Topics in Tight Closure Theory

by Adela Vraciu

A dissertation submitted in partial fulfillment of the requirements for the degree of Doctor of Philosophy (Mathematics) in The University of Michigan 2000

Doctoral Committee:

Professor Melvin Hochster, Chair Professor Robert K. Lazarsfeld Professor Lawrence Sklar Associate Professor Karen E. Smith Assistant Professor Sophia Vassiliadou

Dedicated to my advisor, Mel Hochster, for making this possible

ACKNOWLEDGEMENTS

I am grateful to all the people who have helped me with valuable suggestions and advice: Ian Aberbach, Florian Enescu, Sara Faridi, Craig Huneke, Mark Johnson, Moira McDermott, Claudia Miller, Anurag Singh, Karen Smith, Bernd Ulrich.

I would specially like to thank my advisor, Mel Hochster, for helping me in more ways than I can count. Much of this work reflects his insight, and none of it would have been possible without his guidance.

I thank my husband, Ioan, for his patience and understanding, and my parents for all their support. I thank my first mentors, Dorin Popescu and Nicolae Radu, for introducing me to the wonderful world of commutative rings. I thank Mel Hochster and Craig Huneke for inventing tight closure.

TABLE OF CONTENTS

DEDICATION . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . ii ACKNOWLEDGEMENTS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iii CHAPTER

I. Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

II. Tight Closure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 2.1 Notations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 7 2.2 Tight closure . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8 2.3 Test elements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10 III. The Localization Problem . . . . . . . . . . . . . . . . . . . . . . . . . . 11 3.1 The localization problem . . . . . . . . . . . . . . . . . . . . . . . . 11 3.2 Local cohomology . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12 3.3 Main result . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15 IV. Tight Closure in Cubical Cone Rings . . . . . . . . . . . . . . . . . . 25 4.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25 4.2 Preliminary results . . . . . . . . . . . . . . . . . . . . . . . . . . . 27 4.3 Corner powers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32 4.4 Coherence . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43 4.5 Hilbert-Kunz functions and characteristic 2 results . . . . . . . . . . 51 V. ∗–Independence and Special Tight Closure . . . . . . . . . . . . . . . 62 5.1 ∗–Independence . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 62 5.2 Special tight closure . . . . . . . . . . . . . . . . . . . . . . . . . . . 81 BIBLIOGRAPHY . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94

CHAPTER I

Introduction

Among recent developments in commutative algebra, tight closure theory, introduced in 1988 by Hochster and Huneke, stands apart because of the multitude and variety of its applications.

The first “tight closure” proofs were discovered before the notion was formally defined and studied, but in retrospective the presence of tight closure ideas can be clearly seen. Among the results using tight closure techniques we mention a few: the existence of big Cohen-Macaulay modules; rings of invariants of linearly reductive groups acting on regular rings are Cohen-Macaulay; the integral closure of the nth power of an n generated ideal of a regular ring is contained in the ideal (the Briançon- Skoda theorem); the monomial conjecture and the syzygy theorem (HH1).

Tight closure is a priori defined in positive characteristic p using the action of the Frobenius endomorphism, which acts by raising each element of the ring to the pth power. A notion for finitely generated algebras over a field of characteristic zero is obtained by reduction to characteristic p; this allows us to prove theorems in equal characteristic zero using characteristic p methods. Various notions have been proposed in mixed characteristic, but they do not share all the good properties that allow us to exploit tight closure in the equal characteristic case.

Some of the important features of tight closure include the fact that every ideal in a regular ring is tightly closed, and the tight closure of an ideal is contained in the integral closure. If R is a local ring and x_1, . . . , x_n are part of a system of parameters, then, under mild hypotheses, (x_1, . . . , x_{n−1}) : x_n is contained in the tight closure of the ideal (x_1, . . . , x_{n−1}).

One of the most important theoretical breakthroughs in tight closure theory is the existence of test elements proved in [HH3]. Test elements can be thought of as uniform annihilators for tight closure, and their existence makes tight closure computations possible in some situations.

Although the applications of tight closure are numerous and well understood, very little is known about tight closure itself. It is difficult to find the tight closure of an arbitrary ideal even in very simple rings, such as the cubical cone ring R = k[[X, Y, Z]] (X^3 + Y^3 + Z^3) , and there is no general algorithm available. The reason for this difficulty is the fact that the definition of tight closure requires infinitely many tests in order to decide whether a given element is in the tight closure of an ideal. Empirical evidence suggests that in “simple” rings such as the one above there might be a bound for the number of tests one needs to perform. The existence of such a bound would considerably improve our understanding of tight closure, making calculations possible, as well as answering the long standing open question of whether tight closure commutes with localization.

An Outline of the Thesis Chapter 2 gives a brief review of the definitions and notations used in this work, as well as of the basic results in tight closure theory.

In Chapter 3 we study the problem of finding a constant b such that m^{bq} annihilates the 0th local cohomology of R/I^{[q]}, where (R, m) is a characteristic p ring, and I is an ideal with dim(R/I) = 1. We prove that such a bound exists when R is a graded ring, and I is a homogeneous ideal. The relevance of this result to tight closure theory lies in the connections with the localization problem. For example, one consequence of this result is the fact that for any homogeneous ideal of height d − 1 in a graded ring of dimension d, tight closure commutes with localization at any multiplicative system.

In Chapter 4 we restrict attention to the case of the cubical cone ring R = k[[x, y, z]] (x^3 + y^3 + z^3) , where k is a field of characteristic p ≡ 2 (mod 3), or sometimes to the larger class of Gorenstein local rings (R, m) with test ideal m, and in which the tight closure a^∗ equals the Frobenius closure a^F for every ideal a generated by a system of parameters.

It is conjectured that in any ring satisfying these assumptions, and in particular in the cubical cone rings described above, we have I^∗ = I^F for every ideal I. The principal focus of Chapter 4 is studying this problem for the particular case of m– primary ideals. The main cases where the result is known are the case of irreducible ideals contained in some parameter ideal, and the case of ideals of finite projective dimension. The question is still not settled, but we do give several criteria for when I^∗ = I^F , some of which involve rather subtle conditions on lengths (see Thm. 4.5.7, Prop. 4.5.8, Prop. 4.5.9).

Since the class of weakly F–regular rings (those rings for which I^∗ = I for every ideal I) and the class of F–pure rings (for which I^F = I for every ideal I) play an important role in the classification of singularities, it would be of considerable interest to study the class of rings for which I^∗ = I^F for every ideal I.

We introduce the notion of corner powers I^{<q>} of an m-primary ideal I, which can be thought of as the duals of the Frobenius powers I^{[q]}. These corner power ideals provide examples of ideals for which the Frobenius closure equals the tight closure, and equals the whole socle of the ideal. One of our main results (Thm. 4.5.7) states that the equality of tight closure and Frobenius closure implies, and in the case of the cubical cone ring of characteristic 2 is equivalent to the statement that for any m-primary ideal I and for all q ≫ 0, we have (I^{<q>})^∗ = (I^{<q>})^F = I^{<q>} : m.

We also study some properties of the ring R^∞ obtained from R by adjoining all p^eth roots of elements of R. In general, this is not a Noetherian ring. It is noticed that whenever R^∞ is coherent, the equality of tight closure and Frobenius closure holds, but we also prove that for the ring R = k[[x, y, z]] (x^3 + y^3 + z^3) , with char(k) = 2, R^∞ is not coherent.

There are various more subtle conditions that are weaker than the coherence of R^∞, but that still imply that I^∗ = I^F for every ideal I (see Prop. 4.5.9, Cor. 5.2.11). The corner powers, and also the notion of special tight closure, introduced in Chapter 5, play an important role in formulating these conditions. We do not know whether these conditions hold in general in the cubical cone rings.

In Chapter 5 we introduce two new notions: ∗–independence, and special tight closure. The importance of ∗–independence lies in the fact that any ideal is contained in the tight closure of a ∗–independent ideal, therefore the tight closure of an arbitrary ideal can be identified with the tight closure of a ∗–independent ideal. We give a criterion for ∗–independence, and study various properties of ∗–independent ideals.

The special tight closure of an ideal is a distinguished subideal of its tight closure. Our main result in this section says that in the case of a normal Cohen–Macaulay graded domain over a perfect field, the tight closure of any ∗–independent ideal I admits a decomposition mod mI as the direct sum of the ideal itself and its special tight closure. Here, m is the homogeneous maximal ideal of R. This is striking because if one thinks of I^∗/I as a kind of cohomology, the result gives canonical representatives for cohomology classes. It would be of great interest to know whether this phenomenon also exists in equal characteristic 0.

Among the consequences of the results in Chapter 5, we mention some equivalent formulations of the equality of tight closure and Frobenius closure in the class of rings considered in Chapter 4 (see Prop. 5.1.4, Cor. 5.2.7, Cor. 5.2.10). Although the theory of ∗–independence and special tight closure is valid in a more general context than that of the rings considered in Chapter 4, the study of tight closure in these rings, and in particular the problem of showing that it is equal to the Frobenius closure, was the initial motivation for introducing these new notions.

Let R be an excellent local domain, and R^+ be the integral closure in an algebraic closure of its fraction field. It is an important open question whether I^+ := IR^+ ∩ R is equal to I^∗. In general, I^+ ⊂ I^∗, and equality is known for parameter ideals (see [S1]). This question is also open in the cubical cone rings in characteristic p ≡ 2 (mod 3); the similar question with Frobenius closure is stronger.

We hope that the notion of special tight closure might be helpful in answering questions about tight closure. Many open questions in tight closure theory involve a closure operation which is a priori smaller than the tight closure, but might in fact be equal to the tight closure. The case of the Frobenius closure studied in Chapter 4 is an example, in special classes of rings, but in an arbitrary ring, there is hope that

I^∗ = I^+ for every ideal I. This characterization of tight closure would be of great theoretical importance. We hope that using the special tight closure I^{∗sp} instead of the whole tight closure will be helpful in studying whether I^∗ is contained in I^+ or I^F , since one will only need to prove the containment for the smaller ideal I^{∗sp}.

Another topic of interest that we discuss in Chapter 5 is the existence of strong test ideals; we show that in any reduced complete local ring, the test ideal is a strong test ideal. Strong test ideals have been introduced by Huneke in 1997, and their existence was shown to have a number of interesting applications, but it was not known until now that strong test ideals exist in this generality.

CHAPTER II

Tight Closure

In this chapter we provide a brief review of the theory of tight closure. We shall concentrate mainly on the tight closure of ideals in a commutative Noetherian ring of characteristic p > 0.

Tight closure can also be defined for submodules of a module over a Noetherian ring, and for characteristic zero rings.

Throughout this chapter, R will denote a commutative Noetherian ring of characteristic p, and q will denote a power of the characteristic, q = p^e. 2.1 Notations

Definition: The Frobenius endomorphism F : R → R is defined by F (r) = r^p for all r ∈ R; the eth iteration of the Frobenius endomorphism is denoted F^e: F^e(r) = r^{pe} .

Define^eR to be the (R, R)-bimodule equal to R as a group, with the usual action given by multiplication in R on the right, and the action induced by restriction of scalars via F^e on the left:

If r ∈ R, s ∈^eR we have r ∗ s = r^{pe} s and s ∗ r = rs.

The Frobenius functor is the functor on the category of R-modules defined by base change via F :

F (M) = M ⊗_R^1R for every R-module M.

We can also define F^e(M) = M ⊗_R^eR.

Definition: If R is a reduced ring of characteristic p we can define R^{1/q} to be the ring obtained from R by adjoining qth roots of all elements of R, where q = p^e.

The inclusion R → R^{1/q} is isomorphic with F^e : R → R, and^eR may be identified with R^{1/q}. We write R^∞ for the union ∪_qR^{1/q}. This is almost never a Noetherian ring, but from the perspective of tight closure the study of its properties is relevant even if one is mainly interested in Noetherian rings. Definition: If I is an ideal of R generated by elements f_1 . . . , f_n, then we define I^{[q]} to be the ideal generated by f^q_1 , . . . , f^q_n.

Examples: If M = R/I where I is an ideal, then F^e(M) = R/I^{[q]}.

If M has a presentation R^{m A}−→ R^n −→ M, then F^e(M) is the cokernel of the map R^{m F e(A)}−→ R^n, where the matrix of F^e(A) is obtained from the matrix of A by raising each entry to the power q = p^e. 2.2 Tight closure

Definition: If R is a ring, we define R^0 = {x ∈ R|x is not in any minimal prime of R}. Definitions: Let I be an ideal of R, and x ∈ R. We say that x is in the tight closure of I and we write x ∈ I^∗ if there exists an element c ∈ R^0 such that cx^q ∈ I^{[q]} for all q ≫ 0. I is called tightly closed if I = I^∗.

The ring R is called weakly F–regular if every ideal is tightly closed. R is called F–regular if every localization W^{−1}R of R is weakly F–regular. It is conjectured that the two notions of F–regularity coincide. The equivalence of these two notions is known for Gorenstein rings. Moreover, there is a third notion, F–rationality, that is also equivalent with F–regularity in the Gorenstein case.

Definition: R is called F–rational if all parameter ideals are tightly closed (an ideal generated by n elements is a parameter ideal if it has height at least n).

We summarize a few facts about F–regular and F–rational rings: Proposition 2.2.1. a). A regular ring is F–regular.

b). R is weakly F–regular if and only if R_m is weakly F–regular for all maximal ideals m.

c). If R_m is F–rational for all maximal ideals m, then R is F–rational. d). An excellent local ring (R, m) is F–rational if and only if some ideal generated by a system of parameters is tightly closed.

e). If R is locally excellent and F–rational, then so is W^{−1}R, where W is any multiplicative system.

f). A Gorenstein ring is F–regular if and only if it is F–rational. Proof: a). is Thm 4.4. [HH1], b). Cor 4.15 [HH1], c)., d)., e). Prop 1.4.3 (ii), (v), (vii) of [S1], f). is Thm 4.2 (g) of [HH5]. □

Now we outline some of the basic properties of tight closure Proposition 2.2.2. Let R be a Noetherian ring of characteristic p > 0, and let I and J be ideals in R.

a). I^∗ is an ideal containing I. b). (I^∗)^∗ = I^∗.

c). If I ⊂ J, then I^∗ ⊂ J^∗.

d). If the height of I is positive, or if R is reduced, then x ∈ I^∗ ⇐⇒ ∃ c ∈ R^0 such that cx^q ∈ I^{[q]} for all q = p^e.

e). For any ideal I, I^∗ is the inverse image in R of (IR_{red})^∗ f). If I is tightly closed, then I : J is tightly closed for all J.

g).I^∗ ⊂ I, where I denotes the integral closure of I .

h). x ∈ I^∗ ⇔ the image of x in R/P is in the tight closure of (I + P )/P for every minimal prime P of R.

Proof: See [HH1]; a).-f). are in prop. 4.1; g), is theorem 5.2; h). is prop. 6.25 (a). □ It follows from h). that we can always reduce tight closure computations to the domain case.

2.3 Test elements

Definition: c ∈ R^0 is a test element for R if for all ideals I ⊂ R we have u ∈ I^∗ ⇔ cu ∈ I. c ∈ R^0 is a completely stable test element if its image in every local ring of R is a test element, and its image in the completion of every local ring of R is a test element.

Theorem 2.3.1. Assume that R is a reduced excellent local ring. If c ∈ R^0 is such that R_c is regular, then c has a power which is a completely stable test element.

This theorem is proved in [HH3].

In particular, completely stable test elements always exist in excellent reduced local rings.

When R has a test element, we define τ(R) = τ to be the ideal generated by the test elements; it is called the test ideal.

One consequence of the previous theorem is that excellent local rings (R, m) that are isolated singularities have m-primary test ideals. Knowing that the test ideal is large is often helpful in computations.

CHAPTER III

The Localization Problem

In this chapter we present the localization problem, one of the most important open questions in tight closure theory. We concentrate on attempts to find a bound for the powers of the maximal ideal which annihilate the local cohomology of Frobenius powers.

Proving that such a bound exists in general would imply an affirmative answer to a weaker form of the localization problem, namely the equivalence of F–regularity and weak F–regularity. The main result of this chapter is the existence of a bound for local cohomology in the graded case. 3.1 The localization problem

Conjecture 3.1.1. Let R be a Noetherian ring of characteristic p, W a multiplicative system, and I an ideal. Then

I^∗(W^{−1}R) = (IW^{−1}R)^∗.

Note that the inclusion I^∗(W^{−1}R) ⊂ (IW^{−1}R)^∗ is obvious; indeed, if cx^q ∈ I^{[q]} for all q ≫ 0, with c ∈ R^0, then c/1 ∈ (W^{−1}R)^0, and c/1(x/1)^q ∈ I^{[q]}(W^{−1}R) = (IW^{−1}R)^{[q]}.

If this conjecture were true, then in particular the notions of F-regularity and weak F-regularity would coincide. Therefore, the following is a weaker conjecture: Conjecture 3.1.2. If R is a weakly F-regular ring and W is a multiplicative system, then W^{−1}R is weakly F-regular.

In the rest of this section, we shall review the present state of knowledge related to these two conjectures.

Proposition 3.1.3. If m is a maximal ideal and I is an m-primary, then (IR_m)^∗ = I^∗R_m.

Proof: This is Prop. 4.14 of [HH1].

Proposition 3.1.4. If R is locally excellent and locally equidimensional, then for every ideal I generated by parameters and for every multiplicative system W , we have I^∗(W^{−1}R) = (IW^{−1}R)^∗

More generally, tight closure commutes with localization for N ⊂ M, where N and M are modules such that M/N has finite phantom projective dimension (see [AHH]).

Conjecture 3.1.2 has a positive answer for the case when R is a positively graded algebra over a field ([LS]). 3.2 Local cohomology

Definition: Let M be a module over R, and m a maximal ideal. Then H^0_m(M) = {x ∈ M|m^N x = 0 for some positive integer N}.

If M is finitely generated, then there is a positive integer N (depending on M and m) such that m^N H^0_m(M) = 0. The higher local cohomology modules H^i_m(M) can be defined as the right derived functors of H^0_m, but we shall not study them here.

Conjecture 3.2.1. Let (R, m) be a local Noetherian ring of characteristic p, and let I be an ideal primary to a prime P with dim(R/P ) = 1.

Then there is a constant b depending only on I such that for all q = p^e we have m^{bq}H^0_m ( R I^{[q]} ) = 0.

This question has been asked by Hochster and Huneke in [HH1]; their motivation came from the observation that Conjecture 3.2.1 implies Conjecture 3.1.2 (see the discussion after cor. 4.16 in [HH1]).

Moreover, if Conjecture 3.2.1 holds for a certain ideal I as above, then we can show that tight closure commutes with localization for I.

Proposition 3.2.2. Let (R, m) be a local Noetherian ring of characteristic p, I an ideal primary to a prime P with dim(R/P ) = 1, and assume that Conjecture 3.2.1 holds for I. Then for every multiplicative system W , we have I^∗(W^{−1}R) = (IW^{−1}R)^∗.

Proof: It is sufficient to check for W = R\P . (See [AHH, Lemma 3.5 a).].)

Assume that u/1 ∈ (IR_P )^∗ with u ∈ R; then there is a c ∈ R^0 such that cu^q ∈ I^{[q]}R_P . Hence for every q = p^e, there is an f_q ∈ R\P such that cf_qu^q ∈ I^{[q]}.

Since I^{[q]} + (f_q) is an m-primary ideal, it follows that for all q, the class of cu^q in R/I^{[q]} is in H^0_m(R/I^{[q]}), and our assumption implies that m^{bq}cu^q ⊂ I^{[q]}, where b is constant. Fix an element f ∈ m\P ; then we have cf^{bq}u^q ∈ I^{[q]} ⇒ f^bu ∈ I^∗ ⇒ u ∈ I^∗R_P . □ In the rest of this chapter, we will focus in proving Conjecture 3.2.1 in certain special cases.

