
—B

where B runs through the finitely generated Z-subalgebras of K containing A and the
direct limit is actually a directed union.

It is clear that we may choose A sufficiently large so that any given finite set of elements
of M is in M 4. Since any descended map may be thought of as a restriction, the new maps
will have the same values as before on the finite sets of specified elements.

It remains only to check that exactness can be preserved. Suppose that we have that
M2 M M7 is exact at M and that we have achieved descent. Let F be the fraction
field of A. Then the sequence M RNV, A RNy i becomes exact at M4 when we apply
§ ®4 _, since the further base change to K is faithfully flat over §. (We already know
that Y404 = 0 by our remarks on composition.) It follows that we can obtain exactness
at M, by localizing at one element of A — {0}. We can treat all of the (finitely many)
questions of exactness with which we are concerned by the same method.

As always, all the conditions that we have specified to hold for the descent will continue

to hold if we enlarge A further, replacing it by B finitely generated over Z with A C B C K.

(2.1.12) Uniqueness. We continue discussion of the set-up of the preceding section. Our

choices of A, R4, and the various modules and maps M4, ¢4, etc. are not unique. But
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given two sets of choices, one indexed by A C K and the other by B C K, they become the
same for all sufficiently large finitely generated Z-algebras C' of K with A C C, B C C.

To see this, first suppose that we have R4 C R and R; C R (free over A, B respectively)
such that Rx — R and R} — R are isomorphisms. Fix a finite set of generators 6, for R4
over A and a finite set of generators 0;. for R’y over B. The freeness conditions imply that for
any C' 2 (AU B) we have that Rc = C[Ra] = C[0;:1] and that Ry, = C[Rp] = C[¢: j]. By
(2.1.6) we know that for all sufficiently large C, the 0} are in Rc, so that Rc = C[0;,0}: 1, j].
But the same reasoning shows that Ry = C[0;, 074, j].

Thus, given two choices of descent for K, R, and a family of modules, maps, etc.,
after suitably enlarging the rings we may assume that A = B and that R4 = Rp. Now
suppose that we have two choices of descent for a module M: these we may think of as
finitely generated R s-submodules W, W’ C M, free over A, such that K ® 4 W = M and
K ®a W' = M. Choose finite sets of generators {w;} for W, and {wj} for W’ over R4.
For any finitely generated Z-algebra B with A C B C K, B ®4 W may be identified with
the Rp-submodule of M generated by the w;, and B ® g W’ with the Rg-submodule of
M generated by the w;. As in the earlier argument, for any sufficiently large B, the wg.
will be contained in B ® 4 W and the w; in B ® 4 W', and for such a B we will have
B®aW = B®y W’ (when they are identified with their images in M).

Evidently, the discussion of the above paragraph applies to all of the modules of the
family. Thus, for all sufficiently large B the two choices of descent become the same for Rp
and all of the modules. Since the maps of Rp-modules may then be viewed as restrictions,

they too are the same.

(2.1.13) Preserving that a module is nonzero. We continue the discussion of the
preceding paragraph. The point we want to make here is that if a certain module in our
family is not zero, we preserve this when we descend: in fact, if M # 0, then My is
a nonzero free A-module whose rank is the same as dim g M (which is usually infinite).
When ¢: M — M’ is not onto or not injective, the same applies to ¢4: the kernel, image,

and cokernel are all A-free after localization at one element of A°.

(2.1.14) Further refinements of descent. We list here several other observations about
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what can be preserved by descent. A number of the details, which are straightforward, are
left to the reader. In several cases we are simply elaborating the consequences of what has
already been said above.

(a) In working with a chain of submodules we can preserve all the inclusions in the
descent to a chain over R4.

(b) If N+ N" = N"” in M, we can arrange that Ny + N/, = N'{ in M4. (Localize so
that N’{ /(N4 + N/;) is A-free); it becomes zero when we apply K ® _.)

(c) f NN N'= N"in M, we can arrange that Na N N, = N/{ in M 4.

(d) We can arrange that the homology of a specified finite complex of modules be
preserved as we descend.

(e) We can specify the split exactness of a certain map as we descend (descend the
auxiliary map in the opposite direction and preserve that the appropriate composition be
the identity).

(f) We can preserve that a certain map be a specific finite R-linear combination of other
maps. (Simply make sure that the coefficients from R needed are in R4: this is then
automatic from the fact that the maps descend via restriction.)

(g) The remarks in (a), (b), (c) apply to ideals of R. If I C R is in the family then the
A-algebra R4 /14 may be viewed as solving the descent problem for the K-algebra R/I.
Then, since R4 /14 C R/I it follows that if I is radical then [ 4 is radical, and if [ is prime
then I4 is prime. Also if [ is primary to P in the family then I4 will be primary to Py
after we descend (since we shall have Iy = IN Ry, P4 = PN Ry).

Moreover, if N is any R-module in the family killed by I, so that it may be thought of
as an (R/I)-module, then N4 is killed I4 (since N4 C N and I4 C I) and so may thought
of as an (R4 /I4)-module. In fact, if AnngN = I then Anng, N4 = I 4 after localizing at
one element of A — {0}.

(h) If zq, ... ,x, are elements of R that form a (possibly improper) regular sequence
on M, then one can assume that these elements are in R4 and form a (possibly improper)
regular sequence on M 4. By including all the modules M/(z1, ... ,x¢)M in the family one
comes down to the case of preserving that a single element x not be a zerodivisor on M.

This is clear since M4 C M. One can also preserve that the sequence is an R-sequence
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(i.e., that M (z1, ... ,zn)M # 0) by (2.1.3). (One can also think in terms of preserving
the homology of all of the Koszul complexes Ko(z1, ... ,2;; M).)

(2.1.15) Nilpotents. We continue the discussion of descent. Let J denote the ideal of
nilpotents in R. Let J4 = J N R4 be the ideal of nilpotents in R4. If A is large enough
Ja will contain generators of J. By localization at one element of A — {0} we can arrange
that all of Ra,Ja, Ra/Ja are A-free. Thus, R4/Ja will solve the descent problem for
Ricqa = R/J, and J will be the expansion of J4 to R, which may be identified with Jk.

This is preserved when we enlarge A.

(2.1.16) Minimal primes of R. We may assume that A has been chosen so large that
the conclusions of (2.1.15) hold, with .J, J4 defined as in (2.1.15). Let p™), ... p() be
the minimal primes of R.2! Then we can include them in the family and take A so large
that R4 /p(j) solves the descent problem for R/p(* for every i. One can preserve that
N; p%) = J4. Since the p(¥ are mutually incomparable, so are the pfj). It follows that the

pfj) are the minimal primes of R4, and that they are in bijective correspondence with the

p® via expansion and contraction.

(2.1.17) Additional conditions that may be preserved while descending. We note
the following additional conditions that may be imposed when we descend by localizing at
one element of A — {0}.

(a) We may assume that A is regular, and, in fact, smooth over Z. (Since A is an
excellent domain we may localize at one element and so arrange that A be regular. Then
Q — Q®gz A is smooth, and so Z; — A is smooth for some s € Z—{0}, and then Z — A
is smooth.)

(b) We may assume that R4 /A is A-free. (This follows from the form of the generic

freeness theorem given in Lemma (2.1.4).)

(2.1.18) Descent for several K-algebras. We now suppose that we are given finitely
many K-algebras, and for each one finitely many modules, maps of modules, elements, etc.

as before. In addition, we also consider finitely many K-algebra homomorphisms among

21These are not symbolic powers: the superscripts are simply indices. This kind of notation occurs
frequently in the sequel, since we want to use the base ring (in the present instance, A) as a subscript.
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them. Moreover, if R is one of the K-algebras, S is another, M is a finitely generated
R-module, and W is a finitely generated S-module, we consider maps M — W that are
R-linear (W becomes an R-module via restriction of scalars). Of course, we only consider
finitely many such algebras. We discuss the new points that arise in this situation very
briefly.

(a) We enlarge the family, if necessary, so that it contains the image of every K-algebra
homomorphism, so that we may assume that every K-algebra map is a surjection followed
by an injection.

(b) We may achieve descent for all the “data” over any one of these rings R; using a
suitably chosen Z-subalgebra A; of K. By passing to A containing all these A; we may
assume that we have achieved such descent using the same Z-subalgebra A of K for all.
Everything will be preserved as we enlarge A.

(c) We are, of course, assuming that if R is any of these K-algebras then R4 is A-free
and we identify Rx = R and think of R4 as a subring of R. Similarly, we think of M4 C M
when M is an R-module.

(d) If v: R — S is a ring homomorphism then the restriction of v to R4 will map it as
an A-algebra to S4 for all sufficiently large A. To see this, choose a finite set of algebra
generators {r;} for R4 over A. Each (r;) is expressible as a polynomial P; in elements
of S4 with coefficients in K. For B containing A we still have that Rg = B[r;: j], and so
if B contains the coefficients of all the P; then the image of Rp in Sx = S will lie in Sp.

Thus, by choosing A sufficiently large, we may assume that all the algebra maps that
we are concerned about descend to the A-algebras that we have chosen via restriction;
moreover, we automatically recover the original algebra homomorphism when we apply
K ®4 _ . Compositions and values on specific elements are automatically preserved.

(e) By the lemma on generic freeness (2.1.4) we may localize at one element of A° and
get Sa/(Im Ry4) to be A-free. Of course, we can also arrange that each Ker (R4 — Sa) be
A-free. The injectivity or surjectivity of any of these maps is then unaffected by tensoring
with the fraction field of A and, hence, by tensoring with K (over A).

(f) Once we have enlarged A so that we have an A-linear algebra homomorphism R4 —

S4 we may then consider the problem of enlarging A further so that a given R-linear map
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from a finitely generated R-module M to a finitely generated S-module W will induce
a map My — W, by restriction. The discussion is virtually identical to that already
given for algebras: restriction will induce the desired map for all sufficiently large A. The
lemma of generic freeness is still sufficient to guarantee that all kernels and cokernels of
these maps are A-free, so that injectivity and surjectivity is unaffected by applying K® .
Compositions and values on specified elements are preserved automatically.

(g) The fact that R — S is a module-finite map is automatically preserved by descent
for sufficiently large A, since it corresponds to the existence of an R-linear R-module
surjection RY —» S for some ¢, and this map will descend to a surjection.

(h) By Noether normalization, a given K-algebra R can be written as a module-finite
extension of a polynomial ring K[z1, ... ,z,] = T. Notice that we can use Alzq, ..., z,]
as T'a, and this is preserved for any larger choice of A. By the remarks above, T4 — R4
will be module-finite and injective for all sufficiently large A.

(i) We continue the discussion in (h). The ring R is easily seen to have pure dimension
n if and only if it has pure dimension n as a T-module. This means that it is torsion-free
as a T-module and so is embeddable in the free T-module T for some positive integer s.
When this is the case R4 will be embeddable in 7'} for the same s, and after localizing
at an element of A° we may assume that the cokernel is A-free. It then follows that for
every A-algebra C, Rc is a module-finite extension of T and embeds in T¢. When C' is
a field, this implies that R¢ has pure dimension n. Of particular importance later will be

the case where C' = k = A/ for some maximal ideal p of A.

Other issues concerning descent will be addressed in the paper as they arise.

(2.2) TIGHT CLOSURE FOR AFFINE ALGEBRAS
OVER FIELDS OF CHARACTERISTIC 0

(2.2.1) Discussion. Our approach to describing when an element v € M is in the
tight closure of N C M, where N C M are finitely generated modules over an algebra
R finitely generated over a field K of characteristic zero is to first choose descent data
(A, Ro,M4,Na,uy) and then to make a definition in terms of this descent data. We

therefore begin by studying the situation after descent.
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(2.2.2) Tight closure over a finitely generated Z-algebra relative to a subdo-
main. Throughout this section A is a domain finitely generated over Z, and A C R4
where R4 is finitely generated over A. We suppose that N4 C My are finitely generated
R s-modules. We want to define NE/AMA, the tight closure of Na in M 4 over R4 relative
to A. The reader should be warned that this is not a mixed characteristic notion. Whether
an element of M4 is in this tight closure is unaffected by inverting any one element of A,
for example. Rather, it is a notion that we shall use as a tool for defining tight closure
over an affine K-algebra for some field K O A. (In fact, if K is the fraction field of A, we
shall see later that uas € NZ/AMA if and only if ux € N;(KMK, so that NZ/AMA is simply
the contraction of N3 s, to Na. (Cf. Corollary (2.5.4).)

We shall adopt the following notational conventions. We shall write 1 for a maximal
ideal of A. Then k = k(u) denotes A/u. Note that x is a finite field. We write p = p(u)
for the characteristic, and ¢ = q(u) = p(u)® for some e € N. We almost always omit pu
from the notation. The phrase “for almost all ©” means for all ;4 in some Zariski dense
open subset of Max Spec A.

Then we say that ug € M4 is in NZ/AMA if for almost all © € Max Spec A, u, €
(Ng)*m,. -

Later, we shall see that uy € M4 is in NZ/AMA if and only if there exists c4 € R such
that for almost all u € Max Spec A, c,ul € (N ) (in F¢(M,)). See Theorem (2.5.2).
It is evident that NZ/ A M, is a submodule of M4 containing N4. Here, we are using, in a
sense, a “uniform” multiplier (all the ¢,’s are the images of a single c4). In the definition
given in the preceding paragraph, one is a prior: permitted to use a different ¢, in every
tight closure test as the maximal ideal y varies. We note that tight closure for ideals was
defined in [HH4| using the second version of the definition, but we have found that the
form given here is usually more convenient.

Proving that the two notions agree will require a substantial effort, of which one in-
gredient is the theory of universal test elements developed in (2.4): one can use either

discriminants or a theorem of Lipman and Sathaye [LS] to construct such elements.

(2.2.3) The definition of tight closure over an affine algebra over a field of

characteristic zero. Let R be a finitely generated algebra over a field K of characteristic
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zero. Let N C M be finitely generated R-modules. We say that u € M is in the K-tight
closure N;E of N in M if there exist descent data (A, Ra, M4, Na,ua) for (K, R, M, N, u)
such that us € NZ/AMA in M4 over Ry, as defined in (2.2.2). (As already noted in (2.2.2),
this definition is different from the one given in [HH4], but agrees with it by Theorem
(2.5.2).)

We want to establish certain basic facts about the tight closure *X: these will depend

x /A

on the behavior of and our ability to preserve certain facts about R = Rk as we pass

to the closed fibers R,, of A — R4 for almost all u € Max Spec A. We therefore postpone

*/K until we have established what we need about

further discussion of the properties of
the behavior of these fibers in the next section, and also until we have proved certain facts
about the existence of elements in R4 that serve as test elements in all fibers: this is done
in (2.4). The reader may wish to skip one or both of the next two sections and refer back

to them as necessary.

We conclude this section with a fairly detailed discussion of a non-trivial example of

tight closure in equal characteristic zero.

(2.2.4) Example. Let K be any field of characteristic zero and let R = K[X,Y, Z]/(f) =
Klz,y, 2], where f = X3+ Y3 + Z3 and z,y, 2z denote the images of X,Y, Z, respectively,
modulo (f). Let I = (z,y)R. We want to see that 22 € I*K but that z ¢ I*X here. Notice
that R is a Cohen-Macaulay normal ring (there is an isolated singularity at the origin): in
fact, it is a complete intersection, a surface in three-space, so that it is even Gorenstein as
well. Thus, this example shows that ideals generated by parameters need not be tightly
closed for such rings R. At the same time, the equation f shows that z3 € I? which implies
that z is in the integral closure I~ of I (cf. (1.6.3)). Thus, in this example the tight closure
is strictly smaller than the integral closure, which is quite the usual situation. (Simpler
examples occur in regular rings, where every ideal is tightly closed: e.g., (22, y?) is tightly

closed in the polynomial ring K[z, y], but its integral closure contains xy.)

To see why all these assertions hold, we choose descent data. We may take A = Z and
Ras =7Z[X,Y,Z]/(f). The closed fibers of A — R4 now correspond bijectively with the

positive prime integers p € Z. We want to see that for almost all closed fibers (i.e., for all
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but at most finitely many positive prime integers p), z2 € I*. We also want to see that
there are infinitely many choices of p such that z, ¢ I. Here, k = k(pZ) = Z/pZ.

(This actually does show that z ¢ I*, and not just that z ¢ (IR4)*/4, by virtue of
Theorem (2.5.3), which asserts that the issue is independent of the choice of descent data.)

We exclude the fiber for p = 3. Fix some other prime p. Henceforth, we generally
omit the subscript .. It will suffice to see that there is a fixed positive integer a such that
x%(2%9) € Il9 = (29, y9) for all . We can write 2¢ = 3k + d where k is a nonnegative
integer and 0 < d < 3. Note that 1, z,2? is a free basis for R, over k[z,y] = T, so that
every element has a unique representation as 79+ 712 + 7222 with the 7; € T. Then 2%(22)?
becomes z%(23)F2? = 2%(x® 4+ 3®)*2%, and this will be in (29,y?) provided that for all
choices of nonnegative 7,7 with ¢ + j = k, we have that at least one of the exponents in
2337 is at least ¢q. But if both exponents are only ¢— 1, we have that 3i+a+3j < 2¢—2
or 3k + a < 2qg — 2. Since 3k is at least 2q — 2, we see that even the choice a = 1 yields a
contradiction.

By Theorem (1.4.11), = has a power that is a test element for R,. Thus, to see that
z ¢ (IR,)*, it will suffice to show that for every fixed integer a we have %29 ¢ (z%,y?) for

g > 0. We leave this to the reader (the argument is given in (5.6) of [HHS]).

(2.3) COMPARISON OF FIBERS
We shall need the following:

(2.3.1) Definitions and discussion. Let K be a field, and K an algebraic closure of
K. A K-algebra R such that K ®x R is a domain (respectively, reduced) is called an
absolute domain (respectively, geometrically reduced) over K. It is equivalent to assume
that L ® ¢ R is a domain (respectively, reduced) for every extension field L of K. P is
called an absolute prime ideal of R if R/P is an absolute domain. We shall refer to a
finitely generated K-algebra R such that K ®x R is regular (respectively, normal, re-
spectively connected (i.e., has connected spectrum)) as geometrically regular (respectively,
geometrically normal, respectively geometrically connected) over K. A finitely generated
K-algebra is geometrically regular over K if and only if it is smooth over K: cf. (1.2.1f).

Of course, if R is an absolute domain or geometrically reduced or geometrically normal
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or geometrically regular then R is a domain (respectively, reduced, respectively normal,

respectively regular). Moreover, an absolute prime ideal is prime.

We may define a not necessarily affine Noetherian K-algebra R to be geometrically reg-
ular over K if for every finite (equivalently, every finite purely inseparable) field extension
K’ of K, K’ ®k R is regular. This is equivalent to the definition given in the preceding
paragraph for the case where R is an affine K-algebra.

Notice that if K has characteristic zero or is perfect then R is geometrically regular
(respectively, geometrically normal, respectively, geometrically reduced) if and only if it is
regular (respectively, normal, respectively, reduced).??

We also note the following:

(2.3.2) Fact. Let K be a field. A finitely generated K -algebra R is geometrically reduced

if and only if there is a nonzerodivisor f in R such that Ry is geometrically regular.

(The condition is obviously sufficient since S = K @k R embeds in K ®x Ry, and
the latter will be regular and, hence, reduced. Let T be the total quotient ring of R, a
finite product of fields each finitely generated over K. If S is reduced then K ®x T, a
localization of it, is reduced. Since this ring is integral over T, it is zero-dimensional, and,
hence, regular. Thus, the localization of S at the set of nonzerodivisors W of R is regular,
and it follows that W meets the defining ideal I of the non-regular locus of S. Choose f
in WnlI. 0O

(2.3.3) Definitions. (a) Let A be a ring. If P is any prime ideal of A, we write k = k(P)
for the field Ap/PAp, which may be identified canonically with fraction field of A/P.
When P is maximal, x(P) may be identified canonically with A/P. If A — R4 is any
ring homomorphism and P is a prime ideal of A, we call the algebra k — R, the fiber of

A — Ry over P, where k = k(P). If Ais a domain with fraction field § we refer to § — Rz

22If we are studying whether K ® R is reduced then by a direct limit argument we may assume
that R is finitely generated. Thus, we may assume that R is finitely generated in all cases. To see that
S = K ®pr R is regular or reduced if R is it suffices to check the fibers, since R — S is flat. Thus, we
need only consider the case where R is a field finitely generated over K. Then S is integral over R, and
so O-dimensional, and we need only check that it is reduced. But K is a direct limit of finite separable
extensions of K. For normality, note that if R is normal it will contain an ideal I of depth at least two
generated by elements f such that Ry is regular. But then I(K ®k R) also has depth at least two, and is
generated by elements f € I such that (K ®x R)1g¢ = K @k (Ry) is regular.
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as the generic fiber of A — R4, while if P = p is maximal we call the corresponding fiber
a closed fiber.

(b) Given an R4-module My, an A-algebra homomorphism R4 — Sa, or such a ho-
momorphism together with an R4-linear map from an R4-module M4 to an S4-module
W4, we may also refer to their fibers, which are the R,-modules M, the maps R, — S,
or the R,-linear maps M, — Sy, as the case may be.

(c) Suppose that A is a domain. When a property holds for all fibers over primes not
containing a certain element a € A° (equivalently, for all fibers over primes in a Zariski
dense open subset of Spec A), we shall say that the property holds for almost all fibers.
This is equivalent to asserting that the property holds for all fibers after a base change

from A to A, (on all the algebras, modules, etc. being considered).

Of course, any property that holds for almost all fibers must hold for the generic fiber.
We are interested in establishing the converse in a number of situations.
Notice that the notion of “almost all” here, when restricted to closed fibers, gives the

same notion that we discussed earlier in the second paragraph of (2.2.2).

(2.3.4) Conventions and discussion. Throughout the rest of §(2.3), A will denote a
Noetherian domain with fraction field § and K an extension field of §. R4 will denote
a finitely generated A-algebra. Although in practice we shall be mainly interested in the
case where A is a finitely generated Z-algebra and the fibers are closed fibers, we shall
not impose such restrictions for the moment. Our first basic result on passing from the
generic fiber to almost all fibers is given just below: the conclusions hold not just for base
changes to fields, but rather for base changes from A to an arbitrary Noetherian A-algebra
B provided that they factor A — A, — B for a certain fixed element a € A°. (In fact, in
many instances there is no need for B to be Noetherian, but we choose not to pursue this
point.) We shall say that a result holds “for almost all B” to mean “there exists a € A°
such that the result holds for all Noetherian A-algebras B such that a has invertible image
in B.” More generally, given some specific condition C (e.g., the condition that B be a
domain), we shall say that the result holds “for almost all B satisfying C” to mean “there

exists a € A° such that the result holds for all Noetherian A-algebras B satisfying C and
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such that a € A° has invertible image in B.”

(2.3.5) Theorem. Let A — Ra, and § C K be as in (2.3.4) and let Sa be a finitely

generated algebra over the Noetherian domain A. Let M 4 be a finitely generated R 4-module

and let W4 be a finitely generated S 4-module. We shall denote by B a varying Noetherian

A-algebra. Note that the phrase “for almost all B” is defined in the preceding discussion.

(a)

Given an A-algebra homomorphism Ra — Sa and an R a-linear map My — W4 with
kernel N and cokernel Cy4, then for almost all B, Mg — Wpg has kernel Ng, and
cokernel Cp. If Mz — Wy (or Mg — Wi ) is injective then for almost all B the map

Mp — Wg is injective. In particular, for almost all fibers M, — W, is injective.

If Mz — W5 (or Mg — W) is surjective then for almost all B, Mp — Np is

surjective. In particular, for almost all fibers, M, — W, is surjective.

If Mz — Wz (or Mg — Wi ) is not surjective then for almost B, Mg — Wpg is not
surjective. In fact, for almost all B the cokernel is Cg, and is B-free of the same
rank as the vector space dimension of Cz over § (or Ck over K). In particular, these

remarks apply to almost all fibers.
If Ry — Sz (or Rk — Sk ) is injective then for almost all B, Rp — Sp is injective.

For almost all B,dimRp = dim B + dim Rz (= dim B + dim Rk ), where “dim” in-
dicates Krull dimension here. In particular, for almost all fibers, dim R, = dim Rg

(: dszK)

After replacing A by A, for some a € A° we may assume that R4 is module-finite
over a polynomial subring Ta = Alxy, ... ,x,], and then Rp is module-finite over Ty
for almost all B. Moreover, if Rz or Ry 1is biequidimensional then for almost all
B, Rp is embeddable in a finitely generated free T'p-module, where n = dim Rz. In

particular, for almost all fibers R, is biequidimensional.

If Mg 4 is a finite complex of finitely generated R-modules with homology He 4 then
for almost all B the homology of Mep is Hepp. Thus, if Mez (or Mex) is exact
(or acyclic), then so is He g for almost all B. In particular, these remarks apply to

almost all fibers.
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(e) For every given value of i, for almost all B,

Torf™” (Mp,Wg) = B ®a Tori"* (Ma, Wa)
and

Extyy (Mp,Wg) = B®y4 Exty (Ma, Wa).

In particular, these results hold for almost all fibers.

(f) If Na, Ny, N C My are submodules and Nx N Ny = Ny then Ng NN = Nj for
almost all B (K may be §). In particular, this result holds for almost all fibers.

(g) If Annp, M = I4 then Anng,Mp = Ip for almost all B. If Annpr,la = Nga
then AnnpyrpIp = Np for almost all B. If Ny:gp, Ny = Ia then Np:pr, N = Ip
for almost all B. If Ngo:p, Ia = Ny then Np:y, Ip = Np for almost all B. In

particular, these results hold for almost all fibers.

(h) If a sequence of elements x1, ... ,xq of Ra forms a possibly improper reqular sequence
(respectively, a reqular sequence) on Mg (or My ) then for almost all B its image in
Rp forms a possibly improper reqular sequence (respectively, a regular sequence) on
Mp. In particular, this result holds for almost all fibers.
If 14 1s an ideal of R4 then, for almost all B, depth;, Mp = depth;, Mg = depthy, M.

In particular, this holds for almost all fibers.

Proof. In every instance it is clear that a condition imposed for K implies the same con-
dition for § (since the base changes from § to K are faithfully flat), and so we give proofs
assuming the condition to hold for §.

All of the statements in (a) are immediate because we can localize A at a single element
of A° so that all of the modules in the sequence 0 — Ny — M4 — Wy — Ca4 — 0 are
A-free, by (2.1.4). Part (b) is a special case of (a).

To prove (c), we note that after localizing at one element of A° we have that R4 is
module-finite over a polynomial subring T4 = Alzq, ... ,x,]. The injectivity of T4 — Ra
will be preserved for almost all B by part (b). It follows that dim Rx = dim Rz = n, while

dim Rp = dim Blzy, ..., ]
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Now suppose that Ry is biequidimensional. We may assume by (2.1.4) that R4 is A-
free. An associated prime of (0) in R4 cannot, therefore, meet A, and so will yield an
associated prime of 0 in Rz. Since Rg is biequidimensional, it is torsion-free over Tg. It
follows that R4 is torsion-free over Ty, and so can be embedded T4-linearly in a finitely
generated free Ty-module W 4. It follows that Rp embeds into Wy for almost all B, by
part (a). When B = k is a field this implies that R,; is a torsion-free module over 7}, and,
hence, biequidimensional.

Part (d) follows because the complex and its homology can be fully described by finitely
many short exact sequences, and we may localize at an element of A° so that all the modules
occurring are A-free by (2.1.4).

To prove (e), choose a free resolution of M 4 by finitely generated free modules and trun-
cate it at the nth spot for some n > ¢ + 1. Call this complex G, 4. We may localize A so
that all of the modules and their homology are A-free, as well as the modules of cycles and
boundaries. It follows that for every B, G4 gives a free resolution of Mg at least through
degree i+ 1, and so Tor!*® (Mp, Wp) (respectively, Extl, (Mp,Wg)) can be computed as
the (co)homology of the complex Gop ®r, Wp (respectively, Hompg, (Gep, Wg)), which
can be identified with B ®4 (Ge 4 ®@r, Wa) (respectively, with B ® 4 Homp, (Ge s, Wa)),
and the result now follows from the first part applied to Gey ®pr, Wa (respectively,
Homp , (Ge s, Wa)).

To prove (f) we may assume that K = § as usual, and we may arrange that Ny NN/, =

N{ by localizing at one element of A°. This yields an exact sequence
0= N{ — My Ms/Na@®My/Ny — Cy —0

where « sends u — (u + Na,u + N/) and C4 = Coker . By the result of the first
paragraph this remains exact for almost all B, which yields the result.

(1)
Ay

We obtain the first statement of (g) by observing that if u ,ufj) are generators of

M 4 then there is an exact sequence

0—1Ta— Ra2 M3 —Da—0

where 8 sends r to (rui‘l), ceey Tuff)) and D, is the cokernel of 8. It suffices to localize

A so as to preserve the exactness of this sequence upon applying B ®4 _ . The second
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statement follows similarly by realizing Ann,s, /4 as the kernel of a map M4 XM e
where v is given by a matrix whose entries are generators for I4. The statements about
colons can then be deduced from these results and the observation that N4 :pr, 14 is the

inverse image in M4 of Annys, /v, T4 while Ngo:gr, N is Anng, (Na + N})/Na.

In the proof of the second part of (h) let 1, ... , x4 be generators of 4. Then (h) follows
by applying (d) to the Koszul complexes Ko(x1, ... ,x;; My) for 0 < i < d. Note that
Mpg/(x1, ... ,xq)Mp is zero or nonzero for almost all B, according as Mz /(x1, ... ,xq) Mz

is zero or nonzero, by part (a). For all Noetherian A-algebras B (which might be §, K, or
k) the depth d is the smallest integer j such that

Hy_j(Ko(z1, ... ,2a; Mp))

does not vanish. [
We next observe:

(2.3.6) Theorem. Let A — Ry and § C K be as in (2.53.1).

(a) If § = Rz (or K — Rk ) is geometrically regular then so is k — R, for almost all
fibers.

(b) If § — Rz (or K — Ry ) is geometrically reduced then so is R, for almost all fibers.

(¢) If § — Rz (or K — Ry ) is an absolute domain then for almost all fibers, Ry is an

absolute domain.

Proof. Part (a) is a consequence of the Jacobian criterion for smoothness: from the fact
that A — R4 is smooth after localizing at A°, it follows that it becomes smooth after
localizing at one element of A°. But then smoothness is preserved by an arbitrary base
change, and the result follows.

We can now use this and (2.3.2) to prove (b). Since Rz is geometrically reduced we can
choose a nonzerodivisor f such that (Rgz); is geometrically regular. By replacing A by a
localization at an element of A° we may assume that f = f4 is in R4, and localizing again,
if necessary, we may assume that Rs/fRa is A-free, so that f, will be a nonzerodivisor

in every R,. Moreover, by localizing at one element of A° we may also assume that
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Sa = (Ra)y, is smooth over A. It then follows that for all fibers we have that f, is a
nonzerodivisor in Ry, so that R, C (R.)y, and (Rx)f. = S, is smooth over k.

It remains only to prove part (c). Let L be an algebraic closure of § and let A = A(P)
be an algebraic closure of k = k(P). We are trying to show that if Ry is a domain then
R) is a domain for all P in a dense open subset of Spec R.

We may assume that R4 is A-free and so R4 C Rz C Ry, is a domain. We are free to
localize R4 at any one element F4 # 0, since by the theorem on generic freeness we can
make R4 /FaR4 A-free, and then F) is a nonzerodivisor in every Ry, so that Ry C (R))r,,
and Ry is a domain if and only if (R))r, is a domain. It follows that we may replace R4 by
any birationally equivalent finitely generated A-algebra. Since Ry, is a domain, for suitable
F = F4 the ring (R4)r will contain a separating transcendence basis 1, ... ,z,_1 for the
fraction field of R4 over §. This fraction field is consequently the same as the fraction field
of a F-algebra of the form F[z1, ... ,z,]/(G), where G is a single polynomial, since the
fraction field will be generated over §(z1, ... ,z,—1) by one element (since the extension
will be separable). We can localize A at an element of A° so that it contains the coefficients
of G.

We have therefore reduced to considering the case where R = A[zq, ... ,z,]/(G), where
G is a polynomial. What we must show is that if G is irreducible over L[z], then its image
G is irreducible over A[z] for all P in a Zariski dense open set in Spec A, where A = A\(P)
is an algebraic closure of kK = k(P).

Let d = deg G. It will suffice to show that for each choice of positive integers 0 < a,b < d
with a + b = d that there is a Zariski dense set of P for which G, has no factorization
as the product of a factor of degree a and a factor of degree b. The problem of finding a
factorization for G over L can be attacked as follows: write down “general” polynomials
Gi(u,x), Ga(v,x) of degrees a,b respectively in the z’s with unknown coefficients u,v
(where each of u,v denotes a string of indeterminates). Finding G, G of the specified
degrees with coefficients in a given ring B such that G1G5s = G translates into solving a

finite system of polynomial equations

4) {Hym,v) >y
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for u, v in B, where:

(1) v indexes the monomials of degree at most d in the x’s

(2) ¢, is the coefficient of the monomial ¥ indexed by v in G

(3) H,(u,v) is the polynomial in the u’s and v’s with integer coefficients that is the
coefficient of ¥ in G1(u, z)G2(v, x).

Since the equations (f) have no solution over L, by Hilbert’s Nullstellensatz there are
polynomials @; in u,v with coeflicients in L such that (#) ¥,Q.(H, —c¢,) = 1. The
ring obtained by adjoining the coefficients of the @), to A is contained in a module-finite
extension A" of A, for some a # 0 in A. We may replace A by A,. Thus, we may assume
that equations (#) hold with the @, having coefficients in a module-finite extension A’
of A. Now let P be any prime ideal of A. Then there is a prime ideal P’ of A’ lying
over P, and we may view A/P as contained in A’/P’. The fraction field of A’/P" may be
identified with a subfield of A = A(P), the algebraic closure of x(P). The image of the
equation (#) modulo P’ shows the impossibility of factoring G over A into factors of the
specified degrees a, b. Since we may further decrease the open set (but only finitely many

times) to exclude every possible choice of a and b, the result is proved. O

It will be convenient to characterize the height of an ideal in a Noetherian ring as follows:

(2.3.7) Facts. Let R be a Noetherian ring and I an ideal of R.

(a) If I is proper then I has height at least h if and only if there is a sequence of elements
1, -..,xp tn I such that for all v, 0 <1 < h—1, ;41 is not in any minimal prime
of (x1, ... ,x;)R.

(b) I has height at most h if and only if there exists a proper ideal J containing I and an
element y of R not a zerodivisor on J such that yJ C Rad I and yJ is contained in

the radical of an ideal generated by at most h elements.

(In (a), the sequence is constructed by a trivial induction and standard prime avoidance.
For (b) the sufficiency of the condition is clear, since IR, and JR, are the same up to
radicals. For necessity, take J to be a minimal prime of I of height at most h: after
localizing sufficiently at an element not in J, it will be the radical of an ideal generated by

at most h elements, since the local ring of R at J will have a system of parameters. [J)
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(2.3.8) Definition and discussion: minheight. If M is a module over a Noetherian

ring R and I is an ideal of R we define the minheight of M on I, denoted mnht; M, to be
min{ht I(R/P) : P is a minimal prime of Supp M}

so that mnht; R = min{ht I(R/P) : P is a minimal prime of R}. By analogy with the
conventions for “depth,” when [ is an ideal of R by the minheight of I, mnht I, we mean
mnht; R. When R is locally equidimensional (cf. (1.2.1e)), the minheight of I and the
height of I agree. In particular, minheight agrees with height in any biequidimensional

finitely generated K-algebra, where K is a field.

We refer the reader to §2 of [HHS8] for a more detailed treatment. Note that if S is
faithfully flat over R and R is universally catenary then mnht;g(S ®z M) = mnht;M;
in particular, mnht I'S = mnht I. This holds, for example, if S is the completion of the
universally catenary local ring R. Cf. [HHS8| Proposition (2.2f).

(2.3.9) Theorem. Let A— Ry and § C K be as in (2.3.4). Let 14, Pa be ideals of Ry,
and let M 4 be a finitely generated R s-module. Let B be a varying Noetherian A-algebra.?>
(a) If x4 is an element of Ra such that xk is not in any minimal prime of Rx (K may

equal §), then for almost all B, xp is not in any minimal prime of Rp. In particular,

this holds for almost all fibers.

(b) Ifz1, ... ,xn is a sequence of elements of R4 such that (x; 1)k is not in any minimal
prime of (x1, ... ,x;)Rx (K may equal §), 0 < i < h — 1, then for almost all B and
alli, 0 <1 < h—1, (z;41)p is not contained in any minimal prime of (x1, ... ,z;)Rp.

In particular, this holds for almost all fibers.

(¢) For almost all B, the height of Ip is the same as the height of Iz (or Ik ), while
dim(Rp/Ip) = dimB + dim(Rgz/I5) (= dimB + dim (Rk/Ik).) In particular, for
almost all fibers, ht 1., = ht Iz while dim (R, /1) = dim (Rz/Ig).

(d) If Pa is a prime ideal of Ry disjoint from A° such that height Pz = h and dim Rg/Px
= d, then, for almost all fibers, P, is an ideal of R, all of whose associated primes

are minimal primes q of P of height h, and for each of them dim R, /q = d.

23Note that the phrase “for almost all B” is defined in (2.3.4)
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(e) Let Pa,Qa be incomparable primes of R4 disjoint from A°. Then for almost all fibers,

every minimal prime of Py is incomparable with every minimal prime of Q.

(f) After localizing at one element of A°, the elements of Ass M4 over R4 correspond bi-
jectively with the elements of Ass Mz over Rz via contraction and expansion. Assume

this localization has been done. Then for almost all B,

AssMp = U Ass(Rp/Pg).
PAGASS MA
Notice that by part (d), for almost all fibers, the elements of Ass R,/ P, are the minimal
primes q of Py, each of which has the same height as Pz and has a quotient of the

same dimension as Rg/Ps.

Moreover, for almost all fibers, the set of minimal primes of Ass M, is

U Ass(Ry/Py).

P4 minimal in Ass Ma

If Mz (or Rz) has no embedded primes, then the same is true for M, (or R,)
for almost all fibers. If Mz has pure dimension (i.e., for every associated prime
Pz, dim Rz /Ps = dim Mg: cf. (1.2.1e) for a discussion of dimension), then so does
M, for almost all fibers.

(g) If Ik is unmized (i.e., has no embedded primes: cf. (1.2.1e) again) or has pure height
h (i.e., all primes in its primary decomposition have height h: cf. (1.2.1e) once more),

then for almost all fibers I,; is unmixed or has pure height h, as the case may be.

(h) For almost all fibers, mnht;, M, = mnht;, Mz (= mnht;, My ) and for almost all
fibers the minheight of 1., is the same as the minheight of Ik (or Iz ).

Proof. To see (a), note that after we localize at one element of A° the minimal primes of
R4 and Rg will correspond bijectively via expansion and contraction, and that the ideal
of all nilpotents J4 in R4 will expand to the ideal of all nilpotents in Rz. If x4 is not in
any minimal prime of R, it will also not be in any minimal prime of Rg, since Rz — Rg
is faithfully flat, and so x 4 is a nonzerodivisor on R4/J4. By localizing at an element of

A° such that (Ra/Ja)/(xa4) is A-free, we can arrange that zp will be a nonzerodivisor
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in all the Rp/Jp. But all of the ideals Jp still consist of nilpotents, so that the minimal
primes of Rp/Jp are simply the primes of the form p/Jp where p is a minimal prime of
Rp. It follows that xp is not in any minimal prime of Rp.

Part (b) is then immediate from the simultaneous application of (a) to all of the rings
Ra/(x1, ... ,z;)Ra and elements (T;41)a, for 0 < i < h — 1, where the bar indicates
images modulo (z1, ... ,z;)Ra.

The statement about dimensions in (c) is simply (2.3.5¢) applied to Ra/I4. Since
Rz — Ry is faithfully flat, ht Ix = ht Iz, and we may work with h = ht Iz. The fact
that I is proper is preserved for almost all B. By (2.3.7a) we may construct a sequence
of elements x1, ...,z in I5 such that ;41 is not in any minimal prime of (z1, ... ,z;) Rz
for all i, 0 < i < h — 1. After localizing A at one element of A° we may assume that
these elements are in R4. By part (b) this set-up is preserved when we pass to almost
any Rp, and we see from a second application of (2.3.6a) that ht Ip > h for almost all B.
Similarly, by (2.3.7b) we may choose a proper ideal Jz of Rz containing Iz such that Jz is
the radical of an ideal generated by at most h elements and such that there is an element
yz of Rz that is not a zerodivisor on Jg and such that yz.Jz is nilpotent modulo Iz. After
replacing R4 by a suitable localization at one element of A°, we may assume that we have
Ja C Ra, ya € Ra with the same properties. We can then preserve this set-up while
passing to almost all B, and it follows that ht Iz < h for almost all fibers as well.

To prove (d), first note that for almost all k, R, /P is biequidimensional of dimension
dim Rz /Pz, by Theorem (2.3.5c¢). This shows that every associated prime of Py is a
minimal prime q such that dim R, /q = dim Rz/Pz. Moreover, we know that P, itself has
height h for almost all fibers, and so ht ¢ > A for any minimal prime q of P,. Notice that

if R4 is a polynomial ring then the full statement about heights is obvious, since
htq = dim R, — dim R, /q = dim R, — dim R,;/P,, = dim Rz — dim Rg/Pz = ht Px

in that case.
Before completing the proof of (d), we prove (e). First note that we can map a poly-
nomial ring onto R4 and replace P4, Q4 by their inverse images in the polynomial ring

without affecting any relevant issues. The fact that these are incomparable primes implies
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that ht (Pa + Q4) > max{ht P4, ht Q4 }. This will be preserved when we pass to almost
any fiber. Moreover, if P and Q are minimal primes of Py, (), respectively then for almost
all fibers we have ht (P + Q) > ht (P, + Q) = ht (Pa + Qa) > max{ht P4, ht Q4} =
max{ht P,;,ht Q,} = max{ht P, ht Q}, since we already know (d) in the polynomial ring
case. This shows that P and Q are incomparable.

To see the other inequality on height in (d) in the general case, let p(Al), e ,pf) denote
the minimal primes of R4. There is no loss of generality in assuming that R4 is reduced

in studying this question, and we may assume that N; pfg) = (0). We may consequently

assume, using Theorem (2.3.5f), that ﬂjp,&j) = (0) for almost all k. By renumbering, we
may assume that pg) C P4 for j <t and that this fails for j > t. This too will be preserved

for almost all fibers. Now, let p be a minimal prime of (0) in R, contained in q such that

(%) htq =htq/p
= dim (R, /p) — dim (R, /q)
= dim (R, /p) — dim (R, /P,)

for almost all k. Since N; p,(.;j ) = (0) C p, we have that some p,({j ) C p and, hence, by part

. e . .. . )
Y — Y K 9
(e), we may assume that j < ¢; if j > t then p is a minimal prime of p,;’ comparable to q, a

minimal prime of P,. Since P4 and p(j) are incomparable for j > t, (e) enables us to avoid
this possibility on almost all fibers. But then dim R, /p = dim R,;/ p$) = dim Rz / pg ) on al-
most all fibers, with j < t. Then (x) above shows that ht ¢ = dim R,@/p,(ﬁj) —dim (R, /Py) =
dim Rg/pY’ — dim Rg/Ps = ht Pg/py’ (since j < t) < ht P, as required.

We next prove (f). It is obvious that we can localize A at one element of A° so that
there is a bijection between the primes in Ass M4 and those in Ass M. For each prime
P4 in Ass M4 fix an embedding of R4/P4 — M4. Then this map remains injective for
almost all fibers by (2.3.5a), and we we have that Rp/Pp injects into Mp for almost all B,
and this shows that Ass(Rp/Pp) C Ass Mp for almost all B. On the other hand, there
is a finite filtration of M4 such that every factor N4 is a torsion-free module over R4/Pa
for some choice of P4 € Ass M4, and we may also fix an embedding N4 C G 4 where G 4

is free over R/P4. Then for almost all fibers we have Ass Mg C Uy, Ass Np as N4 runs

through the various factors, and Ass Ng C AssGp = Ass(Rp/Pp) for every Ny. This
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shows that, for almost all B,

Ass Mp = U Ass(Rp/Pg).
PacAss M4

If Qa € AssM4, say Qa O P4 where P4 € Ass M4 and these survive in Ass Mg, then
for almost all fibers, @), contains P, and so every minimal prime Q of (), contains P,. The
statements that follow are valid for almost all fibers. One has that ), must contain some
minimal prime of P, and the set of minimal primes of P is precisely Ass (R, /P). Thus,
every minimal element of Ass M, is in Ass(R,/P,) where P4 is minimal in Ass M4. It
remains to see that if P, is minimal in Ass M 4 then, for almost all fibers, all the elements
of Ass R,,/P,, are minimal in Ass M,,. If Q4 € Ass M4 there are two cases. If Qz D Py
(strictly) then for almost all fibers the minimal primes of @, all have too large a height to
be contained in any minimal prime of P,, while if Qz and Pz are incomparable then for
almost all fibers every minimal prime of ), is incomparable to every minimal prime of Pj.

The statement about embedded primes is then obvious, and the statement about pure
dimension is also obvious.

Part (g) is immediate: apply (f) to Ma = Ra/l4.

It remains only to verify part (h). Since mnht;, My is the same as the minheight of
I (Rr/Jr) in the ring (Ry/Jg), where J;, = Anng, My, it follows from (2.3.5g) that we
need only prove the result for the case where M4 = R4. Since Rz — Ry is faithfully flat
and Rz is universally catenary, we may assume that K = § (cf. (2.3.8)). We may further

assume that A has been localized so that the minimal primes pfql) e pff)

of R4 are disjoint
from A° and correspond bijectively with the minimal primes p(gl) . .p(;) of R3.

Now, for almost all fibers we have that

min{ht I,;(R./q) : q is a minimal prime of R, } =

min{ht I, (Re/p$)/(a/p$)) : 1 <i < s and q € Ass R, /pi)} =
min;{min{ht I;,(R./q) : q is a minimal prime of p,(f)} =
min;{mnht L(R,/p{’)} =

min; {ht I,,(R, /p,(f))} (since R,/ p' is locally equidimensional) =
min, {ht I5(Rg/p$’} (by part (c)) =
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mnht Iz (by definition). O

(2.3.10) Definitions and discussion: parameters, strong parameters, and the
complete local domains of a ring. (a) Let R be a Noetherian ring. We say that
x1, ... ,Ty are parameters (or is a sequence of parameters) if for every prime ideal P
containing I = (z1, ... ,xp), the images of the z’s form part of a system of parameters for
the local ring Rp. An ideal generated by a sequence of parameters is called a parameter
i1deal.

We say that B is a complete local domain of R (at the prime P) if it is obtained from
R by completing Rp and then killing a minimal prime. If P is a maximal ideal we refer
to B as a complete local domain of R at a mazximal ideal. We say that x1, ...,z € R
are strong parameters (or is a sequence of strong parameters) if for every complete local
domain B of R at a prime P D (z1, ... ,x,)R = I, the images of x1, ...,z in B are part
of a system of parameters. Notice that if any element among the x; is a unit, or if they
generate the unit ideal, then the elements are both parameters and strong parameters:
there are no primes containing I = R, and so the conditions hold vacuously.

(b) Also note that every complete local domain B of R arises as a complete local domain
of R/p for some minimal prime p of R, and that, conversely, every complete local domain
of R/p for p minimal in Spec R is a complete local domain of R. Evidently, it suffices to
see this when R is local. One key point is that any minimal prime ¢ of R contracts to
a minimal prime p of R, and then R/q = (R/p)7/(q/pR), where q/pR may be identified
with a minimal prime of (R/p)” = ﬁ/pﬁ; on the other hand, any minimal prime of
(R/p)” = ]%/ pR for p minimal must correspond to a minimal prime q of R, for it will lie
over p (elements of R —p are nonzerodivisors in (R/p)”) and qﬁq will be nilpotent on pﬁq,

which is nilpotent because pR, is nilpotent and expands to p]/%\q.
We note:

(2.3.11) Proposition. Let x = x1, ...,z be elements of a Noetherian ring R and let
I=(x1,...,2p)R.
(a) x1, ...,z are parameters if and only if htI > h (in which case ht I is h or +00).

(b) x1, ... ,xp are strong parameters for R if and only if for every prime P of R containing
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I, mnht I(Rp)™ > h.

(¢) If x1, ...,z are strong parameters in R, then they are strong parameters in every
localization of R.

(d) If R is universally catenary, then x1, ... ,x, are strong parameters iff mnhtI > h
(in which case mnhtI is h or +00) iff x1, ...,z are parameters in R/p for every
mainimal prime p of R.

(e) If x1, ...,z are strong parameters, then they are parameters in R and in R/p for
every minimal prime p of R. Moreover, x1, ... ,xp are strong parameters in R if and

only if they are strong parameters in R/p for every minimal prime p of R.

(f) If x1, ... ,xp are part of a system of parameters for B whenever B is a complete local
domain of R at a maximal ideal containing I, then x1, ... ,xp are strong parameters
for R.

Proof. We may assume in all parts that I is a proper ideal. For (a), if x, ...,z are

parameters then their images form a system of parameters after we localize at any minimal
prime of I. This shows that every minimal prime of I has height A, and so ht I = h. On
the other hand, suppose that ht I > h. Then this remains true when we localize at any
prime P containing I. Thus, it will suffice to show that if R is local and (z1, ... ,x5) Cm
is such that ht I > h, then x is part of a system of parameters for R. Notice that it is
clear that ht I = h in this case. We use induction on dim R — h. If m is a minimal prime

of I the result is clear, for then dim R = ht m < h =ht I < htm. If not, choose xj,11 € m

not in any minimal prime of (z1, ... ,zp). Then it is clear that
h+1>ht(xy,...,Tp41) >htI =h,
so that ht (x1, ... ,xp41) = h + 1. By the induction hypothesis, z1, ... ,z,41 is part of a

system of parameters for R.

Part (b) is immediate from the definition of strong parameters and the definition of
minheight. Part (c) is clear since the complete local domains of a localization of R are a
subset of the complete local domains of R.

The first equivalence in part (d) follows because when Rp is universally catenary,

mnht I(Rp)” = mnht /Rp and mnht / = inf {mnht /Rp : P is prime and P D I} by
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[HHS], Proposition (2.2e,f). The second statement is a consequence of the fact that the
completion B of a universally catenary equidimensional local ring is equidimensional (cf.
[HIO], Theorem (18.17)).

The second statement in part (e) follows from the fact that the complete local domains
of R are the same as the complete local domains of the rings R/p as p varies through
the minimal primes of R, by (2.3.10b). For the first statement it evidently suffices to see
that, in the local case, strong parameters are parameters, and since elements of a local
ring R that are parameters in R are parameters in R, it suffices to see this when R is
a complete local ring. But then it follows from the general fact that mnht I < ht I (see
[HHS] Proposition (2.2), part (g)).

To prove (f), let P be any prime ideal of R containing I and let m be a maximal
ideal of R containing P. We must show that mnht I(Rp)~ > h. Let S = (R,,)" Since
R,, — S is faithfully flat, we can choose a prime ideal @ of S lying over PR,,. Then
Rp — Sg is faithfully flat and so (Rp)~ — (Sg)~ is faithfully flat. Since (Rp)~ is
universally catenary and the map is faithfully flat, we have from [HHS8] Proposition (2.2f)
that mnht I(Rp)~ = mnht I(Sg)”", and so it will suffice to show that mnht I(Sg)™ > h.
By the same result, mnht I(Sq)~ = mnht I.Sg > mnht I.S (by [HHS], Proposition (2.2d))
> h, by hypothesis. [J

(2.3.12) Corollary. Let A — Ra and § C K be as in (2.3.4). Suppose that x1, ... ,xp €
R4 and their images in Rx (or Rg) are parameters (respectively, strong parameters). Then

for almost all fibers, their images in R, are parameters (respectively, strong parameters).

Proof. The problem is to preserve the height of (z1, ... ,z5) (or, for strong parameters,
the minheight, since all the rings Ry, where L is a field, are universally catenary, and we

may apply (2.3.11d)). The result is then immediate from (2.3.9¢,h). O

(2.3.13) Discussion. (a) When (B,mp,Kp) — (C,m¢c, K¢) is a flat local homomor-
phism of local rings and C = (C/mpC, m¢c/mpC, K¢) is the closed fiber, we have that
dim C = dim B + dim C and depth C = depth B+ depth C. It follows that C is Cohen-
Macaulay if and only if both B and C' are Cohen-Macaulay. Cf. [Mat] (20.A,B,C), pp. 152-
4. In the same situation, if C' (and, hence, B and C) are Cohen-Macaulay, the type of
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C (cf. (1.2.1g)) is the product of the types of B and C (see [HeK], Satz 1.24, p. 6) so
that C is Gorenstein if and only if B and C are Gorenstein. It follows (globally) that if
C' is a Noetherian ring faithfully flat over a Noetherian ring B and C' is Cohen-Macaulay

(respectively, Gorenstein) then B is Cohen-Macaulay (respectively, Gorenstein).

(b) It is also worth noting that if R is a finitely generated algebra over a field K and L
is an extension field of K then R is Cohen-Macaulay (respectively, Gorenstein) if and only
if L ® R is Cohen-Macaulay (respectively, Gorenstein). The “if” part follows because
R — L ®k R is faithfully flat; the “only if” part follows from the remarks above once we
know that the fibers are Gorenstein, i.e., that if K’ is a finitely generated field extension
of K and L is any field extension of K, then L ® K’ is Gorenstein. But it is easy to
see by induction on the number of field generators of K’ over K that if L is a Gorenstein
K-algebra and K’ is a finitely generated field extension of K then L ® ¢ K’ is Gorenstein.
(The problem reduces at once to the case of a single generator. If K’ = K(x) with x
transcendental then L ® g K’ is a localization of L{z|; if K" = K[z]/(f) with f monic then
L ®x K' = Liz]/(f) with f monic and, hence, not a zerodivisor in L[z].) Cf. [WITO].

(c) We also note that the Cohen-Macaulay locus is Zariski open in Spec R whenever R is
a homomorphic image of a Cohen-Macaulay ring (cf. the discussion in [EGA1] Proposition
(6.11.8) and Remarques (6.11.9)). Moreover, the Gorenstein locus in Spec R is open when-
ever R is a homomorphic image of a Gorenstein ring: one can construct a global canonical
module w for R in that case, and if wp = Rp for some prime P (which characterizes when
Rp is Gorenstein once it is known to be Cohen-Macaulay), then we can localize at one

element f € R — P such that wy = Ry.

The results of (2.3.14) just below are valid without the hypotheses that certain loci be

open in Spec R4: the more general result is given in (2.3.15).

(2.3.14) Lemma. Let A — Ra and § C K be as in (2.3.4).

(a) Suppose that the Cohen-Macaulay locus {P € Spec Ra : (Ra)p is Cohen-Macaulay}
is open. If Ry is Cohen-Macaulay, then so are almost all the fibers R,.

(b) Suppose that the Gorenstein locus {P € Spec Ry : (Ra)p is Gorenstein} is open. If

Ry is Gorenstein, then so are almost all the fibers R,.
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Proof. We give the proof of (a): the argument for (b) is identical.

Let J C R4 define the non-Cohen-Macaulay locus. Since Ry is faithfully flat over Ry,
if Ry is Cohen-Macaulay then so is Ry = (A°)"'R4. It follows that A° meets J, and if
we localize at a € A°NJ, then Rp is Cohen-Macaulay, where B = A,. Localizing further,
if necessary, we may assume that Rp is free (hence, faithfully flat) over B. If P is a prime
ideal of B, then every prime ideal Q of R,, where k = k(P), corresponds to a prime ideal
@ of Rp lying over P, and (R,)g is isomorphic with the closed fiber of Bp — (Rg)q,
which will be Cohen-Macaulay since Rp is. [

(2.3.15) Theorem. Let AC Ra and § C K be as in (2.3.4). If Rk is Cohen-Macaulay

(respectively, Gorenstein) then so is R, for almost all fibers.

Proof. We are free to localize at one (or finitely many) elements of A. It is then clear
that we can choose B C A finitely generated over Z and Rp C R4 such that Rp is B-free
and Ry = A ®p Rp. Since Rp is a homomorphic image of a regular ring, the relevant
loci are open. Since K ®p Rp =2 K ®4 Ra, we see that K @ Rp is Cohen-Macaulay
(respectively, Gorenstein), and so we may apply (2.3.14) to conclude that after localizing B
at one element of B°, we have that all fibers of B — Rp are Cohen-Macaulay (respectively,
Gorenstein). We also localize A at this element so that we have homomorphisms B — A
and Rp — R4 with Ry &2 A®pRpg. Let P be any prime of A and let () be its contraction to
B. Then the local homomorphism By — Ap induces a homomorphism of residue fields, say
A — k. The fiber of R4 over Pis k@ Ra 2 kR4 (AR Rp) 2 k®pRp = k@) (A®p Rp),
and since A ® g Rp is a Cohen-Macaulay (respectively, Gorenstein) ring finitely generated

over A, this remains true when we make a base change of the field, by (2.3.13b). O

When the fraction field § of the domain A is of characteristic zero there are additional
results on what properties of the generic fiber are preserved for almost all fibers. In the
remainder of this section, we focus on these results. Formally, many of the proofs work also
when k is a perfect field of characteristic p, but the fraction field of a Noetherian domain
A of characteristic p cannot be perfect unless A is itself a field: consequently, this case is
vacuous.

One can obtain interesting characteristic p versions of certain of the results below by
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adding hypotheses in which certain rings are assumed to have the “geometric” version of
one of the properties reduced, normal, etc. Since we do not need these technical results,
we shall not pursue this point.

When the results obtained in the remainder of this section are applied in other parts of
this paper, A will be a domain that is a finitely generated extension of Z, so that it will in

fact be the case that § has characteristic 0.

(2.3.16) Theorem. Let A — R and § C K be as in (2.3.4). Let 15 be an ideal of R4.
Assume also that § has characteristic zero. Let Ja be the ideal of all nilpotent elements of
R4 and J the ideal of all nilpotent elements of R .

(a) After localizing at one element of A, J = Jx. Moreover, for almost all fibers, J
is the ideal of all nilpotent elements in R,. If Ra is reduced, then R, is reduced for
almost all fibers.

(b) If Q4 is an ideal of Ra such that Qk is the radical of I, then Q, is the radical of
1. for almost all fibers.

(¢) If Ik is radical then I,; is radical for almost all fibers. In particular, this holds when

Ix s prime.

(d) Let pg), ,pf:) be the distinct minimal primes of A. Then for almost all fibers,
p,g), ,p,(f) are radical ideals of pure height 0 in R, so that the minimal primes of

R, are precisely the minimal primes of the p,(.f), and each occurs as a minimal prime

of precisely one of the pff).

Proof. Let J’ be the contraction of J to Rg, i.e., the ideal of all nilpotents in Rz. It is clear
that after localizing at one element of A° we have that J' = Jz. It follows that the ring
Rz /Js is reduced, and, hence, geometrically reduced. But then K ®z (Rgz/Jz) is reduced,
whence it follows that J = Jg. This establishes the first statement in part (a). The second
statement follows from the third statement applied to R4/J4 (since it is clear that every
J,. consists of nilpotent elements of R, once we have localized enough so that Ra/J4 is
free, so that it makes sense to view J,; as an ideal of R,;). Thus, it remains to show that
if R4 is reduced, then so are almost all the fibers R,. But since § has characteristic zero,

the fact that Rz C Ry is reduced implies that it is geometrically reduced, and so we may
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apply (2.3.6b).

Part (b) follows from (a) applied to R4/I4, and (c) is a special case. Part (d) is
immediate from Theorem (2.3.9d,e,f) and the additional fact that p,(f) are radical ideals
for almost all fibers. [

We also have:

(2.3.17) Proposition. Let A — Ra and § C K be as in (2.3.4) and suppose that § has
characteristic zero.

If Rk is normal, then almost all the fibers R, are (geometrically) normal.

If Ry is reduced and S is its normalization then for almost all fibers, S, is the nor-
malization of R,.

If Jx C Rk is the integral closure of Ix C Ry then J. is the integral closure of I in
R, for almost all fibers k.

Proof. The condition for Rx to be normal is that the defining ideal of the smooth locus,
which will be the same as the nonsingular locus since K has characteristic zero, has depth
at least two. But this ideal may be obtained from the defining ideal J4 of the smooth
locus over A by taking the image of Jx in Ri. (We may localize at one element of A° so
that Ra/Ja is A-free, so that for every field L to which A maps we have that 7, injects
into Ry, and defines the smooth locus of Ry, over L.) By Theorem (2.3.5h) we have that
J. has depth at least two as an ideal of R,. for almost all fibers, and this is preserved when
we pass to any extension field of k. It follows that almost all the fibers are geometrically
normal.

For the second part, since Sk is module-finite over Ry, we shall have that S, is module-
finite over R, for almost all fibers, and by the first part it will be normal for almost all
fibers. Moreover, for almost all fibers there will be a nonzerodivisor that multiplies it into
R,.

For the third part it is routine to reduce to the case where Ry is reduced. Consider
the Rees ring Ri [l z] C Rk |[z] and its normalization Tk C Sk|[z], whose degree 0 graded
piece is Sk, and whose degree one graded piece has the form Jj z, where Jj is an ideal

of Sk such that Jj. N Rx = Ji. By the lemma of generic freeness, almost all the fibers
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of Ra[laz] inject into R,[z] and almost all the fibers of T4 inject into S,[z]. Almost all
the T, are the normalizations of the corresponding R,[I;z], with degree 0 graded piece
S, and it follows that for almost all fibers, J. N R, is the integral closure of I;. But since
Ry — Sk /Jj; is injective, the lemma of generic freeness guarantees that R,/ J. — S,/ J,

will be injective for almost all fibers s, which shows that J. N R, = J, for almost all k. O

(2.3.18) Discussion: decomposition into absolute primes. Throughout this discus-
sion we assume that A — R4 and § C K are as in (2.3.4) and that § has characteristic
zero. Let P4 be a prime ideal of R4. We know, for almost all fibers, that P, is a radical
ideal by Theorem (2.3.16¢), but we do not appear to have much control over its minimal
primes: it is not even clear from what has been said so far that the number of them is
bounded independent of k.

On the other hand, if Pz is an absolute prime then we know that P, is an absolute
prime for almost all k. The point we want to make here is that if, as well as localizing
at one element of A°, one is willing to make a finite algebraic extension of § to, say, §
(and a corresponding module-finite extension A’ of A) then one can decompose P4/ as a
finite intersection of primes of R4/, say Pa/ = QS,) Nn---N Q(j,), such that every Q(;), is an
absolute prime of Ry .

This is rather straightforward. Let L be an algebraic closure of §. Then Py, is radical,
and has a primary decomposition Q(Ll) N...N Q(Lt) in Ry. By a direct limit argument there
is a finite algebraic extension § of § such that the contractions of these primes to Rz,
are distinct, and such that each of them is generated by its contraction to Rz/. Thus, for
a sufficiently large but finite algebraic extension § of §, we have that Pz has minimal
primary decomposition Q(Sl,) n-- -ﬂQg,), where every Qg,) is absolutely prime over §’. Then
we can find a ring A’ finitely generated over A with A C A’ C § such that all the Q(;,)
arise by base change from their contractions Q%?. Notice that, enlarging A’ if necessary,
we may think of it either as a module-finite extension domain of a localization of A at one
element of A° or even as the localization at one element of A° of a module-finite extension
domain of A (since every nonzero element of the extension domain has a nonzero multiple
in A).

It follows that after localizing at one element of A°, we have that for all fibers of
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A" — R4/, the minimal primary decomposition of P!, is given by Q,(j,) N---N Q,(f,).

Now suppose that we are concerned with the primary decomposition of the original P4
as we pass to fibers. Suppose that 7 is any prime ideal of A. Then there is a prime ideal
7’ of A’ lying over 7, and we get a finite algebraic extension of fields from A, /7A, = k
to k' = Al,/n’Al,. Then P, in R, = k' ®, R, lies over P, in R, and so we have that
P, = (QS,) NR.)N - N (QS,) N Ry) is a primary decomposition of P, in R,. Note that
since R, is faithfully flat over R, every minimal prime of P, = P, R/, will contract to a
minimal prime of P, in R,. Then the minimal primes of P, are simply the distinct primes
of the form Q,(j,) N R, for 1 <17 < t, and so there are at most ¢ of them. However, there
may be duplications in that it is possible that Q,(f,) NR, = Q,(j) N R, even though i # j

and Q,(f,) and ij;) are distinct. See the example below.

(2.3.19) Example. Suppose that A = Z, R4 = Z[x,y] and that P = (2% + y*). This is
prime but not an absolute prime. But if we let A’ = Z[i] where i is a square root of —1,
we obtain the decomposition Py = Q(Al,) N Q(A2/) where these two primes are generated by
x + yi and x — yi respectively. In considering the closed fibers over Z, which correspond
to prime integers p > 0 in Z, we get two distinct primes in the decomposition if p is odd
and —1 is a square modulo p (i.e., p = 1 modulo 4) and a single prime if p is odd and —1
is not a square module p (i.e., p = —1 modulo 4). In the second case the two primes QS,)

have the same contraction to R,.. If p = 2, P, is not radical: this is the fiber we exclude.

(2.4) UNIVERSAL TEST ELEMENTS

Before beginning the systematic study of the characteristic zero tight closure operation
*K we want to develop a method of constructing elements in a reduced finitely generated
algebra R4 over a finitely generated Z-algebra A that will turn out to be test elements for

almost all the closed fibers R,. In fact, we shall see that even more is true.

(2.4.1) Conventions. Throughout §(2.4) let A D Z be a domain finitely generated over
7Z with fraction field §, and let R4 be a finitely generated A-algebra. Throughout this

section we shall frequently say “Let A — R4 be as in (2.4.1).”

(2.4.2) Definition: universal test elements. Let notation be as in (2.4.1). We shall
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say that ca € R4 is a universal test element for A — R 4 if after A is replaced by a suitable

localization at one element of A° the following conditions are satisfied:

(1) ca € R3. (This will hold after localizing at one element of A° if and only if cy € R3.)

(2) For every homomorphism A — A, where A is a regular domain of positive charac-
teristic, cp is a completely stable test element for Ry.

(2°) For every homomorphism A — A, where A is a regular ring of positive characteristic,

cp is a completely stable test element for Rjy.

Conditions (2) and (2°) above are equivalent: (2°) = (2) trivially. If (2) holds and
A is any regular ring, A is a finite product of regular rings A;, and Rj is the product of
the rings R, ,; moreover, the ith component of cp is cp,. It is then evident that cy is a
completely stable test element for R, if and only if for all ¢, cp, is a completely stable test
element for Ry, .

Of course, since a field is a regular ring, when c4 is a universal test element it is a

completely stable test element in R, for almost all closed fibers.
We note the following reformulation of (2.3.9a):

(2.4.3) Proposition. Let A — Ra be as in (2.4.1). If ca € RS (respectively, is a
nonzerodivisor), then after replacing A by its localization at one element of A° we have

the following:

For every homomorphism A — A, where A is any Noetherian ring, cx € RS (respec-

tiwely, is a nonzerodivisor). [

Our next objective is to prove the existence of universal test elements when R, is

reduced. We want to reduce to the case where R4 is a domain, for which we need:

(2.4.4) Proposition. Let A — Ry be as in (2.4.1). Suppose that Rz is reduced and

that pfql), ,pff) are the minimal primes of R4 not meeting A. Suppose that CX) s an

element of Ry whose image in RA/p(j) s a universal test element for RA/pfz) forl <i<s.
is chosen in (U, p%)
b%)pg) =0 (since R4 is reduced and pg) is a minimal prime, we can choose an element not

wn it that kills p(j), and we can multiply this for every j # i by an element of p%) — p%)).

Suppose also that for everyi, 1 <1i <'s, b%) )—p%), and also so that
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Then csq = il b%)cg) 18 a universal test element for R 4.

Proof. We need to show that for almost every regular domain A of characteristic p to which
A maps, cp is a completely stable test element for Ry. We know for almost all**regular
domains A of characteristic p to which A maps, for all ¢, 1 < ¢ < s, cf\i) is a completely
stable test element in Ry / ps\i).

Now, it is clear that c4 is not in any of the p(j), since its image in RA/p(j) is the same as
the image of bfj)cg) . It follows that c is in R} for almost all A. Let B be the completion
of a local ring of Rp, and let N C M be finitely generated B-modules. It will suffice to
show that if u € N*j; then cyu? € N in Fe(M) for all ¢. If we pass to B/pg\i)B the
persistence of tight closure (1.4.13) implies that the image of u is in the tight closure of
(N/pg\i)N) in M/pg\i)M over B/pX)B. Since the image of cf\i) is a completely stable test
element for Ry / pg\i), its image in B/ pg\i)B is a test element, and it follows that for all ¢ we

have
(%) Dyt e Nl 4 pO e,

)

If we multiply the equation (x;) by bf\i) then we see, since bf\i)pf\i) = (0), that bf\i)c% ul €

N9 for all 5. Summing these equations over i yields the required result. [J

Our next main objective is to construct universal test elements in the reduced equidi-

mensional case using discriminants. We first digress to give a discussion of discriminants.

(2.4.5) Discriminants: definition, discussion, and basic properties. (a) Let T'C R
be a module-finite extension where 7" is a domain and let IC be the fraction field of 7. Let
0 = 6y, ...,0, be elements of R that form a basis for £L = I ®7 R over K. We write
D = D(0) = Dg/r(0) for det(tr 6;0;), where tr = tr ./ is the trace map from L to
KC. (Thus, the trace of u is the same as the trace of the K-linear map £ — L given by
multiplication by u.) We refer to Dg/r(0) as the discriminant of T — R with respect to
6. If we have a different basis 6’ such that ' = af (where 0,0 are the two bases written as

column vectors and « is a matrix of elements of K), then the matrix of the bilinear form

24See (2.3.4).
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with respect to 6 is easily calculated to be a(tr6;0;)a™ (where ™ indicates transpose),
and so we have that D(6') = (det )2D(6).

(b) If T" is a domain with fraction field K’ containing 7" then the image of 6 in R’ =
T'®7 R will be a basis for K' @7 R’ over K', and it follows that Dp/ /7 (Im 6) is the image
of Dp/r(f) in K'.

(c) We next note that if 7" is a normal Noetherian domain, and u denotes any element of
L integral over T', then tru is an element of T'. (If not, we can preserve the situation while
replacing T' by a discrete valuation ring V' and killing the annihilator of V° in V ®1 R.
Thus, we may assume that 7" is a DVR and that R is torsion-free over 7. We may enlarge
R to R[u] and so assume that v € R. Then R is torsion-free and hence free over T, and as
our KC-basis for £ we may use a free basis for R over 7. The matrix for multiplication by
u with respect to this basis will have all entries in 7', and so its trace is in 7'.)

(d) It follows that if 7" is a normal Noetherian domain then every entry of the matrix
(tr6;0;) is in T', and so D, (0) is always an element of 7' in this case.

(e) It is well known that a finite algebraic extension field £ of a field K is separable if
and only if for some (equivalently, every) basis § = 61, ... ,0, for £ over K, where n =
[L: K], D= Dg(0) is not zero, i.e., if and only if 7: L&k L — K via 0®@0" — trp /xc(00")
is nondegenerate. (L/K is separable iff for some A € L, trz/cA # 0, and then for any 0,
7(0,1/0) # 0). It is easy to see, more generally, that a finite-dimensional (as a K-vector
space) K-algebra L is étale over K if and only if the same condition holds. (Both conditions
are invariant under making a base change to an algebraic closure of I, so that we may
assume that /C is algebraically closed. Then L is étale if and only if L =2 *" =K x ---x K
(product ring) if and only if £ is reduced. It is trivial to verify that 7 is nondegenerate if
L = K*™ while if £ contains a nonzero nilpotent ¢ then tr » /00" = 0 for all choices of ¢’
(00’ is again nilpotent).)

(f) Thus, if T C R as in (a), then R is generically smooth over T, i.e., £ is smooth (=
étale) over K, if and only if Dy 7 (6) # 0 for some (equivalently, every) choice of basis 6.
Moreover, when T' is normal, Dg,7(0) € T.