We will frequently use the following:

Observation : Given (R, m) local ring of Krull dimension n + 1, M a finitely generated module with dim(M) = 1, we can choose a system of parameters x_1, x_2, . . . , x_n, z for R, with x_1, . . . , x_n ∈ Ann(M). There is an h such that m^h ⊂ (x_1, . . . , x_n, z), and therefore m^{(n+1)hq} ⊂ (x^q_1, . . . , x^q_n, z^q). Since F^e(M) is annihilated by x^q_1, . . . , x^q_n, we have:

H^0_m(F^e(M)) = ⋃ N Ann_F e_{(M)}(z^N ), and if c is such that for every q = p^e, ⋃ N Ann_F e_{(M)}(z^N ) = Ann_F e_{(M)}(z^{cq}),

then the conclusion of the conjecture is satisfied, with b = ch(n + 1).

The following notation will be useful:

Notation: If I and J are ideals of a Noetherian ring R, let I : J^∞ := ⋃ N (I : J^N ).

With this notation, H^0_m ( R I^{[q]} ) = I^{[q]} : m^∞

I^{[q]} , and the previous observation shows that if ht(I) = dim(R) − 1 and z is not in any minimal prime of I, then H^0_m ( R I^{[q]} ) = I^{[q]} : z^∞

I^{[q]} . The conjecture can be settled when R is a 2-dimensional normal ring:

Proposition 3.2.3. If R is normal Noetherian ring of dimension 2 and characteristic p > 0, I is an ideal, and m a maximal ideal containing I, then there is a constant b such that ∀q = p^e, H^0_m(R/I^{[q]}) is annihilated by m^{bq}.

Proof: We may replace R by R_m, I by IR_m, and therefore assume that (R, m) is local. If I = 0 or I is m-primary, the statement is clearly true. Assume that I has height 1, and let p_1, . . . , p_n be the minimal primes of I. For each i, R_{pi} is a

DVR, hence IR_{pi} is a principal ideal; choose u_i ∈ I such that IR_{pi} = (u_i)R_{pi} . Then I^{[q]}R_{pi} = (u^q_i )R_{pi} . For each i, choose z_i in all q ∈ Min(R/u_i) except p_i. Since R is Noetherian, for each i we can find c_i such that (u_i) : z^∞_i = (u_i) : z^{ci}_i ; this implies (u^q_i ) : z^∞_i = (u^q_i ) : z^{qci}_i for all q. This follows because R/(u^q) has a filtration with factors (u^n)/(u^{n+1}), n = 0, 1, . . . , q − 1, and (u^n)/(u^{n+1}) ∼= R/(u).

We have

I^{[q]} : m^∞ = {f ∈ R|∃ z not in any minimal prime of I such that fz ∈ I^{[q]}} = I^{[q]}R_{p1} ∩ . . . ∩ I^{[q]}R_{pn} ∩ R. But I^{[q]}R_{pi} = (u^q_i )R_{pi} ∩ R = (u^q_i ) : z^∞_i since p_i + (z_i) is m-primary. It follows that for all f ∈ I^{[q]} : m^∞ and for all i, we have f ∈ (u^q_i ) : z^{qci}_i , hence f ∈ (u^q_1, . . . , u^q_n) : (z^{qc1}_1 , . . . , z^{qcn}_n ) ⊂ I^{[q]} : (I + (z^{c1}_1 , . . . z^{cn}_n ))^{[q]} ⊂ I^{[q]} : m^{cq} for some c, since I + (z^{c1}_1 , . . . z^{cn}_n ) is m-primary. □ 3.3 Main result

In this section we will concentrate on proving Conjecture 3.2.1 for the particular case where R is a graded affine algebra, and I is a homogeneous ideal. More precisely, we will prove the following:

Theorem 3.3.1. Let k be a field of characteristic p > 0, and let q denote a power of p. Let R be a finitely generated, positively graded algebra over k, of Krull dimension d = n + 1, and I a homogeneous ideal of height n. Then there is a constant b such that for all q = p^e, H^0_m(R/I^{[q]}) is annihilated by m^{bq}, where m is the homogeneous maximal ideal.

More generally, if M is a finitely generated graded R-module with dim(M) = 1, then there is a constant b such that for all q = p^e, H^0_m(F^e(M)) is annihilated by m^{bq}.

This result (in the ideal case) has also been recently obtained by C. Huneke in [Hu3], using very different methods.

We need the following preliminary results:

Lemma 3.3.2. Let F, G be finitely generated free Z- graded modules over k[Z], where the grading on k[Z] is obtained by assigning some positive degree to the variable Z, and A : F → G be a linear map. Let {f_1, f_2, . . . , f_n} and {g_1, g_2, . . . , g_m} be homogeneous bases for F, respectively G.

Assume that A(f_i) is homogeneous for all i.

Then there is a choice of bases for F and G such that A is given by a diagonal matrix, and the diagonal entries are homogeneous of degree at most N:= max(deg(Af_i)) − min(deg(g_j)). (Therefore they are monomials in which the exponent on Z is bounded by N/degZ.)

Proof: By defining a new grading on F, we can assume without loss of generality that A preserves degrees of homogeneous elements, therefore N = max(deg(f_i)) − min(deg(g_j)). For each i, we can write

A(f_i) = ∑ j α_{ij}Z^{bij} g_j, where α_{ij} ∈ k, and the b_{ij} ’s are nonnegative integers. After renumbering the f’s and g’s, we may assume that α_{11} ≠ 0, and b_{11} is minimal among all b_{ij} with α_{ij} ≠ 0. Say that A(f_1) = (α_{11}Z^{b11} )g_1 + · · · with α_{11} ∈ k\{0}, and for every i > 0

A(f_i) = (α_{i1}Z^{bi1})g_1 + · · · .

After the change of basis f^′_i = f_i − Z^{bi1−b11} α_{i1} α_{11} f_1, A(f^′_i ) will not contain g_1, and f^′_i is also homogeneous of the same degree as f_i. Indeed, we have degf_i = deg(A(f_i)) = (degZ)b_{i1} + degg_1, degf_1 = deg(A(f_1)) = (degZ)b_{11} + degg_1, ⇒ degf_i = degf_1 + (degZ)(b_{i1} − b_{11}).

Also define g^′_1 = g_1 +

A(f_1) − α_{11}Z^{b11} g_1 α_{11}Z^{b11} . g^′_1 is equal to g_1 plus a linear combination of g_2, . . . , g_m, therefore {g^′_1, g_2, . . . , g_m} is again a basis for G, and g^′_1 is homogeneous of the same degree as g_1. Indeed, we get that A(f_1) − α_{11}Z^{b11} g_1 is homogeneous of degree (degZ)b_{11} + degg_1, and so (A(f_1) − α_{11}Z^{b11} g_1)/α_{11}Z^{b11} is homogeneous of degree equal to the degree of g_1.

Now we have A(f_1) = α_{11}Z^{b11} g^′_1. In the new bases {f^′_1, . . . , f^′_n} and {g^′_1, g_2, . . . , g_m}, the matrix of A has only zeroes on the first row and column, except on the position (1, 1), and the entry on this position is α_{11}Z^{b11} , which has degree b_{11}degZ = deg(f_1) − deg(g_1) ≤ N. Now look at the remaining part of the matrix. Since the degrees are preserved for the new bases, the result follows by induction on n and m. Lemma 3.3.3. Let R be finitely generated algebra over a field k of positive characteristic p, with dim(R) = n+1. Let M be a finitely generated R-module of dimension 1. Assume that x_1, . . . , x_n, z ∈ R are such that R is module-finite over the subalgebra k[x_1, . . . , x_n, z], that x_1, . . . , x_n, z are algebraically independent over k, and that x_1, . . . , x_n ∈ Ann(M). If R is graded, take x_1, . . . , x_n, z to be a homogeneous system of parameters. Then there exist constants C, a_1, a_2 such that ∀e > 0, F^e(M) has a presentation as a k[Z]-module given by a matrix of size a_1q^n × a_2q^n, in which the degree in Z of each entry is at most Cq, where q = p^e.

If moreover R and M are graded and x_1, . . . , x_n, z are homogeneous, then the presentation of F^e(M) satisfies the conditions in Lemma 1.

Proof: R is module-finite over the polynomial ring R_0 = k[X_1, . . . , X_n, Z] ∼= k[x_1, . . . , x_n, z]; write R = R_0e_1 ⊕ · · · ⊕ R_0e_s < r_1, . . . , r_t > , where r_i = ∑ j r_{ij} e_j , with r_{ij} ∈ R_0.

If M has a presentation over R given by a N × k matrix A, then F^e(M) has a presentation given by the matrix F^e(A) in which every entry of A is raised to the qth power. If f_1, . . . , f_N are the generators of M, then the generators of F^e(M) are 1 ⊗ f_1, . . . , 1 ⊗ f_N (recall that F^e(M) = S ⊗ M, where S is the R-algebra obtained by the action of the Frobenius morphism on R); if f_1, . . . , f_N are homogeneous of degrees d_1, . . . , d_N , then 1⊗f_1, . . . , 1⊗f_N are homogeneous of degrees qd_1, . . . , qd_N . To simplify notation, we shall write f^′_j instead of 1 ⊗ f_j .

We can write F^e(M) = Rf^′_1 ⊕ · · · ⊕ Rf^′_N < a^q_1, . . . , a^q_k > , where a^q_i = ∑_N j=1 a^q_{ij}f^′_j , with a_{ij} ∈ R. In the graded case, all generators and relations are homogeneous.

Since X^q_1 , . . . , X^q_n kill F^e(M), we can also write

F^e(M) = Rf^′_1 ⊕ · · · ⊕ Rf^′_N < a^q_1, . . . , a^q_k, X^q_1 f^′_1, . . . , X^qnf^′_1, . . . , X^q_1 f^′_N , . . . , X^qnf^′_N > = F G .

In order to get a presentation of F^e(M) as an R_0-module, note that F = Rf^′_1 ⊕ · · · ⊕ Rf^′_N = ⨁ R_0e_if^′_j < r_1f^′_1, . . . , r_nf^′_1, . . . , r_1f^′_N , . . . , r_nf^′_N > , and as an R_0-submodule of F, G is generated by a^q_1e_1, . . . , a^q_ke_1, . . . , a^q_1e_s, . . . , a^q_ke_s, and the X^q_αf^′_βe_γ ’s, ∀α, β, γ.

In order for this to give a presentation over R_0, we need to express each a^q_i e_τ = ∑ a^q_{ij} f^′_je_τ as an R_0-linear combination of the f^′_j e_i’s; this can be done by writing each a_{ij} as an R_0-linear combination of e_α’s, and each e_αe_β = ∑ γ s_{αβγ} e_γ , with s_{αβγ} ∈ R_0.

Since F^e(M) is annihilated by X^q_1 , . . . , X^q_n, we can give a presentation of it as an R_1-module, where R_1 = k[X_1, . . . , X_n, Z] (X^q_1 , . . . , X^qn) , by reducing all coefficients in R_0 modulo (X^q_1 , . . . , X^q_n): F^e(M) = F^′ G^′ , where F^′= ⨁ R_1e_if^′_j, and G^′ is the submodule generated by r_1f^′_1, . . . , r_nf^′_1, . . . , r_1f^′_N , . . . , r_nf^′_N , a^q_1e_1, . . . , a^q_ke_1, . . . , a^q_1e_s, . . . , a^q_ke_s, where a^q_i e_j means that we first express a^q_i e_j as an R_0-linear combination of the f^′_i e_j’s, and then reduce each coefficient modulo (X^q_1 , . . . , X^q_n).

R_1 is a finitely generated free k[Z]-module with basis {X^{i1}_1 . . . X^{in}_n |0 ≤ i_1, . . . , i_n < q}. To get a presentation for F^e(M) as a k[Z]-module, we need to express F^′, G^′ as k[Z]-modules: F^′ is the free k[Z]-module with basis {X^{i1}_1 . . . X^{in}_n e_if^′_j |0 ≤ i_1, . . . , i_n < q; 1 ≤ i ≤ s; 1 ≤ j ≤ N}, and G^′ is the submodule of F^′ generated as a k[Z]-module by all r_if^′_j X^{i1}_1 . . . X^{in}_n , and a^q_i e_j X^{i1} . . . X^{in}_n . We can write

F^e(M) = Coker(A : G^{⊕t}_{q1} ⊕ G^{⊕k}_{q2} −→ F_q),

where F_q = F^′, G_{q1} = ⨁ 0≤i_1,... ,i_n<q;1≤j≤N k[Z]X^{i1}_1 . . . X^{in}_n f^′_j, G_{q2} = ⨁ 0≤i_1,... ,i_n<q;1≤j≤s k[Z]X^{i1}_1 . . . X^{in}_n e_j , and if we denote the generators in the i^{th} copy of G_{q1}, respectively G_{q2} by (X^{i1}_1 . . . X^{in}_n f^′_j)_i, respectively (X^{i1}_1 . . . X^{in}_n e_j )_i, we have

A((X^{i1}_1 . . . X^{in}_n f^′_j)_i) = r_iX^{i1}_1 . . . X^{in}_n f^′_j ,

A((X^{i1}_1 . . . X^{in}_n e_j )_i) = a^q_i e_j X^{i1}_1 . . . X^{in}_n , where the overline means that each product is represented as R_0-linear combination of e_if^′_j ’s, and the coefficients are reduced modulo (X^q_1 , . . . , X^q_n), such that the result is in F_q.

Note that F_q has rank sNq^n, and G^{⊕t}_{q1} ⊕G^{⊕k}_{q2} has rank (tN +ks)q^n, and t, N, k, s, n are independent of q.

In the graded case, we have

deg(A(X^{i1}_1 . . . X^{in}_n f^′_j)_i) = deg(r_i) + deg((X^{i1}_1 . . . X^{in}_n f^′_j)_i), or

A((X^{i1}_1 . . . X^{in}_n f^′_j )_i) = 0, and deg(A(X^{i1}_1 . . . X^{in}_n e_j )_i) = deg(a^q_i ) + deg((X^{i1}_1 . . . X^{in}_n e_j)_i), or A((X^{i1}_1 . . . X^{in}_n e_j )_i) = 0.

In the general case, we need to keep track of the exponent on Z. The exponent on Z in r_iX^{i1} . . . X^{in}_n f^′_j is bounded by the highest exponent appearing in the r_i’s; call it c_1.

In order to evaluate the exponent on Z in a^q_i e_jX^{i1}_1 . . . X^{in}_n , we need to look at a^q_i e_j , expressed as an R_0-linear combination of e_τ f_ν ’s.

Recall that a^q_i = ∑ a^q_{ij} f^′_j, with a_{ij} ∈ R; a_{ij} = ∑ a_{ijτ} e_τ with a_{ijτ} ∈ R_0; then a^q_{ij} = ∑ a^q_{ijτ} e^q_τ , and therefore a^q_i e_j = ∑ a^q_{iητ} e^q_τ e_jf_η . For all τ, let e^p_τ = ∑ v_{τ α}e_α, with v_{τ α} ∈ R_0. Then

e^{p2}_τ = ∑ v^p_{τ α}e^p_α = ∑ α,β v^p_{τ α}v_{αβ}e_β . If c_2 is the highest exponent on Z appearing in the v_{αβ}’s, we can show by induction on e that the exponents in the coefficients of e^{pe}_τ are bounded by c_2(p^{e−1} +p^{e−2}+· · ·+1) ≤ c_3p^e = c_3q, where c_3 = c_2/(p − 1).

Let b_1 be the highest exponent in the a_{ijτ} ’s, and b_2 be the highest exponent in the s_{ijτ} ’s, where e_ie_j = ∑ s_{ijτ} e_τ , s_{ijτ} ∈ R_0. Then the exponent on Z in a^q_i e_j is bounded by qb_1 + c_3q + b_2 ≤ Cq, where C = b_1 + b_2 + c_3.

Proof of Theorem: The first statement follows from the second. Let x_1, . . . , x_n, z be a homogeneous system of parameters, with x_1, . . . , x_n ∈ Ann(M).

From the observation, it suffices to find c > 0 such that for every q = p^e, y ∈ F^e(M), z^N y = 0 ⇒ z^{cq}y = 0 .

By Noether normalization, R is module-finite over the subalgebra generated by x_1, . . . , x_n, z, which is isomorphic to the polynomial ring k[X_1, . . . , X_n, Z]. Write:

R = k[X_1, . . . , X_n, Z]e_1 ⊕ . . . ⊕ k[X_1, . . . , X_n, Z]e_s (r_1, . . . , r_t) with e_1, . . . , e_s homogeneous, and r_1, . . . , r_t homogeneous relations in e_1, . . . , e_s. Let α_0 be the degree of z, α_1, α_2, . . . , α_n be the degrees of x_1, . . . , x_n. Let f_1, . . . , f_N be homogeneous generators for M. Then f^′_1, . . . , f^′_N (as in the proof of Lemma 3.3.3, f^′_j = 1 ⊗ f_j ) are homogeneous generators for F^e(M), of degrees equal to qdeg(f_1), . . . , qdeg(f_N ).

Let a^q_1, . . . , a^q_k be homogeneous relations among these generators (as in the proof of Lemma 3.3.3). Let α = max(α_i), r = max(deg(r_i)), e = max(deg(e_i)), a = max(deg(a_i)), f = max(deg(f_i)). Consider k[Z] with the grading obtained by degZ = α_0.

Let F_q be the free graded k[Z]- module on the generators {X^{i1}_1 . . . X^{in}_n e_if^′_j}, with 0 ≤ i_1, . . . , i_n < q, 1 ≤ i ≤ s, 1 ≤ j ≤ N. The degrees of these generators are 0 ≤ α_1i_1 + . . . + α_ni_n + deg(e_i) + qdeg(f_j) ≤ αnq + e + qf By Lemma 2, we know that F^e(M) has a presentation as a k[Z]-module given by a matrix A : G^{⊕t}_{q1} ⊕ G^{⊕k}_{q2} −→ F_q, where G_{q1}, G_{q2} are as in the proof of Lemma 2.

Apply Lemma 1 with F=G^{⊕t}_{q1} ⊕ G^{⊕k}_{q2} , G=F_q. The proof of Lemma 2 also shows that the N_i’s we use in Lemma 1 are in the set {deg(r_1), . . . , deg(r_t), qdeg(a_1), . . . , qdeg(a_k)}.

Therefore N ≤ r + aq, where r and a are constants, depending only on R and M.

Lemma 1 shows that the degrees of the entries in the diagonal form of the matrix are bounded by N + nαq + e + qf ≤ (nα + a + f)q + r + e, and therefore the exponents on Z are bounded by ((nα + a + f)q + r + e)/α_0, which is a linear function of q.

But if these degrees are b_1, . . . , b_l, we have

F^e(M) = (free k[Z] − module) ⊕ k[Z] (Z^{b1} ) ⊕ · · · ⊕ k[Z] (Z^{bl} ) , and hence this bound also bounds the power of Z that is needed to kill the Z-torsion in F^e(M).

The following observation is the best result we know so far in the non-graded case, and was first proved by P. Roberts (unpublished) using very different methods. The proof we present here is more elementary.

Proposition 3.3.4. Let R be a finitely generated algebra over a field k of characteristic p > 0, M a finitely generated 1-dimensional R-module. Then for every maximal ideal m ∈ Supp(M), if d = dim(R_m), there is a constant B such that for all q = p^e, m^{Bqd} kills H^0_m(F^e(M_m)).

Proof: Since dim(R_m) = d, we may choose f ∈ R\m such that dim(R_f ) = d. Indeed, if dim(R) = d, we are done; if dim(R) > d, then for any P ∈ Min(R) with dim(R/P ) > d, we have P ⊄ m. Choose f_1 in all such P but not in m; then dim(R_{f1} ) < dim(R); replace R by R_{f1} , and continue until the condition is satisfied.