(g) Again, let T C R and K C L be as in (a), with R torsion-free and generically

smooth over T'. Assume that T is normal, let # be any basis for £ over K in T, and let
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D = Dpg/r(0), which we know to be a nonzero element of 7. Let S denote the integral
closure of R in £, which may also be described as the integral closure of T"in L. Since L is
the total quotient ring of the reduced ring R, we may also think of S as the normalization
of Rin £. Then DS C R. In fact, DS C T, + ---+186,,.%°

(h) Let T C R be module-finite, torsion-free and generically smooth, where T" is a
Noetherian normal domain. If D = Dg,7(0) is a unit of T' then 6 is a free basis for R over
T, T — R is étale, and R is integrally closed in £. Thus, Tp — Rp is étale. (Since D
multiplies the integral closure of R in £ into 70, + ---+T60,, C R it is clear that if D is a
unit of T then 6 is a free basis for R over T" and R is integrally closed in £. Since T'— R
is free it suffices to check that the fibers are étale. But after passing to any fiber the image
0, of 0 is still a free basis for A = R, over s, and the discriminant D), () is the image
of D in k. Since D is a unit, the image is not zero.
(2.4.6) Discussion. Now suppose that A C R4 and § are asin (2.4.1). Assume, moreover,
that Ry is reduced and biequidimensional. After localizing at one element of A°, we may
suppose that R4 is module-finite over a polynomial ring T4 = Alzy, ... ,24|. Since Rz
is biequidimensional, after localizing A at one element of A° we may assume that R4
is torsion-free as a T4-module. Since the fraction field X = F(x1, ... ,zq) of T4 has
characteristic zero, we see that R4 is module-finite, torsion-free, and generically smooth
over the regular domain 74. We can fix a vector space basis 04 for £L = K @7, R4 over
IC such that 64 consists of elements OEZ) in Ry. We shall write D4 for Dg, /7, (04). Since

D4 # 0 and is in T4 it is a nonzerodivisor on R 4.

Some of our main results on the existence of universal test elements are consequences
of the following result, which carries through the plan indicated in the remark just prior

to Lemma (6.5) of [HH4|, p. 51:

25This is well known: cf. the remark following the proof of Theorem 7 in Chapter V, §4 of [ZS], Vol. I,
and, for that matter, Lemma (6.5) of [HH4], p. 51 (although the generality is somewhat greater here) but
we sketch the proof. Let u be any element of S. We must show that Du € T0; + ---+T6,,. We can write u
uniquely as u = X', X\;0; with coefficients A; in K. To complete the argument, it will suffice to prove that
each of the elements DJA; is in T. But since u = X7'_; \;6;, we have that for every j,uf; = X', X;0;0;,
which yields the matrix equation S\ = ~, where 8 = (tr6;60;), X is the column with entries A;, and =y is
the column with jth entry v; = tr(uf;) € T, by part (c). Since § also has entries in T, if we multiply
both sides of this equation by the classical adjoint adj 8 of 8 we obtain that DA = (adj 8)v has entries in
T, and so the elements D\; € T, as required.
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(2.4.7) Theorem. Let A C R4 and § be as in (2.4.1) and suppose that Rz is reduced
and biequidimensional. Let 0 and D 4 be defined as in the preceding paragraph. Then D 4

is a universal test element for A C Ry.

Proof. Let Ty = Alxy, ... ,x4) be as in the discussion preceding the statement of the
theorem. Thus, we may assume that R, is module-finite, torsion-free, and generically
smooth over Ty and that we have fixed a T'4-linear embedding ¢4 : R4 — 1. Likewise,
we have a T's-linear embedding 94 : T} — R4 that sends the standard free basis for 7%
to the elements 9,(41)7 o ,0%) of the given basis 64 (for £ over K).

After localizing at one element of A° we may assume that the cokernels of ¢ 4,14 and
multiplication by D4 on R4 are A-free.

When we pass to (i.e., tensor over A with) almost any regular domain A of characteristic
p such that A maps to A we have that ¢, and ¥, are still injective. For almost every such
A we have that R, is module-finite and torsion-free over T = A[x] and we also have that
for almost all?6 A that D, # 0. This shows also that 6, is a basis over K(A), the fraction
field of T}, for L(A) = K(A) ®1, Ra. But then Dy is evidently Dg, /7, (64), and it follows
that R is generically smooth over Tx. Thus, for almost all A, R, is a module-finite,
torsion-free and generically smooth extension ring of the regular domain T, and Dy is a
nonzero element of 7. By (2.4.5h), localizing at D, will make the extension T — Rp
smooth.

Let p denote the characteristic of A and ¢ denote p¢, as usual, with e varying in N. By
Theorem (1.4.9) it will suffice, to complete the proof, to show that for almost all A, D
multiplies (RA)> into (Th)>°[RaA] € (Ra)®°, and for this it suffices to see that for all ¢,
Dy multiplies (Rp)Y9 into (Ty)9[Rp] C (Rp)4.

But we can argue almost exactly as in the proof of Corollary (1.5.4), using (2.4.5g)
instead of the Lipman-Sathaye theorem. The only point that we need is that (Rx)Y9 is
in the normalization of (T))'/9[R,] and we need to see that we have an inclusion after
tensoring with the fraction field of T). The argument is the same as in the proof of (1.5.4),
except that now when we localize Ry we get a finite product of separable field extensions

instead of just one. [

26See (2.3.4).
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We then have:

(2.4.8) Corollary. Let A C Ra and § be as in (2.4.1) and suppose that R4 is reduced.

Then R4 has a universal test element.

Proof. After localizing at one element of A° we have that the minimal primes of R4
correspond bijectively with those of Rz, and there is a universal test element modulo each

minimal prime by (2.4.7). We may then apply (2.4.4). O

It is also possible to obtain universal test elements in certain cases using the result of

Lipman and Sathaye [LS], (1.5.3).

(2.4.9) Theorem (universal test elements via the Lipman-Sathaye theorem). Let
AC Ry and § be as in (2.4.1). Suppose that Ry is module-finite over a reqular ring Ty
and that Rg is an absolute domain. (Given Ry, after localizing A at one element of A° we
may assume that A is reqular and we may choose T's, for example, so that it is a polynomial
ring over A.) Let J, denote the Jacobian ideal J(Ra/Ta). Then every nonzero element

of Ja is a universal test element for A — R4.

Proof. In this argument, A is a varying regular domain of characteristic p. Localize at one
element of A° so that A is regular, A — T4 is smooth, and also so that R, is A-free. For
almost every?’field L to which A maps, Ry, is a domain (cf. (2.3.6c)). If A is a domain
with fraction field L, then since R, is free (and, hence, torsion-free) over A it follows that
for almost all A, Ry is a domain. For almost all A we have Th C R, and the extension
is module-finite. It follows that for almost all A, R, is module-finite domain extension of
Ta (hence, T} is also a domain) and generically smooth over T. (Cf. (2.3.5), (2.3.6), and
(2.3.9).) Moreover, J(Ra/Tr) = Jxn € Ry for almost all A. The result is now immediate
from Corollary (1.5.4). O

(2.4.10) Corollary (more universal test elements via the Lipman-Sathaye the-
orem). Let AC Ry and § be as in (2.4.1). Suppose that that Rz is an absolute domain

of dimension d. Let Ra = Alxy, ... ,x,]/(f1, ..., [r). Then every nonzero element of

27See (2.3.4).
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the ideal generated by the (n — d) x (n — d) minors of the Jacobian matriz (0f;/0g;) is a

universal test element of R4 over A.

Proof. This follows from (2.4.9) in much the same way that (1.5.5) follows from (1.5.4).
We replace the original z’s by sufficiently general linear combinations (we may think over
§, which is infinite, but we actually need only invert one element of A°). We may then
assume that R4 is module-finite over the subring generated over A by the images of any
d element subset of the variables (again we may need to localize at one element of A°.
We may then let Ty vary through the subrings of R4 generated over A by the various d

element subsets of the variables, and now we may apply (2.4.9). O

(2.4.11) Example. Let A = Z[1/3] and let Ry = A[X,Y,Z]/(F) = Alx,y, z], where
F = X3+Y3+ Z3 We may take T4 = Alz,y], and we find that (0F/0Z) = 3Z2, so
that 22 is a universal test element. By permuting the variables to take other choices of
T4, we see similarly that 22, y? are universal test elements. Thus, part z2,y?, and 22 are
universal test elements. Note that the results of the discussion in [HH10] (8.22)—(8.24) in
characteristic p can be sharpened similarly using (1.5.4).

If we take A = Z[1/d] where d =dy ---d,, n > 3, and we let R = A[Xy, ..., X,]/(F) =
d;—1

Alzy, ... ,x,], where F' = E?f:lXid", then the same method shows that for every i,
is a universal test element. Cf. [HH10|, (8.24), which likewise can be sharpened using

(1.5.4).

(2.5) BASIC PROPERTIES OF TIGHT CLOSURE
OVER AFFINE ALGEBRAS

Our first objective in this section is to show that the two conditions discussed in defining
N XJA in (2.2.2) are equivalent. We then proceed to establish a number of basic results
concerning the behavior of *&.

We shall make use of the results on universal test elements to show that the two con-
ditions considered in (2.2.2) are equivalent in the reduced case. However, to handle the

problems created by nilpotents we shall also need:

(2.5.1) Lemma. Let A be a Noetherian domain whose fraction field § has characteristic
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zero and let R 2O A be a finitely generated A-algebra, torsion-free over A, such that (0) has
no embedded primes in R. Let py, ... ,ps be the minimal primes of R. Then there is a
nonzerodivisor d in R and a module-finite extension S of R obtained by adjoining finitely
many nilpotent elements to R such that:

(1) d is not a zerodivisor in S

(2) dS C R

(8) The natural map Rieq — Srea 1S an isomorphism.

(4) The canonical surjection S — Sred = Ryeq splits as a map of A-algebras.

Proof. Let W be the multiplicative system R — U;p;, so that W' R is a zero-dimensional
ring, and, in fact, W™ 1R 2 II;R,,. Since every Ry, /p;R,, contains a copy of § (p; cannot
meet A) and every Ry, is equal characteristic zero and 0-dimensional (hence, complete), it
follows that every Ry, has a coefficient field L; C R,,, such that § C L; (in equal charac-
teristic zero, every subfield of a complete local ring can be enlarged to a coefficient field).
Note that L; — (Rp,)red is an isomorphism, and so ILL; — (W™ R)yeq & W™ (Ryea)
is an isomorphism. We have a map 7 : W1 (R.eq) — W 'R that splits the canonical
surjection 7 : W™1R — Wﬁl(Rred). Because we chose every L; to contain § O A, these
maps are A-algebra homomorphisms. Let {p; : j} denote a finite set of generators for R,eq
over A. For every p;, n(p;) is an element of W' R that maps to p;. We can choose r; € R
that maps to p;, and then €; = n(p;) —r; € W' R is nilpotent in W'R. Let S be the
subring of W~ R generated by all the £;. It is clear that S is module-finite over R, and
that Sreq — Rreq is an isomorphism. Since S C W~—!'R but is module-finite over R, we
can choose d € W such that dS C R. It is clear then that d is a nonzerodivisor in both R
and S.

Finally, since S contains R 2 A and also the images r; + ¢; = n(p;) under n of the
generators of R,eq as an A-algebra, the restriction of 7 to R,eq maps into S, and splits the

map S — Sred = Rrea. U
The following result reconciles the two possible definitions for N*/4 discussed in (2.2.2).

(2.5.2) Theorem (a uniform multiplier can be used). Let A D Z be a domain finitely

generated over 7, and let R4 be a finitely generated Z-algebra.
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Then there is an element ca of RS with the following property: if Na C M4 then

/A

ua € Na™%yp, if and only if for almost all p € Maz Spec A and k = k(p), cyul € N,[iq]Mn

for all g > p.

Proof. First localize at one element of A° so that R4 is A-free and also so that there is a
bijective correspondence between the associated primes of (0) in Rz (§F is the fraction field

of A) and the associated primes of (0) in R4, which may be assumed to be disjoint from

A.

Note that it is obvious that if there exists cy € R satisfying the condition given in the
statement of the theorem then u, € N.*), for almost all fibers, since by (2.3.9a), ¢, will

be in (R, )° for almost all fibers.

First case: R4 is reduced. If R4 is reduced choose c4 to be a universal test element for
R 4. Then ¢, is a test element for almost all closed fibers. The result now follows from the

fact that u, € (N)*n, if and only if c,ud € N u,, for all ¢ (even ¢ =1 in this case).

Second case: the ideal (0) in R4 has no embedded primes. In this case we can apply
the lemma above to choose d4 € R and Ss4 DO R4 satisfying the conditions (1)-(4) of
Lemma (2.5.1). Let n4 : (Ra)rea — Sa be the splitting, and let cff) be a universal test
element for (RA)req. We shall prove that ¢4 = dan A(c(:)) has the required property. It
suffices to consider the case where Ng C M4, with M4 = Rf4 is Ra-free. Let h be the
degree of nilpotence of the nilradical of R4. We may invert all positive prime integers p in
A such that p < h. Let J4 denote the ideal of nilpotent elements of S4 and let R4 denote
the image 74 ((Ra)red) of (Ra)red in Sa. Thus, S4 = R4 + J4, and this is a direct sum of
R 4-modules. Here, na: (RA)red = Ra. Suppose that u, € N/} in M, for almost all closed
fibers. The same holds when we pass t0 (R )red = ((Ra)red)n = ((Sa)red)r = (Sk)rea for
almost all closed fibers by (1.4.4e), and we consider the corresponding problem over S,.
The statements we make in the sequel are likewise valid for almost all closed fibers, by
routine application of Theorems (2.3.5) and (2.3.9): we sometimes omit saying this.

In S4 we may write uqg = v4 + 4 where vy € Ry and €4 € J4, and we may write
the generators of N4 in the form wfj) + CX) where the wg) € R and the CX) e J,
(=Ja® ...®Ja). When we apply k ®4 _ we still have that the hth power of J,; is zero,
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and so the gth power of any element of .J, is zero for all ¢ > p, since p > h. Killing the
nilpotents in S, we have that v, is in the tight closure of the submodule N/, of Ei spanned
by the w over R,., and because cg)) is a universal test element for (RA)red, d(f) = (cg)))
is a universal test element for R4. It follows that d vl € N,Q[q] for all ¢ > 1 over the

reduced ring R,. But then
(#) dOul e (S, ®@r, NN in Fe(S,®r. M) =S forq>p

because ¢ > p > h and raising to gth powers kills the nilpotent components.

Because d4 5S4 € R4 we have that d.S. C R, for almost all fibers, while d,, is also a
nonzerodivisor in both R, and S, for almost all fibers. Multiplying by d,; in (#) above
yields that (d,id,(io))u% c N9 over R, for all ¢ > p, as required.

Third case: (0) has embedded primes in R4. In this case let 14 denote the ideal of all
elements that are killed by an element of (R4)°, which is contained in the nilradical of
R 4. Choose c(Al) in R4 such that its image in R4 /I4 (which satisfies the condition for the
second case) solves the problem for R4/I4. One can also choose an element cf) of (Ra)°
that kills I4: choose one such for each generator of I, and multiply them together. We
claim that c4 = c(Al)c(AQ) solves the problem for R4. To see this, suppose that w4 is such
that u, € (Ny)*n, for almost all fibers. By (1.4.4e) this condition holds after applying
(Ri/I:)®nr, _,since I, may be identified with a subideal of the nilradical of R, for almost
all fibers. By using the property of the image of C(AI) in Ra/I4 we find that for almost
all fibers we have that c,(il)uz e N9+ I, F¢(M) for all ¢ > p = p(k). Multiplying by
2 (2

and using that cA)IA = (0) (which implies that P, = (0)), we obtain the required
result. U

We next want to see that in the definition of *X it does not matter how one chooses

descent data.

(2.5.3) Theorem (independence of choice of descent). Let K be a field, let R be a
finitely generated K -algebra, let N C M be finitely generated R-modules, and let u € M.

Let (A,Ra,Ma,Na,ua) and (B, Rp, Mp, Ng,up) be two possibly different choices of
descent data for (K, R, M, N, u).
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Then ua € NZ/AMA if and only if up € N;/BMB if and only if u € N*K .

Proof. First note that we are free to localize A at one element of A° without affecting any

x /A

relevant issue, from the definition of , and similarly for B. Thus, we may assume the

usual consequences of such localization. Also, we have u = u4q = upg.

If we know the first equivalence the second follows, since v € N*K;; means that uc €
Né/CMc for some choice of descent data (C, Rc, Mo, No,uc). Thus, it suffices to prove
the first equivalence.

We know that for any sufficiently large finitely generated Z-subalgebra C' of K with
C D A, B that the identity maps on R and M respectively restrict to isomorphisms of
C®aRA with C®pRp and of C® 4 M 4 with C®pMc over the “common” R, respectively,
and that the latter isomorphism carries C ® 4 N to C ®g N/ while u = ug = us = up.
Cf. (2.1.12). Thus, in proving the result it suffices to consider the case where B = C 2 A,
since knowing this case permits us to compare each of */4 and */Z with */¢. Henceforth

we may assume that A C B.

There is no loss of generality in localizing at one element of A so that B is free over A,
and hence, faithfully flat over A. Since A is a Hilbert ring and B is a finitely generated
A-algebra, every maximal ideal of B lies over a maximal ideal of A. Moreover, there is at

least one maximal ideal of B lying over every maximal ideal of A.

The argument is now very simple. For any maximal ideal u' of B, if u = ¢’ N A and
k < k' is the induced map of fields A/u — B/u' then the fiber of B — Rp over ' is
simply kK — R, where R, = k' ®, R.. Since k — k' is a finite separable extension of
fields (x, ' are finite fields and finite fields are perfect) we have that u, € N.*),_ if and
only if u. € Ne™p, (“only if” follows from the persistence of tight closure (1.4.13), while
“if” follows from [HH9], Theorem (7.29a°), part (ii)). Notice that every p in Max Spec A
lies under at least one y’ in Max Spec B.

If uy € NZ/A localize A, B at one element of A° so that u, € N, for all closed
fibers, and then this will hold for all closed fibers of B — Rp by the discussion above. If
up € N;/ B then first localize B at one element of B° so that u,r € N, for all closed fibers

of B — Rp and then localize A, B at one element of A° so that B becomes A-free again.
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The fact that u,, € N}, for all closed fibers of B — Rp then implies that the same holds

for all closed fibers of A — R4, by the discussion of the preceding paragraph. [

(2.5.4) Corollary. Let A — Ra and § C K be as in (2.4.1), and let Ny C My be
finitely generated Ra-modules, and let ug € Ma. Then uy € NZ/AMA if and only if
U € NK*KMK. In particular, this holds when K = §. [

The following result gives many of the basic properties of *¥ for affine algebras.

(2.5.5) Theorem. Let K be a field of characteristic 0 and let R be a finitely generated
K -algebra. Let N',N C M be finitely generated R-modules. Let uw € M and let v be the
image of uw in M/N. Let I be an ideal of R.

Unless otherwise indicated, *¥ without a following subscript stands for K-tight closure

mn M.

(a) u € N*E; if and only if v € O*KM/N.

(b) N*E is an R-submodule of M containing N.

(c) Let W = N*K and fix descent data (A, Ra,Ma,N4) for (K,R,M,N) as well as W
for W. Then for almost all p € Max Spec A, W, C N*, (in M,).

(d) If N C N’ C M then N*K € N*K and N*K y, € N*K ),

(e) (N*K)*K = N*K.

(f) (NN N')*K C N*K n N K

(8) (N +N')™K = (N*K 4 N7*K)eK.

(W) (IN)™ ) = (TF RN 0)™ .

(i) (IV: MI)*K C N*K.p I (respectively, (N:g N')*K C N*K.p N'). Hence, if N =

N*E then (N 3 I)* 8 = N :pr I (respectively, (N :g N')*¥ = N:p N').

(G) If N; C M; are finitely many finitely generated R-modules and we identify N = @®;N;
with its image in M = @;M; then the obvious injection of EBZ-NZ-*KMi — M maps
@iNi*KMi isomorphically onto N*& 5,

(k) (Persistence of K-tight closure) Let L be a field containing K, let S be a finitely
generated L-algebra (hence, also, a K-algebra) and let R — S be a K-algebra homo-
morphism. Let w € N*¥ ;. Then 1®u € (S ®gr N)**

this holds when L = K.

sepm OvEr S. In particular,
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(1) (Persistence of K-tight closure: second version.) Let L be a field containing K, let S
be a finitely generated L-algebra, let h: R — S be a K-homomorphism, let N C M be
finitely generated R-modules, and let V- C W be finitely generated S-modules. Suppose
that u € N*X ;. Suppose also that there is an R-homomorphism v : M — W such
that v(N) C V. Then y(u) € V*Ly.

(m) (Irrelevance of nilpotents) If J is the nilradical of R, then J C (0)*K, and so J C I*E
for all ideals I of R. Consequently, JM C N*5. Moreover, if N~ denotes the image of
N in M/JM, then N*E is the inverse image in M of the tight closure (NN)*KM/JM,
which may be computed either over R or over Ryea (= R/J).

(n) Let pM, ... p) be the minimal primes of R and let R®) = R/p®. Let M =
R @r M and let N@ be the image of R® ®r N in M. Let uY) be the image of
win M@, Then v € N*K if and only if u» € (N®W)*K jn M@ over RW, 1 <i < s.

(o) If R = H?ZlRi is a finite product and M = 1I;M; and N = 1I;N; are the corresponding
product decompositions of M, N, respectively, then u = (uy, ... ,up) € M is in N*p;

over R if and only if for alli, 1 <i < h, u; € N;"p, .

Proof. We can choose descent data not only for (K, R, M, N,u) but also for I, N', N;, M;,
v, W = N*¥ and M"” = M/N, etc. as in (2.1.10). Henceforth we assume that such data
(A,Ra,M4g,Na,uga) as well as Ny, M\, vo, Wa and so forth have been given.

(a) By (2.5.3), ue N* & u, € NZ/A & u, € N for almost all fibers < v, € 0%y for
almost all fibers (since for any given fiber the two conditions are equivalent by Theorem
(1.4.4b)) & va € 04y & v € 07Ky,

(b) If u,w € N*K we can choose descent data with A sufficiently large that us € NZ/A
and wy € NZ/A. But then for r, s € R (which descend to, say, r4,s4 € R4) we have that
for almost all fibers r u,, +s,w, € N} (since N} is a submodule of M) and it follows that
TAUA + SaWA € NZ/A and so ru 4+ sw € N*¥ as required. Thus, N*¥ is a submodule of
M, and it is clear that N C N*¥,

(c) Fix a finite set of generators w(Ai) for W4. The condition clearly holds for each of
these generators, for almost all closed fibers, and we may intersect the dense open subsets
of Max Spec A involved. Moreover, for almost all closed fibers the w,(f) generate W,.

(d) For almost all closed fibers we have that N, C N/ C M,;, and the result is immediate
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from the definition of *£ and the corresponding facts in characteristic p (cf. (1.4.4d)).

(e) Since N C N*E by (b), (d) shows that N*& C (N*E)*E Let W = N* and descend
as in part (c). Then if u € (N*K)*K = W*K and w = uy € M, (this will be the case
for sufficiently large A) then for almost all closed fibers u, € W} C (N})* = N} by the
characteristic p result (cf. (1.4.4c), and so u € No*/*,,,. This shows that u € N*K,

(f) (NN N)*E C N*E and (N 0 N')*E € N"*¥ both follow from part (d).

(g) Since N C N*K and N’ C N"*® we have that N + N’ C (N*K + N"*f) and
so (N 4+ N)K* C (NE* 4 N'"E*)K* 1y (d). But, also by (d), N*X C (N + N')*K and
N""E C (N + N')*K g0 that N*5 + N”*% C (N + N’)*X and another application of (d)
yields that (N*EK 4+ N F)K C (N + N )*E)E = (N + N')*E by (e).

(h) Since I C I*K and N C N*E we have that IN C "N N*K and so (IN)*¥ C
(I"EN*EY*E by (d). To prove the other inclusion let L = I*% let W = N*X let
u € (I N*K)*K and choose descent data for K, R, M, N, W, I, L, and u, say A, Ra,
Ma, Na, Wa, Ia, La, and ug = u. It is easy to see that after localizing at one element of
A°, we may also assume that LW, C W4 may be used to descend LW and that 14N 4
may be used to descend IN. Since u € (I*5K N*E)*K = (LW)*E it follows that for almost
all closed fibers we have that u,, € (LaW4)%, and for almost all closed fibers this may be
identified with (L,W,)*. By two applications of part (c), for almost all closed fibers we
have that L, C I} and that W, C N;. This shows that for almost all closed fibers we
have that u, € ([N})*, which, by Proposition (8.5h) of [HH4], is contained in (I,N,)*,
and for almost all fibers I, N, = (IaNa),. It follows that for almost all closed fibers,
u, € (IaN4)%, as required, so that v € (IN)*E | as claimed.

(i) The second statement is immediate from the first statement, and the first state-
ment follows formally from part (h). To see this, first note that what we must show is
that I(N: 1)*® C N*E (respectively, (N:g N')* N’ C N*) and with W = N/ [
(respectively, I’ = N:g N') we have that IW*K C [*EW*EK C (JTW)*E (respectively,
I*KN' C I*KN™*K C (I'N')*X) by (h), and, by definition ITW C N (respectively,
I'N' C N).

(j) Take descent data A, R4, Ng) C MX) for all 4 and then apply the definition of *¥
and part (m) of Proposition (8.5) of [HH4|.
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(k) Let u € N*E and choose descent data (A, Ra, M, Na,ua) for (K, R, M, N,u) with
u=1u4. Since K C L we can choose descent data for (L, S) say (B, Sg) such that A C B.
After localizing all objects at one element of A° we may assume that B is A-free, and
so faithfully flat over A. Let W denote the image of S ®r M. Let Wy be the image of
Sp ®r, Na in Sp ®r, M4. Let zp denote the image of 1 ® us in Sp ®r, Ma. Then
(B,Sp,Sp ®r, Ma,Wg,zp) is descent data over B for (L,S,S ®@pr M,W,1 ® u). (Note
here that whenever we localize B at one element of B° (so as, for example, to make some
object B-free) we may also localize A at one element of A° so as to make the “new” B
arising from this localization free over A again, and then every object that is B-free is also
A-free.) The fact that these objects give descent data is easily verified using, primarily,

the associativity of tensor:

L®p (Sp®@r, Ma) = (L®p SB) ®r, Ma = S®pr, Ma=(S®rR)®r, Ma =

S®r (RRp, Ma) = S®r ((K®4RA) Qr, Ma) 2SQp (K @4 Ma) = S®r M,

while L ® 5 Wg is the same as the image of L ® 5 (S ®r, Na) in L ®p (S ®@r, Ma)
(since L is B-flat) and by a similar sequence of identifications this is the image of S®pr M.

We assume that A has been localized sufficiently that for all closed fibers, u, € NJ.
Let ¢/ by any maximal ideal of B with residue field «’, and suppose that u' lies over pu
in A with residue field k. Since B is a finitely generated algebra over the Hilbert ring
A, p is maximal in Spec A. Here, k C £’ are both finite fields. Now (Sp ®p, Ma)x =
K Qp(Sp®r, Ma) = S @, Ma =S, g, M,, and the image of W, = k' @ p Wp will
be the same for almost all 1’ as the image of ¥’ ®p (Sp ®r, Na) in K’ ®p (Sp ®r, Ma),
which may be identified with the image of S, ®r, Ny, — S ®gr, M,. What we need
to show is that for almost all i, 2./, which may be identified with the image of 1 ® u,
in Sy R M, , is in (S, @, Ni)*. But since u, € M}, this is simply the persistence of
tight closure in characteristic p under the homomorphism R, — S/, which is valid here
because Sy is finitely generated over the field x': see (1.4.13).

(1) By part (k) we have that 1 ® u is in (S ®pgr N)* in S ® g M, and there is an S-linear
map S ®r M — W induced by « such that 1 ® u maps to y(u) and (S ®z N) maps into
V. It follows that we may assume that R = S and that N C M are S-modules. Let N’
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denote the inverse image of V. C W in M. Then N’ D N, and so u € N’*LM by part (d).
It follows that Z € 0*%);/n/ (where the bar indicates reduction modulo N’) by part (a).
Since M /N’ injects into W/V/, it follows that the image of Z in W/V is in 0"ty by part
(d), and so v(u) € V*Eyy, by another application of part (a).

(m) Choose descent data including an ideal J4 C R4 descending the nilradical J C R.
Since, for almost all closed fibers, J, is the nilradical of R,, it follows that J, C (0)*
for almost all closed fibers. Thus, J C (0)*X C I*K for all ideals I, by (d). Moreover,
JM C (0)*KM C ((0)M)*E (by (h)) = 0*K; € N*K; for all submodules N of M.

Now suppose that u € M. We may assume that our descent data is such that (RA)req =
Ra/Ja descends Ryeq and that N7, which we define as (Ng + JaM)/JaM, descends N~
(we may think of N3 as a module over either R4 or Ra/J4). We also assume that
u=1uy € My. Then u € N*K =y € NZ/A & for almost all closed fibers, u,, € N;;. Since
for almost all closed fibers J, is the nilradical in R, it follows from the irrelevance of
nilpotents in characteristic p (cf. (1.4.4e)) that, for almost all closed fibers, u,, € N} if and

* calculated over

only if u,, € (N2')* calculated over R, and also if and only if u,, € (N7)
(R.)red- The first of these conditions is equivalent to the condition that u be in (N~)*E
calculated over R, and the second to the condition that it be in (N~)*K calculated over

R

red

(n) The fact that if u € N*X then u(? € NO*K oyer R() is a simply a special case of
(k) (with L = K and S = R™). Thus, it will suffice to show that if ¥ € N@*K for all 4
then u € N*X. Consider descent data (A, Ra, Ma, Na,us) as usual with u = u4 as well
as minimal primes p%) in R4 that give rise to the p(¥): after localization at one element of
A°, these may be assumed disjoint from A°. We know that for almost all closed fibers the
minimal primes of R, are the same as the minimal primes of the various radical ideals p,(.f),
each occurring as a minimal prime of some p,(f) for a unique choice of 7. By the persistence
of tight closure in characteristic p, for almost all closed fibers we know that the image of
u,(.f) modulo every minimal prime q(ij) of R,(.f) is in the tight closure of the image of N,.(f)
in (R,(f)/q(ij)) ® p® MY over R,(f)/q(ij), which tells us that the image of u,, is in the tight
closure of the image of N, in (R./q) ®g, M, for every minimal prime q of R,. This in

turn yields that u, is in the tight closure of N, in M, by (1.4.4g).
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(o) Choose descent data for each factor ring, and each pair consisting of a factor of M
and the corresponding submodule of that factor. Taking products, we obtain descent data
compatible with the product decompositions, and one has a corresponding decomposition
for any closed fiber. The result is now immediate from Theorem (1.4.4m) (for the “if” part
one needs that the intersection of a finite number of dense open subsets is a dense open

subset). O

(2.5.6) Definition. Suppose that R is a finitely generated algebra over a field K of
characteristic zero and that N C M are finitely generated R-modules. We refer to N*¥
as the K -tight closure of N in M. If N*X = N, we say that N is K-tightly closed in M.

(2.5.7) Remark. We continue the notation of (2.5.6). Suppose that N is K-tightly closed
in M over R and we choose descent data A, Ra, M4, N4. It is natural to ask whether IV, is
tightly closed in M, over R, for almost all closed fibers. We do not know the answer. The
problem is that, even for typical closed fibers, the elements in N;; — N, may be coming
from different elements of M4 as the fiber varies. This leads to a variant notion, first

discussed in [Kat], of when a submodule should be tightly closed over K: see (4.3.9).

(2.5.8) Remark. When K C L are fields of characteristic zero, R is an affine L-algebra,
and N C M are finitely generated R-modules, we do not know in general whether N*¥ ,; =

N*L' ;. Related issues are discussed in Chapter 4, Section 5.

We postpone further development of the properties of K-tight closure until the notion
has been extended to all Noetherian K-algebras in Chapter 3. See §(4.1).
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CHAPTER 3.

ARBITRARY NOETHERIAN ALGEBRAS
OVER A FIELD

Our objective in this chapter is to extend the definition of K-tight closure, where K is a
field of characteristic zero, to pairs of finitely generated modules N C M over a Noetherian
K-algebra R. There are no other finiteness conditions on R. We want the definition to
agree with the notion defined for affine K-algebras R in Chapter 2. In the first section we
give some preliminaries concerning descent of inclusions of modules to affine subalgebras.
In the second section, we give definitions for two kinds of K-tight closure, direct and formal:
eventually we shall drop the word “formal.” I.e., formal K-tight closure will be taken as
the definition of K-tight closure, once we prove that it agrees with *X for affine algebras.
(It is almost trivial that direct K-tight closure agrees with *¥ for affine K-algebras.) In
the second section we also explore some of the most basic properties of the two notions.

In the third section we review a number of results concerning Artin approximation and
the structure of formal power series rings, due to Artin and Rotthaus, that we shall use
in critical ways in developing the theory of the new notion of K-tight closure. In the
fourth section we prove that direct and formal K-tight closure agree for locally excellent
K-algebras, and it is after we have proved this fact that we drop the word “formal”
from the description. In the fifth section we develop a powerful result for descending
information about a complete local ring S containing a field of characteristic zero K to
an affine K-algebra R that maps to S: this result is a consequence of a theorem of Artin
and Rotthaus [ArR] that is explained in the third section. The sixth section is devoted
to further development of the properties of direct and formal K-tight closure, including
parallels of a number of the fundamental results of the characteristic p theory. The last

section deals with base change issues.
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(3.1) MORE ABOUT DESCENT: AFFINE PROGENITORS

Throughout section (3.1) let K be a field, let S be a Noetherian K-algebra, let N C M

be finitely generated S-modules, and let u be a finite sequence of elements of M.

(3.1.1) Definition: affine progenitors. By an affine progenitor for (S, M, N, u) we shall
mean a septuple M = (R, Mg, Ng,ug, h, 3,nr) where R is a finitely generated K-algebra,
h: R — S is a K-homomorphism, Mp is a finitely generated S-module with an R-linear
map [ : M — M such that the induced map 5,: S ®gr Mr — M is an isomorphism (i.e.,
B induces Mg = M), up is a finite sequence of elements of Mp such that 5, maps up to
u,Nr is an R-linear map from Npg to Mpg, and the induced map Ng — Mg — M, i.e.,
B«ns, maps Ng onto N. We do not require nr to be injective, nor do we require that Ng
be isomorphic to N. Also, we do not require that R be a subring of S. We refer to R as
the base ring of the affine progenitor.

We shall usually drop h, 3,ngr from the notation and refer to an affine progenitor M =
(R, MR, Ng,up). The sequence u often consists of a single element u, and in that case we

)

write “u” and “ug” instead of using a notation for a sequence with one element.

(3.1.2) Existence of affine progenitors. Affine progenitors always exist. One may
see that by lifting the map N — M to a map of finite presentations (using standard
free modules, so that all the maps among the free modules are given by matrices). Then
choose R to be any affine K-subalgebra of S so large that it contains the entries of all
the matrices, as well as the entries of vectors representing the elements in u. We may
then use the same matrices to give presentations of modules Nr, Mg and a map between
them. It is obvious that if we apply S ®r _ we get a map S ® Mg = M, and so we
have a map Mrp — S ®r Mgr = M. In this choice of affine progenitor, R is contained in
S as a K-subalgebra, and the map Ng — M carries Ng isomorphically onto N. We can
replace ng: Ng — Mpg by nr(Ngr) € Mg to obtain a new affine progenitor. The new npr
is an inclusion map and we still have surjections Ng — S @ nr(Ng) — N such that the
composite map Ng — N is the same isomorphism as before. Thus, we can always choose

an affine progenitor such that R C S, the map ng is injective, and Ng = N.

(3.1.3) Maps of affine progenitors. (a) Suppose that we have affine progenitors M =
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(R, MR, Ng,ug,h,B,nr) and M’ = (R', My, Np,, up, b, B',np) for (S, M,N,u). By a
map from M to M’ we mean a triple (g,7v,d) such that g is a K-algebra map R — R’
with h = h'g, 7v: Mr — M, is R-linear and 8 = 'y, v maps up to uj, and 6: Np — N,
R-linearly so that /6 = ynr.

(b) Suppose that we are given an affine progenitor M = (R, Mg, Nr,up, h,3,nr) as
above and also suppose that h: R — S factors R — R’ L/> S as a map of K-algebras,
where R’ is an affine K-algebra. Then we may always form a new progenitor R’ @ g M
to which M maps: we have already specified R, h’, and we take np: N, — Mp, to be
R ®gr R, up, to be the image of up under Mpr — Mp, and 8’ to be the obvious map
R ®@r Mp — M sending ' @ v — h'(r")B(v).

Thus, given an affine progenitor we can map it to one in which R is replaced by its
image in S.