Let I = Ann(M). By Noether normalization, we can pick x_1, . . . , x_{d−1} ∈ I, z ∈ m, such that R is module-finite over k[x_1, . . . , x_{d−1}, z].

By Lemma 2, we have a presentation of F^e(M) as a k[z]-module, given by a matrix A in which the degree of each entry is bounded by Cq, where C is a constant (independent of q.) We also know that the size of this matrix is a_1q^{d−1} × a_2q^{d−1}, where a_1, a_2 are constants.

The matrix A is row and column equivalent to a diagonal matrix, in which the nonzero diagonal entry on the i^{th} row and column is gcd(all minors of size i) gcd(all minors of size (i − 1)) , and obviously has degree at most Ciq.

Let a = max(a_1, a_2). Then the degrees of the diagonal entries are bounded by Caq^d, let B^′ = Ca.

This shows that the z^{B′ qd} kills the z-torsion of F^e(M), hence it kills the z-torsion of F^e(M)_m = F^e(M_m), which is exactly H^0_m(F^e(M_m)). Therefore there is a constant B such that m^{Bqd} kills H^0_m(F^e(M_m)).

CHAPTER IV

Tight Closure in Cubical Cone Rings

4.1 Motivation

Due to the fact that deciding whether an element is in the tight closure of an ideal involves infinitely many computations, tight closure is in general very difficult to compute.

The only class of rings of dimension at least 2 for which we can explicitly describe the tight closure of an arbitrary ideal is the class of weakly F-regular rings, in which every ideal is equal to its tight closure.

Attempting a description of tight closure even for very simple rings, such as the cubical cone ring R = k[[X, Y, Z]] (X^3 + Y^3 + Z^3) , gives rise to many interesting questions.

In this chapter we will concentrate on finding various characterizations of tight closure in this ring, where k is a field of positive characteristic p. Some of the results are in fact valid for more general rings, as we will specify later.

The main question studied in this chapter is the relationship between tight closure and Frobenius closure for ideals in the cubical cone ring R = k[[X, Y, Z]] (X^3 + Y^3 + Z^3) , where k is a field of characteristic p ≡ 2 (mod 3). It is conjectured that the two closure operations coincide in this case. This question has also been studied by M. McDermott in her thesis [Mc]. We find some classes of ideals for which equality holds (see Thm. 4.3.13, Prop. 4.4.2, and Cor. 4.4.6), but the general question is still unsettled.

For the case of m-primary ideals, the problem admits equivalent formulations in terms of Hilbert-Kunz functions. When R is the cubical cone ring in characteristic 2, the Hilbert-Kunz function of an m-primary ideal I can be explicitly described using the length of the Tor with R^{1/2}. This observation allows us to obtain several equivalent formulations of this problem (Thm. 4.5.7, Prop. 4.5.8, Prop. 4.5.9), which involve the notion of corner powers of an ideal.

If the characteristic of k is p ≡ 1 (mod 3), then it is known that tight closure and Frobenius closure do not coincide, since in this case it is known from [HR] that R is F-pure, i.e. every ideal is equal to its Frobenius closure, while for example z^2 ∈ (x, y)^∗, and therefore we have z^2 ∈ (x, y)^∗\(x, y)^F .

We are also studying the same question for a more general class of rings, namely all local Gorenstein rings (R, m) of positive characteristic in which the test ideal is equal to the maximal ideal m and the equality of tight closure and Frobenius closure is known to hold for every ideal generated by a system of parameters.

Definition If (R, m) is a local ring of Krull dimension d, an ideal a is called a parameter ideal if it is m-primary and generated by d elements (forming a system of parameters).

In Gorenstein rings it is reasonable to expect that a property related to tight closure that holds for ideals generated by parameters will hold for every ideal; for example this is the case for the property of the ideal being equal to its tight closure.

The hypothesis on the test ideal is helpful in the sense that it restricts the set of elements which could be in the tight closure of a given ideal; under this assumption, we have I^∗ = ⋂ q {x ∈ R|x^q ∈ I^{[q]} : m}. Definition: The ideal I : m is called the socle of the ideal I.

The above characterization of tight closure says that, assuming that the test ideal is m, x ∈ I^∗ if and only if x^q is in the socle of I^{[q]} for all q = p^e.

Another interesting question, for which there is some experimental evidence, at least in the cubical cone ring in characteristic 2, is whether there is a q_0 = p^{e0} independent of I such that x ∈ I^∗ if and only if x^{q0} ∈ I^{[q0]} : m. The experimental evidence we have so far suggests that for the cubical cone ring in characteristic 2, q_0 = 4 would work.

A positive answer to the above question would also solve the localization problem. Our main focus in this chapter is the study of tight closure of m-primary ideals.

The existence of a bound as above would allow us to generalize the results we know for m-primary ideals to results about arbitrary ideals. 4.2 Preliminary results

In this section we will prove that the ring R = k[[X, Y, Z]] (X^3 + Y^3 + Z^3) where k is a field of characteristic p ≡ 2 (mod 3) has the three properties claimed in the previous section. The lower case letters will denote the images of the upper case letters in R. Let m = (x, y, z).

Most of the results in this section were previously known, but we include the proofs for completeness.

We make the following convention:

Convention: In the rest of this chapter, a, b, c will denote parameter ideals.

R is clearly a Gorenstein ring, since it is a hypersurface. It is also known that in this ring the test ideal is equal to m; see [Mc]. It remains to check that the tight closure of parameter ideals is equal to the Frobenius closure.

Lemma 4.2.1. Let R = k[[X, Y, Z]]/(X^3 + Y^3 + Z^3).

If p = 3k+2, then z^{2p} ∈ (x^p, y^p), and therefore we have (x, y)^∗ = (x, y)^F = (x, y) : m. Proof: z^{2p} = −(x^3 + y^3)^{2k+1}z, and therefore it suffices to see that each term in the expansion of (x^3 + y^3)^{2k+1} is divisible by one of x^p OR y^p.

Look at x^{3i}y^{3(2k+1−i)}. If this term is not divisible by x^p, then 3i < p = 3k + 2 ⇒ i ≤ k ⇒ 3(2k + 1 − i) ≥ 3k + 3 = p + 1, and therefore y^p divides it. □ The following lemma allows us to reduce questions about ideals generated by a more complicated system of parameters to questions about ideals generated by a simple system of parameters. We will state it in greater generality that needed here for future reference.

Lemma 4.2.2. If R is any Cohen-Macaulay ring of characteristic p, x_1, . . . , x_d a system of parameters, then for each t > 0 we have an injective map R (x_1, . . . , x_d) (x_1...x_d)^{t−1} −→ R (x^t_1, . . . , x^t_d) If I ⊃ (x_1, . . . , x_d) and u ∈ R, then we have u ∈ I^∗ ⇔ (x_1 . . . x_d)^{t−1}u ∈ ( (x^t_1, . . . , x^t_d) + (x_1 . . . x_d)^{t−1}I )_∗ .

The similar statement for Frobenius closure is also true. Proof: (⇒) is immediate.

(⇐) If the statement on the right hand side holds, then there exists c ∈ R^0 such that ∀q = p^e, ∃i_q ∈ I^{[q]}, such that c(x_1 . . . x_d)^{q(t−1)}u^q − (x_1 . . . x_d)^{q(t−1)}i_q ∈ (x^{tq}_1 , . . . , x^{tq}_d ) The latter holds ⇔ cu^q − i_q ∈ (x^{tq}_1 , . . . , x^{tq}_d ) : (x_1 . . . x_d)^{q(t−1)} = (x^q_1, . . . , x^q_d), i.e. ⇔ cu^q ∈ I^{[q]}. since we have this for all q, u ∈ I^∗. The proof for Frobenius closure is similar. □

The following is now immediate from Lemma 4.2.1 and Lemma 4.2.2. Corollary 4.2.3. Let R be the cubical cone ring in characteristic p = 3k + 2; then for every t > 0, we have (x^{t−1}y^{t−1}z^2)^p ∈ (x^{tp}, y^{tp}), and therefore (x^t, y^t)^∗ = (x^t, y^t)^F = (x^t, y^t) : m.

The next step is to prove this property for an ideal generated by an arbitrary system of parameters; in fact we can do even better: we can prove it for any mprimary irreducible ideal that is contained in some parameter ideal. Before we state the next result, we will review some facts about irreducible ideals, which will be used throughout this chapter.

Definition Let R be a Noetherian ring. An ideal I of R is called irreducible if whenever I = I_1 ∩ I_2 with I_1, I_2 ideals, we must have I_1 = I or I_2 = I. Facts: 1. If (R, m) is a local ring, and I is an m-primary ideal, then I is an irreducible ideal if and only if l((I : m)/I) = 1.

2. If (R, m) is a Gorenstein local ring, and I is an ideal, then I is irreducible if and only if R/I is Gorenstein. Any parameter ideal in a Gorenstein ring is irreducible.

3. If (R, m) is a local ring with residue field k, E_R(k) denotes the injective hull of k over R. If R is a zero-dimensional Gorenstein ring, then E_R(k) = R. If J ⊂ R is an ideal, then E_{R/J} (k) = Ann_{ER(k)}J.

Observation 4.2.4. If (R, m) is a local ring of characteristic p with test ideal equal to m, and I is an irreducible ideal, then the only possibilities for the tight closure of I are I^∗ = I or I^∗ = I : m Proof: The assumption that m is the test ideal implies that I ⊂ I^∗ ⊂ I : m, and since I is irreducible, one of the inclusions must be equality. □ Proposition 4.2.5. Let (R, m) be a Gorenstein local ring with residue class field k = R/m. a). Let I and J be irreducible m-primary ideals with J ⊂ I. then we have I = J : f for some f ∈ R.

b). If I is an irreducible m-primary ideal, and J ⊃ I is an arbitrary ideal, then we have I : (I : J) = J.

Proof: I, J are m-primary irreducible ⇒ R/I, R/J are zero-dimensional Gorenstein rings, and R/J maps onto R/I. Therefore R/I ∼= E_{R/I} (k) = Ann_{ER/J (k)}I = Ann_{R/J} I = J : I J ⇒ (J : I)/J is a cyclic R-module, hence ∃ f ∈ R such that J : I = J + fR.

For any local ring A with residue field k, we know that there is a duality between ideals of R and submodules of E_A(k), given by

a → Ann_{EA(k)}a, E ⊂ E_A(k) → Ann_AE and a = Ann_A(Ann_{Ea(k)}a).

When A = R/J, a = I/J, we get that I/J = Ann_{R/J} (Ann_{R/J} I/J) = Ann_{R/J} J : I J = Ann_{R/J} J + fR J = J : f J , and therefore I = J : f.

Part b). is just a restatement of the duality mentioned above. □ Corollary 4.2.6. If (R, m) is a Gorenstein local ring in which the test ideal is equal to m and we have a^∗ = a^F for one parameter ideal a, the same holds for any parameter ideal b.

In particular, if R is the cubical cone ring in characteristic p ≡ 2 (mod 3), and (a, b) is any parameter ideal, then (a, b)^∗ = (a, b)^F . Proof: Assume that R is not F-rational; otherwise, the matter is trivial. Therefore, for any parameter ideal b, we have b^∗ = b : m.

Let b = (a_1, . . . , a_d), where d = dim(R). Pick q ≫ 0 such that b^{[q]} ⊂ a. Notice that b^{[q]} is still a parameter ideal. Let u be a generator for the socle of b; then a^{q−1}_1 . . . a^{q−1}_d u generates the socle of b^{[q]}, and we have seen in Lemma 4.2.2 that u ∈ b^F ⇔ a^{q−1}_1 . . . a^{q−1}_d u ∈ b^{[q]F} . We can write a = b^{[q]} : f for some f ∈ R, and we have the following commuting diagram: R a f →^R_{b[q]}

R a^{[p]} f^p −→^R_{b[pq]} where the vertical maps are the maps that raise each element to the p^{th} power. a^{q−1}_1 . . . a^{q−1}_d u is the image in R/b^{[q]} of some socle generator v for a, therefore

a^{q−1}_1 . . . a^{q−1}_d u = fv ⇒ (a^{q−1}_1 . . . a^{q−1}_d u)^p = f^pv^p ∈ f^pa^{[pq]} ⊂ b^{[qp]}. □

Corollary 4.2.7. Let (R, m) is a local Gorenstein ring in which the test ideal is m and a^∗ = a^F for one parameter ideal a. Then the same holds for any m-primary irreducible ideal which is contained in some parameter ideal b.

In particular, this applies if R is the cubical cone ring in characteristic p ≡ 2 mod 3.

Proof: The previous corollary tells us that b^∗ = b^F . The same proof as for the previous corollary works, using b instead of a. □ Corollary 4.2.8. Let (R, m) be Gorenstein local ring with test ideal m. Assume that R is not F-rational. Then for every m-primary ideal I in R, I : m is tightly closed, and mI = mI^∗.

Proof: Since the test ideal is m and the ring is not F-rational, it follows that for every parameter ideal a, we have a^∗ = a : m.

We can write I = a : (f_1, . . . , f_n), with a ⊂ I parameter ideal. Then

I : m = a : m(f_1, . . . , f_n) = (a : mf_1)∩. . .∩(a : mf_n) = (a^∗ : f_1)∩. . .∩(a^∗ : f_n)

is an intersection of tightly closed ideals, and therefore it is tightly closed.

The inclusion mI ⊂ mI^∗ is clear, and we know that mI : m is a tightly closed ideal containing I, so it must contain I^∗. Therefore mI^∗ ⊂ mI. □ 4.3 Corner powers

In this section, we will define the corner powers of an ideal I, denoted I^{<q>}, where q is a power of the characteristic p. These can be thought of as being dual in some sense to the Frobenius powers.

We will show that these operation produces a large class of ideals for which tight closure and Frobenius closure coincide, and they also coincide with the socle of the ideal. The socle dimension of these ideals can be arbitrarily large.

For the cubical cone in characteristic 2, we will show that the problem of the equality of Frobenius closure and tight closure can be translated into an equivalent problem which involves corner powers instead of Frobenius powers. In other characteristics, this second property might be in general weaker.

In order to be able to state the definition, we need some preliminary results. The following fact is well known, but we will include a proof for completeness. Proposition 4.3.1. Let (R, m) be d dimensional local Cohen-Macaulay. Let a_1, . . . , a_d and b_1, . . . , b_d be two systems of parameters. Let a = (a_1, . . . , a_d), and b = (b_1, . . . , b_d).

Assume that a ⊂ b, and write (a_1, . . . , a_d) = (b_1, . . . , b_d)A, where A is a d × d matrix with entries in R.

Let δ = det(A). Then b = a : δ.

Proof: Let K(a; R), K(b; R) be the Koszul complex resolutions of R/a and R/b. We can define a map of complexes K(a; R) −→ K(b; R) which extends the natural projection R/a −→ R/b, by letting Λ^i(A) : Λ^i(R) −→ Λ^i(R). Here, Λ^i denotes the ith exterior power.

The last component of this map of complexes is φ : R −→ R, where φ denotes multiplication by δ. φ induces a map φ : Ext^d_R(R/b, R) −→ Ext^d_R(R/a, R).

This map can be canonically identified with the map R/b −→ R/a defined by multiplication by δ. We need to prove that this map is injective.

Choose n large enough so that c := (b^n_1 , . . . , b^n_d ) ⊂ a; then the map Φ : Ext^d_R(R/c, R) −→ Ext^d_R(R/b, R) factors through φ; hence it is enough to show that Φ is injective.

But Φ can be canonically identified with the map R/c −→ R/b given by multiplication by (b_1 . . . b_d)^{n−1}, and it is clear that this is injective. □

Proposition 4.3.2. (Definition of corner powers) Let (R, m) be a d dimensional local Gorenstein ring of characteristic p. For every q = p^e, the following operation is well-defined for m-primary ideals:

If J is an m-primary ideal, let a ⊂ J be a parameter ideal, and let I = a : J. Then we can write J = a : I. Define J^{<q>} := a^{[q]} : I^{[q]}.

If a^′ ⊂ J is another parameter ideal, and J = a^′ : I^′ for some ideal I^′, we have

J^{<q>} = a^{[q]} : I^{[q]} = a^{′[q]} : I^{′[q]}.

Proof: If a ⊂ J is fixed, and we can write

J = a : I = a : I^′ ⇒ I + a = I^′ + a (= a : J)

⇒ I^{[q]} + a^{[q]} = I^{′[q]} + a^{[q]} ⇒ a^{[q]} : I^{[q]} = a^{[q]} : I^{′[q]}.

If a, a^′ ⊂ J are two parameter ideals, we can find a parameter ideal a_0 ⊂ a ∩ a^′. Let I = a : J, I_0 = a_0 : J. It suffices to show that

a^{[q]} : I^{[q]} = a_0^{[q]} : I^{[q]}_0 .

Since a_0 ⊂ a, we can write (a_0)^T = A(a_0)^T , where a^T denotes the column vector formed by the generators of a, and A is a d × d matrix.

Proposition 4.3.1 shows that a = a_0 : δ, where δ = det(A).

We also have (a^q)^T = A^q(a_0^q)^T , and det(A^q) = δ^q. Here, (a^q)^T is the column vector formed by the qth powers of the generators of a, and A^q is the matrix obtained by raising each entry of A to the qth power.

Therefore we have a^{[q]} = a_0^{[q]} : δ^q.

It follows that we have

J = a : I = a_0 : I_0 ⇒ a_0 : δI = a_0 : I_0 ⇒

δI + a_0 = I_0 + a_0 ⇒ δ^qI^{[q]} + a_0^{[q]} = I^{[q]}_0 + a_0^{[q]} ⇒ a_0^{[q]} : δI^{[q]} = a_0^{[q]} : I^{[q]}_0 = a^{[q]} : I^{[q]}. □

Convention: In the following, unless otherwise stated, we will always assume that J is an m-primary ideal, a ⊂ J a parameter ideal, and I = a : J. Then by definition, we have J^{<q>} = a^{[q]} : I^{[q]}.

Observation 4.3.3. Let R be a Gorenstein ring, I an ideal, and a ⊂ I a parameter ideal. With notations as in the convention, we also have I^{[q]} = a^{[q]} : J^{<q>}. Observation 4.3.4. Let R be a Gorenstein local ring. If J_1, J_2 are m-primary ideals, we have

a). (J_1 ∩ J_2)^{<q>} = J^{<q>}_1 ∩ J^{<q>}_2 . b). J_1 ⊂ J_2 ⇒ J^{<q>}_1 ⊂ J^{<q>}_2 .

c). (J_1 + J_2)^{<q>} ⊃ J^{<q>}_1 + J^{<q>}_2 . This inclusion is usually strict. Proof:a). Let a ⊂ J_1 ∩ J_2 parameter ideal, I_1 = a : J_1, I_2 = a : J_2. Then

J_1 ∩ J_2 = a : (I_1 + I_2) ⇒ (J_1 ∩ J_2)^{<q>} = a^{[q]} : (I_1 + I_2)^{[q]} =

(a^{[q]} : I^{[q]}_1 ) ∩ (a^{[q]} : I^{[q]}_2 ) = J^{<q>}_1 ∩ J^{<q>}_2 . b). and c). are similar.

Observation 4.3.5. Let (R, m) be a Gorenstein local ring. If a is an ideal generated by a system of parameters, then a^{<q>} = a^{[q]}.

Proposition 4.3.6. Let (R, m) be a Gorenstein local ring. If J is an m-primary

ideal, then l(R/J^{<q>}) behaves like a Hilbert-Kunz function, that is, there is a real

constant c_J > 0 such that l ( R J^{<q>} ) = c_J q^d + O(q^{d−1}),

where d = dim R.

More precisely, we have l(R/J^{<q>}) = l(R/a^{[q]}) − l(R/I^{[q]}), where a ⊂ J is a parameter ideal, and I = a : J.