We can also replace ng: Ng — Mp by nr(Ng) < Mp. Thus we can always map a
given affine progenitor to one such that R C S and ng is an inclusion map. If Ng = N
this is preserved when we replace ng by the inclusion nr(Ng) C Mg.

Given an affine progenitor (R, M, Ng,up) we can always map it to an affine progenitor
(R',Mp,, Np/,up ) such that Ng = N. We first map it so that R C S. We may choose
finitely many elements of Ng, say {w;}, that span the kernel of Ng — N. For R’ sufficiently
large, Np will contain elements w) that map to the w;. Let D denote the span over R’ of
the w! in Ng/. Then let N, = Ng//D. Combining this with the remarks above, we see
that every affine progenitor maps to one such that R C S as a K-subalgebra, Ng = N,
and npg is injective.

(c) f M = (R,Mg,Ng,up) is an affine progenitor and we have a K-homomorphism

R — R' C S, we shall write M(R’) for the affine progenitor (R', Mg/, (Ngr/),1 @ up).

(3.1.4) Mapping each of two progenitors to the same progenitor. We next observe
that given two affine progenitors M, M’ for (S, M, N, u) with notation as in (3.1.3a) there
is an affine progenitor M” to which both map. Even if the two sequences are different, we
can arrange for the larger progenitor to be such that M” contains a sequence of elements
with subsequences to which each maps.

Choose R” C S containing the images of both R and R’. Then we can replace M,
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M’ by M(R"), M'(R"). Thus, we can assume that M, M’ have the same base ring R
contained in S, and that A = h’. Since S is the directed union of its affine K-subalgebras
and the maps 3 : Mrp — M, 8’ : M, — M induce isomorphisms Mg = M, M{ = M, it
is easy to see that for a suitable choice of affine K-algebra R; with R C Ry C S we have
an isomorphism of Mg, = Mp compatible with the isomorphisms Mg = M = Mg. This
implies that after replacing R by Ry we may assume that Mp = M} and that g = §'.
Fix generators for the images of Nr and Ny in Mpg. As we enlarge R these elements
continue to be generators. Each image of a generator of Nr in Mg is expressible as an
S-linear combination of the images of the generators of N, and conversely. A direct limit
argument shows that this will be true when S is replaced by a certain enlargement Rs
of R. But then we may replace each of Np, and N 1’%2 by its image in Mp,, and the two
images will be the same for Ry sufficiently large. Finally, since up, and Q/RQ have the same
image in Mg, they will have the same image in Mg, for R3 sufficiently large.

The argument shows the following: suppose that we have two affine progenitors for
P =(S,M,N,u), M and M’ as above. Then for any sufficiently large K-subalgebra R"
of S containing the images in S of both R and R’, we have that M(R") = M(R").

Thus, every affine progenitor for P maps to M(R") for R” sufficiently large.

(3.1.5) Further observations about affine progenitors. (a) If (R, Mg, Nr,up) is an
affine progenitor of (S, M, N, u) then for every Noetherian S-algebra S’ it is also an affine
progenitor of S’ ®g (S, M, N,u), by which we mean (5',5" ®g M, (S’ ®s N),1 ® u).

(b) Suppose that (R, Mg, Ng,up) is an affine progenitor for the quadruple (S, M, N, u).
Then (R, Mr/Ng,0,vp) is an affine progenitor for (S, M/N,0,v) in an obvious way (where
the replacement of “u” by “v” indicates that we are taking images modulo Nr or modulo
N).

Let W = M/N. We note that every affine progenitor P for (S, W,0,u) maps to
one which has the form described in the preceding paragraph, since if we let M denote

(R,Mr/Ng,0,vp), P will map to M(R") for R" sufficiently large.

(c) Suppose that M is free. For definiteness we fix a free basis for M and identify M

with S*. We can choose a finite set of generators for N over S, say {n;}. We may let
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Ry be any affine K-subalgebra of S containing the entries of the vectors {n;} and the
entries of the vectors in u. Let Mg, = Rf) and let Ngr, be the Ry-span of the n;. Let
Up, = u. Then My = (Ro, Mg,, Nr,,up,) is an affine progenitor for (S, M, N,u). (This
remains true if we increase Ng, to Mg, N N). For every larger R’, we obtain an affine
progenitor Mo(R’) to which this maps, namely (R’, R’ v Spang/{n;},u). (Alternatively,
we could replace Spang/{n;} by R’ N Ng here.)

Note that every affine progenitor for (S, M, N,u) maps to one of the form My(R').
(This is also true if we replace Spang {n;} by R'* N Ng.)

(d) Suppose that we have N C N" C M and a finite sequence of elements u of M. We
may have an affine progenitor for (S, M, N,u) and an affine progenitor for (S, M, N’  u).
We want to show that we can map both of these to a “common” affine progenitor in which
we have that Np — Mp factors Np — N, — Mp. As usual we may assume that both
rings R are contained in S and that after suitable enlargements the two rings are the same.
Enlarging further we may assume that Mpr and up are the same for both affine progenitors.
We still may not have that the given map Nr — Mg factors through the map N, — Mp.
But we can first enlarge R further and kill suitable submodules of Ng, N, if necessary so
that Ng = N, N; = N’, and then the factorization will exist after a further enlargement
of R. (Choose finitely many generators {v;} of Ni and consider their images in N’ under
the composite Np — Ng = N — N’. After enlarging R there will be elements {w;} of
Ny, that map to these images under Nj, — N'. After enlarging R still further (to get the
map to be well-defined) there will be a map of N to Nj that takes the elements v; to the

corresponding w;.)

(e) Now suppose that we are given finitely many modules M) over S and a submodule
N® of each. Let M be the direct sum of the M@ and let N be the direct sum of the
N which we identify with a submodule of N. Let u be a sequence of elements in M
and let u® be the sequence of components in M (). For every i, choose an affine pro-
genitor (R, Mg()i),Ng()i>,ggzi>) for (S, M@ N® y®) with R®) C S. Let R be an affine

K -algebra containing all the R(Y). We may map these progenitors so that the rings R oc-

curring are all equal to R. Thus, for every i we have an affine progenitor (R, M g ), N }(%i ) , g%))
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for (S, M@ N® 4®). Let My = @ng) and let Np = EBZ-N}(;). Let up be the sequence
of elements of Mz whose component sequences are the g%). Then M = (R, Mr, Ng,up)
is an affine progenitor for (S, M, N,u) that has a structure “compatible” with the direct
sum decompositions of M, N. Moreover, by (3.1.4), every affine progenitor for (S, M, N, u)
maps to one of the form M(R’), and each of these has the same kind of compatibility with

the direct sum decompositions of M and N.

(f) Now suppose that Bq,...,By are ideals of S. If M = (R, Mg, Nr,up) is an
affine progenitor for Q = (S, M, N, u) and 2l; is the contraction of B; to R, then M /2;,
which we define to be (R/A;, M/A;M,(N/A;N),1 ® up), is an affine progenitor for Q; =
(S/B;, M/B;M,(N/B;N),1 ® u) for each i. Note that R/2; — S/B; whether or not
R C S. Now suppose that we have an affine progenitor Mg for Q and also an affine
progenitor P; for each Q;. We want to show that M maps to an affine progenitor M for
Q in such a way that for every i, P; maps to M /2.

To see this, first note that we may assume that the base ring for every P; is a subring
of S/%B;, and also that the base ring for My is contained in S. We can lift finitely many
generators of each of these rings to S. We can then form an affine K-subalgebra R of S
that contains all of these and the base ring for M. By mapping each progenitor further
we may assume without loss of generality that the base ring for P; is the image in S/%; of
the base ring Ry for M. Then M /2l; gives one progenitor for Q; and P; gives another.
We now follow the procedure in (3.1.4) for mapping My /2; and P; to a common target,
except that we enlarge the base ring always by enlarging R and taking its image. We can do
sufficient enlargement to handle all values of ¢ simultaneously. Moreover, the enlargement

in (3.1.4) has the form My(R) for R O Ry.

(g) We continue the notation of part (f). We simply want to note that if the B; are the
distinct minimal primes of S, then for all sufficiently large K-subalgebras R of S, the 2;
are distinct and are the minimal primes of R. To guarantee this, note that since B; is a
minimal prime there exists an element s; of S — B, and a positive integer n(i) such that
si‘B?(i) = 0, since B;Sy, is nilpotent. Simply take R large enough to contain all the s;
and at least one element of B; — B; for all choices of i and j with B; # B;. Every ;
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is prime since it is the contraction of a prime. In R we still have that sﬂl?(i) = 0 with
s; ¢ 2, so that every 2; is a minimal prime of R. There are no containments 2; C 2, if
B; # B;. Finally, N;A; C N;*B; consists of nilpotents, which shows that the 2(; must be

all the minimal primes of R.

(3.2) DEFINITION AND BASIC PROPERTIES OF
DIRECT AND FORMAL K-TIGHT CLOSURE

(3.2.1) Discussion and definition. Let S be a Noetherian K-algebra and N C M
be finitely generated S-modules. Let v € M. We shall say that w is in the direct K-
tight closure N>*K of N in M if there exists an affine progenitor (R, Mg, Ngr,ug) for
(S, M, N,u) such that ug € (Ng)*¥ s, in the sense of (2.2.3). Temporarily, we shall say
that w is in the formal K -tight closure N™X of N in M if for every complete local domain

(cf. (2.3.10)) B of R, 1 ® u is in the direct K-tight closure of (B ®r N) in B®pr M.

Except for two basic results, Theorems (3.2.2) and (3.2.3) below, we postpone the
exploration of these notions until we have digressed in the next section to discuss some
needed results concerning approximation. In the following section we reconcile the new
definitions with the definition for affine K-algebras given in (2.2.3): the three notions turn
out to agree in that case. Once we have established that the formal K-tight closure agrees
with the K-tight closure in the case of affine algebras we shall drop the word “formal”,
i.e., we shall refer to the formal K-tight closure as the “K-tight closure.” We shall also

“» from the notation at that point.

drop

We shall, in fact, see in §(3.4) that the direct K-tight closure and the formal K-tight clo-
sure agree for any locally excellent Noetherian K-algebra when K is a field of characteristic
zZero.

The following two results are parallel to Theorem (2.5.5), although there isn’t a perfect

correspondence of parts and corresponding parts may not have the same letters.

(3.2.2) Theorem (basic properties of direct K-tight closure). Let S be a Noether-
ian algebra over a field K of characteristic zero. Let N',N C M be finitely generated
S-modules. Let w € M and let v be the image of u in M/N. Let I be an ideal of S.
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Unless otherwise indicated, >*% indicates direct K -tight closure in M.

(a)
(b)
(c)

N>*K s a submodule of M containing N.

uw e N>*Kyrif and only if v e 07K /.

If G = S is a finitely generated free module mapping onto M, H is the inverse image of
N in G and w € H maps to u, then u € N>*K yr if and only if for some (equivalently,
every sufficiently large) affine K-subalgebra R of S containing the entries of a set of
generators {h;} for H and the entries of w (so that we may view w and the h; as
elements of Ggr = R C S* = G), we have that w € HR*KGR over R, where Hg is the
R-span of the {h;}. (The same result is valid if we take Hgr to be H N GR.)

IfN CN' C M then N>*E,, C N"”*% / and N>*K , C N>*K .

(N>HE)>+K = N>k

(N N N')>*E € N>*K q N/>*K

(N + N')>*K = (N>*K+N/>*K>>*K_
([N)>*K ((I>*KR)N>*KM)>*KM.
(N :pr I)>*KM C N>*E 3 T (respectively, (N :5 N')>*E C N>*K.g N'). Hence, if
N = N>*E then (N 3y I)>*E = N:pf T (respectively, (N :g N')>*K = N:g N'.

If N; C M; are finitely many finitely generated S-modules and we identify N = &;N;

with its image in M = @®;M; then the obvious injection of @iNi>*K

M, — M maps
@iNf*KMi isomorphically onto N=>*K ;.

(Persistence of direct K-tight closure) Let L be a field containing K, let S’ be a
Noetherian L-algebra (hence, also, a K-algebra) and let S — S’ be a K-algebra ho-

momorphism. Let u € N>*Ky, Then 1@ u € (S'®@p N>>*L v over S’ In

S'®r
particular, this holds when L = K.

(Persistence of direct K -tight closure: second version) Let L be a field containing K,
let S" be a Noetherian L-algebra, let h: S — S’ be a K-homomorphism, let N C M be
finitely generated S-modules, and let V- C W be finitely generated S’-modules. Suppose
that w € N>*K ;. Suppose also that there is an R-homomorphism v : M — W such
that y(N) C V. Then ~v(u) € V>*Eyy,

(Irrelevance of nilpotents) If J is the nilradical of S, then J C (0)>*K, and so J C

I>*K for all ideals I of S. Consequently, JM C N>*K. Moreover, if N~ denotes
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the image of N in M/JM, then N>*E is the inverse image in M of the tight closure
(NN)>*KM/JM, which may be computed either over S or over Sieq (= S/J).
(n) Let p(M, ..., p) be the minimal primes of S and let S = S/p@). Let M®) =
SO @r M and let N@ be the image of S ®@g N in M@ . Let u() be the image of u
in M® . Then u € N>*K if and only if u® € (ND)>*E jn MO oper SO 1 <i < s.
(o) If R = H;‘ZlRi is a finite product and M = 1I;M; and N = 1I;N; are the corresponding
product decompositions of M, N, respectively, then u = (uy, ... ,up) € M is in

N>*K 0 over R if and only if for all i, 1 <i < h, u; € Nz‘>*KM,.

(3

Proof. (a) Given u,u’ € N>*K we can choose affine progenitors M, M’ such that ur €
NiE . in the first and v/ € Nj ,*KMR, in the second. The key point is that by (3.1.4)

these map to a progenitor (R”, My, Ni», up.) (where u = w,u’), and by the persistence

* K

of *¥ we have that both ug~ and ul,, are in (NJ;,,)"" ,,, . It then follows that
R//

/ n o\ *xK
T1TUuUR! + roupnm € <N //> M}/%///,

since this is a submodule of M,,. Thus, N>*X is a submodule of M, and it is obvious
that it contains N.

(b) If u € N>*Kj; then we have that ur € <NR)*KMR for some affine progenitor
(R, MR, Np,ug) of (S, M, N,u). It is then immediate that vp € O*KMR/NR (with notation
as in (3.1.5b)). Now suppose that W = M /N and that we have chosen an affine progenitor
for (S,W,0,v), say (R, Wg,Yr,vg), such that v, € (< Yg >>*KWR. We can map this
progenitor to one of the form (R, Mgr/Ng,0,Vg) as in (3.1.5b). Then vg is in O*KMR/NR
by the persistence of tight closure, and then up € Ng*¥ Mp-

(¢) By part (b), u € N>*¥yiff v € 07*K y iff w € 0°*X ¢,y (where w is the image of
win G/H) iffw € H>*¥ 4. For sufficiently large R C S, (R, Gr, Hg,wr) as described with
wpr = w is an affine progenitor of (S, G, H,w). (It does not matter which version of Hr we
use: H NG R may be larger, but the additional elements are R'-linear combinations of the
generators of Hr when R is enlarged suitably to R’.) It is clear that the condition given is
sufficient for w to be in H>*K 5 (and once this holds over R, it will hold over every larger

R’ by the persistence of K-tight closure in the affine case). The condition is necessary
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because if w € H>*X ; then w € (HR)*KGR for some affine progenitor (R, Gg, Hg, wr) of
(S,G, H,w), and this affine progenitor maps to one of the form specified here by (3.1.5¢).

(d) This is immediate from (3.1.5d), the definitions, and the persistence of tight closure.

(e) It is clear that N>*K C (N>*E)>*K = We must prove the other inclusion. Let
W = N>*K_ Of course, N C W C M. Let v € W>*K. We want to show that v € W.
Choose a sequence of elements v in W that generate W over S, and let v denote u together
with v. We can choose affine progenitors for (S, M, N,v) and (S, M, W, v) so that in the
first all the elements representing the elements of u are in the K-tight closure of the image
of Nr in Mp, and in the second the element representing v is in the K-tight closure of
the image of Wg/. Moreover, we can assume that the elements in up, generate Wgs. By
(3.1.5d) we can map both progenitors to a “common” affine progenitor such that we have
Nr — Wgr — Mg and the other conditions that we have discussed continue to hold. It
follows that the image of Wg in My is in the K-tight closure of the image of Ng, and
that the image of vy is in the K-tight closure of the image of Wg in Mpk. This implies
that the image of vy is in the K-tight closure of the image of Nr in Mg, and, hence, that
the image of vg is in the K-tight closure of the image of Np in Mp. But this shows that
v e N>*K = W, as required.

(f), (g) These parts follow formally from what has already been shown precisely as in
the proofs of parts (f) and (g) of Theorem (2.5.5).

(h) Since I C I>*K and N C N>*E we have that IN C (I>*K)N>*E and so (IN)>*K C
(I7*F)N>*EK )>*K. It remains to prove the other inclusion. Let ¢ be an element of
I>*Eand let v € N>*X. Tt will suffice to show that iu € (IN)>*E, for this yields
(I>*K)YN>*K C (IN)>*K and hence ((I>*K)N>*K)>*K C ((IN)>*E)y>*K = (IN)>*K
by part (e). There is an affine progenitor (Rg, Ro, Io, i) for (S,S,I,i) such that Ry C S,
Io C I, 1,S = I, and i is in I}X over Ry, by part (c). There is also an affine progenitor
(R, Mg, Ngr,ugr) for (S, M, N,u) such that ug is in <NR)*KMR. By mapping further we
may assume that R C S, that R O Ry, and that N C Mg. Then (R, Mg, (IoR)Ng,iug)
is an affine progenitor of (S, M, IN,iu). Since i € (IOR)*KR and ugp € NR*KMR over
R, we have that iup € ((IOR)NR)*KMR over K by (2.5.5h), and so iu € (IN)>*KM as

required.
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(i) This follows formally from part (h) and the preceding parts precisely as in the proof
of Theorem (2.5.51).

(j) This is immediate from the definition of >*¥ the discussion in (3.1.5e¢) and Theorem
(2.5.5)).

(k) This is immediate from the definition of direct K-tight closure, (3.1.5a), and the
persistence of *¥.

(1) This follows from (k) and the earlier parts precisely as in the proof of part (1) of
Theorem (2.5.5).

(m) Given any element j of J, it will be nilpotent in any affine K-subalgebra R of S that
contains j, and then (R, R, (0), ) is an affine progenitor of (S, S, (0), 7). That j € (0)*KR
follows from (2.5.5m), and so j € (0)>*KS. That JM C N>*E now follows by precisely
the same argument as in the proof of (2.5.5m).

>x K

Now suppose that u € N>*K ;. Tt is clear that 1 ®@u € (N™) Mg Over S since

(M/JM)/N™ = M/(N + JM)

and u € (N + JM)>*KM over S. The fact that 1®u € (NN)>*KM/JM over S/.J is a special
case of (k). On the other hand, suppose that 1 ®u € (NN)>*KM/JM either over S or over
S/J. We must show that u € N>*K ;. But if this holds over S then it will hold over S/.J
as well, applying (k) again. Thus, we might as well assume that 1 ® u € (NN)>*KM/JM
over S/J. Choose an affine progenitor of (S/J,M/JM,(N/JN),1 ® u) that exhibits the
tight closure relation. (Note that (N/JN) = N™~.) By the result of (3.1.5f), we may map
this progenitor to one of the form M/(J N R), where M is an affine progenitor of for
(S, M, N,u). But then (2.5.5m) shows that u € N>*K ;. since J N R is nilpotent.

(n) We know from (k) that u(*) is in N(i)>*KM(i) over SO for all i. Now suppose that
this condition holds for all i and we want to prove that v € N®>*K_ By the result of
(3.1.5f) we can choose an affine progenitor M = (R, Mg, Ng,ur) of (S, M, N,u) such that
for all i,1 ® ug is in (NR/QI(“N)*KMR/QW)MR over R/ . (For every i we can arrange
a progenitor of (S/p®, M/p® M, (N/p®) 1 ® ) that satisfies the tight closure condition,

and we can then map all of these separate progenitors simultaneously to ones arising from

a single progenitor of (S, M, N,u) by the method of (3.1.5f).) By (3.1.5g) for R large
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enough the 2; are simply the minimal prime ideals of R, and the result now follows from
(2.5.5n).

(o) Choose an affine progenitor M; for every (R;, M;, N;,u;) and form a progenitor P
for (R, M, N,u) by taking products. If every u; € Mi>*KNZ_ choose the M, so that this
holds, in the sense of affine K-tight closure, in every progenitor. By (2.5.50) this gives a
progenitor for (R, M, N,u) which displays the fact that uw € N>*% ;. On the other hand,
if u € N>*K ), form P as above, but also choose another affine progenitor in which the K-
tight closure condition holds (in the affine sense). These both map to an affine progenitor
of the form P(R’), which will be a product of progenitors for the factors, and in which the
K-tight closure condition will hold. Now apply (2.5.50). O

We now give a parallel result for formal K-tight closure.

(3.2.3) Theorem (basic properties of formal K-tight closure). Let S be a Noether-
ian algebra over a field K of characteristic zero. Let N',N C M be finitely generated
S-modules. Let w € M and let v be the image of u in M/N. Let I be an ideal of S.
Unless otherwise indicated, ™ indicates formal K -tight closure in M.
(a) N™K is a submodule of M containing N, and, in fact, containing N>*X . If S is a
complete local domain then N#K = N>*K,
(b) we N™Ey if and only if v € 0%y /n.
(c) The following three conditions are equivalent:
(1) u e N&™K,
(2) For every complete local domain B of R, we have that up € (NB>f*KM .

B

(3) For every complete local domain C to which R maps, we have that

uc € <Nc>f*KMC.

(d) If N C N' C M then N™K,; € N'™K and N*K y, ¢ N#K
Nf*K)f*K Nf*K

(e
(f) (N NN NE o NP
N_|_N/)f*K (Nf*K +N/f*K)f*K

IN )f*K ((If*KR)Nf*KM)f*K

(g

)
)
)
)
(h)

(
(
(
(

M-
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(N :pr DBy € N¥E 2 T (respectively, (N :g N')¥*E C N™K .o N'). Hence, if N =
N&E then (N :p I)¥E = N :pr I (respectively, (N :g N')¥*E = N:g N'.

If N; C M; are finitely many finitely generated S-modules and we identify N = &;N;
with its 1image in M = &;M; then the obvious injection EBZ-NE*KMZ. — M maps
©;NFE y isomorphically onto NEE.

(Persistence of formal K-tight closure) Let L be a field containing K, let S’ be a
Noetherian L-algebra (hence, also, a K-algebra) and let S — S’ be a K-algebra ho-
momorphism. Let u € N®*Ky. Then 1@ u € (S’ ®r N>>*KS,®RM over S'. In
particular, this holds when L = K.

(Persistence of formal K-tight closure: second version). Let L be a field containing
K, let S" be a Noetherian L-algebra (hence, also, a K-algebra) and let S — S’ be
a K-algebra homomorphism. Let N C M be finitely generated S-modules, and let
V C W be finitely generated S'-modules. Suppose that u € N™K ;. Suppose also that
there is an R-homomorphism v: M — W such that v(N) C V. Then y(u) € V&,
(Irrelevance of nilpotents) If J is the nilradical of S, then J C (0)*K  and so J C ™K
for all ideals I of S. Consequently, JM C NYK_  Moreover, if N~ denotes the
image of N in M/JM, then N™K is the inverse image in M of the tight closure
(NN)f*KM/JM, which may be computed either over S or over Syea (= S/J).

Let pM ... p) be the minimal primes of S and let S® = R/p®). Let M® =
S0 @g M and let N@ be the image of S @g N in MW . Let u') be the image of u
in M@ . Then u € NYE if and only if u® € (NOYEE jn MO oper SO, 1< < s.
IfR = H?:lRi is a finite product and M = 1I;M; and N = 1I;N; are the corresponding
product decompositions of M, N, respectively, then u = (uy, ... ,up) € M is in

NBE - over R if and only if for alli, 1 <i < h, u; € Nz‘f*KM..

(2

Proof. (a) If u,v € N*K and s;,so € S, then the image of syu + syv in Mp for any

complete local domain B of R is in <NB>>*KMB since (NB>>*KMB is a submodule of Mp.

This shows that N™X is a submodule of M. The fact that N>*K C N™K ig immediate

from the persistence o

f >*K applied to the maps from S to its various complete local

domains.

The fact stated in the final sentence follows from the general inclusion N>*K C NHK
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and the fact that when S is a complete local domain it itself is one of the complete local
domains of S, which forces N™*& C N>*K in this case.

(b) We have that u € NX if and only if ug € <NB>>*KMB for all complete local
domains B of S if and only if vg € 0>*K Mg/ (Ng) for all complete local domains B of S,
where vp is the image of up modulo (Np). Since Mp/(Np) = (M/N)p, this is equivalent
to the condition that vg € 0>*K (m/N)p for all complete local domains B of R, which in
turn is equivalent to the condition that v € 0%K ,, /N-

(c) Suppose that u € N™& and let C be a complete local domain to which R maps.
To show that uc € (Nc>f*K M. We must show that for every complete local domain D of
C,up € <ND)>*KMD. Let Q be the contraction of the maximal ideal of D to S. Then
(Sg)” maps to D, and the kernel must contain some minimal prime of (Sg)~. It follows
that some complete local domain B of S maps to D. We know that up € (N B>>*K My
and the result now follows from the persistence of direct K-tight closure applied to the
homomorphism B — D. Thus, (1) = (3), while (3) = (2) is obvious, and (2) = (1) is
immediate from the definition and the final statement in part (a).

(d) If u € N™Ky; then for all complete local domains B of R we have that ug €
(NB)>*KM C (Nj3>>*KM, and so u € N'"*K . 1f w € N¥Ky, then for all complete

local domains B of R we have that up € (Ng)~*F

B
N, (where up € Np, and (Np) is
the image of Np in Nj). Let ((Np)) denote the image of Np in Mp. Since the map
N}, — Mp carries the pair ((Np), Nj) into (((Ng)), Mp) it follows from Theorem (3.2.2)
that the image of up in Mp is in ((Ng))~*F.

(e) Let W = N™K_ Tt will suffice to show that if u € W™K then u € N™*X. Let {w;}
be a finite set of generators of W. For every complete local domain B of R we have that
u € <WB>>*KMB and also that the image of every w; is in (Ng)~*
the w; generate (Wg), and so (Wg) C (Ng)~*F M)
(NB)>*KMB by Theorem (3.2.2e), and since this holds for all B we have that u € N™

M- But the images of

>*xK >xK __

My But then up € ((Np)

as required.

(f), (g) These parts now follow formally from the earlier parts just as in the proofs of
parts (f), (g) of Theorem (2.5.5).

(h) As in the proof of (2.5.5h) it suffices to show that I"™KN&K C (IN)*K. Let
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i € I8 and v € N™K. Then for all complete local domains B of S we have that
ip € (IB)>*KB and that ug € Np~*¥ ), . and it follows from Theorem (3.2.2h) that
(iu)g = ipup € (IN))”"**, since (IN)p) = IzNg.

(i) This follows formally form (h) and the earlier parts as in the proof of Theorem
(2.5.51).

(j) This is immediate from the definition of *¥ and Theorem (3.2.2j).

(k) This is immediate from (c), since S maps to every complete local domain of 5.

(1) This follows from (k) and the earlier parts precisely as in the proof of part (1) of
Theorem (2.5.5).

(m) This is obvious, since the complete local domains of S;.q and S are the same.

(n) This is clear from (2.3.10b).

(0) The assertion follows because every complete local domain of R is a complete local
domain of one of the factor rings, and every complete local domain of one of the factor

rings is a complete local domain of R. [
We note the following immediate corollary of part (1) of Theorems (3.2.2) and (3.2.3).

(3.2.4) Corollary. Let L be a field of characteristic zero and let S be a Noetherian L-
algebra. Let K — L be a field homomorphism. Let N C M be finitely generated S-modules.

Then N7/ C N2#*F and N#K C NIFE. O

(3.2.5) Remark. As already noted in (2.5.8), we do not know whether these inclusions

can be strict, even in the affine case.

We defer further investigation of the properties of these tight closure operations until
we have shown that they agree in the case of a locally excellent K-algebra (§(3.4)) and
proved a critical result on descent from complete local rings to affine K-algebras (§(3.5)).
Before proceeding we need to discuss some results concerning Artin approximation and its

generalizations.
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(3.3) ARTIN APPROXIMATION AND THE
STRUCTURE OF POWER SERIES RINGS

This section contains an exposition of some material related to Artin approximation
and its generalizations that is needed in the two following sections. We begin with a brief

discussion of Henselization.

(3.3.1) Remarks on Henselization and étale extensions. By an étale algebra we
mean a formally étale algebra that is finitely presented. Throughout the rest of this
paragraph assume that (R, m, K) is local, i.e., Noetherian with a unique maximal ideal.
By a pointed étale extension of R we mean a local homomorphism (R, m,K) — (S,n, L)
such that S is a localization of an étale algebra over R at a prime ideal lying over m and
such that the induced map of residue fields K — L is an isomorphism. The Henselization
R of R is a direct limit of pointed étale extensions: moreover, every pointed étale extension
of R has a unique local R-algebra homomorphism to R". Note that R" is faithfully flat
over R, Noetherian, with the same residue field, and has maximal ideal mR". The map
R — R" induces an isomorphism of the completions, so that R® may always be thought of
as a subring of R\, and this subring gives a canonical choice of Henselization. R" is regular
if and only if R is regular.
Every pointed étale extension of R has the form (R[z|/(F'))g where:
(1) F = F(z) is a monic polynomial in z.
(2) @ is a maximal ideal of R[x| generated by m and a single linear polynomial of the
form x — r, where r is an element of R.
(3) If X is the residue of r in K, then 7/()\) # 0, where F’ is the derivative of F' with
respect to x, and the bar indicates that the coefficients are to be reduced modulo m

(this is equivalent to the requirement that the image of F’ in S be invertible).

We refer the reader to [Ray]| for a detailed treatment of these ideas. Note that in this

situation S may also be viewed as the direct limit of the rings (R[z]/(F)) o Where G is an
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element of R[x] — Q. If G is taken sufficiently “big” (i.e., having sufficiently many factors)
then the image of F’ will be invertible in (R[z]/(F)) o+ Which is then a standard étale

extension of R. Moreover, if G is taken sufficiently big then (R[z]|/(F)) . will inject into

G
R". It follows that R" is a directed union of subrings of the form (R[z]/(F)) o Where F'is

monic, and the image of F’ is invertible in (R[z]/(F)) o

(3.3.2) Approximation rings. A local ring (R, m, K) is called an approzimation ring
if every system of polynomial equations in finitely many variables with coefficients in R
that has a solution in R has a solution in R. A stronger property is immediate: given a
solution over R then for every positive integer N one can find a solution in R congruent
to the given solution modulo m®v R (one may keep track of the congruence condition using
auxiliary variables and equations).

Note that R is an approximation ring if and only if every finitely generated R-algebra S
that admits an R-algebra homomorphism to R admits an R-algebra homomorphism to R.
(To see this, think of S as R[ X1, ..., X,]/(F1,..., F,), consider the system of polynomial
equations

{Fj(X)zo, 1<j<m,

and use the fact that the R-algebra homomorphisms to an R-algebra C' correspond bijec-
tively to the solutions of the system of equations above for the X’s in C, whether C' = R or
C = ]TZ) Likewise, if R is a local ring such that R® (its Henselization) is an approximation
ring, then every finitely generated R-algebra S that admits an R-homomorphism to R
admits an R-homomorphism to R".

By the Artin approximation theorem we mean the following deep result of M. Artin
[Arl]:
(3.3.3) Theorem (Artin approximation). The Henselization of a local ring essentially

of finite type over V', where V is either a field or an excellent discrete valuation ring, is

an approximation ring. [

We note that by [EGA2]| (18.7.2)-(18.7.5), the Henselization of a universally catenary
local ring is excellent if and only if the local ring is excellent; in particular, the Henselization

of an excellent local ring is excellent.
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We shall also need the following equal characteristic zero generalization of (3.3.3), due

to C. Rotthaus [Rot].

(3.3.4) Theorem (Rotthaus). FEvery excellent Henselian local ring of equal character-
18tic zero 1S an approxrimation Ting.
Hence, if a finitely generated algebra S over an equicharacteristic 0 excellent local ring

R admits an R-homomorphism into E, it admits an R-homomorphism into R*. O

The hypotheis that the ring be of equal characteristic 0 is not needed here: one may
show that every excellent Henselian local ring is an approximation ring using general Neron
desingularization: see (4.2). However, we shall only need the equal characteristic 0 case
here.

Finally, we shall also make substantial use of the following result proved in [ArR].

(3.3.5) Theorem (Artin-Rotthaus). Let K denote either a field or an excellent discrete
valuation ring. Let T = K|[x1,... ,x,]] be the formal power series ring in n variables
over K. Then every K-algebra homomorphism of a finitely generated K-algebra R to T
factors R — S — T where the maps are K-algebra homomorphisms and S has the form
(K[z1, .- @ny Y1, > Yt)m)", where the x; are as above, the x; and y; are algebraically
independent elements, over K, of the maximal ideal of T, m is the ideal of the polynomial
ring K[x,y| generated by (x,y) and, if K is a DVR, by the generator of the mazximal ideal

of K, and ™ denotes Henselization. O

This is a very powerful theorem that easily implies (3.3.3). Note that ¢ will vary depend-
ing on the subalgebra: there is no bound, since K[[x1,... ,x,]] has infinite transcendence
degree over K unless n = 0.

Note that it suffices, in proving such a result, to consider the case where R is a subring
of T, since in the general case we may replace R by its image in T'. Notice, however, that
even when R is a subring of T this result does not assert that S can be taken to be a
subring of T

Also note that (3.3.5) is a particular case of general Néron desingularization (applied to
the geometrically regular map A — A where A is the localization of K[z] at the maximal

ideal generated by the z’s and, if K is a DVR, the generator of its maximal ideal), which
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is discussed in detail in (4.2.1-3). However, we have made an effort to avoid using the full
strength of general Néron desingularization where possible, and, since the proof of (3.3.5)
is given in a short and self-contained paper, whenever it suffices we refer to (3.3.5) instead.
(3.3.6) Remark. By the remarks in (3.3.1), we may use, in (3.3.5), instead of the
Henselization of K[x,yl,,, an étale extension of K|x,y] contained in the Henselization.

This will be an affine K-algebra, a regular domain, and the x’s will form a regular sequence.

(3.4) THE LOCALLY EXCELLENT CASE

The main result of this section is that formal K-tight closure and direct K-tight closure
agree for locally excellent Noetherian algebras over a field K of characteristic 0. It is then
an easy corollary that both these notions agree with our original notion *¥ for finitely
generated K-algebras.

Here is the precise statement.

(3.4.1) Theorem. Let S be a locally excellent Noetherian algebra over a field K of charac-
teristic 0. Let N C M be finitely generated S-modules. Then the following three conditions

on an element uw € M are equivalent:

(1) u € N>*KM.
(2) For every maximal ideal m of S, if C = (S,,)” then ug € <NC>>*KM .

C
(3) ue NFK .

Hence, N>*K y; = NPE

Proof. The final statement is the same as the equivalence of (1) and (3).

By Theorem (3.2.3a), (1) = (3). (3) clearly implies (2), since it implies that the same
condition holds when C' is replaced by any of its quotients by a minimal prime, and we
may apply Theorem (3.2.2n). Thus, it will suffice to show that (2) = (1). By Theorems
(3.2.2) and (3.2.3) we may assume without loss of generality that M = S? is free. First
choose an affine progenitor M = (R, Mg, Ng,ugr) of P = (S, M, N,u) as in (3.1.5¢), so
that Mg = R', Nr C N is spanned over R by finitely many generators of N and ugr = .
We shall repeatedly enlarge R in the sequel: when we replace R by an affine K-algebra
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R’ with R C R’ C S we replace M by M(R’) (see (3.1.3c) and (3.1.4)), which is an affine
progenitor for P satisfying the same conditions.

For every maximal ideal m of S we can choose a finitely generated R-subalgebra
of C = (5,)", call it ,»R, such that u, gz is in (N, )™ in M g, since uc is in
(NC>>*K M.+ The affine K-algebra ,,’R then admits an R-algebra homomorphism into
(S,,)", the Henselization, by Theorem (3.3.4). It follows that ,,R admits an R-algebra
homomorphism into a standard étale extension ,,S = (S, ¢[X]/mG),, m where ,,,f € S—m,
mG is monic in X with coefficients in S| ¢, ,,H € S, [X] has degree strictly smaller than
that of ,,G (we can subtract off a multiple of ,,,G to make this true) and has at least one
coefficient not in mS, s, and the image of the derivative ,,G’ is a unit of ,,S. We can
localize S further at an element not in m (i.e., we can replace ,, f by a multiple not in m)
so that we may assume as well that at least one coefficient of ,, H is a unit of S ¢.

These conditions guarantee that ,,S is faithfully flat and étale over S, ¢.

The set of elements {,,f : m € Max Spec S} must generate the unit ideal of S, since
for every maximal ideal of S at least one of them is not in that maximal ideal. Choose
finitely many maximal ideals {m;} such that the ,,, f generate the unit ideal in S. We
shall use the subscript ¢ to index objects that we were formerly indexing by the finitely
many maximal ideals m;. Thus, ;f = ., f, iS = m, 5, iR = m, R, etc. We can enlarge R

(and all the ;R along with it) so that all of the following conditions are satisfied:
(i) The ;f are in R, and all the coefficients of the ;G, ;H are in R ;.
(ii

(iii

)
) The ; f generate the unit ideal in R.

) Every ;H has a coefficient that is a unit of R ;.
(iv) Every derivative ;G' is invertible in (R t[X]/(:G)) -
We let ;R = (R,;[X]/(:G))

S =2 S®rR.

- Then ;R is étale and faithfully flat over R,y and

Since every ;R is finitely generated over K we can enlarge R further (and all the ;R

along with it) so that:
(v) For every i, the R-algebra homomorphism ;R — ;S factors ;R — ;R — ;S.

Then u,r is in the (affine) K-tight closure of (N,g) in M, for all i, by the persistence
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of *K. Let R' =1I; (;R). (Then R — R’ is étale and faithfully flat, since the ;f generate
the unit ideal of R.) To complete the proof, it will suffice to show ug is in the (affine)
K-tight closure of (Ng) in Mg.

We proceed by choosing a finitely generated Z-subalgebra A of K and descent data for
R, Mpr, (Nr) C Mg, all the algebras ; R, and the maps R — ;R. One can choose A so
large that the ; f are in R4 (so that ;f4 = ;f),and the ;G and ; H have all their coefficients
in (R4),¢, which we may think of as (R,¢)a. We take ;G4 = ;G, ;Ha = ;H, and we take
iRa = ((Ra) ,s[X]/(;G)) ,u. For A large enough we will have that the conditions (i)—(iv)
above hold with every element and ring subscripted by A in the obvious way. We then let
R, =1I; (;RaA).

By construction, R4 — R/, is an étale map of algebras that is faithfully flat after we
apply K ®4 _ . It follows that it is also faithfully flat after we apply § ®4 _ (§ is the
fraction field of A). We want to see that it will be faithfully flat after we localize at one
element of A°. Since the map is étale the image is open in Spec R 4: let 2 be the defining
ideal of the complement of the image. Each minimal prime of 2 must contain an element
of A°, since none of them survives when we localize at A°. It follows that there is an
element of A° in Rad I and, hence, in I. After we localize at this element the map Spec
R’y — Spec R4 is onto, and so Ry — R/, is faithfully flat. Thus, for almost all closed
fibers, we have that R, — R/ is faithfully flat and étale, and R], = II; (;R,). Moreover,
for almost all closed fibers we know that u,g, € (N.g_ )" M, for all 4, which implies by

Theorem (1.4.4m) that for almost all closed fibers we have that ug, € (Ng,)*,, . Since

K

MR
for almost all closed fibers we have that R/, is faithfully flat over R,, by Theorem (1.7.3b)

we have that for almost all closed fibers ug, € (Ng,)",,. - It follows that ug € N R

and so u € N>*K ;. as required. [

(3.4.2) Corollary. Let R be a finitely generated algebra over a field K of characteristic
zero. Let N C M be finitely generated R-modules.

Then N*K,, = N>*K, — N&K,

Proof. The fact that N*X C N>*K is obvious, since for any u € M we can take the

quadruple (R, M, N,u) as an affine progenitor of itself. The other inclusion is obvious
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from the persistence of *£. The second equality is the result of (3.4.1). O

(3.4.3) Definition. Let R be a Noetherian K-algebra, where K is a field of characteristic
zero, and let N C M be finitely generated R-modules.

(a) We define the K-tight closure N*¥ y; of N in M to be the formal K-tight closure of
N in M. By Corollary (3.4.2), this agrees with our definition for affine algebras.

(b) Every Noetherian ring R of equal characteristic zero is (uniquely) a Q-algebra. When
K = Q we shall refer to the direct Q-tight closure of N in M as the direct equational tight
closure of N in M, and we denote it N~*9,,. We refer to the Q-tight closure of N in M

as the equational tight closure of N in M and denote it N*9,,.

(3.4.4) Remarks. The equational tight closure gives us a very well-behaved notion
defined for all Noetherian rings of equal characteristic zero. We shall see in the next
chapter that there is a competing notion, the big equational tight closure. We do not
know whether they are really different.

If R is locally excellent, the equational tight closure is the same as the direct equational
tight closure. All instances where an element is in a direct equational tight closure are
then the result of mapping from an instance of Q-tight closure over an affine Q-algebra
R. Since R can be written as Q[X1,... , X,|/(F1,..., Fy), where the F; are finitely many
polynomials with rational coefficients, all these instances of equational tight closure are

somehow forced by the equations F};, and this is the reason for the name.

(3.5) HEIGHT-PRESERVING DESCENT FROM COMPLETE
LOCAL RINGS OVER K TO AFFINE K-ALGEBRAS

Our main objective in this section is to prove the following result on descent from

complete local rings containing a field K of characteristic zero to affine K-algebras.

(3.5.1) Theorem. Let K be a field of characteristic zero and let (S,m, L) be a complete
local ring that is a K-algebra. Assume that S is equidimensional and unmized.

Suppose that Ry is a subring of S that is finitely generated as a K-algebra. We also
assume given finitely many sequences of elements {zgi)}t i Ro, each of which is part of a

system of parameters for S.
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Then there is a finitely generated K-algebra R such that the homomorphism Ry — S

factors Ry — R — S and such that the following conditions are satisfied:

(1) R is biequidimensional.

(2) The image of each sequence {zgi)}t in R is a sequence of strong parameters.

(3) If m is the contraction of m to R, then dim Ry, — depth R, = dim S — depthS. In
particular, Ry, is Cohen-Macaulay iff S is Cohen-Macaulay.

(4) If S is a reduced (respectively, a domain) then so is R.

(N.B. In general, dim R,,, is substantially bigger than dim S.)

Proof. Extend K to a coefficient field L for S. Fix a system of parameters z1, ... ,x, for
S and view S as module-finite over T' = L[[z1, ... ,z,]]. The method of proof that we
shall use is to transfer the descent problem to a problem over T and then use Theorem
(3.3.5) to solve the problem over T'. We first solve the problem assuming that K = L and
then descend from an L-algebra solution to a K-algebra solution.

Note that making Ry larger only makes the problem harder. We first extend each of
the sequences {zt(i)}t to a full system of parameters for S. We can include z1,...,x,
among them. Enlarge Ry to contain all of these elements. Second, each element of each of
these sequences has a power that is an S-linear combination of the z;. Moreover, for each
sequence {z,gi)}t each z; has a power that is an S-linear combination of the z,gi). We may
enlarge Ry to contain all the coefficients in these linear combinations. Thus, in Ry, the
ideals (x1, ... ,x,) and (z%i), el zr(f)) may be assumed to have the same radical, and this
is preserved when the ideals are expanded to any ring to which Ry maps. Thus, it suffices
to satisfy condition (2) for the image of the sequence z1, ... ,z,, and we no longer need
concern ourselves with the behavior of the zgi).

Let 6 denote a set of module generators #; =1, ..., 6, for S over T. We may assume
these are minimal generators, and that each of 65, ..., 0, is in the maximal ideal of S
and therefore has a power in the ideal generated by the z’s. Because S is equidimensional
and unmixed it is torsion-free as a T-module, and so we can choose an embedding of S

in a free T-module T". Choose a minimal free resolution for S over T', beginning with a

free module whose free basis is mapped to 61,...,0,. Thus, we have a finite free acyclic
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complex G, over 1"

0 — TP+l 2oty L 08, ph(2) 22, b 2,
where oy factors T® — S < T". Here, the matrices a; have entries in the maximal ideal
M of T for ¢ > 2, and p = pdrS since the resolution of S is minimal. We may write
b(1) = b and b(0) = 7.

By (3.3.5) (and the remark (3.3.6)), every finitely generated L-algebra that maps to T
maps to such an L-algebra that is a regular domain in which xq,... ,z, is a permutable
regular sequence. We shall call such an L-algebra together with an L-algebra map of it
to T' permissible. Given any finite set of elements of T" we may choose D so that these
elements have liftings to D. Given any finite set of polynomial equations over L holding
on finitely many elements of T we may map D further to obtain a permissible choice of
D in which the specified relations hold on liftings of the specified elements. In the sequel
we shall often refer to “enlarging” D (or D’), by which we shall mean mappng D (or D’)
to an affine L-algebra D” such that D — T (or D' — T) factors D — D" — T (or
D’ — D" — T) and such that D” — T is permissible.

Each entry of each of the matrices a; for ¢ > 2 is a linear combination in 7" of the x’s.

Thus, we may choose a sufficiently large permissible L-algebra D — T so that:

(a) All the entries of the «y; have liftings to D for ¢ > 1 (we also use «; to denote the

lifting of the matrix «;), and the (lifted) entries of «; for ¢ > 2 are in (z1,... ,x,)D.

By the acyclicity criterion of [BE] we know that, if r; = ¥;5;(—1)7 (i) for 1 <4 < p+1,
then the largest nonvanishing ideal of minors of «; is the ideal of r; size minors, and that
this ideal has depth at least ¢ in 7', where 1 < ¢ < p+ 1. Thus, for every such ¢ we can
choose ¢ T-linear combinations of the minors of size r; in a; such that they form part of a
full system of parameters (V) for T. Each of these will be a linear combination of the z;,
and each z; will have a power that is in the ideal generated by the elements ((¥) in T. We
may assume that all of the elements of T" that we have mentioned have liftings to D, so

that:

(b) For all ¢, 1 <14 < p+ 1 there are i elements of D that are linear combinations in D
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of the size r; minors of o; and such that these i elements can be extended to a sequence

¢ of length n in D that has the same radical, in D, as (x1,... ,2,)D.

We shall denote by &4(D) the finite free complex:
0 —s Dblp+l) Getio - a3 pb(2) Y2, pb Y1 pyn

Once D is so large that (a) and (b) hold and since (z1,... ,z,)D has depth n, it follows
that ®4(D) is acyclic, by the acyclicity criterion of [BE]. If D is any D-algebra we write
®4(D) for D ®@p Be(D). Thus, Go = &4(T"). We shall write a;(D) for «; viewed as map
from D) — DPOGE-1)

For any permissible D’ with D — D’ — T we may let Rp, = Coker aia(D’) = Im oy (D’)
C (D). A priori, Rp/ is simply a finitely generated D’-module. If we localize at m =
M N D' we see that &4(D')y, with the 0th term dropped, yields a minimal finite free

resolution of (Rp/)m. Hence,

(#) dim (RD’)m — depth (RD’)m = de/m (RD’)m = pdTS =dim7T — depthS
=dim S — depth S.

Moreover, for all permissible D’ — T we have a commutative diagram (but we shall
need to give an argument to show that the we can fill in the middle vertical arrow):

T - S < TM
(3.5.2) 0 0 0

D" - Rp < D"

Evidently, the image of D’ ®in D" maps into the image S of T® in T", so that for all
permissible D’ with D — D’ — T we have that Rp. maps into S. (Note also that if
D’ — T is injective, then both of the vertical arrows on the ends are injective, and it then
follows that the vertical arrow in the middle is injective as well, so that in this case R,
injects into S. We shall not use this in the proof, but see Remark (3.5.3) following the
argument. )

Note that for all large permissible D’ we have that Rp/ is simply E?ZlD’ ¢;, where we
are writing 0; for the image in Rp/ of the j'" generator of D’ ®. these 6; map to the original

6; spanning S over 7.
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For all j, k we have that 6;0; = 23:1 Tuik0y for elements 7., € T. Now choose a

permissible D’ so large that:

(c) All of the elements 7, have liftings, which we denote by the same lettters, to
D', and there is a commutative ring structure on Rp/ such that for all j, k& we have
00, = 2321 Tyik0y, in Rpr.

The last part of (c) requires some explanation. We first need to know that there is a
well-defined D’-bilinear map Rpr x Rpr — Rps such that (0;,0;) maps to Zl;zl Ty ik
for all 7, k. There is obviously such a map of D'* x D'* — R’,. To get a well-defined map
when D'’ is replaced by Rps we need to know that each generator of Ker (D' b Rp)
when paired on either side with a generator of D’ b, is killed. This is true when we pass
from D’ to T, and so it becomes true when D’ is large enough so that it contains liftings
of a certain finite set of elements of T" and a certain finite set of relations on these hold.

This gives a “multiplication” on Rp: for large D’ which may fail to be commutative or
associative. However, because any two generators commute when we pass to 7', this also
holds when D’ is suitably large, and because associativity holds for any three generators
when we pass to T it also holds for suitably large D’. Thus, for all sufficiently large
permissible D’ with D — D’ — T we have that Rp/ is a commutative, associative ring
with identity, module-finite over the domain D’, that S = T ® p Rp/, and that, in fact, a
finite free resolution of S over 7' may be obtained from a finite free resolution of Rp/ over
D’ by tensoring over D’ with T'.

For any finite set of elements of S and finite set of polynomial relations over L holding
among them, for D’ sufficiently large these elements and their relations will lift to Rp:
one can write each element as a T-linear combination of the #;, and choose D’ to contain
liftings of the coefficients from 7' that are needed. The equations over S then translate

into equations over T. In consequence, for all sufficiently large permissible D’ we have:
(d) Each of 0o, ... ,60, has a power in the ideal generated by the x’s in Rp.
(e) Ry — S factors Ry — Rp: — S.

It follows that, with m = M N D’, we have that Rad mRp/ contains all the 0’s except

0., and it follows that Rp/ has a unique maximal ideal lying over m, which must be
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m N Rp =m. Thus, (Rp/)m = (Rp/)m and it follows that we may take R = Rp/ and all
of the conditions (1) — (3) of the theorem will hold. Note that R is embedded in D7 and
so has pure dimension as a D-module, which shows that it is biequidimensional. The fact
that the z’s form a regular sequence on D then implies that they form strong parameters
in R, while (3) follows from (#) above. (Note that, by the parenthetical comment at the
end of the paragraph following the commutative diagram (3.5.2), when D’ C T, we have
that R}, may be identified with a subring of S.)

It remains to explain why, when S is reduced (respectively, a domain), we can guarantee
that Rp: has the same property. First suppose that S is reduced. Choose a subset of the
6; that form a free basis for S over T after we tensor with the fraction field F of T'. By
renumbering, we may assume that these are ¢, ... ,0,. Thus, the quotient of S by the
free T-submodule spanned by these elements is a T-torsion module, so that each of the 0,
for j > h has a nonzero T-multiple that is a T-linear combination of 61, ... ,6;,. For D’
large enough this will continue to hold in Rp,. Moreover, we can choose a nonzero element

t of T such that entries of the matrix

t(tr Fops/7(0;0k)),

where 1 < 5, k < h, are in T', and the fact that S is reduced implies that the determinant
of this matrix is a nonzero element of T'. For sufficiently large D’ we shall have that t € D’
and the calculation of the discriminant for Rps over D’ will be the same, which implies
that D’ is reduced.

Now suppose, moreover, that S is a domain. The argument above shows that Rp: is
reduced for D’ sufficiently large. With F the fraction field of T" as before, we may choose
a primitive element \ for F ® S, the fraction field of the domain S, over F. There is no
loss of generality in assuming that A is in S. Consider the minimal monic polynomial (of
degree h) satisfied by A\: we may clear denominators and so obtain a polynomial tgz" 4+ - - -
satisfied by A with ¢ty a nonzero element of T'. We may replace A by tgA: its minimal monic
polynomial G(z) then has coefficients in 7. There is no loss of generality in including
the elements \', 0 < i < h — 1, among the 6;, so that the corresponding powers of a

lifting of A\ are among the generators for Rp/, and we may even assume for large D’ that
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Rp//D'[A] is a D'-torsion module. Since Rps may be assumed torsion-free over D', it will
be a domain provided that D’[)\] is a domain. We may assume that D’ contains liftings
of the coefficients of the minimal monic polynomial G(z), and, enlarging D’ further if
necessary we may assume that G(A\) = 0 in Rp/, where we are writing G for the lifting of
the original G to Rp/. To complete the argument, it suffices to show that G is irreducible
over the fraction field of D’. But, since D’ is regular it is normal, and this implies that if
G is reducible over the fraction field of D’ then it is the product of two monic polynomials
of lower degree over D’ itself. But then we get a corresponding factorization over T by
applying the map D’ — T to the coefficients, and this is a contradiction.

This completes the argument when L = K. Now suppose that we have constructed an
affine L-algebra R with Ry — R — S satisfying (1) — (3). Fix finitely many generators
of Ry over K. By the results of §(2.1) we can find descent data (A, D, Ra) for (L, D, R)
such that A is a finitely generated Z-subalgebra of L and the finitely many generators of
Ry with which we are concerned are in R 4. Here, as usual, we have that Do C D, R4 C R
and that R4 is A-free. We can arrange that A be regular, that A — D4 be smooth, that
the 6; generate R4 as a D4-module and that R4 C DZ1 with an A-free cokernel. Let B
denote the K-subalgebra of L generated by Z-generators for A. Thus, B = K[A] is an
affine K-subalgebra of L. By localizing at one more element of B we may also assume
that B is regular. Then Rg C Ry = R is an affine K-subalgebra of R that will have all
of the required properties. Since it is a subalgebra, it will also be reduced (respectively, a

domain) if Ris. O

(3.5.3) Remark. At this time we do not whether Theorem (3.3.5) can be strengthend
to assert that the maps from the Henselized rings S to the complete ring T can be taken
to be injective (our notation is that of (3.3.5)). If this is true, then the rings discussed in
(3.3.6) could also be taken to be subrings of T, and this would mean that in the proof of
(3.5.1) just above we would only need to consider injective maps D — T and D' — T.
We mention this because in this case the proof becomes simpler in several ways. By the
parenthetical remark in the paragraph following the commutative diagram (3.5.2), we may
assume that Rps embeds in S, and so we may think of the rings Rp/ as subrings of S.

This would make the arguments given to establish (4) unnecessary: evidently, in this case,
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if S is reduced or a domain then so is Rp-.
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CHAPTER 4.

FURTHER PROPERTIES OF TIGHT CLOSURE

In the first section of this chapter we consider a number of very important theorems
that can be proved using tight closure techniques. A few results of lesser significance are
also included because they indicate the success of the current theory in obtaining parallel
results to those of the positive characteristic theory.

The second section contains results on the extent to which tight closure is preserved by
change of rings in two cases: that is when one has a ring extension that preserves height
in a certain sense, and the second is when the ring extension is geometrically regular.

The third section deals with phantom homology, the fourth with ring-theoretic prop-
erties defined by the requirement that some family of ideals of the ring be tightly closed,

and the fifth with another notion of tight closure for the equal characteristic case.

(4.1) SOME MAJOR APPLICATIONS

We are now ready to establish a number of important properties of *¥ that parallel the

properties of tight closure in characteristic p.

(4.1.1) Theorem. Let K be a field of characteristic zero, let S be a regular Noetherian
K -algebra and let N C M be finitely generated S-modules. Then N*¥ 3, = N.
Hence, for every reqular Noetherian ring S of equal characteristic zero, if N C M are

finitely generated S-modules then N*®p; = N.

Proof. The second statement is just the case where K = Q. For the first statement,
suppose that we have a counterexample, so that u € M — N while v € N*X. The first
condition can be preserved while passing from S to a complete local domain of S, and the
second condition is automatically preserved by the persistence of K-tight closure. Thus,
we may assume without loss of generality that (S, m, L) is a complete regular local domain.

Second, we may replace N by N +m!M for ¢t > 0 while preserving that v € M — N if we
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take t sufficiently large. In fact, taking N maximal with respect to not containing u, we
may assume that M /N has finite length with the image of u generating the socle. We may
replace M, N,u by M/N,0,u + N. Thus, we can assume that N = 0, and that M is an
essential extension of Kwu of finite length. Then the injective hull of M is the same as the
injective hull of the residue field, and so if x1, ... ,z, is a regular system of parameters for

S, we see that we may assume that M embeds in S/(x}, ..., 2%)S for ¢ sufficiently large

t—1

and that we may take u to be the image of (x1 ---x,)" ', since this element generates the

socle. Thus, it will suffice to show that u = (2 ---x,)!!

(%, ..., al)S.

n

is not in the K-tight closure of

Choose L to be a coefficient field of S containing K. Then it will suffice to show that
u is not in the L-tight closure of (2}, ... ,2%)S, and since S is complete this is the same
as the direct L-tight closure. Now, by (3.3.5) and (3.3.6), if there is an affine progenitor
that forces u into the direct L-tight closure, there is one whose base ring R is étale over
L[z,y], and hence, a regular ring in which the z’s form a regular sequence. Thus, in R
we still have u ¢ (2%,...,2%)R, and it will suffice to see that u ¢ (z%,... ,z!)R*L (in
the affine sense). But when we choose descent data, since R is smooth over L, almost all

closed fibers are regular, and so it follows that u, ¢ (z%, ...,z )R, for almost k. [

(4.1.2) Definition. Let N C M be finitely generated modules over a Noetherian ring S.
We shall say that uw € M is in the regular closure N™%y; of N in M if for every regular
ring T' to which S maps, ur € (Np) (in Myp). This is slightly different from the notion
considered in [HH4] and [HHS8], where it was required that S° map into 7°. This regular
closure is a priori smaller than the one considered in [HH4| and [HHS8] (although we do not
know an example where it is actually strictly smaller). This makes the following Corollary

slightly stronger than if it were stated for the notion of [HH4] and [HHS].

(4.1.3) Corollary. Let K be a field of characteristic zero and let S be a Noetherian
K -algebra. Let N C M be finitely generated S-modules. Then N*¥,; C N8,

Proof. Let u € N*K); and suppose that S maps to a regular Noetherian ring 7. By
the persistence of K-tight closure, ur € (Nr)*), = (Nr) (since T is regular). Thus,
ue N™& . O
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(4.1.4) Corollary. Let K be a field of characteristic zero and let S be a Noetherian K-
algebra. Let I be any ideal of S. Then I* C I—, the integral closure of I. Hence, all radical

tdeals of S and, in particular, all prime ideals of S are K -tightly closed.

Proof. An element is in I~ if and only if it is in IV for all maps of R to discrete valuation

rings V, which shows that ™8 C I~ and we may apply (4.1.3) O

(4.1.5) Theorem (generalized Briancon-Skoda theorem). Let S be a Noetherian
ring of equal characteristic zero and let I be an ideal of S generated by at most n elements.
Then for every k € N, (I"tF)= C (Ik+1)>*ea (C ([F+1)*eq),

Hence, if S is also a K-algebra for some field K then (I"TF+t1)— C (Ik+hH)>=K (C
(k1)K ),

Proof. Fix generators of I, say I = (uq, ... ,up). It is clear that if an element z is in
((ul, ,un)"+k)_ then this remains true when S is replaced by a suitable affine Q-
subalgebra containing z and uq, ... ,u,. We therefore reduce at once to the case where S

is an affine (Q-algebra.

For sufficiently large descent data we shall continue to have the equation of integral
dependence, and we can take the image of this equation in every closed fiber. The result
is now immediate from the definition of K-tight closure in the affine case and the fact that
the generalized Briancon-Skoda theorem holds for all the closed fibers.

The final statement is then obvious. [

(4.1.6) Corollary. Let K be a field of characteristic zero, let S be a Noetherian K algebra
and let I be a principal ideal of S. Then I** = I~. In particular, I*°4 = 1.

Proof. I C I~ by Corollary (4.1.4) and the other inclusion follows from the generalized
Briangon-Skoda theorem (4.1.5) in the case where n =1 and k =0. O

The following very important result gives a taste of the subject matter of Section (4.5):

Theorem (4.5.3) is a substantial generalization.

(4.1.7) Theorem (tight closure captures colons). Let K be a field of characteristic

zero and let S be a Noetherian K-algebra. Let xq, ... ,x, be strong parameters in S. Then

(1, oo Tp1) T g2, S = (21, ..., 20_1)*E.
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Hence, (z1, ... ,Zp-1):5nS C (1, ... ,xp_1)" %
Under the same hypotheses, if a1, ... ,a, and by, ..., b, are non-negative integers and

a©b denotes max{a — b, 0}, then

a an\*K . b bn a16b A, Oby, \x K
(9, .o o) g at = (2T, L )
Proof. Suppose that z,u € (21, ... ,7,_1)*%. We must show that u € (z1,... ,2,_1)*¥.

It suffices to show that after passing to a complete local domain B of S, we have that
up € ((xl, e ,mn_l)B) “*K Since the strong parameter hypothesis is preserved when we
pass to B, and since x,u is still in the K-tight closure after we pass to B, we may assume
that S is a complete local domain. If any of z1,...,x,_1 is a unit, or if z,, is a unit, the
result is obvious. Thus, we may assume that x1,... ,z, is part of a system of parameters
for the complete local domain S.

>*K we know that there is an affine K-subalgebra R of S

Since z,u € (T1,... ,Tp_1)
containing 1, ... ,Z,_1, Tn, and u such that z,u € ((scl, ,xn_l)R)*K (in the affine
sense). By Theorem (3.5.1), we can give a K-algebra factorization R —+ Ry — Sof R — S
such that R, is a domain finitely generated over K and such that the images of x1, ... ,x,
are a sequence of parameters in R;. We change notation and write R for Ry (we no longer
know that Ry — S is injective, but we shall not need this). When we take descent data
and pass to closed fibers (indexed by x) we have for almost all closed fibers that the images
of 1, ... ,x, are a sequence of parameters such that, if we use a bar to indicate images in
R,, then 7,u € ((El, o ,En_l)RK)*. It follows from the characteristic p version of this
result, (1.7.4), that w € ((z1, ... ,fn_l)RK)* for almost all closed fibers.

The statement in the second paragraph is immediate from the result of the first para-
graph. We now consider the statement of the final paragraph. It is easy to see that the left
hand side contains the right hand side. (The left hand side is K-tightly closed by Theorem
(3.2.3), part (i), and so it suffices to show that it contains (", ... | 20»Sb) Thus, we
want to show that

(x(fl,...,xf;”):sxl---xb"Q(:L‘l S, T

and so it is enough to show that
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for every i, which follows from the observation that b; + (a; © b;) > a; for every i.)

Now suppose that 28 - - zbru € (2§, ..., 2% )*5. We must show that u is in the ideal
(:L“l”ebl, o, 28O ) * KTt suffices to show that after passing to a complete local domain

B of S, we have that

a )*K

ug € ((a:cl”ebl, e x“"@b”)B

Since the strong parameter hypothesis is preserved when we pass to B, and since the

br

ey is still in the K-tight closure after we pass to B, we may assume that

element :1:111 R
S is a complete local domain. If any of the a; is 0, or if any of the x; is a unit, then both
ideals are the unit ideal and the result is obvious. Thus, we may assume that z1,... ,x,
is part of a system of parameters for the complete local domain S.

The rest of the argument is very similar to the one given for the proof of the statement

b, an)*K we know that

in the first paragraph of the theorem. Since z7* - --xbnu € (2§*, ... 22
there is an affine K-subalgebra R of S containing x4, ... ,x,, and u such that a:ll’l coexbny €
(=9, ... m%n)R)*K (in the affine sense). By Theorem (3.5.1), we can give a K-algebra
factorization R — Ry — S of R — S such that R; is a domain finitely generated over K
and such that the images of z1, ... ,x, are a sequence of parameters in R;. We change
notation and write R for R;. When we take descent data and pass to closed fibers (indexed
by k) we have for almost all closed fibers that the images of z1, ... ,z, are a sequence of

parameters such that, if we use a bar to indicate images in R, then

TP wra e (@) ..., 78R,

It follows from the characteristic p version of this result, (1.7.4), that

ae (@, ...,z R,)"

n

for almost all fibers. [

(4.1.8) Corollary. If S is a Noetherian ring of equal characteristic zero in which every
parameter ideal is tightly closed in the sense of *°4, then S is normal. Moreover, if S s

universally catenary, then S is Cohen-Macaulay.

Proof. We first note that if S = S; x S is a product, then the property cited is inher-

ited by each each factor, for if x1, ... ,x, are parameters in, say, S7, then the elements
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(x1,1), ..., (zn,1) are parameters in S. If I = (a1, ... ,x,)S1, it follows from (3.2.30)
that I is tightly closed in S, since the tight closure of I x S = ((x1,1), ..., (z,,1))S in
S is I**g

. X S2. Thus, we may assume without loss of generality that S is not a product.

We first establish normality. Since (0) is tightly closed, S is reduced. If S is zero-
dimensional it must be a field. Otherwise, we have that every principal ideal of height one
is integrally closed, since such an ideal is generated by a parameter, and integral closure
coincides with equational tight closure for principal ideals, by (4.1.6). But Lemma (5.9) of
[HH4] implies that if Spec S is connected of positive dimension and every principal ideal
of height one is integrally closed, then S is normal.

Finally, we prove that if S is universally catenary, then S is Cohen-Macaulay. Let m
be any maximal ideal of S (we now may assume that Spec.S is connected and that S is

normal, so that S is a domain), and suppose that m has height n. Then by standard prime

avoidance we may construct a sequence of elements x1, ... ,x, in m such that for all 4,
1<i<mn,x,...,x; generates an ideal of height i. By (2.3.11d), =1, ... ,x; consists of
strong parameters, 1 < i < n, and it follows from (4.1.7) above that z1, ... ,z, is a regular

sequence. Thus, R,, is Cohen-Macaulay for every maximal ideal m. [

(4.1.9) Proposition. Let H be an additive subsemigroup of Z° containing 0, and let
R = ®peg Ry be a Noetherian K-algebra of equal characteristic 0 graded by H, where K
maps into Ry. Let N C M be finitely generated H-graded modules. Then N*X; is an
H-graded submodule of M.

Proof. We may assume H = 7Z°, thinking of the additional graded components as zero. Let
U denote the multiplicative group of units of Ry. Then U?® acts on R by ring automorphisms
as follows: given v = (uy, ... ,us) € U* and r € Ry, u sends r to u”r, where if h =
(hi, ..., hs) then u" = u*...uPs. There are corresponding actions of U® on M and
N by automorphisms (the action on N is induced by the action on M), and u(rm) =
(u(r))(u(m)). All of these actions are evidently K-linear.

Suppose we denote the action of u by 6,. Quite generally, if : R — R’ is a K-
isomorphism, 6: M — M’ is an isomorphism such that for all » € R and m € M,

O(rm) = 0(r)0(m), and N C M, then 6 obviously induces an isomorphism of N*¥
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calculated over R with (N )*K v calculated over R'. We may apply this with 6 = 6,,
R' = R, and M’ = M to conclude that N*¥,, is stable under the action of U”. Since U
contains Q — {0}, a standard argument using the invertibility of Van der Monde matrices

shows that N*&; is H-graded: cf. (7.30) in [HH9] and (4.1) in [HH10]. O

(4.1.10) Corollary. Let K be a field of characteristic zero and let S be a universally
catenary Noetherian K-algebra.

Suppose that S is local and x4, ... ,x, are in the maximal ideal or that S is N-graded and
that x1,... ,x, are forms of positive degree. Also suppose that x1, ... ,x, are parameters

modulo every minimal prime ideal of R.

If (m1,...,2,)"K = (x1,...,2,) then (z1,...,2)*K = (z1,...,25), 0 < i < n, and
T1,...,Ty 18 a Teqular sequence.

If (x1,... ,2p 1)*"® = (21,... ,24_1) then x1,... ,x, is a reqular sequence.
Proof. First note that xy, ... ,z,_1 are still parameters modulo every minimal prime p:

if not, in D = R/p we can choose a (homogeneous) minimal prime P of height at most
n — 2 containing the images of these elements, and then there is a (homogeneous) prime @
minimal over P 4+ x,,D. Then P C () are consecutive, and since D is a catenary domain,
ht Q = ht P+ 1 < n — 1, contradicting the assumption that xq, ... ,z, are parameters in
D. Tt follows by reverse induction that x1, ... ,z; are parameters modulo every minimal
prime for 0 <t < n.

For 0 <t <mnlet I; = (x1, ... ,2¢). We next show that if I;'fl = Iy, for some value of
t,0 <t <n-—1, then I;‘K = I;. To see this, note that IQ‘K - ijl =Ly =1L+ xR,
and the element r € R needed to represent an element of IfK in the form @ 4+ x4 17 with
i € Iy must be in ¥ g, = [FE by (4.1.7), so that [;X = I, + 2, [;¥. But then
;¥ = I, by Nakayama’s lemma (from (4.1.9) we know that I;X is graded if I is).

Thus, from either hypothesis, we know by reverse induction that I;}% = I, for 0 < ¢ <

n—1, and by (4.1.7), this implies that z;,; is not a zerodivisor on I} for 0 <t <n-—1. O

Note that some hypothesis such as “local” or “graded” is needed here, or the argument in
the first paragraph will fail: in K|z, y, z], where every ideal is tightly closed, the elements

xz, yz, 1 — y are strong parameters (and form a regular sequence in a different order,
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namely, 1 —y, zz, yz), but they do not form a regular sequence (and the first two are not

parameters) in the original order.

(4.1.11) Definition and discussion: purity. We say that a map of R-modules N — M is
pure if W @p N — W ®pr M is injective for every R-module W. Since W may be equal
to R, this implies that N — M is injective. If M /N is finitely presented, then N — M
is pure if and only if it splits. It follows that if R is Noetherian, N — M is pure if
and only if N — M’ splits for all M’ C M containing the image of N such that M’'/N
is finitely generated. Cf. [HR1], §6, [HR2| §5(a) and [HH11|, Lemma (2.1) for further
discussion. We shall very often be interested in the condition that a ring homomorphism
R — S be pure (over R), in which case we shall say that R is a pure subring of S. We are
particularly interested in this condition when R is a Noetherian ring. The condition that
a ring homomorphism R — S be pure implies that every ideal of R is contracted from S.

We shall say that N — M is cyclically pure if N/IN — M/IM is injective for every
ideal I of R. Again, this implies that the original map is injective, since I may be (0).
This is the same as the condition for purity in the preceding paragraph with W restricted
to be a cyclic R-module.

Note that both purity and cyclic purity are preserved by localization at an arbitary
multiplicative system W of R (note that every ideal J of W~IR is of the form W =11,
where I is an ideal of R that is contracted with respect to the multiplicative system W).

On the face of it, the condition that a ring extension R < S be cyclically pure is weaker
than condition that it be pure, but they are often equivalent: cf. [Ho4] and the discussion
in (8.6) of [HH4|, where these conditions are shown to be equivalent for a Noetherian ring

R if R is normal or if R is excellent and reduced.

We now prove a considerable strengthening of the main result of [HR1] on the Cohen-
Macaulay property for rings of invariants of linearly reductive groups G acting on regular
rings: the key point is that in the situations described in [HR1], S is regular and the fixed

ring S is a pure subring of S. The situation just below is therefore much more general.

(4.1.12) Theorem. FEvery pure subring of an equicharacteristic reqular ring is a Cohen-

Macaulay ring (and normal: in fact, the completion of each of its local rings is normal).
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Proof. The characteristic p case is proved in §7 of [HR1], and by a tight closure argument
similar to the one given below in [HH4], Theorem (4.10). We therefore assume equal
characteristic 0.

If R is universally catenary we may argue as follows: every ideal is tightly closed,
because if I is an ideal of R and r € I**Ug then r € (I5)™?g = IS, since S is regular, and
IS N R = 1. Notice that we have only used cyclic purity. We may now apply (4.1.8).