Proof: We have J^{<q>} = a^{[q]} : I^{[q]}. Note that R/a^{[q]} maps onto R/I^{[q]}.

Since R is Gorenstein and a is a parameter ideal, R/a^{[q]} is a Gorenstein ring;

hence we have R a^{[q]} = E_{R/a}[q] (k) ⇒ J^{<q>} a^{[q]} = Ann_{R/a}[q] ( I^{[q]} a^{[q]} ) = E_{R/I}[q] (k), and therefore l ( J^{<q>} a^{[q]} ) = l ( R I^{[q]} ) . This can be rewritten as l ( R a^{[q]} ) − l ( R J^{<q>} ) = l ( R I^{[q]} ) , and therefore l(R/J^{<q>}) can be written as a difference of Hilbert-Kunz functions.□

Proposition 4.3.7. Let (R, m) be a Gorenstein local ring with test ideal equal to m.

Assume that R is excellent and analytically irreducible.

a). If J = m, then J^{<q>} = R or m. More precisely, if for every parameter ideal

a we have a^∗ = a^F , then for q ≫ 0, m^{<q>} = R; otherwise, m^{<q>} = m for all q.

b). If J is an ideal strictly contained in m, then there is a q_0 such that J^{<q>} ⊂ m^{[q/q0]} for all q ≥ q_0.

Proof: a). Let a ⊂ m be a parameter ideal; since R is not F-rational, a : m = a^∗. If a^∗ = a^F , let q_0 be such that (a : m)^{[q0]} = a^{[q0]}. For q ≥ q_0 we have m^{<q>} = a^{[q]} : (a : m)^{[q]} = R.

If a^∗ ≠ a^F , then for all q we have m^{<q>} = a^{[q]} : (a : m)^{[q]} = m. b). Let a ⊂ J be a parameter ideal, and let I = a : J. The assumptions imply that a : m = a^∗ is strictly contained in I. Let f ∈ I\a^∗. Then the Proposition 5.1.1 shows that there is a q_0 such that

J^{<q>} = a^{[q]} : I^{[q]} ⊂ a^{[q]} : f^q ⊂ m^{[q/q0]}

for every q ≥ q_0. □ Observation 4.3.8. The previous proposition shows that when J is strictly contained in m, the corner powers J^{<q>} are contained in higher and higher powers of the maximal ideal as q increases; however, it is not true in general that J^{<q>} ⊂ J. Example: Let R = k[[X, Y, Z]] (X^3 + Y^3 + Z^3) , and assume char(k) = 2. Let J = (x^2, y^2, z^2) and a = (x^2, y^2). Then

I = (x^2, y^2) : J = (x^2, y^2) : z^2 = (x^2, y^2, z).

Then J^{<2>} = (x^4, y^4) : z^2 = (x^4, y^4, xyz), and we have xyz ∈ J^{<2>}\J. □ Observation 4.3.9. Let (R, m) be a Gorenstein local ring. For every m-primary ideal J, we have J^{<p>} ⊃ J^{[p]}.

Proof: Let J = a : I; then for every f ∈ J, we have fI ⊂ a ⇒ f^pI^{[p]} ⊂ a^{[p]} ⇒ f^p ∈ J^{<p>}. □ In the rest of this section, we will assume in addition to (R, m) Gorenstein local, that the test ideal of R is m, and that for every parameter ideal a we have a^∗ = a^F = a : m.

This implies that for each a there is a q_0 = p^{e0} such that a^{[q0]} = (a : m)^{[q0]}. It can be shown that q_0 does not depend on a, and moreover the same property holds if a is an m-primary irreducible ideal contained in some parameter ideal; see the proof of Cor. 4.2.6 and Cor. 4.2.7.

Proposition 4.3.10. Let (R, m) be a Gorenstein local ring with test ideal equal to m, and assume that q_0 is such that a^{[q0]} = (a : m)^{[q0]} for every parameter ideal a. Let I be an m-primary ideal; then (I : m)^{[q0]} ⊂ I^{<q0>}. Moreover, for f ∈ R we have f^{q0} ∈ I^{<q0>} ⇔ f ∈ I : m ⇔ f^q ∈ I^{<q>} : m for some value of q. Proof: Write I = a : J, where a is a parameter ideal. Then I^{<q0>} = a^{[q0]} : J^{[q0]}.

f^{q0} ∈ I^{<q0>} ⇔ (fJ)^{[q0]} ⊂ a^{[q0]} ⇔ fJ ⊂ a^F = a : m ⇔ f ∈ (a : m) : J = I : m.

To prove the second equivalence, note that f^q ∈ I^{<q>} : m ⇔ mf^q ∈ a^{[q]} : J^{[q]} ⇔ (fJ)^{[q]} ⊂ a^{[q]} : m = (a^{[q]})^∗ ⇔ fJ ⊂ a^∗ = a : m ⇔ f ∈ I : m. □

For the purpose of studying tight closure of an ideal, it is convenient to introduce the following notation:

Notation: I^{1/q} = {u ∈ R | u^q ∈ I}.

Corollary 4.3.11. Let (R, m) be a Gorenstein local ring with test ideal equal to m, and assume that q_0 is such that a^{[q0]} = (a : m)^{[q0]} for every parameter ideal a.

Write q_0 = p^{n0} , and fix an r ∈ {0, 1, . . . , n_0 − 1}. For every m-primary I, we have I^∗ = ⋂ q=p^{in}0^{+r} (I^{[q]} : m)^{1/q} = ⋂ q=p^{in}0^{+r} (mI^{[q]} : m)^{1/q}, and both intersections are decreasing.

Proof: u ∈ I^∗ ⇔ mu^q ∈ I^{[q]} for all q = p^{in0+r}, hence u ∈ I^∗ ⇔ u ∈ (I^{[q]} : m)^{1/q} for all q of this form; we also know from Cor. 4.2.8 that u ∈ I^∗ ⇒ u^q ∈ (I^{[q]})^∗ ⇒ mu^q ∈ mI^{[q]}, since mJ^∗ = mJ for all m-primary J, so u ∈ ⋂ q(mI^{[q]} : m)^{1/q}.

To prove that both intersections are decreasing, it suffices to show that

u^{q0q} ∈ I^{[q0q]} : m ⇒ u^q ∈ mI^{[q]} : m.

Write I = a : J, with a ⊂ mI; using Obs. 4.3.3 and Prop. 4.3.10, we get

u^{q0q} ∈ I^{[q0q]} : m = a^{[q0q]} : mJ^{<q0q>} ⇒ u^{q0q}(J^{<q>} : m)^{[q0]} ⊂ u^{q0q}J^{<q0q>} ⊂ a^{[q0q]} : m = a^{[q0q]∗}.

This implies that

u^q(J^{<q>} : m) ⊂ a^{[q]∗} = a^{[q]} : m, hence ⇒ u^q ∈ a^{[q]} : m(J^{<q>} : m).

Equivalently, mu^q ∈ a^{[q]} : (J^{<q>} : m) = mI^{[q]}.

The last equality follows from Prop. 4.2.5 b)., because a^{[q]} ⊂ mI^{[q]}. □

Comment: The previous corollary shows that I^∗ = ⋂ (I^{[q]} : m)^{1/q} is a decreasing intersection of ideals containing the m-primary ideal I^∗, and therefore it is stationary. This means that for all I there is a q_I such that I^∗ = (I^{[qI ]} : m)^{1/qI} ; in other words, it suffices to perform tight closure tests up to the q^{th}_I power in order to decide whether a certain element is in the tight closure of I.

If we could prove that whenever (I^{[q]})^{1/q} = (I^{[qq0]})^{1/qq0} ⇒ (I^{[q]})^{1/q} = (I^{[Q]})^{1/Q} for every Q = qq^n_0 , we would have an algorithm for computing tight closure: just compute (I^{[q]} : m)^{1/q} with q = p^{r+kn0} until we get two such consecutive ideals that are equal; they would have to equal the tight closure of I.

The following proposition shows that the property that J_1 ⊂ J_2 ⊂ J^∗_1 , where J_1 and J_2 are m-primary ideals, is unchanged by linkage with respect to a suitable parameter ideal.

In particular, in order to show that tight closure equals Frobenius closure for every m-primary ideal, it is sufficient to show that this holds for one representative in each linkage class.

Proposition 4.3.12. Let (R, m) be a Gorenstein local ring with test ideal equal to m. Let J_1 be an m-primary ideal containing a parameter ideal a, and let J_2 = J_1 + (f), with f ∈ J^∗_1 .

Let I_1 = a : J_1, I_2 = a : J_2. Note that I_2 ⊂ I_1. If b is a parameter ideal contained in I_2 and we let J^′_1 = b : I_1, J^′_2 = b : I_2, then we have J^′_2 = J^′_1 + (f^′) for some f^′ ∈ (J^′_1)^∗.

Moreover, f ∈ J^F_1 ⇔ f^′ ∈ (J^′_1)^F .

Proof: Applying the second part of Obs. 4.3.6 gives us l ( J^{[q]}_2 J^{[q]}_1 ) = l ( I^{<q>}_1 I^{<q>}_2 ) = l ( J^′_2^{[q]} J^′_1^{[q]} ) .

Since the test ideal is m, f ∈ J^∗_1 ⇔ ∀q, l(J^{[q]}_2 /J^{[q]}_1 ) ≤ 1. This implies that l(J^′_2^{[q]}/J^′_1^{[q]}) ≤ 1 for all q, and hence J^′_2 = J^′_1 + (f^′), for some f^′, and f^′ ∈ J^′_1^∗. Similarly, f ∈ J^F_1 ⇔ l(J^{[q]}_2 /J^{[q]}_1 ) = 0 for q ≫ 0 ⇔ f^′ ∈ J^′_1^F . □

The following result shows that the high corner powers of m-primary ideals have the property that their socle is contained in the Frobenius closure; in particular, tight closure equals Frobenius closure for any ideal of this form.

Recall that q_0 is such that a^{[q0]} = (a : m)^{[q0]} for every ideal a generated by a system of parameters. It follows that the same statement is true if I is an irreducible m-primary ideal which is contained in some parameter ideal.

Theorem 4.3.13. Let (R, m) be a Gorenstein local ring, and assume that there is a q_0 such that (a : m)^{[q0]} = a^{[q0]} for every parameter ideal a. Let J = a + (f_1, . . . , f_n) be an m-primary ideal, with a=parameter ideal, and let I = a : J. Assume that for all i = 1, . . . , n we have f_i /∈ ( a + (f_1, . . . , f̂_i, . . . , f_n) )_∗ . Then for all q ≫ 0, we have (I^{<q>} : m)^{[q0]} = (I^{<q>})^{[q0]}.

The same conclusion holds under the more general hypothesis that f_i ∈ ( a + (f_1, . . . , f̂_i, . . . , f_n) )_∗ ⇒ f_i ∈ ( a + (f_1, . . . , f̂_i, . . . , f_n) )_F . In particular, if we know that tight closure equals Frobenius closure for every ideal, then we can say that for every m-primary I and for all q ≫ 0, we have

(I^{<q>} : m)^{[q0]} = (I^{<q>})^{[q0]}.

Proof: It is enough to prove the second statement. Assume that q_1 is such that whenever f_i ∈ (a + (f_1, . . . , f̂_i, . . . , f_n))^∗ ⇒ f^{q1}_i ∈ (a + (f_1, . . . , f̂_i, . . . , f_n))^{[q1]}, and therefore we can exclude those f^{q1}_i from the set of generators of J^{[q1]}.

After replacing J by J^{[q]}, I by I^{<q>} and a by a^{[q]} with q ≫ 0 Pick q ≫ 0 such that q ≥ q_1 and f_i /∈ ( a + (f_1, . . . , f̂_i, . . . , f_n) )_∗ ⇒ f^q_i /∈ ( a^{[q]} + (f^q_1 , . . . , f̂_i^q, . . . , f^q_n) ) : m.

After replacing J by J^{[q]}, I by I^{<q>} and a by a^{[q]} , we can assume that J = a + (f_1, . . . , f_n) is such that for all i = 1, . . . , n we have f_i /∈ ( a + (f_1, . . . , f̂_i, . . . f_n) ) : m. Write I = I_1 ∩ . . . ∩ I_n, where each I_i := a : f_i is irreducible. Our set up implies that for all i, I_1 ∩ . . . ∩ Î_i ∩ . . . ∩ I_n ⊄ I_i : m.

The socle dimension of I is at most n, since I is an intersection of n irreducible ideals. For each i = 1, . . . , n we can pick g_i ∈ I_1 ∩ . . . ∩ Î_i ∩ . . . ∩ I_n \ I_i : m.

Then I : g_i = I_i : g_i is irreducible, and strictly contained in m. Note that we have R/(I : g_i)^{gi}→ R/I, and therefore the image of the socle element in R/(I : g_i) is a socle element of R/I; call this element u_i. Note that u_i ∈ I_1 ∩ . . .∩ Î_i ∩ . . . ∩ I_n\I_i,and therefore ∀i, u_i /∈ I + (u_1, · · · , û_i, · · · u_n); hence u_1, · · · , u_n form a basis for the socle in R/I. If I : g_i is not contained in a parameter ideal, replace I by I^{<q>} for q ≫ 0, and g_i by g^q_i . All the above assumptions continue to hold: we still have g^q_i /∈ I^{<q>}_i : m since otherwise Obs. 4.3.10 shows that g_i ∈ I_i : m, contradiction. In addition, the second part of Prop. 4.3.7 shows that I^{<q>} : g^q_i = (I : g_i)^{<q>} will be contained in some parameter ideal, and therefore the q_0^{th} power of the socle generator is in (I^{<q>} : g^q_i )^{[q0]} by Corollary 4.2.7.

If u_i denotes the socle generator of R/I^{<q>} corresponding to g^q_i as described above, it follows that that u^{q0}_i ∈ I^{<q>[q0]}. Since u_1, . . . , u_n generate the socle of I^{<q>}, it follows that (I^{<q>} : m)^{[q0]} = (I^{<q>})^{[q0]}. □

Comment: We will show later (see 4.5.7) that in the cubical cone in characteristic 2, the converse of this theorem is also true:

If for all m-primary ideal I and all q ≫ 0 we have (I^{<q>} : m)^{[p]} = (I^{<q>})^{[p]}, then for every m-primary ideal J we have J^∗ = J^F . 4.4 Coherence

In this section we will concentrate on the study of R^∞, which is defined as the direct limit of all the R^{1/q}, where q = p^e. R will be assumed to be a reduced Noetherian ring of characteristic p.

It is easy to see that R^∞ is not in general a Noetherian ring, but whenever it is coherent (this property is weaker than Noetherian), we must have I^∗ = I^F for every ideal I ⊂ R.

However, we will prove that if R is the cubical cone ring in characteristic p = 2, then R^∞ is not a coherent ring. The failure of coherence in this ring comes from the fact that there are ideals J for which

Tor^R_1 (R/J^{[q]}, R^{1/2}) ≠ 0

for every value of q = 2^e.

The study of this Tor module as a function of q, for a fixed ideal J will constitute the subject of the next section, and in characteristic 2 it will be seen to be related to the study of the Hilbert-Kunz function of J.

Definition: A ring S is coherent if every finitely-generated ideal I is finitely presented, i.e., the module of relations on the generators of I is finitely generated.

Note that an ideal I of R^∞ is finitely generated if and only if it can be written as I_0R^∞, where I_0 is an ideal in R^{1/q0} for some q_0. Since R ∼= R^{1/q0} , it will be sufficient to consider the case I = I_0R^∞, where I_0 is an ideal in R.

Proposition 4.4.1. Let R be any Noetherian reduced ring of characteristic p. If I is an ideal in R, IR^∞ is finitely presented as an R^∞ module ⇔ there exists a q_0 = p^{e0} such that for all q ≥ q_0 we have

Tor^R_1 ( R I^{[q]} , R^{1/p} ) = 0.

Proof: Let I = (f_1, . . . , f_n). Look at a resolution of R/I^{[q]} over R and tensor it with R^{1/p}. The effect of this operation is that the entries of the matrices giving the maps in the resolution are raised to the pth power. Hence we can write

Tor^R_1 ( R I^{[q]} , R^{1/p} ) = relations over R in f^{pq}_1 , . . . , f^{pq}_n submodule generated by the p^{th} powers of relations in f^q_1 , . . . , f^qn = relations over R^{1/pq} in f_1, . . . , f_n submodule of relations coming from R^{1/q} . Let N be the module of relations in f_1, . . . , f_n over R^∞; this is equal to the direct union of all the modules of relations over R^{1/q}, as q varies through all powers of p. Therefore, N is finitely generated if and only if it is generated by relations coming from R^{1/q0} for some q_0.

This is equivalent to saying that for all q ≥ q_0, all the relations in f_1, . . . , f_n over R^{1/pq} belong to the submodule of relations coming from R^{1/q}, and therefore it is equivalent to Tor^R_1 (_R I^{[q]} , R 1/p) = 0 for all q ≥ q_0. □

Proposition 4.4.2. Let (R, m) be a reduced local Noetherian ring of characteristic p. Let I be an ideal for which there is a q_0 such that Tor_1(R/I^{[q]}, R^{1/p}) = 0 for all q ≥ q_0.

Then if I_0 ⊂ I is such that I ⊂ I^∗_0 , we must have I^{[q0]} ⊂ I^{[q0]}_0 , hence I ⊂ I^F_0 . Proof: By enlarging I_0, we can assume that I = I_0 + (f), and f ∈ I^∗_0 ; we also have f^{q0} ∈ (I^{[q0]}_0 )^∗. Consider the short exact sequence 0 −→ R I^{[q0]}_0 : f^{q0} f^{q0} −→ R I^{[q0]}_0 −→ R I^{[q0]} −→ 0.

By tensoring this repeatedly with R^{1/p} and using the hypothesis that Tor^R_1 (_R I^{[q]} , R 1/p) = 0 for all q ≥ q_0, we get 0 −→ R (I^{[q0]}_0 : f^{[q0]})^{[q]} f^{qqo} −→ R I^{[qq0]}_0 −→ R I^{[qq0]} −→ 0 for all q, and therefore I^{[qq0]}_0 : f^{qq0} = (I^{[q0]}_0 : f)^{[q]}. Assume that f^{q0} /∈ I^{[q0]}_0 , so I^{[q0]}_0 : f^{q0} ⊂ m; it follows that ⋂ q(I^{[qq0]}_0 : f^{qq0} ) = 0, contradiction with f^{q0} ∈ I^{[q0]}_0^∗. □

Comment: If R^∞ is coherent, then for every ideal I in R there is a q_0 such that Tor^R_1 (_R I^{[q]} , R 1/p) = 0 for all q ≥ q_0. It follows that tight closure and Frobenius closure must be the same for every ideal.

Indeed, assume that there exists I such that J = I^∗ ≠ I^F . By the previous observation, there is a q_0 such that J^{[q0]} = I^{[q0]}, contradiction.

Comment: If R is a hypersurface and I is an m-primary ideal, then Tor_1(R/I^{[q]}, R^{1/p}) = 0 for all q ≥ q_0 is equivalent to pd_R(R/I^{[q0]}) < ∞. This follows from Herzog’s result in [He] , since if Tor_1(R/I^{[q0]}, R^{1/p}) = 0, then for q = pq_0, Tor_1(R/I^{[q]}, R^{1/p}) = 0 ⇔ Tor_1(R/I^{[q0]}, R^{1/p2} ) = 0, and so on. Also note that in the case of a hypersurface ring, when I is an m-primary ideal, Tor_1(R/I^{[q]}, R^{1/p}) = 0 implies Tor_i(R/I^{[q]}, R^{1/p}) = 0 for all i > 0 (see 4.4.3).

From now on, assume that R is a hypersurface; more precisely, R can be written as R = T/fT , where (T, m) is a regular local ring, and f ∈ T . We will frequently use the theory of free resolutions over such rings (see [Ei]), in particular the fact that the resolution of any Cohen-Macaulay module M of depth equal to the dimension of R is periodic with period 2. We will apply this result for M = R^{1/q}.