In the general case, we make the same reduction as in the beginning of [HR1], §7. We
first note that the issue is local on R, and we may assume that (R, m) is local. We then
replace R, S by their m-adic and (mS)-adic completions, respectively. S remains regular,
and purity is preserved by Corollary (6.13) of [HR1]. Thus, the completion of every local
ring of R is Cohen-Macaulay and normal, by the argument in the first paragraph, and it

follows that R is Cohen-Macaulay and normal. [J

There is no real gain in generality in assuming that R is cyclically pure in .S instead of
pure: when R is normal, the two conditions are equivalent by the main results of [Ho4]

and the discussion in (8.6) of [HH4|.

The next result is aimed at showing that the tight closure of a submodule of a projective
module over a normal ring is independent of how it is embedded in a projective module.
It is parallel to Theorem (8.18)?® of [HH4] (the characteristic p case) and to Proposition
(5.11) of [Ho8] (the case of solid closure).

(4.1.13) Theorem. Let R be a reduced Noetherian K-algebra, where K is a field of

characteristic 0, and let M, N, F', G be finitely generated R-modules.

(a) If M/N is torsion-free, then N is tightly closed in M. More generally, N*X 1 may be
identified with a submodule of N' = Ker (M — (Ro)*l(M/N)). If N is torsion-free,
then N’ C (R°)"!N.

(b) If N C G C F, where G is projective and F is any module, then N*K p NG = N*K 5.
Hence, if G is tightly closed in F, then N*E p = N*K .

(¢) If R is normal, and G C F with G projective and F torsion-free, then G is K-

tightly closed in F. If an arbitrary torsion-free module N has embeddings in two

28The proof of (8.18b) of [HH4] has a gap that is corrected in (1.4.17) of this manuscript.
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possibly distinct finitely generated projective modules F and G, then N*K p = N*K

canonically.

Proof. (a) The proof is verbatim the same as the proof of Proposition (8.18a) in [HH4].
(b) We may use exactly the same argument given in the corrected proof of (8.18b)
of [HH4] in (1.4.17) of this manuscript to reduce to the case where G — F' is the map
R" < R" given by a matrix o whose determinant D is not a zerodivisor. Suppose that
u € (GNN*Ep) — N*E4. Since u is not in N*¥ 4 there is at least one complete local
domain B of R such that up ¢ <NB>>*KGB over B. Suppose that B = (Rp)7/p, where P
is a prime of R and p is a minimal prime of (Rp)~. Since (Rp)~ is R-flat, the image of D is
not a zerodivisor in this ring, and so is not in p. Thus, D has nonzero image in B. We now
obtain a new counterexample, for direct K-tight closure, by replacing R, N — G — F,
and u € G by B, (Ng) — Gp < Fp, and up € Gg. (The map G — F}p is still injective
because the image of D in B is not zero.) We change notation and henceforth assume
that R is a complete local domain and that we are working with direct K-tight closure,
while G < F is the map R" — R" with matrix o. Let v be the image of v € G in F.
Since v € N>*E 1 we can choose an affine progenitor (R, Fy, No,vo) for (R, F, N,v) such
that Ry C R is an affine K-algebra that is a domain, Ny C Fy = Rf} CR'M=F,v=u,

and such that vy € No*¥ 5.

,- By enlarging Ry by adjoining finitely many more elements

of R, if necessary, we may assume that Ry contains all the entries of «, and that v is in
the column space of a (since this is true over R). Thus, we may factor Ng — Fy = Rl
through Gy = Rg, where the map Gy — F{y has matrix «, in such a way that v = vq is
the image of an element ug, in Gy, and we may assume that ug = u.

We must still have that ug ¢ N*& Go» for if it were in this tight closure it would
follow that u € N*X 4 over R, a contradiction. We now change notation by dropping the
subscript “g”: we have obtained a counterexample over an affine K-algebra R that is a
domain. As in previous counterexamples, we have that G < F is given by a matrix «
whose determinant is nonzero, i.e., a parameter. We now take descent data, replacing K
by a finitely generated Z-subalgebra A, R by R4, and so forth. For almost all closed fibers,

R, is reduced, D, is still a parameter and, hence, a nonzerodivisor, and u, € N, p . It

then follows from the characteristic p version of the result that for almost all closed fibers,
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u; € Ny*q_, and so u € N*¥, a contradiction. This completes the proof of (4.1.13b).
(c) The proof is the same as that of Proposition (8.18¢c) in [HH4]. O

(4.2) CHANGE OF RINGS

Let N C M be finitely generated modules over a Noetherian K-algebra R and let .S be
a Noetherian R-algebra.

In this section we prove results of two kinds: one kind asserts that if the map R — S
preserves heights “sufficiently well” (we shall give a precise condition in (4.2.7) below), then
an element u € M isin N*K; over Riff ug € (NS)*KMS. Of course, “only if” is automatic:
this is the persistence of K-tight closure. The interesting part of the implication, the part
that needs some condition on preserving heights, is the “if” part.

The second kind asserts that if R — S is smooth (or geometrically regular — see
(4.2.1)) then the K-tight closure of the image of Ng in Mg is the image of S @z N*K ;.
However, while this may be true in very great generality, at the moment we are limited
to making the assertion only under quite a few restrictions:?* see Theorems (4.2.14) and
(4.2.15), and Proposition (4.2.17) and (4.2.18). One of the main difficulties is that we do
not know whether tight closure commutes with localization, even for affine algebras over

an algebraically closed field of characteristic p.

A number of the results of this section depend on general Néron desingularization in
equal characteristic zero. This result is first stated and then discussed below, in (4.2.2)

and (4.2.3).

(4.2.1) Discussion and definition. Flat homomorphisms of Noetherian rings with ge-
ometrically regular fibers are most often referred to as “regular” in the literature, but
in [HH9] are called “smooth.” In this paper the term “smooth” is reserved for finitely
presented algebras. To minimize any possible ambiguity, we shall refer to a flat homo-

morphism with geometrically regular fibers as geometrically reqular. Thus, while we shall

29In an earlier version of this manuscript, the authors thought that they could also obtain the result for
flat homomorphisms of complete local rings with a regular closed fiber, using the beautiful results on the
structure of flat and smooth affine algebras obtained in [RG], and a result of Bass (Corollary (4.5), p. 31 of
[Bass]|) which asserts that infinitely generated projective modules over a Noetherian ring with connected
spectrum are free. However, we have not as yet been able to carry through the details of this program.
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speak of “smooth” homomorphisms and “geometrically regular” homomorphisms, we shall
avoid the term “regular homomorphism.” Note that R — S is smooth if and only if it is
geometrically regular and S is finitely presented over R (of course, if R is Noetherian, S
is finitely presented if and only if it is finitely generated).

If S is an R-algebra and P is a property of R-algebras we shall say that S is a filtered
inductive limit of R-algebras with property P if for every homomorphism of a finitely
generated R-algebra Sy to S there exists an R-algebra S; such that S; has property P
and the R-algebra homomorphism Sy — S factors So — S1 — S, where the maps are
R-algebra homomorphisms. This property is unaffected if we only require the conclusion
to hold when Sy C S, since in the more general case we may apply it to the image of Sy
in S instead. Note however, that we do not require that S; — S be injective. We shall be
applying this terminology primarily in the case where the property is smoothness.

Note that a filtered inductive limit of smooth algebras is a direct limit of smooth al-
gebras. To see this, let Ag be the set of all finitely generated R-subalgebras of S and for
every A € Ay choose a smooth R-algebra R) together with a factorization A — Ry — S.
Now suppose that Ag, ..., A; have been constructed and that for every j with 0 < j <
and every A € A; we have a smooth R-algebra R, together with a map Ry — S. Also
suppose that if 0 < j < i then we have a relation < on A; x Aj;; and for every pair (A, p)
with A < ¢ we have an R-algebra homomorphism Ry — R, compatible with the maps to
S which kills the kernel of the map Ry — S and such that for all A, X € A; with j < ¢
there exists p in Ajyq such that A < pand X\ < p, and if uw € Ry and v € Ry have the
same image in S then they have the same image in R,. Then one can construct A, as
follows: let A; 11 be the set of all subsets of A; containing either 2 elements or 1 element,
let < on A; x A;+1 be such that A < p precisely if A € p, and for all 4 in A;4; define
R, — S taking R’ to be the subring of S generated by the images of the (one or two) rings
Ry for A € p and choosing R, — S with R, smooth over R such that R' — S factors
R — R, — S.

Thus, recursively, one obtains a countably infinite sequence A; with the properties
specified above. The disjoint union of the A;, with the partial order generated by the

relations on the various A; x Aji1, becomes a directed set A, and in this way one obtains



150 MELVIN HOCHSTER AND CRAIG HUNEKE

a directed family of smooth R-algebras Ry, each with an R-algebra map to S. It is easy
to verify that the direct limit of the Ry is S. (Call the direct limit S’. Clearly, we have a
map S’ — S. Since every element of S is contained in some A in Ag, it is clear that S — S
is onto. Suppose that u € Ry and v € Ry have the same image in S, where A € A; and
A € A;. We must show that they have the same image in S’. We may suppose without
loss of generality that 7 < i. Then A is less than or equal to some element in A;, so that
we may assume that j = ¢. But then when we may take p to be the element in A;; that
dominates both A and )\, and we have that w and v have the same image in R, which

shows that they are equal in S’. Thus, S” — S is injective.)

(4.2.2) Theorem (general Néron desingularization). Let R — S be a geometrically
reqular homomorphism of Noetherian rings. Let C' be a finitely generated R-algebra with
an R-algebra homomorphism to S. Then there exist a (finitely presented) smooth R-algebra
D and R-algebra homomorphisms C' — D — S whose composition is the given R-algebra

homomorphism C' — S. In other words, S is a filtered inductive limit of smooth R-algebras.

(4.2.3) Discussion: general Néron desingularization. It is also true, conversely, that
a filtered inductive limit of smooth R-algebras, if it is Noetherian, is geometrically regular:
this is much easier.

A version of (4.2.2) is given in [Pol], [Po2], but some experts had difficulty folllowing
the arguments, and doubt was expressed. Remedies are offered in [Og] and [And], while a
proof along different lines is given in [Sp]. All questions have been resolved by the complete

treatment given in the expository paper [Swan].

We are now ready to begin our discussion of ring extensions that “preserve” height: we

begin with module-finite extensions.

(4.2.4) Lemma. Let K be a field of characteristic 0 and let R — S be a module-finite
extension of Noetherian K-algebras. Let N C M be finitely generated R-modules and let

we M. Thenue Ny over R iff ug € (Ng)™™,,

.
Proof. “Only if” follows from the persistence of K-tight closure, so we need only prove that
if w ¢ N*5,; then ug ¢ (Ng)*™ Ms- We suppose otherwise and obtain a contradiction.

Since u ¢ N*Xj; this must be preserved for some complete local domain C'/p of R, where
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C is the completion of a local ring of R and p is a minimal prime of C. We replace
R, S, M, N and u by C, S¢, Mc, N¢c and uc respectively: C is R-flat, and so No C Mo
and S¢ is a module-finite extension of C'. Choose a minimal prime ideal q of S¢ lying over
p. We may then replace C' by C/p and S¢ by Sc/q. We may thus assume without loss
of generality that both R and S are complete local domains, and we change back to our
original notation. Note that in making the replacement of S we are using the persistence
of K-tight closure.

Then u is in the direct K-tight of NV in M over S, and we can choose an affine progenitor
for (S, Mg, (Ng),u) that demonstrates this. The base ring Sy of this affine progenitor may
be chosen to be an affine K-subalgebra of S, and we may choose this progenitor such that
the Mg, Ng are the cokernels of matrcies with entries in R N Sp, such that Ng — Mg is
induced by a map given by a matrix with entries in R N Sy, and such that the element
mapping to u is the image of a vector with entries in RN Sy. Each of the generators of Sy
as a K-algebra will satisfy an equation of integral dependence on R, and we may choose
an affine K-subalgebra of Ry of R so large that it contains all the coefficients of these
equations, as well as coefficients needed to give presentations of M, N, the map N — M
and the element that maps to u.

We drop the 0 subscripts: what we have shown is that there is a counterexample for
K-tight closure in the affine sense where R, S are domains that are affine K-algebras and
S is a module-finite extension of R. We now perform descent as described in Chapter 1,
replacing K, R, S, M, N, uby A, Ra, Sa, M4, Na, us, where A is a finitely generated
Z-subalgebra of K. After localizing A suitably at one element of A° we have that for all
closed fibers k, R, € S, is module-finite and N, C M,, while Kk ®4 (Sa ®pr, Na) may
be identified with (Sx ®g_. N.). Then 1 ® u,, € (Sx g, N"“>*SN®RK u. over Sy for almost
all closed fibers, and it follows from the characteristic p version of this theorem, which is
a special case of (1.7.5), that u, € N,*); for almost all fibers, so that u € N*K, after

all. [

Note that this gives another proof, in the case where a is a nonzerodivisor, that the
integral closure of aR is contained in the K-tight closure: if b is integral over the ideal aR

an equation of integral dependence for b on aR shows that b/a is integral over R within
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the total quotient ring, and adjoining this element therefore does not affect whether b is
in the K-tight closure of aR. But b € aR[b/a].

The next result, Lemma (4.2.5), needs a special case of general Néron desingular-
ization, namely that if L C L’ are fields of characterstic 0 and C = L[[z1, ... ,zy]],
D = L'[[x1, ... ,zy]] are formal power series rings with C' C D, then D is a filtered
inductive limit of smooth C-algebras.

Lemma (4.2.5) is nearly parallel to a result proved for tight closure in characteristic p,
namely Corollary (8.8) of [Ho8], which is reproduced in §1 as Theorem (1.7.5), except that
in Corollary (8.8) of [Ho8] one only needs the hypothesis (#) for mazimal ideals P, not
for all prime ideals P. The full parallel is obtained later, in Theorem (4.2.7). Note that

there is some discussion of the condition (#) in (1.7.6).

(4.2.5) Lemma. Let K be a field of characteristic 0 and let R — S be a homomorphism
of Noetherian K -algebras such that

(#) for every prime ideal P of R and every minimal prime p of (Rp)~, there is a prime
ideal @ of S lying over P and a prime ideal q of (Sq)~ lying over p such that

Wt P(Sq)Va > dim(Rp) 7.
Let N C M be finitely generated R-modules and let w € M. Then ug € <NS>*KMS iof

and only if u € N*K ;.

Proof. As usual, it suffices to prove that if u ¢ N*E ; then this is preserved when we pass
to S, and we assume the contrary. Then the image of u will fail to be in the direct K-tight
closure after passing to B = (Rp)"/p for a suitable prime ideal P of R and minimal prime
p of (Rp)~. Choose @) and q as in the hypothesis. Then B — C = (S¢)~ is an injection of
complete local domains. Then we may pass to a new counterexample, replacing R, M, N,
u, and S by B, Mp, (Ng), ug, and C. Changing back to our original notation, we may
assume that (R, P) — (5, @) is a local homomorphism of complete local domains such
that ht PS > dim R. (Note that we are using the persistence of K-tight closure when we
pass from the original S to C'.)

Suppose that dim R = N, and let x1, ... ,x, be a system of parameters for R. Then P =
Rad (x1, ... ,z,)Rin R, and so ht PS = ht (21, ... ,x,)S. This was assumed to be at least
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n, but it now follows that it is exactly n. Then 1, ... ,x, is part of a system of parameters
for S, and may be extended to a full system of parameters, say =1, ... ,ZTn, Y1, ... ,Yr. A
minimal prime Q of (yi,...,¥y,)S will have height r, and so T = S/Q will be a complete
local domain of dimension n in which the images of the elements x1, ... ,z, are a system
of parameters. This implies that the map R — T is injective: if there is a kernel, then
since R is a domain and its image is a domain, the dimension of the image will be smaller
than n, and so the maximal ideal of the image will be the radical of an ideal generated
by n — 1 or fewer elements. But then the images of the x’s are all in the radical of an
n — 1 generator ideal, and this implies that the same holds for the maximal ideal of T', a
contradiction, since dim 7T = n.

We therefore may replace S by T" and still have a counterexample. Thus, we may assume
that R — S is a local injection of complete local domains of the same dimension and that
1, ..., Ty is a system of paramters for both R and S.

We next replace S by its normalization (the persistence of tight closure allows us to
do this), and we may then replace R by its normalization, which may be identified with
a subring of S. By Lemma (4.2.4) this does not affect the issues. Thus, we may assume
that R < S is a local injection of complete normal local domains and that xq, ... ,x, is
a system of parameters for both rings.

Let L be a coefficient field for R containing the image of K and let L’ be a coefficient field
for S containing the image of L. Without loss of genrality we may assume that K C R C S
and K C L C L'. Then R is module-finite over its regular subring D = L[[z1, ... ,zy]],
while S is module-finite over its regular subring D’ = L'[[z1, ... ,x,]]. Let W = D’ ®p R.
Since D’ and R are both D-subalgebras of S, we can factor RC S as R — D' — S.

Since L has characteristic 0, D — D’ is geometrically regular (see, for example, Theorem
(7.38¢) of [HHY]), and so general Néron desingularization in characteristic 0 implies that
D' is a filtered inductive limit of smooh D-algebras. Applying ®pg, we see that W is a
filtered inductive limit of smooth R-algebras. Since R is normal, W is normal. Since R
is module-finite over D, W is module-finite over the complete regular local ring D’. Since

W/(x1, ... ,x,)W is isomorphic with

(Dl/('xl? s 7xn)Dl) ®D/(a:1, vy ) D (R/(xla s 7xn)R) = XL (R/(xlv T 7xn)R)
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it follows easily that W is local, and, since W is normal, it is a domain in which x4, ... ,x,
is a system of parameters. It follows that D’ — S is injective.

Since S is module-finite over D', it is certainly module-finite over W. By Lemma (4.2.4),
we may replace S by D’. We change notation again and assume that S = D’. Thus, we
have reduced to the case where S is a filtered inductive limit of smooth extensions of R.
Both rings are still local. We are about to make a reduction of a different sort in which
we will lose the property of being local, but we shall still keep track of the maximal ideals
of R and S in a limited way.

The fact that u € <NS)*K M implies that it is in the direct K-tight closure, and so
there is a finitely generated K-subalgbra Sy of S which is the base ring for an affine
progenitor (Sy, Mg, , Ns,,us, for (S, Mg, (Ng),ug) such that ug, € MSO*KNSO. Moreover,
by enlarging Sy if necessary we may assume that it contains an affine K-subalgebra Ry with
Ry C R such that we have presentations of Ng,, Mg,, and Ng, = Mg, as well as a vector
representing ug,, all with entries in Ry. The ring R[Sp] is a finitely generated R-subalgebra
of S, and so we may choose a smooth R-algebra T" and a factorization R[Sy| — T — S,
which yields Sy — T° — S. Fix a finite algebra presentation for 7' over R. We may
enlarge Ry to an affine K-subalgebra R; of R that contains all the coefficients used in this
presentation, and we may let T'(R;) denote the R;-algebra with the same presentation, so
that T =2 R®pg, T(Ry). If Ry is any affine K-subalgebra of R containing R; then we may
define T'(R3) as Ro®p, T(R1), and T is the direct limit of the algebras T'(R3). The algebra
T(R2) is smooth over Ry for Ry sufficiently large (REF needed) and for Ry sufficiently
large we shall also have that Sy — T factors Sy — T'(R2) — T. We write Sy for T'(Rs).

Let mo denote the contraction of the maximal ideal m of R to Ry € R. Then m9Ss does
not contain 1, since its image in S under So — 17" — S is contained in mS and R — S is a
local homomorphism. Thus, ms is in the image of Spec S3 — Spec Rs, and since Ry — So
is smooth, that image is Zariski open. It follows that we may choose f € Ry —mo such that
Spec (S2)f — Spec (R2)y is surjective, and, of course, since (R, m) is local, Rg = (R2)y is
an affine K-algebra of R. Let S3 = (S2)s. Then R3 — S5 is a smooth and faithfully flat
map of affine K-algebras. Moreover, there are modules N3 C M3 over R3 and an element

us € M3 such that u ¢ Ny*E M, (over Rz, and in the sense of affine K-tight closure), while
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>>»<K

us, € (N3)s, (Ms)s, (over S3, in the sense of affine K-tight closure).

We shall now drop the subscript “3”: we shall not need to refer to the original local case
again. We reach a contradiction quickly by descent of the type described in Chapter 1: we
replace K by a sufficiently large finitely generated Z-subalgebra A, and we choose descent
data Ry — Sa (a smooth homomorphism), Ny C M4, uy € My, etc. The complement of
the image of Spec .S, in Spec R 4 is closed: suppose that it is defined by I. Since the map
becomes faithfully flat when we tensor with K over A, it also becomes faithfully flat when
we tensor with the fraction field § of A, and it follows that I expands to the unit ideal
when we localize at A°, i.e., that I meets A°. Thus, we may replace A by its localization
at one element of A° and so assume that R4 — S4 is both smooth and faithfully flat. It
follows that R, — S is faithfully flat for all closed fibers, and for almost all closed fibers
we may identify (N,) with (Na),.. We can now conclude from Theorem (1.7.5) (in the
faithfully flat case) that u, € N,*j;. for almost all closed fibers, since this becomes true

after the faithfully flat base change R, — S,. U

(4.2.6) Corollary. Let R be a Noetherian ring containing a field K of characteristic 0,
let N C M be finitely generated R-modules, and let w € M. Then u € N*E ; if and only

if for every complete local domain B of R at a maximal ideal, ug € (NB>*KMB.

Proof. Consider any prime ideal P of R and choose a maximal ideal m of R containing
P. Since R,, — (R,,)" is faithfully flat, there is a prime ideal @ of (R,,)” lying over
P, and then C = (Rp)” = (((Rm))q)” = D is faithfully flat. It suffices to show that
uc € (Nc>*KMC, and by (4.2.5) it suffices to prove this when C is replaced by D. But

R, maps to D, so that this follows from the persistence of tight closure. [
We immediately obtain an improved from of (4.2.5).

(4.2.7) Theorem. Let K be a field of characteristic 0 and let R — S be a homomorphism
of Noetherian K -algebras such that

(#) for every maximal ideal m of R and every minimal prime p of (R,,)”", there is a
prime ideal Q of S lying over m and a prime ideal q of (Sq)~ lying over p such that
ht P(Sq)7/q > dim(Rm)7/p.
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Let N C M be finitely generated R-modules and let w € M. Then ug € <NS>*KMS if

and only if u € N*K ;.

In fact, the conclusion that ug € (NS>*KMS if and only if u € N*E 3, is valid for a fived
pair of finitely generated modules N C M if condtion (#) holds for every mazximal ideal m
of R that is in the support of M/N.

Proof. By (4.2.6), in the second sentence of the proof of (4.2.5) we may assume that P = m
is maximal, and then, since (#) holds for this m, the rest of the argument is exactly the
same as the proof of (4.2.5). For the final statement note that not only can we choose
P = m to be maximal, but it obviously must be in the support of M/N or else N,,, = M,,,
which will impply that (V) ; = Mp and so we cannot preserve that the image of u is not

in the tight closure of (V)5 in Mp over B in this case. [

(4.2.8) Discussion. Throughout the rest of Section (4.2) we shall let K be a field of
characteristic 0, and we shall focus on the problem of whether K-tight closure commutes
with geometricallly regular base change. We believe that this should be true without
further hypothesis for locally excellent K-algebras, but we have not been able to prove it in
complete generality, because we do not know that tight closure commutes with localization
even in characteristic p. The results that follow do establish that K-tight closure will
commute with geometrically regular base change in characteristic 0 in many important
cases, and also establish that if tight closure can be shown to commute with localization in
characteristic p (even for affine domains over a finite field), then K-tight closure commutes
with geometrically regular base change for locally excellent rings of characteristic 0: see
Theorem (4.2.14e), from which this follows at once.

For simplicity we shall freely assume in the sequel that given rings are locally excellent

Noetherian K-algebras. We first need to give several relevant definitions.

(4.2.9) Definition: commuting with tight closure. We shall say that a flat K-
algebra homomorphism R — S commutes with K-tight closure if for every inclusion of
finitely generated R-modules N C M we have that (Ng)if, = (N;[)s, where, as usual, the
subscript g indicates the tensor product with S over R. We always have a natural inclusion

(N3{*)s C (Ns)if,- Note that the condition for the inclusion N C M is equivalent to the
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condition for the inclusion 0 C M/N. The condition obviously implies that if N is K-
tightly closed in M, then Ng is K-tightly closed in Mg. Conversely, if whenver N is
K-tighly closed in M then Ng is K-tightly closed in Mg then R — S commutes with

K-tight closure, since Ng and (N;/)g will have the same K-tight closure in Mg.

(4.2.10) Definition: Filtered inductive limits of maps of algebras. We shall say
that a K-algebra homomorphism R — S is a filtered inductive limit of the K-algebra
homomorphisms in the family {R) — S)}rea (or having some property P, in which case
we may think of the family as consisting of the maps of K-algebras with property P) if

every commutative diagram

R —— §

[

RQ—)SO

such that Ry, Sy are finitely generated K-algebras can be enlarged (factored) to a com-

mutative diagram

R —— S

[

R)\—>S)\

[

Ry —— S()
where Ry — S is in the specified family.

Note that by general Néron desingularization, every geometrically regular map of K-
algebras is a filtered inductive limit of smooth maps of finitely generated K-algebras. The
point is that S is a filtered inductive limit of smooth R-algebras, and any smooth R-algebra
has the form R ®p, So where Ry is a finitely generated subalgebra of R and Sy is smooth

over Ryg.

(4.2.11) Definition: very tightly closed ideals and submodules. Let N C M be

finitely generated modules over a Noetherian ring R of characteristic p. We shall say that
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N is very tightly closed in M if, for every prime ideal P of R, Np is tightly closed in Np
over Rp. In particular, this applies to the case where M = R and N = [ is a ideal. Note
that once this holds for primes, it holds for localization at every multiplicative system, and
that whether the condition holds really only depends on M/N: see (1.4.16). Note also
that if M /N has finite length and N is tightly closed in M, then it is very tightly closed,
by (14.16¢).

Now suppose that R is a finitely generated K-algebra, where K is a field of characteristic
0, and that N C M are finitely generated modules over R. We say that N is very K -tightly
closed in M if there exists descent data (A, Ra, M4, N4) where A is a finitely generated
Z-subalgebra of K such that for almost all maximal ideals p of A, if Kk = A/p then Ny is
very tightly closed in M,. By localizing A at one nonzero element we may actually assume
that this condition holds for all maximal ideals of A, and, as usual, we can guarantee that
R4 and S, are A-flat (even A-free).

We claim that, once the above conditions are satisfied, for every finitely generated A-
algebra B (and, hence, for any sufficiently large choice of A), the condition will continue to
hold. (If p; is a maximal ideal of B and p its contraction to A, then since both kK = A/u
and k1 = B/, are finite, kK — k1 is a finite separable extension. Then (Rp),, = k1 ® Ry,
and the result follows from (1.7.8a).)

More generally, we shall say the N is very K-tightly closed in M over a locally excellent
ring R if every map Ry — R, where Ry is finitely generated over K, factors Ry — R; — R,
where R; is a finitely generated K-algebra and is the base ring of an affine progenitor
(Ry, My, Ny) for (R, M, N) such that Nj is very K-tightly closed in M;. Finally, we shall
say that N is formally very K -tightly closed in M if for every complete local ring B arising
as the completion of Rp for some prime ideal P of R, the image of N in Mp is very

K-tightly closed in Mp.

(4.2.12) Definition: descendably projective algebras. If S is a finitely generated R-
algebra and R is finitely generated over the field K, we say the S is descendably projective
over R relative to K if there exists descent data (A, Ra,Sa,Ra — Sa) such that Sy is
projective over R 4. Then, for every A-algebra B, Sg is projective over Rg. In particular,

S must be projective over R if it is descendably projective. It then follows that S, is
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projective over R, for all fibers, including, of course, all closed fibers. (We do not know
whether, if S is simply assumed to be projective over R, it is necessarily descendably
projective.) Note that once we have a choice of descent data such that S, is projective
over R4, Sp is projective over Rp for any larger choice. Thus, the condition might be
stated in terms of a requirement for all sufficiently large choices of A, instead of the weaker

requirement that at least one choice of descent data exist.
We shall need the following;:

(4.2.13) Lemma.. Let K ba field of characteristic zero, let R, S be Noetherian K -algebras

with S locally excellent, and suppose that R — S is flat and is a filtered inductive limit of
flat maps Ry — Sx. Let Ry — Sy be a K-algebra map such that for all \ the diagram

R —— S

[

R,\—>S,\

[

R0—>SO

commutes, and let No C My be finitely generated Rg-modules. For each X let Ny =
Ry QR Ng and My = Ry PR, My. Let N = R®R0 Ny and M = R®Ro My. If (NA)SA 18
K -tightly closed in (My)s, over Sx, then Ng is K-tightly closed in Mg over S.

More generally, if the for every X, the K-tight closure over Sy of the image of (Ny)s,
in (My)s, is (NA*KMA)SA, then the K-tight closure of the image of Ng in Mg over S is
(N*KM)S

Proof. The final statement inplies the earlier one. Let u € Mg be in the tight closure of
Ng. We must show that u is in (N;&)s. Since S is locally excellent, there exists an affine
progenitor in which the an element w mapping to u is in the tight closure. By mapping the
affine progenitor further we may assume that there is a map of affine K-algebras R’ — S’

such that the diagram
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R —— §

[

RA—>S>\

[

R —— ¢

commutes, and the map N C M is defined over R’, i.e., arises as the tensor product of

S over R’ with a map of finitely generated R’-modules N’ C M’. We factor the above

diagram so that it has an extra row Ry — S as in the definition (4.2.10). But then the

image of w in Sy @ M’ is in the K-tight closure of (Ny)s,, and so in (N;¥)g,, and it
follows that u is in (N*K)g. O

(4.2.14) Theorem (main theorem on geometrically regular base change). Let K

ba field of characteristic zero, and let R, S be Noetherian K -algebras such that S is locally

excellent.

(a)

(b)

If R — S is a filtered inductive limit of K-algebra homomorphisms that commute with
K-tight closure, then R — S commutes with K -tight closure.

If R — S is a homomorphism of finitely generated K -algebras that is smooth and such
that S is descendably projective over R relative to K, then R — S commutes with
K-tight closure.

If R — S s a filtered inductive limit of K-algebra homomorphisms satisfying the
condition in (b) then R — S commutes with K-tight closure.

If S is a polynomial ring in finitely many variables over R, say S = R[xy1, ... ,x,],
then R — S commutes with K-tight closure. Morever, if I is any ideal of I that is
K -tightly closed then the ideal of S generated by IS and any set W of monomials in
the x’s is tightly closed in S.

If N C M are finitely generated R-modules such that N is very K -tightly closed in M
and S is geometrically reqular over R, then Ng is very K-tightly closed in Mg.

IF S is geometrically reqular over R and if N C M are finitely generated R-modules
such that N is formally very K-tightly closed® in M, then Ng is K-tightly closed in

30See (4.2.10). A weaker condition suffices, namely it is sufficient that for each prime ideal P of R
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Msg.

(g) Let R be either a finitely generated K -algebra or a complete local ring,3* and assume
that R is reduced and equidimensional. Let I be an ideal of R that is generated by
parameters.®> Let S be a geometrically reqular R-algebra. Then (IS)*E (in S) is
I*K S, where I*¥ is the K -tight closure of I in R. In particular, this holds when S is

a localization of R.

Proof. (a) follows immediately from (4.2.13). (b) follows at once from the fact the we can
use descent data such that S 4 is projective over R 4, so that projectivity is preserved when
we pass to fibers, for then tight closure commutes with base change in characteristic p for
every fiber by (1.7.8b). Then (c) is obvious from (a) and (b).

The fact that tight closure commutes with base change for finite polynomial extensions
is immediate from (c). For the second statement we note that by (4.1.9) the tight closure
is monomially graded and so we may assume, if the result is false, that there is an element
of the K-tight closure of I.S + (W)S of the form rv, where v is a monomial in the x’s
not divisible by any element of W and r € R is not in I. Since S is locally excellent
this holds for a finitely generated K-subalgebra of S containing generators of I, and after
enlargement we may assume that it is of the form Rg[z1, ..., z,] where Ry is a finitely
generated K-subalgebra of R. (We replace R, S, I by Ry, Sy = Rolz1, ... ,2n], [N Ry while
retaining the same W. Thus, we may assume that R is affine over K. We set up descent
data, and the result is then immediate from the corresponding result in characteristic p.
(We may pass to the case where R is reduced, and choose a test element ¢ € R° for both
R and S. Then ¢(riv?) € 119 4 (W)l4l together with v ¢ W implies that cr? € Ilg] for all
q, contradicting r ¢ I = I*.)

We next prove (e). Since S is a filtered inductive limit of smooth R-algebras, it suffices

to prove the result when S is smooth over R. It therefore suffices to show in the affine case

lying under a maximal ideal of S in the support of (M/N)g, the image of Np is very K-tightly closed in
Mp with B = (RP)A

31 As should be clear from the proof, the result holds somewhat more generally: what is needed is that
R be a locally excellent Noetherian K-algebra that is a filtered inductive limit of reduced, equidimensional
affine K-algebras, each of which contains a sequence of parameters that maps to the generators of the
given ideal.

32See (2.3.10).
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that if NV is very K-tightly closed in M over an affine K-algebra R, and S is smooth over
R, then the same is true for Ng in Mg. Choose descent data over R such that N, is very
tightly closed in M, for all fibers, and, after enlarging A if necessary, compatible descent
data for S. The result is then immediate from (1.7.8a).

(f) We prove the weaker version described in the footnote. Suppose that there is an
element of the K-tight closure of (V)¢ in Mg not in Ng. We can choose a maximal ideal
M of S such that this remains true when we pass to the completion of the local ring at
that maximal ideal, and it will necessarily be in the support of (M/N)g. Suppose that
this maximal ideal lies over a prime P in R. Then we get a contradiction by replacing R,
S, N, M by B=(Rp)~ (Sm)~5 N, Mp, respectively, and applying part (e).

(g) Since S is a filtered inductive limit of smooth R-algebras we may reduce to the
case where S is smooth over R by (4.2.13). The case of affine algebras follows from the
corresponding fact (1.7.7) in characteristic p, since we have that tight closure commutes
with smooth base change in this situation in every fiber. Finally, in the case where R is
complete, the result now follows from (4.2.13) together with the fact that R is a filtered
inductive limit of reduced equidimensional K-algebras Ry each of which contains elements
that map to the generating parameters and which are themselves parameters in R, by

(35.). O

(4.2.15) Theorem. Let K be a field of characteristic 0 and let R be a Noetherian K-
algebra. Let N C M be finitely generated modules such that the support of M /N consists of
a finite set of mazximal ideals {m1, ... ,m,} of R, and suppose that for each of these maz-
imal ideals the field R/m; is algebraic over K (this is automatic if R is finitely generated
over an algebaic extension of K ). Then if N is tightly closed in M, it is very K-tightly
closed in M.

Hence, in this situation, the K-tight closure of Ng in Mg over S is (N}'\‘/[K)S.

Proof. First consider the case where R is affine. The fact that the support of M/N is a
finite set of maximal ideals (in this case, the hypothesis amounts to the assumption that
M/N has finite length) can be preserved for almost all fibers (and, hence, after localizing

A at one element, for all fibers) for suitable descent data. Thus, we only need that N is
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very tightly closed in M when M /N has finite length in the charcteristic p case, which is
(1.4.16¢).

In the general case the key point is that one can choose “arbitrarily large” affine pro-
genitors for (R, M, N) such the support of My/Ny is contained only in maximal ideals,
because the contraction of a maximal ideal m of R such that R/m is algebraic over K to
any affine K-subalgebra of R is still maximal. After first choosing any affine progenitor
one can map to one where the base ring Ry C R, and one can further map so that the
annihilator Iy of My/Ny is precisley the contraction of the annihilator I of M/N to Ry
while keeping Ry as the base ring: one simply adds on relations that make generators of
Iy kill each element of My modulo Ny. Now suppose that I the primary decomposition of
Iis Q1 N---NQ, where every @); is primary to a maximal ideal m; of R such that R/m;
is algebraic over K. Then Iy = () ;(Q; N Rp), and each @Q; N Ry is primary to m; N Ry.
Since K C Ry/(m; N Ry) C R/m,;, where the last is an algebraic field extension of K, it
follows that Ry/m; is also an algebraic field extension of K, so that m; N Ry is a maximal

ideal of Ry. Thus, the support of My/Ny is a finite set of maximal ideals. O

(4.2.16) Discussion. Let R be a finitely generated K-algebra, where K is a field of
characteristic 0. Let N C M be finitely generated K-modules. We do not know whether
N;E is the intersection of all the K-tightly closed submodules N’ of M such that N C N’
and M /N’ has finit length. If this were true, it would follows that K-tight closure commutes
with base changes R — S whenever S is geometrically regular over R and intersection-flat
over R or N-flat over R) (This means that R — S is flat, and for every family of submodules
{M)}xea of every finitely generated R-module M, we have S®@pg (N, M) = (N, (S®@r M))
by the obvious map.)