Another fact that will be frequently used is that any finite acyclic complex of free modules over a characteristic p local ring R stays acyclic when tensored with R^{1/q} over R (see [PS]), for every q = p^e. In particular, if M is a module of finite projective dimension, F^e(M) also has finite projective dimension for all e, and a minimal free resolution of F^e(M) is obtained by tensoring the minimal resolution of M with R^{1/q}. This also implies that Tor_i(M, R^{1/q}) = 0, for all i > 0 and for every finitely generated moduleM of finite projective dimension.

Note that any hypersurface is a Gorenstein ring, hence the theory of corner powers developed in the previous section applies.

Observation 4.4.3. Let R = T/fT be a hypersurface. If the minimal free resolution . . . −→ R^{n A}−→ R^{n B}−→ R^n −→ M of M is periodic of period 2, then for every finite length module N we have

l (Tor_1(M, N)) = l (Tor_2(M, N)) .

Proof: Let A, B be the results of tensoring the maps A, B with N. Then we have

Tor_1(M, N) = ker(B) im(A) , and Tor_2(M, N) = ker(A) im(B) , and the equality follows because

l(ker(A)) + l(im(A)) = l(ker(B)) + l(im(B)) = l(N). □

Proposition 4.4.4. Let R = T/fT be a hypersurface of positive characteristic p, and let I be an m-primary ideal. Let q be a power of p. Then l ( I^{<q>} I^{[q]} ) = l ( Tor^R_1 ( R I , R^{1/q} )) .

Proof: Write I = a : (f_1, . . . , f_n), with a is an ideal generated by a system of

parameters. We have the following short exact sequence: 0 −→ R I (f_1,... ,f_n) −→ ⨁ n ( R a ) −→ N −→ 0, where N is a finite length module.

Tensor with R^{1/q} and look at the resulting long exact sequence. The periodicity

of projective resolutions over hypersurfaces and the long exact sequence imply that l ( Tor^R_1 (N, R^{1/q}) ) = l ( Tor^R_2 (R/I, R^{1/q}) ) = l ( Tor^R_1 (R/I, R^{1/q}) ) . Here we are using the fact that ideals generated by parameters have finite projective

dimension, and therefore have vanishing Tor with R^{1/q}.

We also have the exact sequence

0 −→ Tor^R_1 (N, R^{1/q}) −→ R I^{[q]} (f^q_1 ,...f^q_n) −→ ⨁ n ( R a^{[q]} ) −→ N ⊗ R^{1/q} −→ 0

Since the kernel of the map R/I^{[q] (f} q 1 ,··· ,f^q_n) −→ ⨁ n(R/a^{[q]}) is (a^{[q]} : (f^q_1 , . . . , f^q_n))/I^{[q]} =

I^{<q>}/I^{[q]}, it follows that l(I^{<q>}/I^{[q]}) = l(Tor^R_1 (N, R^{1/q})) = l(Tor^R_1 (R/I, R^{1/q})). □

Corollary 4.4.5. Let (R, m) be a characteristic p hypersurface. Let I be an m-

primary ideal, and let a ⊂ I be a parameter ideal. If J = a : I, and q is a power of

p, then we have l ( Tor^R_1 ( R I , R^{1/q} )) = l ( Tor^R_1 ( R J , R^{1/q} )) . Therefore, the length of the tor with R^{1/p} is an invariant of the linkage class of

an m-primary ideal.

We will see later that if R is the cubical cone ring in characteristic 2, there are

infinitely many values for this length, when I varies through all m-primary ideals, and therefore there are infinitely many linkage classes of m-primary ideals in this ring.

Proof: We have I^{<q>} = a^{[q]} : J^{[q]} and I^{[q]} = a^{[q]} : J^{<q>}; this implies that l ( I^{<q>} I^{[q]} ) = l ( J^{<q>} J^{[q]} ) , and the claim follows immediately from Prop. 4.4.4. □

The next result shows that whenever R is a characteristic p hypersurface, in which we know that the test ideal is m and that tight closure equals Frobenius closure for parameter ideals, then the same must be true for any m-primary ideal having finite projective dimension.

Corollary 4.4.6. Let (R, m) be a hypersurface of characteristic p. Assume that the test ideal is m and that there is a q_0 such that for every parameter ideal a we have (a : m)^{[q0]} = a^{[q0]}. If I is m-primary and R/I has finite projective dimension, then (I : m)^{[q0]} = I^{[q0]}. Hence the socle of I is in the Frobenius closure, and therefore tight closure and Frobenius closure are equal.

Proof: Since I has finite projective dimension, we know that Tor^R_1 (R/I, R^{1/q0} ) = 0, and according to Prop. 4.4.4, this implies I^{<q0>} = I^{[q0]}. By Prop. 4.3.10, we also know that (I : m)^{[q0]} ⊂ I^{<q0>} = I^{[q0]}. □

The rest of this section will be dedicated to showing that if R = k[[X, Y, Z]] (X^3 + Y^3 + Z^3) , where k is a field of characteristic p = 2, then R^∞ is not a coherent ring.

In order to do this, it suffices to find an ideal I such that for all q = 2^e we have Tor_1(R/I^{[q]}, R^{1/2}) ≠ 0.

We start with a some preliminary observations:

Lemma 4.4.7. Let R = k[[X, Y, Z]] (X^3 + Y^3 + Z^3) , where k is a field of characteristic p = 2. Let m = (x, y, z). For q ≥ 4, R/m^{[q]} has

finite projective dimension, and therefore

Tor^R_i (R/m^{[q]}, R^{1/q}) = 0,

for all i ≥ 1, q = p^e.

Proof: Note that (x^4, y^4) : z^4 = (xy, z^2), and therefore we have the short exact

sequence 0 −→ R (xy, z^2) z^4−→ R (x^4, y^4) −→ R m^{[4]} −→ 0 where the first map is the multiplication by z^4. Since R/(x^4, y^4) and R/(xy, z^2) have

finite projective dimension, the claim follows. □

Notation: To simplify the notation, for every ideal J we write tor ( R J ) := l ( Tor ( R J , R^{1/2} )) . Proposition 4.4.8. Let R = k[[X, Y, Z]]/(X^3 + Y^3 + Z^3), with characteristic of

k = 2, and I = (y^2, x + y, z). Let q_n = 4^n; then for all n we have l ( Tor ( R I^{[qn]} , R^{1/2} )) = 8.

Proof: Let N_0 = 2, N_t = 4N_{t−1} − 4, and I_t = (y^{Nt} , x + y, z). Note that I_0 = I.

Then we claim that tor ( R I^{[qn]} ) = tor ( R I_n ) . (4.1)

This is trivial for n = 0; in order to prove the claim for n ≥ 1, it suffices to show

that for all t = 0, . . . , n and for all q we have tor ( R I^{[q]}_{t+1} ) = tor ( R I^{[4q]}_t ) . (4.2)

If this holds, then tor ( R I^{[qn]} ) = tor ( R I^{[qn−1]} 1 ) = tor ( R I^{[qn−2]} 2 ) = · · · = tor ( R I_n ) .

For all t, let J_t = (y^{Nt} , x^2 +y^2, (x+y)z). It is easy to check that I^{[4]}_t : y^4 = J_{t+1}: for

any positive integer N, if y^4f ∈ (y^{4N} , x^4 + y^4, z^4), then y^4(f − y^{4N−4}g) ∈ (x^4 + y^4, z^4)

for some g, hence f − y^{4N−4}g ∈ (x^4 + y^4, z^4) : y^4 = (x^2 + y^2, (x + y)z) (this has been

obtained using MACAULAY), and therefore f ∈ (y^{4N−4}, (x^2 + y^2, (x + y)z).

Since I^{[4]}_t + (y^4) = m^{[4]}, which has finite projective dimension, we have the short

exact sequence 0 −→ R J_{t+1} −→ R I^{[4]}_t −→ R m^{[4]} −→ 0, which moreover stays exact upon tensoring with R^{1/q} for all q. The long exact

sequence for tors shows that tor ( R I^{[4q]}_t ) = tor ( R J^{[q]}_{t+1} ) . (4.3)

On the other hand, note that

(y^{Nt+1} , x^2 + y^2) : (x + y)z = (y^{Nt+1} , x + y) : z,

and since corner powers are well-defined, this implies that

(y^{Nt+1} , x^2 + y^2)^{[q]} : (x + y)^qz^q = (y^{Nt+1} , x + y)^{[q]} : z^q for all q.

Therefore we have the following short exact sequences: 0 −→ R (y^{Nt+1} , x + y)^{[q]} : z^q

(x^q +y^q )z^q −→ R (y^{Nt+1} , x^2 + y^2)^{[q]} −→ R J^{[q]}_{t+1} −→ 0

0 −→ R (y^{Nt+1} , x + y)^{[q]} : z^q z^q−→ R (y^{Nt+1} , x + y)^{[q]} −→ R I^{[q]}_{t+1} −→ 0

Since (y^{Nt+1} , x^2 +y^2) and (y^{Nt+1} , x+y) are parameter ideals, and therefore have finite

projective dimension, it follows that tor ( R I^{[q]}_{t+1} ) = tor ( R (y^{Nt+1} , x + y)^{[q]} : z^q ) = tor ( R J^{[q]}_{t+1} ) = tor ( R I^{[4q]}_t ) . The last equality follows from equation 4.3. Therefore equation 4.2 is proved, which

in turn proves 4.1. Now it is easy to compute tor ( R I_n ) = l ( I^{<2>}_n I^{[2]}n ) . Note that I_n = (y^{Nn} , x + y) : z^2, and the above expression is equal to = l ( (y^{2Nn} , x^2 + y^2) : z^4 (y^{2Nn} , x^2 + y^2, z^2) ) = l ( (y^{2Nn−2}, z^2, x + y) (y^{2Nn} , x^2 + y^2, z^2) )

= l ( (y^{2Nn} , x^2 + y^2, z^2) + (x + y) (y^{2Nn} , x^2 + y^2, z^2) ) + l ( (y^{2Nn} , x + y, z^2) + (y^{2Nn−2}) (y^{2Nn} , x + y, z^2) )

= l ( R (y^{2Nn} , x^2 + y^2, z^2) : (x + y) ) + l ( R (y^{2Nn} , x + y, z^2) : y^{2Nn−2} ) = 8 since (y^{2Nt} , x^2 + y^2, z^2) : (x + y) = (y^{2Nt} , x + y, z^2) : y^{2Nt−2} = (x^2, z^2, x + y) (it is

easy to check that (x^2, z^2, x + y) is contained in both colon ideals, and anything not

in (x^2, z^2, x + y) can be written modulo (x^2, z^2, x + y) as a linear combination with

coefficients in k of x, y, z, and xz. It can be checked that noting of this form is in

the colon ideals on the left-hand side). □

4.5 Hilbert-Kunz functions and characteristic 2 results

Due to the particular form of the minimal free resolution of R^{1/2} as an R-module,

we will be able to obtain some results that are specific to characteristic 2 hypersur-

faces.

In this section R = T/fT will be a hypersurface, where T = k[[X_1, . . . , X_n]] is a

formal power series ring.

We start by noting the following:

Proposition 4.5.1. Let R = T/fT be a hypersurface of characteristic p, where T = k[[X_1, . . . , X_n]], and let q be a power of p. Then the minimal free resolution of R^{1/q} over R has the following form: · · ·^A−→ R^{N B}−→ R^N −→ R^{1/q} −→ 0 where A is the map corresponding to multiplying the generators of R^{1/q} (as an Rmodule) by f^{1/q}, and B corresponds to multiplication by f^{q−1/q}.

In particular, if p = 2 and we consider the minimal free resolution of R^{1/2} over R, we get A = B, therefore this resolution is periodic of period one. Proof: since f^{1/q}f^{q−1/q} = f, it suffices to check that B gives a presentation of R^{1/q} over R. Let x_1, . . . , x_n denote the images of X_1, . . . X_n in R. Then the generators of R^{1/q} over R are (x^{i1}_1 . . . x^{in}_n )^{1/q}, where 0 ≤ i_1, . . . , i_n < q.

If we have a relation ∑ a_{i1...in} (x^{i1}_1 . . . x^{in}_n )^{1/q} = 0, with a_{i1...in} ∈ R, it follows that ∑ a^q_{i1...in} (X^{i1}_1 . . . X^{in}_n ) is a multiple of f in T , hence ∑ a_{i1...in} (x^{i1}_1 . . . x^{in}_n )^{1/q} is a multiple of f^{1/q}. □

The main application of this observation is the connection between Hilbert-Kunz function of an m-primary ideal I and the values of l(Tor_1(R/I^{[q]}, R^{1/2})) as a function of q.

We review some facts about Hilbert-Kunz functions. These can be thought of as the analogue of Hilbert functions, where we replace ordinary powers by Frobenius powers. Their behavior is much more subtle; they were studied extensively by P. Monsky ([Mo1], [Mo2], [HM]).

Definition: Let (R, m) be a Noetherian local ring of characteristic p, and let I be an m-primary ideal. The Hilbert-Kunz function of I is defined as l_I (q) = l(R/I^{[q]}), where q varies through all powers of p.

We summarize a few of the main results concerning Hilbert-Kunz functions. Theorem 4.5.2. Let (R, m) be a Noetherian local ring of characteristic p and let I be an m-primary ideal.

1). If dim(R) = d, then there exists a positive real number e_I such that

l_I (q) = e_I q^d + O(q^{d−1}).

e_I is called the Hilbert-Kunz multiplicity of the ideal I.

2). If R is a complete intersection and pd_R(R/I) < ∞, then l_I (q) = q^dl(R/I). In general, l_I (q) ≤ p^dl_I (q/p).

3). If R is a two-dimensional normal domain, then there exists a real number λ such that l_I (q) = e_I q^2 + λq + O(1).

If R is the homogeneous coordinate ring of a smooth projective curve over a field, then λ=0.

1). is in [Mo1], 2). is Thm. 1.9 [Du] , and 3). is in [Mo2].

It is conjectured that e_I is always rational number; this is known in only a few cases. Most of the results in this direction are for the maximal ideal of certain classes of rings.

It is also conjectured that if R is as in Thm 4.5.2 3). then the bounded term O(1) is a periodic function.

The connection between tight closure and Hilbert-Kunz functions is given by the following result:

Theorem 4.5.3. Let (R, m) be an excellent reduced equidimensional Noetherian local ring, and let I_1 ⊂ I_2 be m-primary ideals. Then I_2 ⊂ I^∗_1 if and only if e_{I1} = e_{I2} . Proof: See Thm. 8.4 in [HH1]. □

If R is a characteristic 2 hypersurface, we note the following formula:

Proposition 4.5.4. Let (R, m) be a characteristic 2 hypersurface, and let I be an

m-primary ideal. Then we have l ( R I^{[2]} ) = N 2 l ( R I ) + 1 2 l ( Tor_1 ( R I , R^{1/2} )) . where N is the minimal number of generators of R^{1/2} as an R-module.

Note in particular that l ( Tor_1(R/I, R^{1/2}) ) must always be an even number.

In the particular case when R is the cubical cone ring in characteristic 2, this

formula becomes l ( R I^{[2]} ) = 4l ( R I ) + 1 2 l ( Tor_1 ( R I , R^{1/2} )) . Proof: Consider the minimal free resolution of R^{1/2} over R as described in Prop. 4.5.1;

let A be the result of tensoring A with R/I. When the resolution is tensored over R

with R/I, we get the following complex: · · ·^A−→ ( R I )_{N A} −→ ( R I )_N −→ R I^{[2]} −→ 0, The length of the homology of this complex (except at the 0th spot, where it equals

l(R/I^{[2]})) is equal to l(Tor_1(R/I, R^{1/2})); this follows from Obs. 4.4.3.

Therefore we have l ( R I^{[2]} ) = l ( coker(A) ) = l ( ker(A) ) = l ( Tor_1 ( R I , R^{1/2} )) + l ( im(A) )

= l ( Tor_1( R I , R^{1/2}) ) + Nl ( R I ) − l ( coker(A) ) , and the equality follows. □

Definition: Let I be an m-primary ideal, and let l_I (q) be the Hilbert-Kunz function

of I. Then the function t_I (q) := l_I (pq) − p^2l_I (q) will be called the tail of the Hilbert-

Kunz function of I.

If R is the homogeneous coordinate ring of a smooth projective curve, then we have l_I (q) = e_I q^2 + b_I (q), where b_I (q) is bounded, hence t_I (q) = b_I (pq) − p^2b_I (q) is also bounded, and moreover b_I (q) is periodic if and only if t_I (q) is periodic. Comment: If d is the dimension of R, and T = k[[X_1, . . . , X_{d+1}]], then we have N = 2^{d+1}, since a minimal set of generators for R^{1/2} over R is given by all the (x_{i1} . . . x_{ik} )^{1/2}, where {i_1, . . . , i_k} ⊂ {1, . . . , d + 1} ; therefore the previous corollary can be interpreted as saying that^1_2 l(Tor_1(R/I^{[q]}, R^{1/2}) gives the tail of the Hilbert- Kunz function of I.

For the case when d = 2, whenever we know that the length of the above tor modules is constant as a function of q (or more generally periodic, and we know the set of values it takes), we can explicitly compute the Hilbert-Kunz function; in this situation, the Hilbert-Kunz multiplicity can be seen to be a rational number.

For example, this is the case if R is the cubical cone ring in characteristic 2, and I = (x^2, x + y, z).

We now restrict our attention to the case R is the cubical cone ring in characteristic p = 2.

Proposition 4.5.5. Let (R, m) be the cubical cone ring in characteristic 2, and let I be an m-primary ideal. Then l ( Tor^R_1 ( R I^{[q]} , R^{1/2} ))

is bounded as a function of q.

Moreover, if we let l_I (q) = e_I q^2 + b_I (q), where b_I (q) is a bounded function, we have t_I (q) = b_I (2q) − 4b_I (q) = 1 2 l ( Tor_1 ( R I^{[q]} , R^{1/2} )) .

Proof: The first part was proved by Monsky (and is true in any 2-dimensional normal domain).

The second part follows from the formula given in Thm. 4.5.4. □

Comment: In view of this result, the conjecture that b_I (q) is eventually periodic as a function of q is equivalent (in this particular ring) to the conjecture that l ( Tor_1(R/I^{[q]}, R^{1/2}) ) is periodic as a function of q.

However, using MACAULAY, we have found examples of ideals in this ring for which the first 9 values of the above function do not contain any repetition. For example, for I = m^9, the first 9 values are: 90, 96, 84, 108, 78, 120, 102, 72, 132.

Another interesting observation is that for an m-primary ideal I in the cubical cone ring in characteristic 2, there is a connection between the length of Tor_1(R/I, R^{1/2}) and the third (stable) Betti number of R/I.

This shows that the study of Hilbert-Kunz functions in this ring is equivalent to the study of the minimal free resolution of R/I^{[q]}, as q varies.