We next observe:

(4.2.17) Propostion. Let K be a field of characteristic 0 and let R — S a K-algebra

homomorphism. Suppose that S is locally excellent.

(a) If R is a finitely generated K-algebra and S = T ®k R, where T is regular, then
R — S commutes with K-tight closure. In particular, this holds when T is any field

extension of K.
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(b) If S is module-finite and smooth over R, then R — S commutes with K-tight closure.
In particular this holds when L is any field contained in R, L' is a finite algebraic
extension of L, and S = L' ®r, R.

(c) If S = L'®r R where L' is a possibly infinite algebraic extension of a field L C R, then
R — S commutes with K-tight closure (but notice that we are assuming that L' @1, R

is Noetherian and locally excellent: this is not automatic in this case).

Proof. To prove part (a) first note that since T is regular and K has characteristic 0,
K — R is geometrically regular, and so R is a filtered inductive limit of K-smooth algebras.
Hence, by (4.2.14a), we may assume that 7" is smooth over K. Now choose descent data
for R, T, say Ra, Ta, where A C K is a finitely generated Z-subalgebra of K and Ty is
smooth over A. By generic freeness, we may localize at one element of A° and so guarantee
that T’y is A-free. Now, we may use S4 = T4 ®4 R4 to descend S, and it follows that S
is descendably projective over R relative to K, so that (4.2.14b) applies.

For (b), we may write R — S as a direct limit of maps Ry — Sy where every R) is
finitely generated over K and contained in R, and every S) is module-finite and smooth
over Ry. Thus, we may assume, by (4.2.14a), that R is affine. Choose a map of R® onto S
for some s, and a splitting of the surjection R®* — S. In choosing descent data A, R4, 54
we may also descend the map to obtain R — S4, which will be surjective after localizing
at one element of A°, and a map S4 — R’, which will be a splitting of R} — S after
localizing at one more element of A°. Thus, S is descendably projective over R relative to
K, and the result follows from (4.2.14b).

Part (c) is immediate from part (b) by a direct limit argument (we apply (4.2.14a)
again). [

Finally, we want to record the following fact, which in some ways is more elementary
than our other results on base change. However, it is quite important in the the proofs of
the results concerning the effect of geometrically regular base change on various kinds of

F-regularity in Section (4.3).

(4.2.18) Proposition. Let R be a Noetherian K-algebra, let m be a maximal ideal of R,
let L = R/m (thought of as an R-module), and let N C M be finitely generated R-modules.
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let R — S be a homomorphism of Noetherian K -algebras such that m’ = mS is a maximal
tdeal of S and R,, — S, is fatihfully flat. Suppose either that
(1) M/N is an essential extension of L, or else that
(2) M/N has a finite filtration by copies of L, and L — S/mS is an isomorphism.
Then N is K-tightly closed in M over R if and only if Ng is K-tightly closed in Mg

over S.

Proof. Let L' = S/mS. We repalce N C M by 0 C M/N and so that M = M/N is an
essential extension of L, and the only prime in its support is m. Thus M is killed by a
power of m, and M may be thought of as a module over R,,, while Mg may be thought
of as a module over S,,/. Since R,, — S,, is flat, the annihilator of m in Mg is spanned
by the annihilator of m in M, and so if u is an elment of M that generates the socle in
M, then the image v of u in Mg spans the socle (since mS = m'). Since u is in every
submodule of M that is strictly larger than 0, we have that u is in the K-tight closure of
0 if and only if 0 is not K-tightly closed in M. Similarly, v is in the K-tight closure of 0 in
Mg iff 0 is not K-tightly closed in Mg. The result now follows at once from Lemma (4.2.7),
since the fact that S, is faithfully flat over R, implies that condition (#) is satisfied for
every prime in the support of M/N = M.

We now consider part (2), which is quite similar. As in the proof of part (1), the socle
in Mg is the expansion of the socle of M, but now, since we are assuming that L = S/m.S,
we see that the socle in M is isomorphic with the socle in Mg. (In fact, our hypothesis
implies that R/m' = S/m'S for all ¢, and so M = Mg.) Hence, 0 is tightly closed in M
over R if and only if every element u # 0 of the socle is not in the tight closure of 0 in M
over R, and 0 is tightly closed in Mg if and only if for every u # 0 in the socle of M over
R, the image v of u in Mg is not in the tight closure of 0 in Mg. The result now follows

again from Lemma (4.2.7). O

(4.2.19) Remark. Note that either hypothesis in (4.2.18) enables us to test tight closure
after tensoring with S by checking elements that come from the module M under the map
M — Mg. When the socle in M/N is two-dimensional (or higher) and R/m C S/mS

is a proper field extension, this technique is not available, and we do not know how to
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overcome this difficulty.

(4.3) FFREGULARITY AND F-RATIONALITY

In this section we fix a field K of characteristic 0 and then consider several important
classes of rings defined in terms of K-tight closure: the defintions are given in (4.3.1) and

(4.3.2) just below.

(4.3.1) Definition. Let R be a Noetherian K-algebra. R is called weakly F'-regular if
every ideal is K-tightly closed. R is called F'-regular if every localization of R is weakly
F-regular. R is called F-rational if every parameter ideal®® is K-tightly closed. If the
choice of field is not clear we add “over K”, e.g., we may speak of a ring that is “weakly

F-regular over K.”

(4.3.2) Definition. Let R be a finitely generated K-algebra. Then R is said to be of
weakly F-regular type (respectively, of F-reqular type, of strongly F-regular type, or of F'-
rational type) if for some choice of descent data (A, R4), where A is a finitely generated Z-
subalgebra of K, almost all closed fibers R, of A — R4 are weakly F-regular (respectively,
F-regular, strongly F-regular, or F-rational) in the characteristic p sense. We add the
words “over K” if the choice of field is not clear from context. If one of these conditions
holds for a Zariski dense set of closed fibers instead of for almost all closed fibers we modify

)

terminology by inserting the word “dense,” so that we may speak of dense F-regular type,

dense F-rational type, and so forth.

(4.3.3) Proposition. Let K C L be fields of characteristic 0 and let R be a Noetherian
L-algebra. If R is weakly F-regular (respectively, F-regular over L, or F-rational over L)
then it also has this property over K.

Proof. The result is immediate from the fact that the K-tight closure of an ideal is con-
tained in the L-tight closure: cf. (3.2.4) (recall that formal K-tight closure is K-tight

closure). 0O

33See (2.3.10).
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(4.3.4) Proposition. Let R be a Noetherian K -algebra where K is a field of characteristic

0.

(a) (R is F-regular over K) = (R is weakly F-regular over K) = (R is F-rational over
K).

(b) Suppose that R is finitely generated over K. Then:

(R is of strongly F-regular type over K) = (R is of F-regqular type over K) = (R is of

weakly F-regular type over K) = R is of F-rational type over K.

(¢) Suppose again that R is finitely generated over K. Then:

(R is of weakly F-reqular type over K ) = (R is F-reqular over K ) /smallskip and (R
is of F-rational type over K ) = (R is F-rational over K ).

Proof. Part (a) is immediate from the definitions, and part (b) from the definitions coupled
with the fact that the corresponding string of implications holds in characteristic p. To
prove part (c¢), we first consider the case of weakly F-regular type. Note that one can
show that an element not in a given ideal is not in the tight closure by choosing descent
data and observing that the element is still not in the ideal in almost all fibers. But since
almost all fibers are weakly F-regular, the element cannot be in the tight closure. The
argument for the case of F-rational type is similar, except that we restrict attention to
parameter ideals, and need to obseve that, after descent, a sequence of parameters remains

a sequence of parameters in almost all fibers, which is true by Corollary (2.3.12). O

(4.3.5) Corollary. Let R be a Noetherian K-algebra satisfying any of the conditions
described in (4.3.4) above, i.e., any form of R-regularity or F-rationality. Then R is F-
rational over K and, hence, F-rational over Q. It follows that R is normal and, if R is
universally catenary (which is always the case for locally excellent rings, and, in particular,

for finitely generated K -algebras), then R is Cohen-Macaulay.

Proof. That R is F-rational over K follows from (4.3.4), and that R is F-rational over Q

follows from (4.3.3), while the last sentence is essentially the content of (4.1.8). O
Moreover, since regularity localizes, we may restate Theorem (4.1.1) as follows:

(4.3.6) Theorem. FEvery reqular Noetherian K -algebra is F-reqular over K. [0
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(4.3.7) Discussion and definition: approximately Gorenstein rings. A local Noe-
therian ring (R, m) is called approzimately Gorenstein if there are irreducible m-primary
ideals contained in every power of m. It follows that there is a sequence of m-primary
irreducible ideals cofinal with the powers of m. A Noetherian ring is called approximately
Gorenstein if all of its local rings at maximal ideals are approximately Gorenstein. The
notion is developed in [Hod4|, and all of the results sited in this discussion are from that
paper. If the Krull dimension is 0, approximately Gorenstein rings are precisely the same
as Gorenstein rings. If the Krull dimension is one or more, the condition for a ring to
be approximately Gorenstein is mild. A local ring R is easily seen to be approximately
Gorenstein if and only if its completion is approximately Gorenstein. A complete local
ring R of dimension at least one is approximately Gorenstein if and only if it has depth at
least one, and for each prime P € Ass R such that dim R/P = 1, the module R/P & R/P
is not embeddable in R. This is one of the main results of [Ho4]. It easily follows that if
R is a Noethian ring that is normal, or excellent and reduced, then R is approximately

Gorenstein.

(4.3.8) Theorem (characterization of weak F-regualrity). Let K be a field of char-

acteristic 0. Let R be a Noetherian K-algebra. Then the following conditions on R are

equivalent:

(1) R is weakly F-regular over K (i.e., every ideal of R is K-tightly closed).

(2) For every maximal ideal of R, R,, is weakly F-regular over K.

(3) For every mazimal ideal of R, the completion of R,, is weakly F-regular over K.

(4) R is normal (respectively, approzimately Gorenstein), and for every mazximal ideal m
of R there is a sequence of m-primary irreducible ideals cofinal with the powers of m

that are K-tightly closed.
(5) For every pair of finitely generated R-modules N C M, N is tightly closed in M.

Proof. (1) = (4) since by (4.3.5) R is normal, and by the discussion in (4.3.7), normal
Noetherian rings are approximately Gorenstein. Since (5) = (1) is obvious, if we can show
that (4) = (5) then the equivalence of (1), (4), and (5) will have been established. Assume
(4). Let N C M be finitely generated modules, and suppose that = as an element of M not
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in the K-tight closure of N. Then we can replace N by a submodule of M maximal with
respect to the property of not containing z, and we can replace N C M by 0 C M /N and
x by its image in M/N. The hypothesis that every nonzero submodule of M contains z
then implies that the annihilator of x is a maximal ideal m of R and that M is an essential
extension of Rx = R/m = K, say, and it follows some power of m kills z. By (4) we
can choose an irreducible m-primary ideal I such that I is K-tightly closed and Iz = 0.
Then M may be viewed as an essential extension of K that happens to be an R/I-module,
and since R/I is a zero-dimensional Gorenstein ring, M embeds in R/I. But since I is
K-tightly closed in R, it follows that 0 is K-tightly closed in R/I, and, hence, in M, a

contradiction.

The equivalence of (2) and (3) with the other conditions now follows from the observation
that for an irreducible m-primary ideal I such that = generates the socle in R/I, where
m is a maximal ideal in R, the ideal I is K-tightly closed in R (i.e., x is not in the
K-tight closure) iff the image of z is not in the K-tight closure of IB, where B may
denote either R, or its completion, by (4.2.18). Moreover, the m-primary ideals of R
correspond via expansion and contraction bijectively with those of B (whether B is R, or

its completion). [

(4.3.9) Remark and definition: fiberwise tight closure. Let K be a field of charac-
teristic 0. Over an affine K-algebra R one may define a variant notion of when a submodule
is tight closed. The notion is first described in [Katl]. Let N C M be finitely generated
R-modules and define N to be fiberwise tightly closed in M (in the sense of K-tight closure)
if for some (equivalently) every choice of descent data (the proof of the equivalence is easy)
one has that N, is tightly closed in M, for almost all closed fibers. This implies very easily
that N is tightly closed in M. We do not know whether, over an affine K-algebra R, the
condition that N C M is K-tightly closed implies that N is fiberwise tightly closed in M.

We next prove a result about the behavior of algebras satisfying one of the variations of
F-regular or F-rational type. Many such results are immediate from corresponding results
in characteristic p, and we have not tried to give an exhaustive account here. Proposition

(4.3.11) gives a sampling. We first need a definition.
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(4.3.10) Definitions: canonical modules and the Q-Gorenstein property. A
Cohen-Macaulay local ring R is said to have a canonical module w if w is a finitely generated
R-module whose depth is equal to the dimension of R (i.e., a maximal Cohen-Macaulay
module), and such that if 21, ... , x4 is a system of parameters of R, w/(z1, ... ,z4)w has a
socle that is a one-dimensional vector space over the residue field. An equivalent condition
on the finitely generated module w is that its Matlis dual is the highest local cohomology
module of the ring. For basic facts about canonical modules we refer the reader to [GrHa|
and [HeK]. In this local case, w is unique up to isomorphism. Such a canonical module w
exists if and only if R is a homomorphic image of a Gorenstein local ring S, in which case
w = Ext?(R,S), where h may be characterized either as dim S — dim R or as the height
of the ideal I such that R = S/I. The least number of generators of w is the type of R.

More generally, if w is a finitely generated R-module over a Cohen-Macaulay ring R
such that for every maximal (equivalently, prime) ideal P of R, wp is a canonical module
for Rp, then w is called a canonical module for R. If R = S/I where S is Gorenstein and
all minimal primes of I have height h, then Extg(R, S) is again a canonical module for
R. A canonical module for R, if it exists, is unique up to tensoring with a module that is
locally free of rank one. If R is a domain, there is always an embedding w C R, so that w
is isomorphic as a module with some ideal J of R. J is called a canonical ideal for R. 1t
automatically has pure height one. Thus, if R is normal, we may think of the class of w
or J in the divisor class group of R. The positive multiples of this class correspond to the
symbolic powers J( of J, where J) is the contraction of W~1J" C W~IR to R: here,
W is the complement of the union of the minimal primes of J (equivalently, W is the set
of elements of R that are not zerodivisors on .J).

We shall say that a Cohen-Macaulay normal ring R is Q-Gorenstein if it has a canonical
module wg = w , and there exists a positive multiple of the element represented by w in
the divisor class group of R that is locally principal. Note that a Gorenstein normal ring
is always Q-Gorenstein. Note also that the property of being Q-Gorenstein is independent

of the choice of w.

(4.3.11) Proposition. Let K be a field of characteristic 0 and let R be a finitely generated

K -algebra.
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(a) If R is reqular, then R is of strongly F-regular type over K.
(b) If R is of F-rational type over K and Gorenstein, then R is of strongly F-regular type
over K.
(¢) If R is of weakly F-regular type over K and either
1) R is Q-Gorenstein except possibly at isolated closed points, or
(1) pt possibly p
(2) R is N-graded,
then R s of strongly F-reqular type over K.
d) IF R is of weakly F-regular type over K and g € R, then R, is of weakly F-reqular
g
type over K.
e) If R is of F'-rational type over K and g € R, then R, is of F'-rational type over K.
g

Proof. In all parts we may assume that we have chosen descent data, so that we have R4
where A is a domain that is a finitely generated Z-algebra. As usual, we denote by § the
field of fractions of A. It follows that all closed fibers R, are finitely generated algebras
over a finite field x, and, hence F-finite. Each part follows from the fact that one can
preserve the hypothesis while passing to descent data and then to almost all fibers, and
then apply a corresponding fact in characteristic p.

For part (a), since R is regular over a field of characteristic 0, we know that R4 can be
made smooth over A by localizing at one element of A°. The fibers are then F-finite and
regular, and the result follows from Theorem (3.1)(c) of [HH3].

For part (b), note that almost all fibers are F-rational (by the definition of F-rational
type), F-finite by our initial remark, and Gorenstein by (2.3.15).

For part (¢) we need to show that the respective hypotheses (1) and (2) are preserved
for almost all closed fibers R,;, for then we may apply the main result of [MacC] in case (1)
or the main result of [LySm] in case (2) to obtain the desired conclusion. In case (2) it is
obvious that the N-grading is preserved when we pass to fibers. We focus on case (1). The
ring is normal and therefore a finite product of domains. We can therefore assume that we
are in the domain case, so that all maximal ideals have height equal to the dimension of
the ring. Since R is Cohen-Macaulay, R4 will be Cohen-Macaulay after localizing at one
element of A°, and we can write R4 = A[Xy, ..., X,]|/Pa where P4 is a prime ideal of

Sa = R[Xy, ..., X,], a polynomial ring mapping onto R4. Let h be the height of cPj.
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By (2.1.15) we can localize at one element of A° so that all the closed fibers will be Cohen-
Macaulay, and of the same dimension as R, by (2.3.9). Let wa = Ext% (Ra,S54). Since
we can localize at an element of A° so that A becomes Gorenstein or even regular, this
is a canonical module for R4. More important is that w4 is a relative canonical module
in the sense that, after localizing further, at one element of A°, we may assume that for
any map A — L, where L is a field, w;, = L ® 4 w4 is a canonical module for Rj,, since
by (2.3.5) part (¢), after one such localization we may identify L ®4 Ext? (Ra,S4) with
ExtgL (Rr,Sp) for any field L to which A maps, and Ry will be Si/Pr where cPj, has
pure height i in the polynomial ring S;,. We may choose an embedding of wg, which is
a canonical module for Rz, as an ideal Jz of Rg. After localizing at one element of A°
we may assume that this embedding arises from an inclusion J4 C R4 by localization,
where there is an isomorphism wa = J4 that gives rise to the isomorphism wg = Jz by

localization. Then Jg is a canonical ideal for R. The locus
{P € Spec R: (JI((h!)>p is not principal}

(not principal is equivalent to not free here) is closed and non-increasing with h, hence is
stable for all h > 0. Since the ring is Q-Gorenstein except at finitely many closed points,
it follows that we can choose r = h! such that Jg) is locally principal except at finitely
many closed points, say those corresponding to the maximal ideals {mq, ... ,ms} of R.
Because the extension of fields § C K may be transcendental, these maximal ideals need
not lie over maximal ideals of Rz. However, by enlarging A, if necessary, we can get them
to lie over maximal ideals of Rz. By localizing further at one nonzero element of the
enlargement of A, if necessary, we can assume that our previous suppositions continue to
hold.

It now follows that Jér) is locally principal except at finitely many closed points of R_g,
those lying under the m;: if we localize at any element g not in the union of these maximal
ideals, (Jé")) ¢ becomes locally free of rank one once we tensor with K over §, and so it
must have been locally free of rank one originally.

We can localize at one element of A° to guarantee that § ® 4 Jg) = J (r), and also that

Ra/Ja and R4/ JX) are A-flat. Let Iz denote the ideal of Rz generated by the elements
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g € Rz such that (Jg)) ¢ is principal. If we localize at a prime ideal ) containing I, (JéT))Q
is not principal (or we could find another such element). It follows that V(Iz) is a finite
set of maximal ideals of Rz. Choose generators g1, ... ,g; of Iz such that every (Jér))gi

is principal. It follows that there is a large integer N and for every ¢ an element u; of Jér)

such that gV Jér) C u;Rz. By localizing at one element of A we can assume that all the
gi € R4, that all the u; € J(T), and that all the closed fibers of A — R4 /I4 are zero-
dimensional, where I4 = (g1, ... ,gs)Ra (since this is true after we pass to §). Finally, we
can assume that the calculation of symbolic powers commutes with passing to closed fibers
as follows: Choose one element f € Rgz, not a zerodivisor on Jg, such that f Jér) C Jg,
and note that Rg/ Jér) has no embedded primes. After localizing at one element of A°
we may assume that f € R4 is not a zerodivisor on Rs/J4 and that fJX) C JY, while
Rya/ JX) has no embedded primes. After localizing at one element of A° we have that all

this is preserved when we pass to closed fibers, and it follows that for each closed fiber ,Ef)

is simply Kk ® 4 JX).

We have now shown that for suitably large descent data, the condition that the ring be
Q-Gorenstein except at finitely many closed points is preserved when we pass to almost
all closed fibers, which is what we needed to complete the proof of part (1) of (c).

Parts (d) and (e) follow from the corresponding facts (REF) for affine algebras of char-

acteristic p. [

We now return to the study of various kinds of F'-regularity and F-rationality. We first

note:

(4.3.12) Theorem. Let K be a field of characteristic 0 and let R — S be a homomor-
phism of Noetherian K-algebras. If R is cyclically pure®* in S, and S is weakly F-reqular
(respectively, F-regular) then so is R.

Proof. First suppose that S is weakly F-regular over K. If u is in the K-tight closure of
I C R in R then the image of v in S is in the K-tight closure of 1.5 in S, by persistence

34This means that every ideal of R is contracted from S, and is true when S is faithfully flat over R,
when R is a direct summand of S as an R-module, or when R is pure in S. (Each of the three conditions
listed is weaker than its predecessors.) See (4.1.11).
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of tight closure, and so the image of u is in the contraction of IS to R, which is I by
hypothesis. Thus, every ideal of R is K-tightly closed.
The case where S is F-regular over K now follows from the preceding case and the fact

that our hypothesis is preserved when we localize at any multiplcative system of R (cf.

(4.1.11)). O

(4.3.13) Discussion and definition: Hilbert rings. We shall refer to a commutative
ring R as a Hilbert ring (the term Jacobson ring is also used) if every prime ideal is an
intersection of maximal ideals. The property passes from R to homomorphic images of
R and to finitely generated R-algebras, and so a finitely generated algebra over a field is
a Hilbert ring. If R is a Hilbert ring and S is a finitely generated R-algebra, then every
maximal ideal of S lies over a maximal ideal of R. See Section 1-3 of [Kap] (our definition

differs from the one given there, but see Exercise 9.(c) on p. 20).

(4.3.14) Theorem (F-regularity and base change). Let K be a field of characteristic

0 and let R — S be a flat homomorphism of Noetherian K -algebras.

(a) If R is weakly F-regular over K, R — S is local, and the closed fiber is reqular then
S is weakly F-regular over K.

(b) If Rp is weakly F-reqular over K for every prime ideal P of R lying under a mazximal
ideal of S, and R — S is geometrically reqular, then S is weakly F-reqular over K.

(¢) If R is F-regular over K and R — S is geometrically reqular then S is F-reqular over
K.

(d) If R is a Hilbert ring®® (e.g., a finitely generated algebra over a field), R — S is

smooth, and R is weakly F-reqular over K, then S is weakly F-regular over K.

Proof. For part (a) we note that we may complete both R and S and all our hypotheses
are preserved. By part (3) of (4.3.8) our hypotheses are preserved, and to show that a local
ring is waekly F-regular over K, it suffices to show this for the completion. Thus, there
is no loss of generality in assuming that R — S is a flat local homomorphism of complete
local rings with a regular closed fiber. Choose a coefficient field K’ of R containing K and

extend its image in S to a coefficient field L for S. We may represent R as a module-finite

35See (4.3.13).
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image of A = K'[[z1, ... ,z,]], a formal power series ring, and let y1, ... ,yq be elements
of S whose images in the closed fiber S/MgS form a regular system of parameters. Let
B = L[z, ... ,Tn, Y1, --- ,ya)] is a formal power series ring that is contained in S such
that S is module-finite over the regular ring B, and if we let T' = B ® 4 R, there is an
obvious map T" — S. This map is an isomorphism: the argument is given parenthetically
beginning on the last line of p. 36 of [HH9.

We can make the ring extension from R to S in two steps: in the first we tensor with
By = L[[z1, ... ,2zy]] (so that d = 0). Then, in the second step, we simply adjoin the
formal power series indeterminates yi, ... ,y4. This reduces the problem to considering
the two steps separately.

First consider the case where d = 0, so that we are simply extending the field. Choose
a sequence of irreducible mpg-primary ideals of R cofinal with the powers of mp. These
are K-tightly closed, and when expanded to S they have the same properties: they are
irreducible and cofinal with the powers of S. By (4.3.8) it suffices to show that these
expanded ideals remain K-tightly closed, which follows from (4.2.18), with hypothesis as
in part (1).

We now consider the case where we are adjoining formal power series indeterminates
(but we may assume the residue field does not change). In S = R[[y1, ... ,yaq]] the ideals of
the form IS + (y%, ..., y4)S, where I is an irreducible Mp-priamry ideal, are irreducible

and cofinal with the powers of Mg. It suffices to show that these ideals are K-tightly

closed. Let T = R|y1, ... ,ya]. The ideals IT + (i, ..., y,)T are K-tightly closed by
Theorem (4.2.14), part (d). By (4.2.18), the fact that J = IT+(y%, ..., y})T is K-tightly
closed is preserved when we pass to the completion of T at mg + (y1, ... ,yq)T, since J is

primary to this maximal ideal of T". (Since J is irreducible while there is no field extension,

the hypotheses of both (1) and (2) of (4.2.18) hold here — either suffices.) O

The following theorem contains a number of important results on the behavior of F-
rationality. The theory is better behaved in several ways than the theory of weak F-

regularity.

(4.3.15) Theorem (behavior of F-rational rings). Let K be a field of characteristic
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0 and let R be a locally excellent Noetherian K -algebra.

(a) R is F-rational over K iff R, is F-rational over K for every mazimal ideal m or R.

(b) If R is local, then R is F-rational over K zﬁ‘ﬁ 18 F'-rational over K.

(¢) (Localization and base change) If R is F-rational over K, then every localization of
R is F-rational over K, and, more generally, if R is F-rational over K, R — S 1is
geometrically regular, and S is locally excellent, then S is also F-rational over K.

(d) If R is local and equidimensional, then R is F-rational over K if and only if the ideal
generated by one system of parameters is K-tightly closed.

(e) (F-rationality deforms) If R/ fR is F-rational over K, where f is a nonzerodivisor in
R, then Rp is F-rational over K for every prime ideal P containing f. In particular,
if (R,m) is local and f € m is a nonzerodivisor such that R/fR is F-rational over
K, then R is F-rational over K.

(f) If R is Gorenstein, then R is F-rational over K iff R is weakly F-regular over K iff
R is F-regular over K.

Proof. We begin by proving that the condition given in part (d) is sufficient for the ring
to be F-rational. Since the ring is equidimensional, the given system of parameters, say
1, ... ,xq, 18 a system of parameters modulo every minimal prime. It follows from Corol-

lary (4.1.10) that the ring is Cohen-Macaulay, and reduced, since (0) is tightly closed.

We next observe that the ideal (af, ..., z%) is tightly closed for every positive integer
t. To see this, note that if not, there would be an element of (2}, ..., z%):gm and
not in (zf, ..., %) in the tight closure, corresponding to a nonzero socle element in
R/(x%, ..., x%). But then this element has the form (z1---24)*"'u, where the element
w€ (x1, ... ,2q):gm but u ¢ (x1, ... ,24). Since

R T O S L) b

we have that

we (zh, . .., al) K igalTt 2l
and so, by the final statement in Theorem (4.1.7), we have that u € (xq, ... ,zq)** =

x1, ... ,Tq) by hypothesis, and so (1 ---24)' " tu € (2t, ..., 2) after all.
1 d
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If y1, ... ,yq is any other system of parameters, then from the fact that the highest local
cohomology module can be viewed as either the direct limit of the modules R/(x%, ... , %)
or the direct limit of the modules R/(y§, ... , y3), with the maps in the direct limit system
being injective in either case, it follows that R/(vectyd) embeds in R/(z}, ..., z}) for

t sufficiently large. Since 0 is K-tightly closed in the latter, it is K-tightly closed in the

former, which shows that (y1, ... ,yq) K-is tightly closed in R for any system of parameters
Yy - s Yd-

Finally, suppose that x, ...,z is part of a system of parameters zi, ... ,x4. The
fact that (x1, ... ,xy) is K-tightly closed then follows from (4.1.10), or one may deduce it

instead from the fact that

(1, ... ,:L‘k):ﬂt(asl, e, Tk, :E’,;+1, cee xtd)

This completes the proof of part (d).

Part (b) now follows because an ideal of R generated by a system of parameters is K-
tightly closed in R if and only if its expansion to Ris K -tightly closed in }A%, by (4.2.18):
the second part of the hypothesis holds.

To prove (a) first suppose that every R,, is F-rational, and that x1, ...,z are param-
eters in R generating an ideal I such that u € I*% while u ¢ I. Choose a maximal ideal
m containing I :gu. Then I C m, and I is a parameter ideal of R,,, while u ¢ I R,,. But
u € (IR,,)*¥ by the persistence of K-tight closure, a contradiction.

To prove the other half of (a) suppose that R is F-rational and that m is a given
maximal ideal of R. Choose a maximal parameter ideal I of R generated by x1, ..., x4
inside m, and let J be the contraction of IR,, to R. Then J = I :g f for a suitable element
f € R—m. Then I is K-tightly closed by hypothesis, and so J is K-tightly closed by
Theorem (3.2.3), part (i), and since J is m-primary, JR,, = (21, ... ,x4) Ry, is K-tightly
closed in R, by (4.2.18) (hypothesis (2) holds), and so R,, is F-rational over K by part
(d), proved above. This completes the proof of (a).

We next prove (c). We first prove that localizations W 1R of F-rational rings R over
K are F-rational over K. Since each local ring of W~'R is a local ring of R, it suffices

to show that Rp is F-rational for every prime P. We may first replace R by R,, for a
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maximal ideal m O P, by part (a), and so we may assume that (R, m) is local. Choose a
prime ideal @ of the completion R that is a minimal prime of PR and so lies over P, so
that Rp — }/iQ is a faithfully flat map of local rings such that the maximal ideal PRp of
Rp expands to an ideal primary to the maximal ideal of ﬁQ. Then a system of parameters
for Rp is also a system of parameters for EQ. It follows that if EQ is F-rational, then so
is Rp, since the contraction of a K-tightly closed ideal is K-tightly closed. We know that
R is F-rational by part (b). Thus, we may assume without loss of generality that R is
complete (and F-rational), and we need to show that the localization at any prime ideal
() remains F-rational. We may choose parameters z1, ... ,x; in ) such that their images
in R form a system of parameters. Then (x4, ... ,xy) is K-tightly closed by hypothesis,
and the expansion of this ideal to R remains tightly closed by Theorem (4.2.14), part (g),
since R is a complete domain. Thus, Rq is F-rational by part (d), which was established
in the first part of this proof.

Now suppose that R — S is geometrically regular and that R is F-rational over K. It
suffices to show that the completion of every local ring of S is F-rational, and so we may
replace S by such a completed localization and assume that S is a complete local ring. We
may replace R by its localization at the contraction of the maximal ideal of S, by what has
already been proved, and we may then complete R. The result is a flat local homomorphism
of complete local rings (R, m) — (S,n) such that R is F-rational. Moreover, the closed
fiber S/mS is regular, i.e., a formal power series ring. Then, exactly as in the proof of
(4.3.14) part (a), we may consider two cases, one in which we are enlarging the residue
field and the other in which we are adjoining formal power series indeterminates. In the
first case a system of parameters for R is also a system of parameters for .S, and remains

tightly closed by Theorem (4.2.14), part (g). In the second case we may assume that S is

R[[y1, ... ,yk]]- Let z1, ... , x4 be a system of parameters for R, so that vectzd, y1, ...,y
is a system of parameters for S. Then the ideal generated by =1, ..., x4, y1, ... ,yi in the
polynomial ring R|[y1, ... ,ya| is tightly closed by Theorem (4.2.14), part (d), and remains

tightly closed when we pass to S by Proposition (4.2.18) (the hypothesis (2) holds). This
completes the proof of (c).

To prove (e), first note that because we can localize the F-rational ring R/fR and
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preserve F-rationality, we may assume that R is local. Extend f to a system of parameters
for R, say f = x1, ... ,x4. Then the ideal generated by the images of s, ..., x4 in R/fR
is K-tightly closed in R/fR, and so its contraction to R, which is (z1, ... ,24)R is K-
tightly closed in R, and we may apply part (d).

Finally, suppose that R is Gorenstein and F-rational. Since we know that these prop-
erties are preserved by localization, it will suffice to prove that R is weakly F-regular.
For this purpose we may replace R by its localization at a maximal ideal, and so we may
assume that (R, m) is local. Let z1, ... ,x4 be a system of parameters. Then each of the
ideals 2%, ..., zf)R is generated by parameters and so is K-tightly closed in R. These
are irreducible m-primary ideals cofinal with the powers of m, and so it follows that R is

weakly F-regular by condition (4) of Theorem (4.3.8). O

(4.3.16) Discussion and definitions: rational and pseudo-rational singularities.
A ring R essentially of finite type over a field of equal characteristic zero is said to have
rational singularities if R is normal and for for some (eqivalently, every) desingularization
Y — X of X = Spec R (desingularizations exist by virtue of the main result of [Hir]),
H(Y, Oy) = 0 for all i > 1. This condition is local on X and so extends to schemes. It
holds when R is regular, and roughly speaking means that in some cohomological sense R
is very much like a regular ring. The condition implies that R is Cohen-Macaulay as well

as normal, but is strictly stronger.

There are many other characterizations of rational singularities in equal characteristic
zero. For example, if R is a local ring essentially of finite type over a field K of characteristic
zero, then R has rational singularities iff R is normal, Cohen-Macaulay, and the direct
image of the canonical sheaf of a desingularition Y (which should be taken to be Qil, /K
with d = dim Y, the sheaf of highest order differentials), is wy, the canonical sheaf on X =
Spec R. Cf. [KKMS], pp. 50-51. The proof of this fact uses the Grauert-Riemenschneider
vanishing theorem [GR].

Lipman and Teissier define a local ring (R, m) of dimension d to be pseudo-rational if
it is normal, Cohen-Macaulay, analytically unramified (i.e., the completion is reduced —

this is automatic for excellent normal local rings), and if for any proper birational map
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7:Y — X = Spec R such that Y is normal, if E = 7= 1({m}), the closed fiber, then the
6d

™

canonical map of local cohomology®® HZ (7,0y) = HZ (R) — HZ(Oy) is injective.

It is not difficult to show, by considering a dual notion, that having pseudo-rational
singularities is equivalent to having rational singularities for algebras essentially of finite

type over a field of characteristic 0. We now record the following results of K. E. Smith:

(4.3.17) Theorem (K. E. Smith). Let R be an excellent local ring of positive prime

characteristic p. If R is F-rational, then R has pseudo-rational singularities.

We refer the reader to [Sm1] or [Sm3| for the proof.

From this it is not difficult to show:

(4.3.18) Theorem (K. E. Smith). Let R be an algebra of finite type over a field K of

characteristic 0. If R has dense F-rational type>” over K then R has rational singularities.

Again, we refer the reader to [Sml] and [Sm3| for details. The converse result was

proved by N. Hara in [Hara5| using the results of [DI]:

(4.3.19) Theorem (N. Hara). Let R be an algebra essentially of finite type over a field

of characteristic 0. If R has rational singularities, then R has F-rational type over K.
We refer to the reader to [Hara5] for the proof. Combining these two results we have:

(4.3.20) Theorem (Hara-Smith). An algebra of finite type over a field K has rational
singularities if and only if it has dense F-rational type over K if and only if it has F'-
rational type over K. [J

Hence:

(4.3.21) Theorem. If R is a Gorenstein N-graded finitely generated K -algebra, then R
s of strongly F-reqular type over K if and only if the ideal generated by one homogeneous

system of parameters is tightly closed.

36Here Hi,(_) is the i th right derived functor of H)( ), where H)(G) consists of the global sections
of G whose support is contained in Z; however, we write m instead of Z for local cohomology with supports

in the closed set defined by m.
37See (4.3.2).
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Proof. Fix a homogenous system of parameters fi, ..., f; and a homogeneous element
u representing the socle generator modulo these parameters. Choose descent data such
that the f; and w are in R4. After localizing at one element of A° we may assume that
the images of the f’s are a homogeneous system of parameters in each closed fiber, and
that the image of u is a socle generator modulo the f’s in each closed fiber. We may
likewise assume that there is no dense open set such that wu is in in the tight closure of the
parameter ideal, and it follows that the closed fibers where the parameter ideal is tightly
closed are dense. But since this is a graded Gorenstein ring, for each such fiber the ring is
strongly F-regular, and, in particular, F-rational. Thus, the ring has rational singularities
and now it follows that almost all fibers are F-rational and so (since they are Gorenstein

and F-finite) strongly F-regular. [J

(4.3.22) Discusssion. It seems likely that an N-graded Cohen-Macaulay ring that if a
finitely generated K-algebra is of F-rational type if and only if the ideal generated by one
homogeneous system of parameters is tightly closed. Theorem (4.2.1) is the case where the
ring has type 1. But there appear to be serious difficulties when the socle has dimension
2 or more. The fact that the parameter ideal is tightly closed implies that, after descent,
any given socle element can be excluded from the tight closure of the image of the ideal
for almost all fibers, but this does not show, a prior: that the image of the ideal is tightly
closed for almost all fibers. As the closed fiber varies an element of the tight closure of the

ideal may be “hopping around” in the socle in an uncontrolled way.
We conclude with some important examples of rings of (strongly) F-regular type.

(4.3.23) Theorem. Let K be a field of characteristic 0 and let X = (x;5) be an r X s

matriz of indeterminates over K with say r < s. Let K[X]| denote the polynomial ring

over K in the indeterminates x;;.

(a) Let I denote the ideal of K[X]| generated by the size t minors of X for somet, 1 <
t <r. Then R= K[X]/I is of strongly F-regular type over K.

(b) Let S denote the subring of K[X] generated by the size v minors of X, which is a
homogeneous coordinate ring of a Grassmann variety. Then S is of strongly F-reqular

type over K.
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Proof. In both cases, after descent and passage to fibers one gets a ring of the same kind
over a finite field k. Thus, it suffices to see that in the case of a finite field these rings are
strongly F-regular. (Since k is finite these rings are F-finite.) The F-regularity of these
rings is proved in Theorem (7.14) of [HH10]. The rings in part (b) are Gorenstein and
so strong F-regularity follows. For part (a) one may use the same idea as in the proof of
Theorem (7.14) of [HH10]. One may think of X as the first r rows of a possibly larger
square matrix of indeterminates Y, and then x[X]/I is an algebra retract of T' = k[Y]/J,
where J is the ideal generated by the size ¢ minors of Y. Since Y is square, T" is Gorenstein
and, hence, strongly F-regular. But x[X]/I is an algebra retract of k[Y]/J: one obtains
the retraction by killing the indeterminates in the bottom s — r rows of Y, and so x[X]/I

is strongly F-regular as well. [J

(4.4) PHANTOM HOMOLOGY AND
HOMOLOGICAL THEOREMS

In this section we prove several results that greatly generalize several of what used to
be known as the “local homological conjectures” — many of these are now theorems: cf.
[PS1,2], [Hol-3,5-7], [Rol-4], [Du], and [EvG1-3]. This extends to equal characteristic
zero a program that has already been carried out in characteristic p.

Throughout this section let K be a field of characteristic 0 and let R be a Noetherian
K-algebra.

(4.4.1) Definition: phantom homology. A complex of finitely generated R-modules
"'—>Mi+1 —>M1—>MZ_1

is said to have K-phantom homology (or simply phantom homology) at the ith spot if the
kernel Z; of M; — M;, is in the K-tight closure of the image B; of M;;; — M, in M,.
If K is understood from context we may simply refer to phantom homology. Phantom

cohomology is defined analogously. A left complex
o= My — - = My — My

is called K -phantom acyclic (or simply phantom acyclic, if K is understood), if its homology

is K-phantom for all i > 0.



TIGHT CLOSURE IN EQUAL CHARACTERISTIC ZERO 183

(4.4.2) Discussion: terminology and notation for complexes. Let G, denote a
finite complex over R consisting of projective modules that are locally free of constant
rank: say that G; has rank b;. Let a; denote the ith map, 1 < i < d. In the local case,
or when we otherwise know that every G; is free, we shall assume that every G; has been
identified with R%, and in this case we shall also let «; denote a matrix of the ¢ th map,
1 <17 < d. In the free case we shall let r; be the determinantal rank of «;, and let I; be
the ideal generated by the size r; minors of a; (ag+1 = 0 and 7441 = 0). Let H denote a
function on the ideals of R such as height or depth or minheight (see (2.3.8)) that takes on
non-negative integer values on proper ideals and the value 4+co on the unit ideal. Recall
that G, satisfies the standard conditions on rank and H if for 1 < ¢ < d, b; = riy1 + 75
and ht I; > i. Thus, we may speak about “the standard conditions on rank and height” or
“the standard conditions on rank and depth.”

We can extend these notions to complexes of projective modules of constant rank once
we have defined the analogues of the ideals of minors I,.(a). We make this extension
as follows. Identify R = Hompg(R, R) in the obvious way. Given a map o : G — G’ of
projective modules we define I («) to be the ideal of R generated by all a € R corresponding
to elements of Hompg(R, R) obtained as composite maps of the form v o o o § where
p € Hompg(R, G) and v € Hompg(G', R). It suffices to use the elements obtained as
runs through a set of generators for Hompg (R, G) and 7 runs through a set of generators
for Homp(G', R). It is easy to see that when G, G’ are free, this ideal is the same as the
ideal generated by the entries of a matrix for the map G — G’. Moreover, the construct
commutes with base change and, in particular, with localization. Now we may define I,.(«)
for maps « of projective modules for all » > 1 as I1 (A" «).

We define the formal minheight of an ideal I to be the smallest of the minheights of
the ideals I B, where B is the completion of the local ring Rp of R at a prime ideal P
cotaining I, or +o0 if I = R.

We can now prove several analogues of results from characteristic p tight closure theory.

The first is:

Theorem (4.4.3) (phantom acyclicity criterion). Let K be a field of characteristic
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0 and let R be a Noetherian K-algebra. Let Go be a finite complex of finitely generated

projective R-modules of constant rank.

Suppose that R is universally catenary and locally equidimensional and that Ryeq ®r Ge

satisfies the standard conditions on rank and height. Then G is K-phantom acyclic.

More generally, if R is universally catenary and Ry.q ®r Ge satsifies the standard con-
ditions on rank and minheight3® then G, is K-phantom acyclic.
Still more generally, for any Noetherian K -algebra R, if Rrea®rGe satisfies the standard

conditions on rank and formal minheight then G4 is phantom acyclic.

Proof. Consider a cycle in degree ¢ > 1: we must show that it is in the tight closure of
the boundaries. By (4.2.6) it suffices to verify this after localizing at a prime ideal of R,
completing, and killing a minimal prime. In the locally equidimensional case height and
minheight agree, while in the universally catenary case, completion does not affect the
minheight of an ideal of a local ring. Thus, in the first case height and minheight agree
with formal minheight and in the second, minheight agrees with formal minheight.

Thus, it suffices to prove the assertion in the third case. Localizing, completing, and
killing a minimal prime will not decrease the formal minheight of the expansion of I, (c;)
to the ring obtained, j > 1. (Nilpotents are automatically killed in the process.) In
particular, I, (a;) does not become 0, j > 1, and it follows that the ranks of the maps do
not change.

We have consequently reduced to the case where R is a complete local domain and G,
itself satisfies the standard conditions on rank and height. Let z denote the cycle in Gj,
1 > 1, corresponding to the cycle we started with.

We may assume that every G; = RY% for a suitable choice of bj, j > 0, and that the
maps in the complex are given by matrices o, j > 1.

By Theorem (3.5.1) we can find a finitely generated K-algebra R’ mapping to R such
that (1) R’ is a domain and (2) R’ contains elements that map to the entries of the matrices
aj. Note that since the condition is equational we can also choose the lifting matrices a;-

so that (3) the product oja’;,, is 0 for every j > 1.

38See (2.3.8).
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This means that the lifting G, of G, that we get is a complex. Since it is again an
equational condition we can also choose the lifting such that (4) all r; + 1 size minors of
the matrix o; vanish for every j > 1.

Moreover, Theorem (3.5.1) guarantees that in addition to the conditions listed above we
may also choose R’ and the lifting such that (5) the ideal generated by the r; size minors
of a;- has the same height, which is at least j, as the ideal of r; size minors of o, j > 1.

Finally, we may also assume that (6) there is a cycle 2’ in G that maps to z when we
apply R®pr _ to GJ,.

Of course, applying R®pr/ _ to G gives our original complex back. Thus, it will suffice
to show that 2’ is in the K-tight closure of the boundaries in G} in the affine K-algebra
sense over R'.

Now one descends to an affine A-subalgebra R/, of R’, where A is a finitely generated
of K, as in Chapter 2. One chooses A large enough so that the entries of the matrices in
the complex G, and the coordinates of 2’ are in R/;. By Theorem (2.3.9c) the heights of
the ideals of rank size minors will be the same for almost all closed fibers as they were
for R': moreover, for almost all closed fibers the ring will be reduced and equidimensional
(cf. (2.3.9), 92.3.16)). By the characteristic p version of the phantom acyclicity criterion,
e.g., Theorem (9.8) of [HH4]|, the image of 2’ is in the tight closure of the image of the

boundaries for almost all closed fibers, and the result follows. [
This yields at once a very powerful result:

Theorem (4.4.4) (vanishing theorem for maps of Tor). Let R be an equicharacter-
istic zero reqular ring, let S be a module-finite extension of R that is torsion-free as an
R-module (e.g., a domain), and let S — T be any homomorphism to a regular ring (or, if R
15 a K -algebra for some field K of characteristic 0, we may suppose instead that T' is weakly
F-reqular over K ). Then for every R-module M, the map Torf(M,S) — Tor(M,T) is
0 for all 1 > 1.

Proof. Since Tor commutes with direct limits we may reduce to the case where the module
M is finitely generated. If the image of the map is nonzero, then we may localize at a

maximal ideal of T" in the support. Note that T' remains regular (or weakly F-regular over
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K in the second case, by Theorem (4.3.8)). We may then replace T by its completion (in
the second case, T' remains weakly F-regular over K by Theorem (4.3.8) again). We may
then replace R by the completion B of its localization at the contraction of the maximal
ideal of T"'and S by B®pg .S. Thus, we may assume that R is a complete regular local ring.
Note that if T is regular we may still view this as the second case by taking K = QQ, and

we shall do this in the remainder of the proof.

A minimal free resolution G, of M over R satisfies the standard conditions on rank and
depth by the acyclicity criterion of [BE], and so it satisifies the standard conditions on
rank and height when when we pass to S ®g G,, which, by (4.4.3), is then K-phantom
acyclic: any given cycle in degree i > 0 (representing a typical element of Tor®(M, S)) is
in the tight closure of the boundaries. This is preserved when we tensor further and pass

to T'®gr G,o. Since T is weakly F-regular over K the result follows. [

The mixed characteristic version (with 7" assumed regular) of (4.4.4) is an important
open question. If it is true, the consequences are dramatic. It implies that regular rings
are direct summands of their module-finite extensions and that pure subrings of regular
rings are Cohen-Macaulay, both of which are open questions in mixed characteristic. These
issues are explored in [HH11], §4, where (4.4.4) is proved by in equal characteristic by a
different method. See also the discussion following (1.3.9).

Finally, we mention the following analogue of a characteristic p result from [HHS8] (see

Theorems (6.5) and (6.6)).

Theorem (4.4.5) (phantom intersection theorem). Let K be a field of characteristic
zero and let R be a Noetherian K-algebra. Let G4 be a complex of finitely generated
projective R-modules of constant rank that satisfies the standard conditions on rank and
formal minheight. (If R is locally equidimensional and universally catenary it is equivalent
to assume that R satisfies the standard conditions on rank and height.) Suppose that the
complex G, is of length d. Let z € M = Hy(G,s) be any element whose annihilator in R
has formal minheight > d. (Again, if R is locally equidimensional and universally catenary
we may assume, equivalently, that the height of the annihilator is greater than d.) Then

z € 03K, In consequence:
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(1) if (R,m, K) is local, z cannot be a minimal generator of M.
(2) the image of z is 0 in Ho(S ®@r Ge) for any regular (or weakly F-reqular) ring S to
which R maps.

Proof. To prove that z € 0}, it suffices to establish this after passing to the quotient of a
completed local ring of R by a minimal prime. The standard conditions, which may now
be thought of as standard conditions on rank and height, will continue to hold. The height
of the annihilator will still be greater than d.

Thus, we have reduced to the case where R is a complete local domain. We now descend
the complex G4 to a complex of the same length G, over an affine K-algebra R’, which
may be taken to be a domain, mapping to R, exactly as in the proof of (4.4.3). We can do
this so that there is an element 2z’ of M’ = Hy(G,) that maps to z when we apply RQp _
(which gives G4 back). Moreover, we can keep track of generators for the annihilator of z
in R, and guarantee, by Theorem (3.5.1), that this ideal has at least the same height that it
did over R. Finally, we descend further, replacing R’ by a finitely generated subalgebra R/,
over a finitely generated Z-algebra A C K in such a way that all relevant entries of matrices
and coordinates are in R/,. For almost all closed fibers the image of the complex will satisfy
the standard conditions on rank and height, the ring will be reduced and equidimensional,
and the height of the annihilator of the image of 2z’ will be greater than d. It follows from
the characteristic p version of the phantom intersection theorem, Theorem (6.5) of [HHS|.

Part (1) then follows because mM is tightly closed in M (M/mM is a direct sum of

copies of R/m, and m is tightly closed in R), while part (2) is obvious. [

Theorem (4.4.5) is a strengthening of the “improved” new intersection theorem (dis-

cussed, for example, in [HoT]).

(4.4.6) Phantom resolutions and finite phantom projective dimension. Let R
be a Noetherian ring of equal characteristic 0. We assume for simplicity that Spec R is
connected so that finitely generated projective modules are automatically locally free of
constant rank. (If not, one may study each component of Spec R separately.) Let G,
be a finite free complex of finitely generated projective modules satisfying the standard

conditions on rank and formal minheight (if R is universally catenary this is the same as
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minheight, and if R is equidimensional as well it is the same as height). We call G, a
finite phantom resolution of M = Hy(G,) and say that M has finite phantom projective
dimension. There is a theory in equal characteristic zero containing analogues of many of

the results of [AB1] and [AHH], but we shall not do a detailed study here.

(4.5) ITERATED OPERATIONS AND
CONSTRAINTS ON PARAMETERS

In this section we discuss results of the following type: Suppose that one has ideals
that are either generated by monomials in parameters or else are expanded from a regular
ring R to a ring S, where R — S either is module-finite or preserves heights sufficiently
well. Suppose further that one performs a sequence of operations on these ideals, which
might include taking colon ideals and intersections. Under suitable hypotheses, it turns
out that the result of performing the operations is in the tight closure of an ideal that can
be constructed in a simple way: in the monomial case, in the tight closure of the monomial
ideal one would get if the parameters were actually a permutable R-sequence, while in
the case of ideals expanded from a regular ring, in the tight closure of the expansion of
the ideal obtained by performing the same operations in the regular ring. This theory is

parallel to the one developed in §7 of [HHA4].

Throughout the rest of this section we fix a field K of characteristic 0, and we assume
that given rings are K-algebras. Moreover, tight closure will be assumed to be K-tight

closure.

(4.5.1) Discussion and definition: admissibile and nearly admissible functions
of ideals. Let Uy, Us, Us, ... denote variable ideals. We define recursively a class of
ideal-valued functions of several ideals, which we refer to as the admissible functions, as
follows. The projections sending (U, ... ,Uy) to U;, 1 <i < k, are admissible, and if 7, G
are admissible then so are the sum F + G, the product, FG, the intersection, F NG, as well
as the function F*¥ (this assigns to (U, ... ,U) the K-tight closure of F(Uy, ... ,Uy)),
and the function F: U;.
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Thus, the functions defined by F(Uy, Us, Us) = (Uy + Uy)*E : Uz and
G(Ur,Us, Us, Uy, Us, Ug) = (U : U) + (Us: Ug)* ™ (Us = Us)

are admissible. This definition differs from the one given in §7 of [HH4] in allowing K-
tight closures. Note that Uy : (U2 4 Us) is not a priori admissible, but can be rewritten as
(Up: U)N(Uy : Us), which is. Similarly, Uy : (U2Us) is not a priori admissible, but can be
rewritten as (Uy : Us): Us), which is. However, Uy : (U2 N Us) is not admissible.

We define nearly admissible ideal-valued functions of ideals recursively as follows. All
admissible functions are nearly admissible, and if F and G are nearly admissible then so
are F + G, FG, FNG, (F)*X, and, provided as well that G is admissible, F: G is nearly
admissible.

Notice that in the definition of “admissible” only the variables themselves are allowed
in the denominator of the colon operator. In the definition of “nearly admissible” all
admissible functions are allowed in the denominator of the colon operator, but not functions
that are only nearly admissible. The notion defined here again differs from that defined in

§7 of [HH4| in allowing K-tight closures. Thus,
Ui: (UaNUsz) +Us: (Us N Us)
is nearly admissible, but
Ur: (Ur: (U2NUs) +Us: (Us N Us))

is not, because in the latter the denominator, while nearly admissible, is not admissible.

(4.5.2) Definition: trapped ideals. Let A — R be a map of K-algebras. We shall say
that an ideal J of R is trapped over an ideal I of A if IR C J C (IR)*¥.

The main result of this section is the following theorem, which greatly generalizes The-

orem (4.1.7).

(4.5.3) Theorem. Let K be a field of characteristic zero and let A — R be a homomor-

phism of Noetherian K-algebras such that A is regular. Suppose either that
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(1) A is the ring Q[z1, ... ,x,], T is the set of all ideals of A generated by monomials
in the variables x1, ... ,T,, and that for every integer h, 1 < h <n, every h element
subset of T1, ..., T, consists of strong parameters3®: this is equivalent to the hypoth-

esis that every such subset generates an ideal of formal minheight®® at least h in R
or

(2) A is any regular ring, T is the class of all ideals of A, and for every complete local
domain S of R at a mazimal ideal,**, if P is the contraction of the mazimal ideal
of S to A then the height of PS is at least the height of P. ideal I of A the formal
minheight of IR is at least the height of I.

Let F be a nearly admissible function of k ideals. Then for any k ideals Iy, ... Iy
inZ, F(LR, -, ItR) C (}"(Il, ,Ik)R)*K, and if F is, moreover, admissible, then
F(LR, -+, IxR) is trapped over F(Iy, ..., Iy), i.e.,

F(ly, ..., k) RC F(LR, -+, ItR) C (F(I1, ..., I,)R)"™".

Proof. We first consider the result for admissible functions. It is immediate from the
recursive nature of the definition that the theorem follows by induction (on the number of
steps needed to construct the function in question recursively) provided that we can show
the that if J C R is trapped over I and J' C R is trapped over I’, where I, I’ are in Z,
then

(a) J+ J' is trapped over I + I’

(b) JJ' is trapped over 11’

(¢) JNJ'is trapped over I NI,

(d) J*K is trapped over I, and
)

(e) J':rIR is trapped over I’ : 4 I.

Parts (a), (b) and (d) are immediate from parts (f), (g) and (e), respectively, of Theorem
(3.2.3). It remains to prove parts (c) and (e). The inclusions (I N I")R C J N J' and

39See (2.3.10).

401f R is universally catenary formal minheight coincides with minheight, and if R is locally equidi-
mensional as well, formal minheight coincides with height, and this condition is much less technical.

41See (2.3.10).
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(I'":aI)R C J' :gp IR are obvious. To complete the proof, it will suffice to show that if I
and I’ are in Z then

(f) IR Nn(I'R)** C(INnI)R
(g) ('R)*:grIRC ((I':a)R)™.

Let u be an element of the ideal on the left hand side. We must show that « is in the

)*K and

K-tight closure of (I N I")R (respectively, (I’:4 I)R). It suffices to prove this after we
replace R by a complete local domain of R at a maximal ideal. The hypothesis (1) or (2)
is preserved. Thus, we may assume that R is a complete local domain.

We first consider the situation under hypothesis (2). We replace A first by the comple-
tion of its localization at the contraction of the maximal ideal of R. We extend a coefficient
field L C K for A to a coefficient field L’ for R. We extend a regular system of parame-
ters x1, ... ,xq for A to a system of parameters x1, ... ,z, for R. We may then replace
A = L[z, ... ,xq]] by its flat extension A" = L'[[z1, ... ,z,]], and the ideals I, I’ by
their extensions to A’. We may thus assume that A — R is a module-finite extension of a
complete regular local ring, and that R is a domain. We then can view A — R as a direct
limit of maps Ag — Ry where Ag is a smooth affine K-algebra and Ry is a module-finite
domain extension of Ay. The result now follows, after descent, from the characteristic p
case.

The proof under the hypothesis (1) is similar. Some of the elements z; may become
invertible when we pass to the complete local domain of R at a maximal ideal. We can then
study the problem after “removing” any power of such a variable from any monomial in
which it occurs. The x; that do not become invertible will be part of a system of parameters
for the complete local domain. This may be extended to a full system of parameters, and
we may reduce to the case of a module-finite domain extension of a regular ring with the
x; as a regular system of parameters, which follows from (2).

Now consider the case of nearly admissible functions. The same argument proves the
result. Note that in the case of a colon, one needs that if J is trapped over I and J' C
(I'R)*K then J':pJ C ((I’:AI)R)*K. This is true because, since J 2 IR, J :gJ C
J R O
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(4.6) BIG EQUATIONAL TIGHT CLOSURE

In this section we discuss briefly one more notion of tight closure for Noetherian rings
containing the rationals. It is a priori larger than any of the K-tight closures discussed
previously (which are defined when the ring is A K-algebra). We do not know whether this
notion is truly distinct from equational tight closure. If not, then proving that all ideals
are tightly closed in a ring in the sense of big equational tight closure gives additional

information.

(4.6.1) Discussion, notation, and the definition of big equational tight closure
Let A denote a finitely generated Z-algebra and @) a prime disjoint from Z°. Let Ng C M4
be fintely generated A-modules. We shall, momentarily, define a closure operation, denoted
*/ (A’Q), on Ny C My. It will turn out to be unaffected by localization at nonzero elements
of Z C A, and also unaffected by localization at elements of A — @), so that one can really
think of it as a closure operation on submodules of a finitely generated module over Ag,
which is a typical local ring of a finitely generated Q-algebra.

To define */(4:Q) | first localize at an element of Z° so that A/Q is Z-smooth (but we
do not change notation), and let W,,, where p is a positive prime integer, denote the mul-
tiplicative system of all nonzerodivisors on Q(A/pA) in A/pA. Let B(p) = W, '(A/pA),

and let v € (NZ/(A’Q))MA if for almost all p vp(,) € <NAB(p)>*MA ®)
B(p

Now let R be a Noetherian Q-algebra, let N C M be finitely generated R-modules and
let w € M. We define u to be in N>*EQ (the direct big equational tight closure of N in
M if for every local ring S of R (so that S is the localization of R at some prime ideal),
there is a map Ag — S for some finitely generated Z-algebra A and prime () and there
exist A-modules Ny C M4 and an element uag € M 4 satisfying
(1) the inclusion S ®4 N C S ® My is isomorphic with the inclusion S ®@r N C S ®pr M

in such a way that 1 ® w4 corresponds to 1 ® u and

(2) ua € (N,
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Thus, roughly speaking, any instance where u € NAZ*EQ arises because, locally, it is the
result of a base change from an instance of an element being in a */(A, Q) closure.

Finally, if R is any Noetherian ring, N C M are finitely generated R-modules, and
u € M, we define u € Ny, if for every complete local domain B of R, the image of 1 ®u in
B ®r M is in the direct biq equational tight closure of the image of B®r N in B®r M
over B

Virtually all of the theory developed for * K-tight closure has parallel results for big
equational tight closure. However, we shall not give a detailed development here.

However, we do note the following analogue of Theorem (4.1.1) which shows that the

big equational tight closure is still rather small.

(4.6.2) Theorem. Let R any regular Noetherian ring and N C M finitely generated
modules. Then N;\}]EQ = N.

Proof (sketch). First, if u were in N]TJEQ — N we could preserve this while localizing and

completing. Thus, we need only consider the case where R is a complete regular local ring,

say R = K[[z1, ... ,z,]]. Exactly as in the proof of Theorem (4.1.1) we may reduce to
studying the case where N = (2}, ..., z! )R for some positive integer t and M = R, and
we need only be concerned about whether (z; --- x,)!"% € (2}, ..., 2% )*FQ.

Suppose this happens for a certain A — R and prime ) of A. Use the Artin-Rotthaus
theorem to factor Ag — R through an affine ring By, — R such that B is and elements y;
lifting the z; are part of a regular system of parameters for Bg. By the persistence of tight
closure in characteristic p for algebras essentially of finite type over a field, one will have
that for almost all p there will be a regular ring of characteristic p containing the images

of the y; as part of a system of parameters such that (y; - - y,)"t € (g4, ..., 9L)* =
(yt, ..., yt), which gives the desired contradiction. [J

We already know that N**1 C N *K \when the latter makes sense.

(4.6.3) Theorem. Let K be a field of characteristic zero and let R be a Noetherian K-
algebra. Let N C M be finitely generated R-modules. Then N*X C N*EQ,

Sketch of the proof. Let u € N*X. We must show that v € N*FQ. By virtue of the

definition this immediately reduces to the case where R has been replaced by one of the
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complete local domains of R. By choosing an affine progenitor mapping to R we may
reduce to the case where R is a domain finitely generated over K, N C M are finitely
generated R-modules, and u € M is such that u € Ny, in the affine K-algebra sense. Then
we can find an affine Z-subalgebra A of R and descent data (A, Ra, Ma, Na,ua) as in
Chapter 2.

We have Ny C My,us € My, and we know that u, € N for almost all closed fibers
k. Localize A so much that u, € N} for all closed fibers. Pick c4 to be a universal test
element for A — R4. Localize A so much that if we map A to any regular ring 7' of
characteristic p, cr is a test element in Rp. Also localize Z so much (call the localization
Z) that Z — A is faithfully flat.

Q over R = Ry, and it suffices to show that if

*/(Ra,Q)
A

We want to show that u = ug is in Ng*E
Q is a prime ideal of R4 disjoint from A° then ugq € R , i.e., for almost all p € Z,
we have that up(,) € Ng(p). Since the rings B(p) are regular, if the condition we want
fails then for some p we can choose ¢ such that cg(,u? is not in N 1[3qu) in some fiber over
Z. This implies that c4 /) u? is not in NE}@) and also is not a W-torsion element in

Fe(Ma@p) /NE(]p). This implies that we can localize at one element of (A/(p))° and make

all the modules in the sequence
0— cA/(p)uq — FE(MA/(p)/NA/(p)) —D —0

free over A/(p), with the first one nonzero. But then this is preserved when we kill a

maximal ideal of A/(p), yielding c,ul ¢ F¢(M,/N), a contradiction. [

We note that in [Ho8|, Theorem (11.4) it is shown that the solid closure contains the

big equational tight closure for Noetherian rings R of equal characteristic zero.
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APPENDIX

QUESTIONS

We give here a list of open questions connected with tight closure theory that we consider
intriguing.

Throughout these questions, unless otherwise specified, R is a locally excellent Noe-
therian ring and N C M are finitely generated R-modules. K, L always denote fields and
K C L. If R is local then it has maximal ideal m and residue field K.

1. Does tight closure commute with localization in characteristic p? In characteristic zero?

(Cf. [AHH] for a thorough discussion of the localization problem.)

2. Is it true that weakly F-regular rings are F-regular? This is an open question in
characteristic p and in characteristic zero. It is known in the Gorenstein case (and in
characteristic p in dimension at most three, using the results of [Wil]: cf. 4. below),
but is open in characteristic p even if R is an affine algebra over an algebraically closed

field.

Over a Noetherian ring R of characteristic p, if M is a finitely generated R-module we

shall denote by G¢(M) the module F¢(M)/0*, where 0* is taken in F¢(M).

3. If R is complete local, is there a positive constant integer b such that for all e € N, mb?*
kills HC, (F¢(M))? Is this true even when R is a complete local weakly F-regular ring
and M = R/I, where I is primary to a prime P such that dim R/P = 1?7 An affirmative
answer to the second question would yield that weakly F-regular implies F-regular for
locally excellent rings R. (Cf. [AHH].) One may ask the same question for H?,(G¢(M)),
and an affirmative answer has the same consequence. Arguments like this are given in
§7 of [AHH].

4. In characteristic p, is every F-finite weakly F-regular ring strongly F-regular? (Then
weakly F-regular would imply F-regular even without the hypothesis F-finite.) This is

known:
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(1) in the Gorenstein case and
(2) if dim R < 3 (cf. [Wil])
(3) if R has a canonical module that represents a torsion element of the divisor class

group except at isolated points (cf. [MacC]).

5. Let R be a complete local Cohen-Macaulay domain and let J be an ideal of R that is
isomorphic as a module with a canonical module for R. Fix a system of parameters

x1,...,xy for R. For every ¢ = p® and every positive integer ¢ let
Ocp: JI9 (22, 20)Jla — glal /(98 ety gldl

be the map induced by multiplication by (z; - - - x,)% "9 on Jl4. Can one always choose
a system of parameters z1, ... ,x, and a positive integer ¢y such that Ker 0. ; is the same
for all t > t¢? For fixed e, these kernels increase as t increases. Note that ¢y is to be
independent of e. This and related problems are studied in [Wil], [Kat], and [MacC]. An
affirmative answer in the special case where R is F-finite and weakly F'-regular would
suffice to show that weakly F-regular is equivalent to strongly F-regular for F-finite
rings, and that weakly F-regular is equivalent to F-regular for locally excellent rings of

characteristic p.

6. Is the weakly F-regular locus open? (This is an open question for affine rings over
algebraically closed fields both in characteristic p and characteristic 0.) This would
follow for algebras essentially of finite type over an excellent local ring of characteristic
p if weakly F-regular F-finite rings are strongly F-regular, because the strongly F-

regular locus is known to be open.

7. Suppose that R has characteristic p. Let T' = |J, Ass (G°(M)/0*) (see the discussion
before Question 3.). Is T finite? Does it have only finitely many maximal elements? An
affirmative answer would reduce the question of whether tight closure commutes with
localization to the case where R is complete local and one is localizing at a prime P
with dim R/P = 1. Cf. [Kat], [AHH]. In [Kat] it is shown that [, Ass (F'¢(M)/0*) need

not have only finitely many maximal elements.

8. Is characteristic p tight closure for an ideal I in a locally excellent domain R the same as

IR NI (called the plus closure of 1)? This is known for parameter ideals [Sm1, 2] (and
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the result of [Sm2| coupled with a result of [Ab3] shows that the answer is affirmative
for N C M whenever M/N has a finite phantom projective resolution). An affirmative
answer implies that tight closure commutes with localization. Whether tight closure is
the same as plus closure is an open question even in dimension two, in fact, even if the

ring is a cubical cone K[X,Y, Z]/(X3 + Y3 + Z3). Cf. [McD]. Also see Question 22.

A closely related question is this: in characteristic p, in a ring with a weak completely
stable test element, is every instance of tight closure the result of an instance in a algebra
of finite type over Z/pZ and the persistence of tight closure? (I.e., if u € N*p; over
S is there a characteristic p affine progenitor (R, My, Ny, ug) such that R is a finitely
generated (Z/pZ)-algebra and uy € No*py,.) This reduces to the case of a complete

local ring.

. When does weak F-regularity deform, i.e., if R is a local domain, z # 0 and R/xR is

weakly F-regular, under what conditions must R be weakly F'-regular? Some conditions

are needed: this was shown in [Si7]. (Deformation does hold when R is Gorenstein.)

For affine algebras in characteristic 0, does weakly F'-regular imply weakly F-regular
type? Does F-rational imply F-rational type?

Let K have characteristic 0, let A be a finitely generated Z-subalgebra of K, and let
(A, Ra, M4, Na) be descent data for (K, R, M, N). Suppose that N is K-tightly closed
in M. Is it true that for almost all closed fibers, N, is tightly closed in M7

Is tight closure over a local ring, in all characteristics, simply the contracted expansion
from a higher level balanced big Cohen-Macaulay algebra? (See also question 8. above:
note that in the case of an excellent local ring R of characteristic p, R" is a balanced

higher level big Cohen-Macaulay algebra for R.) Cf. [Ho8], [Ho9], and [HH11].

If R is an affine L-algebra, does N*¥,, = N*I'};? More generally, if R is an arbitrary
Noetherian ring containing Q does N*®4y; = N*EQ,,? (It would suffice to know this

when R is a local ring of a finitely generated QQ-algebra.)

If a flat homomorphism of rings R — S has an F-regular base R and geometrically
F-regular fibers, is S F-regular? This is known in good cases in characteristic p if the

fibers are geometrically regular. (Cf. [HH9].)
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15.

16.

17.

18.

19.

20.

If R is excellent, reduced, characteristic p, and of finite Krull dimension, does R have a

test element? (Cf. [Ab2].)

Under mild conditions on a characteristic p ring R (e.g., if R is reduced and finitely
generated as an algebra over an excellent local ring) does formation of the ideal of test
elements commute with localization? With completion? With geometrically regular

base change (where geometrically reqular means flat with geometrically regular fibers)?

Let R be a characteristic p local ring such that one system of parameters generates a
tightly closed ideal. Is R F-rational? This is known ([HH9] §4) if R is equidimensional.

Some positive results are given in [Sgh].

The following are open questions both in characteristic p and in characteristic zero. If
a module has finite phantom projective dimension locally does it have finite phantom
projective dimension globally? Does a direct summand of a module of finite phan-
tom projective dimension have finite phantom projective dimension? Is it possible to
characterize having finite phantom projective dimension without referring to a specific
phantom resolution? Over an affine algebra of characteristic zero, if a module has finite
phantom projective dimension over almost all closed fibers after choosing descent data,
does it have a finite phantom resolution in equal characteristic zero? Cf. [Abl], [AHH].
Let R be an F-finite Noetherian domain of characteristic p. When is it true that for
some ¢, there is an R-linear map #: R'/?? — R'/? sending 1 to 1?7 When is it true that
for every element d € R° (or at least for one test element d) there is some ¢ and an
R-linear map ¢: R'/¢ — R'/P4 such that ¢(d'/9) = d'/74.

The existence of ¢ and 6 implies that u € M is in the Frobenius closure of N in M iff
u? € Nl (in F¢(M)). The existence of ¢ and ¢ for a test element d implies, for u € M,
that u € N*ps iff du? € F¢(N). Thus, the usual infinite family of tests one needs to
check whether an element is in a tight closure is replaced by a single test.

If ¢ exists for some test element d and some ¢ one can easily show that tight closure

commutes with localization over R.
These ideas are explored in [McD].

Under mild hypotheses on a Noetherian ring R containg Q, is it true that if R. is
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regular than ¢ has a fixed power that kills Ny, /N for every pair of finitely generated
modules M, N over R with N C M? There are versions of this question for each form
of tight closure in equal characteristic zero. One case of great interest is that where R

is essentially of finite type over an excellent local ring.

Let R4 be a finitely generated algebra over a Noetherian domain A of positive char-
acteristic p, and suppose that the generic fiber L — Ry is separable, where L is the
fraction field of A. If Ry is weakly F-regular (respectively, F-regular) does the same
hold for almost every fiber? One may raise a corresponding question for tight closure of
ideals: if I is an ideal of R4 such that I is tightly closed in Ry, does the same hold
for almost all fibers? This is proved for certain ideals in [McC], and it is also shown
that if Ry~ is strongly F-regular, then for almost all fibers kK — R, R~ is strongly
F-regular.

Let R be a locallly excellent K-algebra, where K has characteristic 0. Is every K-tightly
closed ideal an intersection of K-tightly closed ideals that are primary to maximal
ideals? Likewise, if N is K-tightly closed in a finitely generated R-module M, is N the
intersection of K-tightly closed submodules N’ of M such that M /N’ has finite length?

Let R=K[X,Y,Z]/(X3+ Y3+ Z3) = K[x,y, z]. If K has characteristic congruent to

2 modulo 3, is tight closure in this ring the same as Frobenius closure?

Let R be a Noetherian ring of positive characteristic p. Under mild conditions on R,
and, in particular, if R is essentially of finite type over an excellent local ring, is it true

that every test element is completely stable?

Let A be a finitely generated algebra over the integers and let R4 be a reduced, finitely
generated A-algebra. Let I denote the ideal of R generated by the universal test
elements for R (cf. (2.4.2)). Is it true that for almost all closed fibers Kk — R, of
A — R4, the image I, of 14 in R, is the test ideal for R,.?
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