Observation 4.5.6. Let R be the cubical cone ring in characteristic 2, and let I be an m-primary ideal. Then we have l ( Tor_1( R I , R^{1/2}) ) = 2b_3 ( R I ) . Proof: This can be seen by comparing the minimal free resolutions of R/m and R^{1/2}. The minimal resolution of R/m has the form · · ·^B−→ R^{4 C}−→ R^{4 B}−→ R^4 −→ R^3 −→ R −→ R/m −→ 0 with

B = x 0 z^2 y^2 z y^2 x^2 0 y z^2 0 x^2 0 x y z

,

C = z^2 y^2 x^2 0 y z 0 x^2 x 0 z y^2 0 x y z^2 (the resolution of R/m has been obtained using MACAULAY, but it can also be checked directly). We know from Prop. 4.5.1 that the minimal resolution of R^{1/2} is of the form · · ·^A−→ R^{8 A}−→ R^{8 A}−→ R^{1/2} −→ 0, where A is the matrix obtained by multiplying the generators

1, x^{1/2}, y^{1/2}, z^{1/2}, (xy)^{1/2}, (xz)^{1/2}, (yz)^{1/2}, (xyz)^{1/2}

of R^{1/2} as an R-module by x^{3/2} + y^{3/2} + z^{3/2}; more precisely,

A =

0 x^2 y^2 z^2 0 0 0 0 x 0 0 0 y^2 z^2 0 0 y 0 0 0 x^2 0 z^2 0 z 0 0 0 0 x^2 y^2 0 0 y x 0 0 0 0 z^2 0 z 0 x 0 0 0 y^2 0 0 z y 0 0 0 x^2 0 0 0 0 z y x 0 and after rearranging the rows and columns, it can be seen that A = B ⊕ C.

Let B, C denote the result of tensoring B, respectively C with M. Therefore we have l ( Tor_1(M, R^{1/2}) ) = l ( ker(B ⊕ C) im(B ⊕ C) ) = l ( ker(B) im(C) ) + l ( ker(C) im(B) ) = b_3(M) + b_4(M) = 2b_3(M) Recall that for any module M over a 2-dimensional hypersurface, we have b_i(M) = b_3(M) for all i ≥ 3, because of the periodicity of the resolution, hence the last equality follows. □

In the rest of this section, we will present several equivalent formulations of the fact that tight closure equals Frobenius closure for every m-primary ideal in the cubical cone ring in characteristic 2.

First, we prove that the converse of Thm. 4.3.13 holds in this ring Theorem 4.5.7. Let R be the cubical cone ring in characteristic 2, and assume that for every m-primary ideal I, and for all q ≫ 0, we have (I^{<q>} : m)^{[2]} = (I^{<q>})^{[2]}. Then for every m-primary ideal J, we have J^∗ = J^F .

The same statement is true under the more general assumption that (R, m) is a hypersurface in characteristic 2, in which the test ideal is m, and Frobenius closure equals tight closure for parameter ideals.

Proof: First note that, given the assumption that the test ideal is m, the problem of proving tight closure equals Frobenius closure for m-primary ideals admits a simple reformulation in terms of Hilbert-Kunz functions:

If J is m-primary and f ∈ J^∗\J^F , let J^′ = J + (f). Since we know that f^q ∈ J^{[q]} : m for all q, it follows that l_J (q) − l_J ′ (q) = 1 for all q. We must show that this is not possible. In particular, it is sufficient to show that the above difference of

Hilbert-Kunz functions evaluated at q is an even number for all q ≫ 0.

Let a ⊂ J be a parameter ideal, and let I = a : J, I^′ = a : J^′. Then Prop. 4.3.6

shows that for all q we have l ( I^{<q>} I^{′<q>} ) = l ( J^{′[q]} J^{[q]} ) .

We know that mJ^{[q]} = mJ^{′[q]}, and therefore we have I^{<q>} : m = I^{′<q>} : m. By

assumption, it follows that if q ≫ 0, (I^{<q>})^{[2]} = (I^{′<q>})^{[2]}, and hence l ( I^{<2q>} I^{′<2q>} ) = l ( I^{<2q>} I^{<q>[2]} ) −l ( I^{′<2q>} I^{′<q>[2]} ) = l ( Tor^R_1 (R/I^{<q>}, R^{1/2}) ) −l ( Tor^R_1 (R/I^{′<q>}, R^{1/2}) )

and therefore is an even number. □

Proposition 4.5.8. Let R be the cubical cone ring in characteristic 2. Let J =

(f_1, . . . , f_n) be an m-primary ideal such that for all i, f_i /∈ (f_1, . . . , f̂_i, . . . , f_n)^∗.

Assume that f ∈ J^∗, and let J^′ = J + (f). If there exists a parameter ideal (a, b) ⊂ J

such that if we let I^′ = (a, b) : J^′, we have l ( (I^{′<q>} : m)^{[2]} (I^{′<q>})^{[2]} ) ≠ 7

for at least one large enough value of q, then f ∈ J^F .

Proof: Let I = (a, b) : J. The assumption on the generators of J guarantees that

Thm 4.3.13 applies: we know that for q ≫ 0, (I^{<q>} : m)^{[2]} = (I^{<q>})^{[2]}.

On the other hand, if we assume by contradiction that f /∈ J^F , then l(J^{′[q]}/J^{[q]}) =

1 for all q, hence we have l(I^{<q>}/I^{′<q>}) = 1 for all q.

Using the formula in 4.5.4, and the fact that I^{<q>} : m = I^{′<q>} : m, we get l ( (I^{′<q>} : m)^{[2]} (I^{′<q>})^{[2]} ) = l ( (I^{′<q>} : m)^{[2]} (I^{′<q>})^{[2]} ) + l ( (I^{<q>})^{[2]} (I^{′<q>})^{[2]} ) =

= 4 ( I^{′<q>} I^{<q>} ) + 1 2 ( l ( Tor_1(R/I^{′<q>}, R^{1/2}) ) − l ( Tor_1(R/I^{<q>}, R^{1/2}) ))

= 4 + 1 2 ( l ( Tor_1(R/J^{′[q]}, R^{1/2}) ) − l ( Tor_1(R/J^{[q]}, R^{1/2}) )) . (4.4)

The last equality follows from the Cor. 4.4.5, which shows that

l(Tor^R_1 (R/I^{<q>}, R^{1/2})) = l(Tor^R_1 (R/J^{[q]}, R^{1/2})).

Our assumptions imply that l ( Tor_1(R/J^{′[q]}, R^{1/2}) ) − l ( Tor_1(R/J^{[q]}, R^{1/2}) ) = 6, since

1 = l ( J^{′[2q]} J^{[2q]} ) = 4l ( J^{′[q]} J^{[q]}) ) − 1 2 ( l ( Tor_1(R/J^{′[q]}, R^{1/2}) ) − l ( Tor_1(R/J^{[q]}, R^{1/2}) ))

= 4 − 1 2 ( l ( Tor_1(R/J^{′[q]}, R^{1/2}) ) − l ( Tor_1(R/J^{[q]}, R^{1/2}) )) . Hence, equation 4.4 shows that l ( (I^{′<q>} : m)^{[2]}

(I^{′<q>})^{[2]} ) = 7 ∀q ≫ 0, contradiction. □

Proposition 4.5.9. Let R be the cubical cone ring in characteristic 2, and let J =

(f_1, . . . , f_n) be an m-primary ideal, and assume that for all i, f_i /∈ (f_1, . . . , f̂_i, . . . , f_n)^∗.

Let J^′ = J + (f), with f ∈ J^∗. If there exists a parameter ideal (a, b) ⊂ J such that

for I^′ = (a, b) : J^′ there is a large enough value of q such that

(I^{′<q>} : m)^{[2]} ⊂ (I^{′<q>})^{[2]} : m,

then f ∈ J^F .

Note that this condition is weaker than the condition in Thm. 4.5.7, which was

shown to be equivalent to the equality of tight closure and Frobenius closure for

m-primary ideals.

Proof: Assume by contradiction that f /∈ J^F . Let I = (a, b) : J. We know that l(I^{<q>}/I^{′<q>}) = 1, hence we can write I^{<q>} = I^{′<q>} + (u), where u ∈ I^{′<q>} : m.

Also, we know that l ( (I^{<q>})^{[2]}/(I^{′<q>})^{[2]} ) = 7, and therefore

l(R/((I^{′<q>})^{[2]} : u^2)) = 7.

This implies that (I^{′<q>})^{[2]} : u^2 = (x^2, y^2, z^2, xyz), contradiction with the assumption that u^2 ∈ (I^{′<q>})^{[2]} : m. □

CHAPTER V

∗–Independence and Special Tight Closure

In this chapter we introduce and study two new notions: ∗–independence and special tight closure.

The tight closure of any ideal is equal to the tight closure of a *-independent ideal, so the study of ∗–independent ideals can reduce questions about the tight closure of an arbitrary ideal to the same questions for simpler ideals.

The special tight closure of an ideal can be thought of as the complement of the ideal itself inside its tight closure, at least in a certain class of rings, in which our main result is shown to hold. This class includes the cubical cone rings in any characteristic.

Special tight closure allows us to formulate an (apparently) weaker conjecture, which is shown to be equivalent to the equality of tight closure and Frobenius closure for m-primary ideals (see Cor. 5.2.7, Cor. 5.2.10). 5.1 ∗–Independence

Definition: Let R be a characteristic p ring. We say that f_1, . . . , f_n ∈ R are ∗–independent if for any i = 1, . . . , n we have f_i /∈ (f_1, . . . , f̂_i, . . . , f_n)^∗.

The reason for introducing this notion is the observation that every ideal can be thought of as being in the tight closure of a ∗–independent ideal. Indeed, let I = (f_1, . . . , f_n). Assume that f_1, . . . , f_n are not ∗–independent; by renumbering, we can assume that f_n ∈ (f_1, . . . , f_{n−1})^∗, and the assertion follows by induction on n. The following result will be used throughout this chapter; the result is known to specialists, but we include a proof for lack of a convenient reference. Theorem 5.1.1. Let (R, m) be a excellent, analytically irreducible local ring of characteristic p, let I be an ideal, and let f ∈ R.

Assume that f /∈ I^∗; then there exists q_0 = p^{e0} such that for all q ≥ q_0 we have I^{[q]} : f^q ⊂ m^{[q/q0]}.

We need the following lemma:

Lemma 5.1.2. Let R ⊂ R^′ be an extension of local characteristic p domains such that R^′ is either module-finite or purely inseparable over R (i.e., there is a Q such that R^′ ⊂ R^{1/Q}). Let m_R, m_R′ be the maximal ideals of R, respectively R^′. Assume that R has a test element.

Assume that I is an ideal of R, and f ∈ R. a). f /∈ I^∗ ⇒ f /∈ (IR^′)^∗. b). If there is a q_1 such that I^{[q]}R^′ :_R′ f^q ⊂ m^{[q/q1]}_R′ for all q > q_1, then there is a q_0 such that I^{[q]} :_R f^q ⊂ m^{[q/q0]}_R for all q > q_0.

Proof of Lemma: a). For the module-finite case, we know that (IR^′)^∗ ∩ R ⊂ I^∗ (see [HH1]).

Assume that R^′ is purely inseparable over R, and f ∈ (IR^′)^∗. Let c ∈ R be such that cf^q ∈ I^{[q]}R^′ for all q ⇒ (cf^q)^Q ⊂ I^{[qQ]}, hence cf^q ∈ I^{[q]∗} for all q, and this implies that f ∈ I^∗.

b). Note that the usual powers are cofinal with the Frobenius powers, that is there is a constant r such that for all q we have m^{rq} ⊂ m^{[q]} ⊂ m^q, hence I^{[q]} : f^q ⊂ m^{[q/q0]}_R for all q > q_0 is equivalent to I^{[q]} : f^q ⊂ m^{q/q′0}_R for all q ≥ q^′_0, where q^′_0 is a (different) constant, and similarly I^{[q]}R^′ :_R′ f^q ⊂ m^{[q/q1]}_R′ ⇔ I^{[q]}R^′ :_R′ f^q ⊂ m^{q/q′1}_R′ .

If R ⊂ R^′ is module-finite, then there is a q^{′′}_1 such that m^{q′′1}_R′ ⊂ m_RR^′; it follows that I^{[q]} :_R f^q ⊂ (I^{[q]}R^′ :_R′ f^q) ∩ R ⊂ m^{q/q′1}_R′ ∩ R ⊂ m^{q/q′1q′′1}_R R^′ ∩ R. The Artin-Rees Lemma implies that there is a q^′_0 such that m^{q/q′1q′′1}_R R^′ ∩ R ⊂ m^{q/q′0}_R for all q ≥ q^′_0, hence the desired conclusion holds.

If R^′ is a purely inseparable extension of R, then m^{[Q]}_R′ ⊂ m_R; it follows that m^{[q/q1]}_R′ ⊂ m^{[q/q1Q]}_R , and again the conclusion follows. □ Proof of Theorem: Replace R by R̂ and I by IR̂; it is still true that f /∈ IR̂^∗, since the hypothesis implies that R has a completely stable test element; moreover,

I^{[q]} : f^q = (I^{[q]}R̂ : f^q) ∩ R,

hence it will be sufficient to prove that the conclusion holds for IR̂.

Therefore, we can write R as a module-finite, domain extension of a regular local ring A. Replace R by R[A^{1/q}] for q ≫ 0, such that R[A^{1/q}] is generically smooth over A^{1/q}, and replace A by A^{1/q}, which is still a regular local ring.

By Lemma 5.1.2, it is still true that f /∈ (IR[A^{1/q0} ])^∗, and moreover it is sufficient to prove that the conclusion holds for IR[A^{1/q0} ]. We can moreover replace this new R by a module-finite extension which is Galois over A.

Now we can use Thm. 6.9 of [HH1] for the new A and R: there is a constant r > 0 such that for all ϵ ∈ R^∞ with ϵf ∈ IR^∞ we have ord (N(ϵ)) > r, where N : R → A denotes the norm of the module-finite extension A ⊂ R, and for every a ∈ A, ord_A(a) = n if a ∈ m^n_A\m^{n+1}_A .

Therefore

u ∈ I^{[q]} : f^q ⇒ u^{1/q} ∈ (IR^∞ : f) ⇒ ord_A(N(u)) = qord_A(N(u^{1/q})) > rq.

Let u = u_1, . . . , u_d be all the conjugates of u in R, so that N(u) = u_1 . . . u_d. Let ord_R(u) = n if u ∈ m^n\m^{n+1}. Since there are automorphisms of R which interchange the u^′_i, given by the action of the Galois group, we have ord_Ru_1 = . . . = ord_Ru_d = ord_R(u).

We will use a theorem of Izumi (see [Iz], [R]), which states that if R is analytically irreducible, there are constants C^′, C^{′′} such that for every x, y ∈ R we have ord_R(xy) ≤ C^′ord_R(x)+ord_R(y)+C^′. Induction on d shows that there is a constant C (depending on the ring R only) such that ord_R(N(u)) = ord_R(u_1 . . . u_d) ≤ Cord_R(u).

The Artin-Rees lemma and the fact that m_AR is an m-primary ideal imply that there is a constant c such that m^n ∩ R ⊂ m^{n/c}_A for all n ≥ c, and therefore ord_R(N(u)) ≥ ord_A(N(u))/c.

It follows that ord_R(u) > 1/cCord(N(u)) > (r/cC)q.

If q_1 is a power of p such that r/cC ≥ 1/q_1 this implies that u ∈ m^{q/q1} . Note that when (R, m) is the localization at the irrelevant ideal of a graded domain, or the completion of a ring of this form, ord_R defines a valuation on R, and we can apply Thm. 3.1 of [HH3] for a simpler proof.

Proposition 5.1.3. Let (R, m) be an analytically irreducible excellent local ring of characteristic pLet f_1, . . . , f_n and g_1, . . . , g_n be two minimal sets of generators for an ideal J. Then f_1, . . . , f_n are ∗–independent if and only if g_1, . . . , g_n are ∗– independent.

Proof: Assume that f_1, . . . , f_n are ∗–independent. Let A be an invertible n × n matrix with entries in R such that fA = g, where f is the vector (f_1, . . . , f_n).

Since A is invertible and R is local, A is row and column equivalent to a diagonal matrix (at least one entry of A must be a unit; we can perform row and column operations to make the rest of the elements on that row and column zero; the remaining matrix must still contain a unit, so the process can be continued). This means that we can obtain g from f by a finite sequence of transformations of the form f_1 → f_1, . . . , f_{i−1} → f_{i−1}, f_i → f_i + df_{i+1}, f_{i+1} → f_{i+1}, . . . , f_n → f_n, plus permutations of the f_i’s.

Therefore it suffices to consider the case g_1 = f_1 + df_2, g_2 = f_2, . . . , g_n = f_n for some d ∈ R. We want to prove that g_1, . . . , g_n are ∗–independent.

For i ≥ 3, the fact that g_i /∈ (g_1, . . . , ĝ_i, . . . , g_n)^∗ is clearly equivalent with the corresponding assumption for f_i.

Assume that g_1 ∈ (g_2, . . . , g_n)^∗, hence there is a c ∈ R^0 such that for all q = p^e, we have c(f_1 + df_2)^q ∈ (f^q_2 , . . . , f^q_n).

This implies that ∀ q, cf^q_1 ∈ (f^q_2 , f^q_3 , . . . , f^q_n), which contradicts f_1 /∈ (f_2, . . . f_n)^∗.

Assume that g_2 ∈ (g_1, g_3, . . . g_n)^∗, hence ∃ c ∈ R such that for all q,

cf^q_2 ∈ ((f_1 + df_2)^q, f^q_3 , . . . , f^q_n) ⇒ ∃ a_q ∈ R such that

a_qf^q_1 + (a_qd^q − c)f^q_2 ∈ (f^q_3 , . . . , f^q_n). There are two cases:

1. There is a positive integer N such that for all q, a_q /∈ m^N ; from Prop. 5.1.1, it follows that f_1 ∈ (f_2, . . . , f_n)^∗, contradiction.

2. For any positive integers N, there is a q_N such that a_{qN} ∈ m^N . Fix an integer N_0 such that c /∈ m^{N0} ; then it follows that for all for all N > N_0, we have a_{qN} d^{qN} −c /∈ m^{N0} , and therefore from Prop. 5.1.1 it follows that f_2 ∈ (f_1, f_3, . . . , f_n)^∗, contradiction. □

This result shows that in a local ring, given an ideal I, the property that a minimal system of generators for I is ∗–independent does not depend on the choice of the system of generators. Therefore, in this situation it makes sense to say that the ideal I is ∗–independent if it admits a ∗–independent system of generators. Definition: Let R be a local ring of positive characteristic. An ideal I is called ∗–independent if it has a system of generators consisting of ∗–independent elements (equivalently, if every minimal system of generators consists of ∗–independent elements).

Proposition 5.1.4. Let (R, m) be an analytically irreducible excellent local ring of characteristic pLet I = (f_1, . . . , f_n) be an ideal of R, and let I be the family of ideals generated by all subsets {i, i_1, . . . , i_k} of {1, . . . , n}. Then every ideal in I has a ∗–independent Frobenius power if and only if the following condition holds:

(∗∗) For every subset {i, i_1, . . . , i_k} of {1, . . . , n}, we have either f /∈ (f_{i1} , . . . , f_{in} )^∗, or f ∈ (f_{i1} , . . . , f_{in} )^F .

In particular, the assertion that tight closure equals Frobenius closure for every ideal of R is equivalent to the assertion that for every ideal I there is a Frobenius power I^{[q0]} which is ∗–independent.

Proof: Assume that condition(∗∗) holds, but I is not ∗–independent. Without loss of generality, we may assume f_n ∈ (f_1, . . . , f_{n−1})^∗, hence by assumption there is a q_0 such that f^{q0}_n ∈ (f^{q0}_1 , . . . , f^{q0}_{n−1}). We can write I^{[q0]} = (f^{q0}_1 , . . . , f^{q0}_{n−1}). Since f^{q0}_1 , . . . , f^{q0}_{n−1} continue to satisfy the hypothesis, the claim follows by induction on n.

Conversely, assume that every ideal in I has a ∗–independent Frobenius power. We need to show that condition(∗∗) holds. Assume for example that f_1 ∈ (f_2, . . . , f_n)^∗.

Let J = (f_2, . . . , f_n). We need to show that f_1 ∈ J^F .

By assumption, there is a q_0 such that I^{[q0]} is ∗–independent, therefore any minimal system of generators consists of ∗–independent elements. Since f^{q0}_1 ∈ (f^{q0}_2 , . . . , f^{q0}_n )^∗, it follows that f^{q0}_1 , . . . , f^{q0}_n cannot be a minimal system of generators of I^{[q0]}.

Case 1: There is a minimal system of generators of I^{[q0]} consisting of a subset of {f^{q0}_2 , . . . f^{q0}_n }. This implies that f^{q0}_1 ∈ J^{[q0]}, hence f ∈ J^F .

Case 2: There is a ∗–independent system of generators for I^{[q0]} consisting of f^{q0}_1 and a subset of {f^{q0}_2 , . . . , f^{q0}_n }. By renumbering, we may assume that f^{q0}_1 , f^{q0}_2 , . . . , f^{q0}_k is a minimal system of generators for I^{[q0]}, where k < n.

For every i = 2, . . . , n − k, we can write f^{q0}_{k+i} ≡ α_if^{q0}_1 mod (f^{q0}_2 , . . . , f^{q0}_k ) for some α_i ∈ R. If one of the α_i’s is a unit, it follows that f^{q0}_1 ∈ J^{[q0]}, hence f_1 ∈ J^F . Assume all α_i ∈ m. Since f_1 ∈ J^∗, we can fix an element c ∈ R^0 such that cf^{qq0}_1 ∈ J^{[qq0]} for every q = p^e, and therefore cf^{qq0}_1 ∈ (f^{qq0}_2 , . . . f^{qq0}_k , α^q_1f^{qq0}_1 , . . . α^q_{n−k}f^{qq0}_1 ).

Let b be such that c /∈ m^b; for all q ≫ 0, it follows that there is an element not in m^b which multiplies f^{qq0}_1 in the ideal (f^{qq0}_2 , . . . , f^{qq0}_k ); from Prop. 5.1.1, it follows that f_1 ∈ (f_2, . . . , f_k)^∗. Since k < n, this is a contradiction. □

The following result allows us to characterize ∗–independent ideals, and study some of their properties.

Proposition 5.1.5. Let (R, m) be an analytically irreducible excellent local ring of characteristic pLet J = (f_1, . . . , f_n) be a minimal system of generators for J.

a). If f_1, . . . , f_n are ∗–independent, and b is any m-primary ideal, then there is a q_0 depending on b such that for all q ≥ q_0 we have l ( J^{[q]} bJ^{[q]} ) = nl ( R b ) , and (5.1)

l ( J^{[q]} b^{[q/q0]}J^{[q]} ) = nl ( R b^{[q/q0]} ) . (5.2)

b). Assume, in addition, that R has an m-primary test ideal τ, and b is an m-primary

ideal such that b ⊂ τ, b ≠ τ. If, moreover, there is a q_0 such that l ( J^{[q0]} bJ^{[q0]} ) = nl ( R b ) , then f_1, . . . , f_n are ∗–independent.

Note that in this result it suffices to check that the length condition is satisfied

for one choice of the m-primary ideal b and for one value of q_0, and it follows that

the condition is satisfies for every m-primary ideal, and for all q ≫ 0 (where the

meaning of q ≫ 0 depends on the choice of b).

Proof: Note that in general if J = (f_1, . . . , f_n) and b is an m-primary ideal, we

have l ( J bJ ) = n∑ i=1 l ( R (bf_1, . . . , bf_i, f_{i+1}, . . . , f_n) : f_i ) , and each term in the sum is at most equal to l(R/b), since (bf_1, . . . , bf_i, f_{i+1}, . . . , f_n) : f_i ⊃ b. Hence, equality holds if and only if for all i = 1, . . . , n we have

(bf_1, . . . , bf_i, f_{i+1}, . . . , f_n) : f_i = b.

a). Assume that f_1, . . . , f_n are ∗–independent, and let b be a fixed m-primary

ideal.

Let q_1 be such that m^{[q1]} ⊂ b, and let q_2 be such that for all i = 1, . . . n, and all q ≥ q_2, we have (f^q_1 , . . . , f̂^q_i , . . . , f^q_n) : f^q_i ⊂ m^{[q/q2]} (the hypothesis implies that such a q_2 exists). Let q_0 = q_1q_2. Then for all q ≥ q_0, we have (f^q_1 , . . . , f̂^q_i , . . . , f^q_n) : f^q_i ⊂ b^{[q/q0]} This implies that for each i and all q ≥ q_0, we have

(b^{[q/q0]}f^q_1 , . . . , b^{[q/q0]}f^q_i , f^q_{i+1}, . . . , f^q_n) : f_i = b^{[q/q0]}, and

(bf^q_1 , . . . , bf^q_i , f^q_{i+1}, . . . , f^q_n) : f^q_i = b. Indeed, if u ∈ (b^{[q/q0]}f^q_1 , . . . , b^{[q/q0]}f^q_i , f^q_{i+1}, . . . , f^q_n) : f^q_i (respectively u ∈ (bf^q_1 , . . . , bf^q_i , f^q_{i+1}, . . . , f^q_n) : f^q_i ) then there is a b ∈ b^{[q/q0]} (respectively, b ∈ b ), such that u − b ∈ (f^q_1 , . . . , f̂^q_i , . . . , f^q_n) : f^q_i ⊂ b^{[q/q0]} ⇒ u ∈ b^{[q/q0]} (respectively, u ∈ b).

b). Assume that f_1, . . . , f_n are not ∗–independent; after renumbering, we may assume that f_1 ∈ (f_2, . . . , f_n)^∗. Then for all q we have

τ ⊂ (f^q_2 , . . . , f^q_n) : f^q_1 ⊂ (bf^q_1 , f^q_2 , . . . , f^q_n) : f^q_1 .

If we choose b such that l(R/b) > l(R/τ), we see that for all q, l ( J^{[q]}/bJ^{[q]} ) < nl(R/b), contradiction. □

Proposition 5.1.6. Let (R, m) be an analytically irreducible characteristic p local

ring. Let I be an arbitrary ideal; then there exist ∗–independent ideals I_0 ⊂ I such

that I ⊂ I^∗_0 .

If I_0, I_1 are two such ideals, and we assume in addition that I/I_0 and I/I_1 have

finite length (this is always true if the test elements generate an m-primary ideal, or

if I is m-primary), then I_0 and I_1 have the same minimal number of generators.

Proof: The first statement is clear.

Let n_0, n_1 be the number of generators for I_0, respectively I_1. Let d be the Krull

dimension of R.

Let a be any m-primary ideal. Thm. 5.1.5 shows that there exists a q_0 such that

for all q ≥ q_0 we have l ( I^{[q]}_0 a^{[q/q0]}I^{[q]}_0 ) = n_0l ( R a^{[q/q0]} ) , l ( I^{[q]}_1 a^{[q/q0]}I^{[q]}_1 ) = n_1l ( R a^{[q/q0]} ) . (5.3)

Our assumptions imply that there is a constant C such that for all q, l ( I^{[q]} I^{[q]}_0 ) ≤ Cq^{d−1}, l ( I^{[q]} I^{[q]}_1 ) ≤ Cq^{d−1}. (5.4)

We also know that aI^{[q0]} ⊂ (aI^{[q0]}_0 )^∗, and aI^{[q0]} ⊂ (aI^{[q0]}_1 )^∗. Since aI^{[q0]}/aI^{[q0]}_0 ,

aI^{[q0]}/aI^{[q0]}_1 also have finite length, we may assume that the choice of C is such that

for all q, l ( a^{[q/q0]}I^{[q]} a^{[q/q0]}I^{[q]}_0 ) ≤ Cq^{d−1}, l ( a^{[q/q0]}I^{[q]} a^{[q/q0]}I^{[q]}_1 ) ≤ Cq^{d−1}. (5.5) Here we are using Thm. 8.17 a). in [HH1].

From the in(equalities) in (3), (4), and (5), we get

n_0l ( R a^{[q/q0]} ) − Cq^{d−1} ≤ l ( I^{[q]} a^{[q/q0]}I^{[q]} ) = l ( I^{[q]} I^{[q]}_0 ) + l ( I^{[q]}_0 a^{[q/q0]}I^{[q]}_0 ) − l ( a^{[q/q0]}I^{[q]} a^{[q/q0]}I^{[q]}_0 )

≤ n_0l ( R a^{[q/q0]} ) + Cq^{d−1}, n_1l ( R a^{[q/q0]} ) − Cq^{d−1} ≤ l ( I^{[q]} a^{[q/q0]}I^{[q]} ) = l ( I^{[q]} I^{[q]}_1 ) + l ( I^{[q]}_1 a^{[q/q0]}I^{[q]}_1 ) − l ( a^{[q/q0]}I^{[q]} a^{[q/q0]}I^{[q]}_1 ) ≤ n_1l ( R a^{[q/q0]} ) + Cq^{d−1}, and therefore for all q we have

n_0l ( R a^{[q/q0]} ) ≤ n_1l ( R a^{[q/q0]} ) + 2Cq^{d−1}. (5.6)

For sufficiently large values of q, we have l(R/a^{[q/q0]}) > 2Cq^{d−1}, and then (6) implies

that n_0 ≤ n_1. By symmetry, it follows that n_0 = n_1. □

Next, we obtain some equivalent characterizations of ∗–independence, and we

discuss the connection between this notion and the problem of showing that tight

closure equals Frobenius closure in the cubical cone rings.

Corollary 5.1.7. Let R be an excellent local 2-dimensional Cohen-Macaulay ana-

lytically irreducible ring of characteristic p, and I an m-primary ideal generated by n

∗–independent elements. If a is a fixed parameter ideal, then for all q ≫ 0 we have l ( I^{[q]} : a I^{[q]} ) = (n − 1)l ( R a ) . Proof: Since R/a has projective dimension 2, we have l ( R I^{[q]} ⊗_R R a ) − l ( Tor^R_1 ( R I^{[q]} , R a )) + l ( (Tor^R_2 ( R I^{[q]} , R a )) = 0.

This follows by tensoring the minimal free resolution of R/a with R/I^{[q]}, and breaking

the resulting complex into short exact sequences. Each of these short exact sequences

consists of modules of finite length, and the length is additive.

For q ≫ 0, R/I^{[q]} ⊗ R/a = R/a, and equation 5.1 now implies that l ( Tor^R_2 ( R I^{[q]} , R a )) = nl ( R a ) − l ( R a ) . On the other hand, we can compute Tor^R_2 (R/I^{[q]}, R/a) by using the Koszul resolution

of R/a, and see that it is equal to (I^{[q]} : a)/I^{[q]}. □

Corollary 5.1.8. Let R be an excellent local 2-dimensional Cohen-Macaulay analytically irreducible ring, let a be a parameter ideal, and I a ∗–independent ideal. Consider the beginning of the minimal free resolution of R/I^{[q]}: · · · −→ R^{b B}−→ R^{m A}−→ R^n −→ R −→ 0. (5.7) Assume that R/I^{[q]} does not have finite projective dimension. Then for q ≫ 0, the ideal generated by the entries of the matrix B is not contained in a (while the ideal generated by the entries of A is contained in higher and higher powers of the maximal ideal, as q increases).

Proof: Tensor the resolution 5.7 with R/a; let A, B denote the maps obtained form A, B after tensoring. For q ≫ 0, Prop. 5.1.1 and the assumption that I is ∗–independent imply that the entries of A are contained in a, hence A = 0. Assume by contradiction that all the entries of B are also contained in a. Then Cor. 5.1.7 implies that (n − 1)l ( R a ) = l ( Tor^R_2 ( R I^{[q]} , R a )) = l ( ker(B) ) = ml ( R a ) , and therefore m = n − 1. But this contradicts the assumption that R/I^{[q]} does not have finite projective dimension. □ Observation 5.1.9. Let (R, m) be an analytically irreducible excellent local ring of characteristic pLet J be an ideal generated by ∗–independent elements f_1, . . . , f_n. Let b and a be fixed ideals, where a is assumed to be m-primary.

Then there exists a q_0 such that for all q ≫ 0 we have (aJ^{[q]} : b)∩J^{[q]} = (a : b)J^{[q]} and (a^{[q/q0]}J^{[q]} : b) ∩ J^{[q]} = (a^{[q/q0]} : b)J^{[q]}.

Proof: By the Prop. 5.1.1, there is a q_1 such that for all q ≥ q_1 and for all i = 1, . . . , n we have (f^q_1 , . . . , f̂^q_i , . . . , f^q_n) : f^q_i ⊂ m^{[q/q1]}. Let q_0 ≥ q_1 such that m^{[q0]} ⊂ a^{[q1]}, and therefore m^{[q/q1]} ⊂ a^{[q/q0]} for all q ≫ 0.

Assume that u = α_1f^q_1 +. . .+α_nf^q_n ∈ (a^{[q/q0]}J^{[q]} : b)∩J^{[q]} (respectively, u ∈ aJ^{[q]} : b). Then for every b ∈ b we can write bα_1f^q_1 + . . . + bα_nf^q_n = a_1f^q_1 + . . . + a_nf^q_n, with a_1, . . . , a_n ∈ a^{[q/q0]} (respectively, a_1, . . . , a_n ∈ a).

Since (bα_1 − a_1)f^q_1 + . . . + (bα_n − a_n)f^q_n = 0, we have

bα_i − a_i ∈ (f^q_1 , . . . , f̂^q_i , . . . f^q_n) : f^q_i ⊂ a^{[q/q0]}

for all i = 1, . . . , n.

Since this holds for every b ∈ b, it follows that α_i ∈ a^{[q/q0]} : b (respectively, α_i ∈ a : b). □ Proposition 5.1.10. Let R = k[[x, y, z]]/(F ), where F = z^N + f(x, y) for some positive integer N. Let m = (x, y, z). Assume that R is a domain. Let I be an m-primary ∗–independent ideal with the minimal number of generators equal to n. For every q = p^e let s_q := l((I^{[q]} : m)/I^{[q]}) be the socle dimension of R/I^{[q]}. Then for q ≫ 0, we have n − 1 ≤ s_q ≤ N(n − 1).

Assume in addition that a^{[p]} = (a : m)^{[p]} for every parameter ideal a. Then, if q ≫ 0 and s_q = n − 1, we have (I^{[q]} : m)^{[p]} = I^{[qp]}.

Proof: Let a = (x, y); note that l(R/a) = N. Apply Cor, 5.1.7: for q ≫ 0 we have l((I^{[q]} : a)/I^{[q]}) = N(n − 1).

But (I^{[q]} : a)/I^{[q]} is a module over R/a = k[[z]]/(z^N ), so it has a decomposition into cyclic modules of the form R/(x, y, z), R/(x, y, z^2), ..., R/(x, y, z^N ) = R/(x, y).

Let k_i be the number of terms of the form R/(x, y, z^i), where i = 1, . . . , N. Then we have

s_q = k_1 + k_2 + . . . + k_N , and N(n − 1) = k_1 + 2k_2 + . . . + Nk_N ,

and the first claim follows.

Note that s_q = n−1 implies that k_1 = . . . = k_{N−1} = 0, and therefore (I^{[q]} : a)/I^{[q]} is a direct sum of cyclic modules isomorphic to R/a. It follows that I^{[q]} : m I^{[q]} ∼= ⨁ a : m a and the last claim follows from the fact that (a : m)^{[p]} = a^{[p]}. □ Proposition 5.1.11. Let (R, m) be an analytically irreducible excellent local ring of characteristic pLet I be an ideal of finite projective dimension.

a). I is ∗–independent.

b). If we assume in addition that R is 2-dimensional Cohen-Macaulay, and a is a fixed parameter ideal, then for all q ≫ 0, aI^{[q]} and I^{[q]} : a have finite projective dimension.

c). If R = k[[x, y, z]]/(x^3 + y^3 + z^3), where k is a field of positive characteristic, then for all q ≫ 0 we have dim ( I^{[q]} : m I^{[q]} ) = n − 1, where n is the minimal number of generators of I.

Proof: a). Let f_1, . . . , f_n be a minimal system of generators for I. Then for any i = 1, . . . , n the short exact sequence 0 −→ R (f_1, . . . , f̂_i, . . . , f_n) : f_i −→ R (f_1, . . . , f̂_i, . . . , f_n) −→ R I −→ 0 stays exact when tensored with R^{1/q} for all q = p^e. This shows that (f^q_1 , . . . , f̂^q_i , . . . , f^q_n) : f^q_i = ((f_1, . . . , f̂_i, . . . , f_n) : f_i)^{[q]}, hence f_i ∉ (f_1, . . . , f̂_i, . . . , f_n)^∗.

b) Note that Prop. 5.1.5 implies that for all q ≫ 0 we have I^{[q]} aI^{[q]} = ⨁ n R a , where n is the minimal number of generators of I.

The short exact sequence 0 −→ ⨁ n R a −→ R I^{[q]} −→ R aI^{[q]} −→ 0 implies that I^{[q]}/aI^{[q]} has finite projective dimension, and the short exact sequence 0 −→ R I^{[q]} : a −→ R I^{[q]} ⊕ R I^{[q]} −→ a aI^{[q]} implies that I^{[q]} : a/I^{[q]} has finite projective dimension.

c). Let a = (x, y). Write (I^{[q]} : a)/I^{[q]} as a direct sum of cyclic modules of the form R/(x, y), R/(x, y, z^2), and R/(x, y, z) as in the proof of Prop. 5.1.10. Since (I^{[q]} : a)/I^{[q]} has finite projective dimension, this implies that (I^{[q]} : a)/I^{[q]} is a direct sum of copies of R/a, and dim(I^{[q]} : m/I^{[q]}) equals the number of copies in the direct sum.

Cor. 5.1.7 shows that there are n − 1 copies, hence the desired equality. □ Lemma 5.1.12. Let (R, m) be an analytically irreducible excellent local ring of characteristic pLet a and I be ∗–independent ideals, with a m-primary. Then for q ≫ 0, aI^{[q]} is also ∗–independent.

Proof: Let I = (f_1, . . . , f_n), a = (a_1, . . . , a_m). We need to show that for q ≫ 0, a_1f^q_1 , . . . , a_mf^q_1 , . . . , a_1f^q_n, . . . , a_mf^q_n are ∗–independent. Fix q_0 such that (f^Q_2 , . . . , f^Q_n ) : f^Q_1 ⊂ a^{[Q/q0]} for all Q ≥ q_0. This is possible because I is ∗–independent and a is m-primary. Let q > q_0.

Assume by contradiction that a_1f^q_1 ∈ (a_2f^q_1 , . . . , a_mf^q_1 , f^q_2 , . . . , f^q_n)^∗.

Fix a nonzero element c such that ca^Q_1 f^{qQ}_1 ∈ (a^Q_2 f^{qQ}_1 , . . . , a^Q_mf^{qQ}_1 , f^{qQ}_2 , . . . , f^{qQ}_n ) for all Q.

Then for all Q there exist d_2, . . . , d_m ∈ R such that

ca^Q_1 + d_2a^Q_2 + . . . + d_ma^Q_m ∈ (f^{qQ}_2 , . . . , f^{qQ}_n ) : f^{qQ}_1 ⊂ a^{[qQ/q0]}.

It follows that for all Q there exists a d ∈ R such that (c − da^{qQ/q0−Q} 1 ) ∈ (a^{qQ/q0}_2 , . . . , a^{qQ/q0}_m ) : a^Q_1 ⊂ (a^Q_2 , . . . , a^Q_m) : a^Q_1 .

Since a is ∗–independent, this colon ideal is contained in higher and higher powers of the maximal ideal as Q increases, contradiction with the assumption that c is a fixed nonzero element. □ Corollary 5.1.13. Let R = k[[x, y, z]]/(F ) be a two-dimensional hypersurface, with F = z^N +f(x, y), and let I be a ∗–independent ideal. Assume that R is a domain. Let m = (x, y, z). Then there is a q_0 such that for all q ≫ 0 we have m^{[q/q0]}I^{[q]} : m ⊄ I^{[q]}. Proof: Let I = (f_1, . . . f_n). By assumption, we can choose q_1 such that for all i = 1, . . . n and for all q ≥ q_1, we have (f^q_1 , . . . , f̂_i^q, . . . f^q_n) : f^q_i ⊂ m^{[q/q1]}. Let a = (a, b) be a fixed parameter ideal, and let q_2 be such that m^{[q2]} ⊂ a^{[q1]}, and therefore m^{[q/q1]} ⊂ a^{[q/q2]} for all q ≫ 0.

Apply Corollary 5.1.9 with b = m; there is a q_3 such that (a^{[q/q3]}I^{[q]} : m) ∩ I^{[q]} = (a^{[q/q3]} : m)I^{[q]}. Let q_0 > max(q_2, q_3). Note that if q_3 works in Cor. 5.1.9, then any q_0 ≥ q_3 will also work.

Assume by contradiction that a^{[q/q0]}I^{[q]} : m ⊂ I^{[q]}; then it follows that

a^{[q/q0]}I^{[q]} : m = (a^{[q/q0]} : m)I^{[q]},

and therefore we have l ( a^{[q/q0]}I^{[q]} : m a^{[q/q0]}I^{[q]} ) = l ( (a^{[q/q0]} : m)I^{[q]} a^{[q/q0]}I^{[q]} ) = nl ( a^{[q/q0]} : m a^{[q/q0]} ) = n.

On the other hand, the ideal aI^{[q0]} has a minimal system of generators consisting of 2n elements: af^{q0}_1 , . . . , af^{q0}_n , bf^{q0}_1 , . . . , bf^{q0}_n .

From Lemma 5.1.12, it follows that af^{q0}_1 , . . . , af^{q0}_n , bf^{q0}_1 , . . . , bf^{q0}_n are ∗–independent. By the Prop. 5.1.10, it follows that the socle dimension of a^{[q/q0]}I^{[q]} is at least 2n − 1 for all q ≫ 0, contradiction. □

Other properties of ∗–independent ideals considered in this section are related to the study of certain properties that are preserved when I^{[q]} is replaced by aI^{[q]} for every parameter ideal a.

In the next section, we will see that in a certain class of rings, which includes the cubical cone, it suffices to consider tight closure of ideals of the form aI^{[q]} in order to obtain information about the tight closure of an arbitrary m-primary ideal I. Proposition 5.1.14. Let (R, m) be a d-dimensional local Cohen-Macaulay ring. Assume that R is excellent and analytically irreducible. Let I be a ∗–independent ideal, and let a be a parameter ideal.

Then for all q ≫ 0 we have : a). l ( Tor_i ( R^{1/p}, R/I^{[q]} ) ) ) = l ( Tor_i ( R^{1/p}, R/aI^{[q]} )) for all i > 0.

b). b_i(I^{[q]}) = b_i(aI^{[q]}) for all i > d, where b_i denotes the ith Betti number. Proof: From Proposition 5.1.5, we see that for all q ≫ 0 we have I^{[q]} aI^{[q]} = n⨁ i=1 R a , where n is the minimal number of generators of I.

Both claims follow by looking at the long exact sequences obtained by tensoring 0 −→ I^{[q]} aI^{[q]} −→ R aI^{[q]} −→ R I^{[q]} −→ 0 with R^{1/p}, and respectively R/m. □

Proposition 5.1.15. If R is a characteristic 2 excellent analytically irreducible hy-

persurface, I is a ∗–independent m-primary ideal, and a is m-primary, then there is

a q_0 = 2^{e0} such that for q ≥ q_0 we have l ( Tor^R_1 ( R aI^{[q]} , R^{1/2} )) = l ( Tor^R_1 ( R I^{[q]} , R^{1/2} )) + nl ( Tor^R_1 ( R a , R^{1/2} )) , and

(5.8)

l ( Tor^R_1 ( R a^{[q/q0]}I^{[q]} , R^{1/2} )) = l ( Tor^R_1 ( R I^{[q]} , R^{1/2} )) + nl ( Tor^R_1 ( R a^{[q/q0]} , R^{1/2} )) , (5.9)

where n is the minimal number of generators of I.

Proof: Let N be the minimal number of generators of R^{1/2} as an R-module. Recall

that for every m-primary ideal J we have l ( R J^{[2]} ) = N 2 l ( R J ) + 1 2 l ( Tor^R_1 (R/J, R^{1/2}) )

(see Thm. 4.5.4). Apply this formula for J = I^{[q]} and J = aI^{[q]} (respectively,

J = a^{[q/q0]}), where q ≫ 0 is such that equation 5.1 (respectively, equation 5.2) holds

for b = a^{[2]}. we get l ( R I^{[2q]} ) = N 2 l ( R I^{[q]} ) + 1 2 l ( Tor^R_1 (R/I^{[q]}, R^{1/2}) ) , (5.10)

l ( R a^{[2]}I^{[2q]} ) = N 2 l ( R aI^{[q]} ) + 1 2 l ( Tor^R_1 (R/aI^{[q]}, R^{1/2}) ) , (5.11) ( respectively, l ( R a^{[2q/q0]}I^{[2q]} ) = N 2 l ( R a^{[q/q0]}I^{[q]} ) + 1 2 l ( Tor^R_1 (R/a^{[q/q0]}I^{[q]}, R^{1/2}) ) ) . (5.12)

From 5.10 and 5.11 (respectively, 5.12) it follows that l ( I^{[2q]} a^{[2]}I^{[2q]} ) = N 2 l ( I^{[q]} aI^{[q]} ) + 1 2 ( l(Tor^R_1 (R/aI^{[q]}, R^{1/2})) − l(Tor^R_1 (R/I^{[q]}, R^{1/2})) ) . (5.13)

( l ( I^{[2q]} a^{[2q/q0]}I^{[2q]} ) = N 2 l ( I^{[q]} a^{[q/q0]}I^{[q]} ) + 1 2 ( l(Tor^R_1 (R/a^{[q/q0]}I^{[q]}, R^{1/2})) − l(Tor^R_1 (R/I^{[q]}, R^{1/2})) ) ) . (5.14)

Equation 5.13 (respectively, equation 5.14) and equation 5.1 imply that nl ( R a^{[2]} ) = N 2 nl ( R a ) + 1 2 ( l(Tor^R_1 (R/aI^{[q]}, R^{1/2})) − l(Tor^R_1 (R/I^{[q]}, R^{1/2})) ) ,

nl ( R a^{[2q/q0]} ) = N 2 nl ( R a^{[q/q0]} ) + 1 2 ( l(Tor^R_1 (R/a^{[q/q0]}I^{[q]}, R^{1/2})) − l(Tor^R_1 (R/I^{[q]}, R^{1/2})) ) . But l ( R a^{[2]} ) = N 2 l ( R a ) + 1 2 l ( Tor^R_1 (R/a, R^{1/2}) ) , l ( R a^{[2q/q0]} ) = N 2 l ( R a^{[q/q0]} ) + 1 2 l ( Tor^R_1 (R/a^{[q/q0]}, R^{1/2}) ) , hence the claim follows.

The proof for the second equality is similar. □

Corollary 5.1.16. Let R be the cubical cone ring in characteristic 2. Then there

are infinitely many values possible for l(Tor^R_1 (R/I, R^{1/2})) when I varies through all

m-primary ideals of R. In particular, there are infinitely many linkage classes of

m-primary ideals in this ring.

Proof: let a = (x^2, x + y, z); we know that l(Tor^R_1 (R/a^{[q]}, R^{1/2})) = 8 for all q = 4^n.

Let I be any ∗–independent m-primary ideal, and let n be the minimal number of

generators of I. Then there is a q_0 such that for q ≥ q_0, we have l ( Tor^R_1 (R/a^{[q/q0]}I^{[q]}, R^{1/2}) ) ≥ 8n, and by Lemma 5.1.12 we know that a^{[q/q0]}I^{[q]} is a ∗–independent ideal with 3n gen-

erators. By replacing I by a^{[q/q0]}I^{[q]} and continuing as above, we get a sequence of

∗–independent m-primary ideals I_n for which that values of l(Tor^R_1 (R/I_n, R^{1/2})) are

unbounded. □

5.2 Special tight closure

In this section, we define the special tight closure of an ideal, and we prove that in a certain class of rings, which includes the cubical cone rings, the special tight closure of an m-primary ideal I can be thought of as the complement of the ideal itself inside its tight closure.

As a consequence of this result, many questions about tight closure may be reduced to questions about special tight closure, which may simplify certain problems. Definition: Let R be a characteristic p ring, with test ideal τ, and let J be any ideal. We say that u is in the special tight closure of an ideal I with respect to J (u ∈ I^{∗J} ) if there is a q_0 such that the following equivalent conditions hold:

1. There is a c ∈ R^0 such that for all q ≥ q_0, cu^q ∈ J^{[q/q0]}I^{[q]} 2. u^{q0} ∈ (JI^{[q0]})^∗.

3. For all q ≥ q_0, τu^q ∈ J^{[q/q0]}I^{[q]}. If (R, m) is local, let I^{∗sp} = I^{∗m}.

Clearly, mI ⊂ I^{∗sp} ⊂ I^∗. We will investigate a class of rings in which I^∗ = I^{∗sp} +I, and therefore for the purpose of studying I^∗/I, it suffices to look at elements of I^{∗sp}. To illustrate the importance of this property, we prove the following: Proposition 5.2.1. Let (R, m) be an analytically irreducible excellent local ring of characteristic p, or graded domain with irrelevant ideal m. If I^∗ = I + I^{∗sp}, and I is ∗–independent, we have the following direct sum decomposition: I^∗ mI = I mI ⊕ I^{∗sp} mI . Proof: Let f_1, . . . , f_n be minimal generators for I. It suffices to prove that I ∩I^{∗sp} = mI. Let f = a_1f_1 + . . . + . . . + a_nf_n ∈ I ∩ I^{∗sp}, and assume for example that a_1 is a unit. Since f ∈ I^{∗sp}, ∃c ∈ R^0 such that for all q ≥ q_0 we have

c(a^q_1f^q_1 + . . . + a^q_nf^q_n) ∈ m^{[q/q0]}I^{[q]} ⇒ (ca^q_1 + d)f^q_1 ∈ (f^q_2 , . . . , f^q_n),

where d ∈ m^{[q/q0]}. Assume c ∈ m^b\m^{b+1}. Since ca^q_1 + d ∈ m^b\m^{b+1} for all q ≫ 0, this implies that f_1 ∈ (f_2, . . . f_n)^∗, contradiction. □ Lemma 5.2.2. Let (R, m) be an analytically irreducible excellent local ring of characteristic pIf f ∈ (f_1, . . . , f_n)^∗ and f_i /∈ (f_1, . . . , f̂_i, . . . , f_n, f)^∗ for all i = 1, . . . , n, then f ∈ (f_1, . . . , f̂_i, . . . , f_n)^{∗sp}. Proof: Let ν be the number of generators of m. Let c ∈ R^0 be such that for all q, cf^q ∈ (f^q_1 , . . . , f^q_n)^∗. Then we can write

cf^q = a_{1q}f^q_1 + . . . + a_{nq}f^q_n.

For all i, we must have

a_{iq} ∈ (f^q_1 , . . . , f̂^q_i , . . . , f^q_n, f^q) : f^q_i ,

and since f_i /∈ (f^′, f_1, . . . , f̂_i, . . . , f_n)^∗, there is a q_0 such that a_{iq} ∈ m^{[q/q0]}. which implies cf^q ∈ m^{[q/q0]}(f^q_1 , . . . , f^q_n), hence f ∈ (f_1, . . . , f_n)^{∗sp}. □

We will use the following strategy to find classes of rings in which for every mprimary ideal I, we have I^∗ ⊂ I^{∗sp} + I: given an element f ∈ I^∗, and generators f_1, . . . , f_n for I, we will find a linear combination f^′ = α_1f_1 + . . . + α_nf_n ∈ I, such that f + f^′, f_1, . . . , f_n satisfy the hypothesis of Lemma 5.2.2.

We will prove the following:

Theorem 5.2.3. Let R be a normal Cohen–Macaulay N-graded domain; write R = R_0 ⊕ R_1 ⊕ R_2 ⊕ · · · , where R_0 = K is a perfect field of characteristic p. Let m = R_1 ⊕ R_2 ⊕ . . . .

Then for every ideal I, we have I^∗ = I + I^{∗sp}, and hence if I is ∗–independent, we have I^∗/mI = I/mI ⊕ I^{∗sp}/mI.

We will use the following result, due to K. E. Smith:

Theorem 5.2.4. Let R be a normal N-graded ring over a perfect field of prime characteristic p, and let I_1, I_2 be ideals generated by homogeneous elements of degrees strictly less that δ and greater or equal to δ respectively. Let z ∈ R be homogeneous of degree δ. Then z ∈ (I_1 + I_2)^∗ ⇒ z ∈ I^∗_1 + I_2. Proof: This is Thm. C of [S4]. □

Before staring the proof of Theorem 5.2.3, we need some preliminary results: Lemma 5.2.5. Let R be a normal N-graded domain; write R = R_0 ⊕ R_1 ⊕ R_2 ⊕ · · · , where R_0 = K is a perfect field of characteristic p. Let m = R_1 ⊕ R_2 ⊕ . . . . Let a be a homogeneous m-primary ideal, and let h, l ∈ R. Assume that the following conditions hold:

(1) h ∈ (a, l)^∗, and (2) l ∈ (a, h + αl)^∗ for all α ∈ K. Then h, l ∈ a^∗.

Proof: First note that conditions (1) and (2) imply h ∈ a^∗ ⇔ l ∈ a^∗.

Consider a fixed, and assume by contradiction that there is a l /∈ a^∗ such that (1) and (2) hold for some choice of h. Let (a, l) be a minimal ideal of this type containing a, for which there exists an h as above, but l /∈ a^∗.

For every c ∈ m, conditions (1) and (2) continue to hold for cl, ch. By the minimality assumption, it follows that cl, ch ∈ a^∗. Since this must be true for every c ∈ m, it follows that h, l ∈ a^∗ : m\a^∗.

Let a^∗ : m = a^∗ + (e_1, . . . , e_n), where e_1, . . . , e_n are minimal generators of a^∗ : m/a^∗. Note that we can choose e_1, . . . , e_n to be homogeneous, and arrange them in increasing order of their degrees:

deg(e_1) ≤ . . . ≤ deg(e_n).

Write h ≡ α_1e_1 + . . . + α_ne_n mod(a^∗), l ≡ β_1e_1 + . . . + β_ne_n mod(a^∗), with α_i, β_i ∈ K; we may replace h, l by α_1e_1+. . .+α_ne_n, respectively β_1e_1 +. . .+β_ne_n, in the sense that h ∈ (a, l)^∗ ⇒ α_1e_1 + . . . + α_ne_n ∈ (a^∗, β_1e_1 + . . . + β_ne_n)^∗.

We will prove by induction on i that conditions (1) and (2) imply that α_i = 0 for all i, hence h ∈ a^∗, which is a contradiction.

Note that for all i we have e_i /∈ (a^∗, e_{i+1}, . . . , e_n)^∗, since otherwise Thm. 5.2.4 would imply that e_i ∈ a^∗ + (e_{i+1}, . . . , e_n), which is false.

For i = 1, assume that α_1 ≠ 0. If β_1 = 0, condition (1) implies that e_1 ∈ (a^∗, e_2, . . . , e_n)^∗, contradiction.

If β_1 ≠ 0, let α = −α_1/β_1; condition (2) implies e_1 ∈ (a^∗, e_2, . . . , e_n)^∗, contradiction.

Assume that α_1 = . . . = α_{i−1} = 0; condition (2) with α = 0 implies that β_1 = . . . = β_{i−1} = 0. Assume that α_i ≠ 0. If β_i = 0, condition (1) implies that e_i ∈ (a^∗, e_{i+1}, . . . , e_n)^∗, contradiction.

If β_i ≠ 0, let α = −α_i/β_i; condition (2) implies that e_i ∈ (a^∗, e_{i+1}, . . . , e_n)^∗, contradiction.

By induction, the claim is proved for all i, which contradicts the assumption that h /∈ a^∗. □ Lemma 5.2.6. Let R = R_0 ⊕ R_1 ⊕ · · · be a Noetherian graded ring, and let I = (f_1, . . . , f_n) be an ideal, and f ∈ R an element such that f /∈ I.

If d is the highest degree of any homogeneous component appearing in f, f_1, . . . , f_n, then f /∈ I + R_{≥2d+1}.

Proof: Assume that f ∈ I + R_{≥2d+1}. Let a_1, . . . , a_n be such that f − a_1f_1 − . . . − a_nf_n ∈ R_{≥2d+1}. Write f, the f_i’s and the a_i’s as sums of homogeneous components:

f = f^0 + . . . + f^d,

f_i = f^0_i + . . . + f^d_i , a_i = a^0_i + . . . + a^N_i , where the upper index denotes the degree of the respective homogeneous component. Identifying homogeneous components yields:

f^j = j∑ k=0 a^k_1 f^{j−k}_1 + . . . + j∑ k=0 a^k_nf^{j−k}_n for all j ≤ d, and the homogeneous components of degrees d + 1, . . . , 2d appearing in a_1f_1 + . . . + a_nf_n must be zero.

If we let a^′_i = a^0_i + . . . + a^d_i for all i = 1, . . . , n, this shows that

f = a^′_1f_1 + . . . + a^′_nf_n,

hence f ∈ I. □

Proof of Thm. 5.2.3: Let I = (f_1, . . . , f̂_i, . . . , f_n), and let f ∈ I^∗. Replace {f_1, . . . , f_n} by a minimal subset {f_{i1} , . . . , f_{is} } such that f ∈ (f_{i1} , . . . , f_{is} )^∗.

Therefore we can assume that ∀ i ∈ {1, . . . , n}, f /∈ (f_1, . . . , f̂_i, . . . , f_n)^∗. We want to show that for each i = 1, . . . , d, we can find α_i ∈ K such that f_i /∈ (f^′, f_1, . . . , f̂_i, . . . , f_n)^∗, where f^′ = f + ∑ i α_if_i. Assume that we can find α_1 ∈ K such that f_1 /∈ (f_2, . . . , f_n, f + α_1f_1)^∗; replace f by f + α_1f_1. Next, find α_2 ∈ K such that f_2 /∈ (f_1, f_3, . . . f_n, f + α_2f_2)^∗. Note that replacing f by f + α_2f_2 preserves the fact that f_1 /∈ (f_2, . . . , f_n, f)^∗.

This argument shows that it is enough to find an α_i ∈ K for each i = 1, . . . , n such that f_i /∈ (f_1, . . . , f_{i−1}, f + α_if_i, f_{i+1}, . . . , f_n)^∗.

Assume by contradiction that, for example, for i = 1, we have f_1 ∈ (f_2, . . . , f_n, f + αf_1)^∗ ∀ α ∈ K. Let d be a test element for R. Since f /∈ (f_2, . . . , f_n)^∗, we can pick q such that df^q /∈ (f_2, . . . , f_n)^{[q]}. The proof of Thm. 4.6 in [HH4] shows that for every N there exist homogeneous m-primary irreducible ideals contained in m^N (see also [Ho]). Lemma 5.2.6 now shows that we can find a homogeneous m-primary irreducible ideal a such that df^q /∈ (f_2, . . . , f_n)^{[q]} + a.

This implies that a : (f^q_2 , . . . , f^q_n) ⊄ a : df^q.

Therefore we can pick an element c ∈ a : (f^q_2 , . . . , f^q_n)\a : df^q.

Since f ∈ (f_1, . . . , f_n)^∗ and cf^q_2 , . . . , cf^q_n ∈ a, it follows that we have

cf^q ∈ (cf^q_1 , . . . , cf^q_n)^∗ ⊂ (a, cf^q_1 )^∗, (5.15)

and similarly, for all α ∈ K, the assumption that f_1 ∈ (f + αf_1, f_2, . . . , f_n)^∗ implies that cf^q_1 ∈ (a, c(f^q + α^qf^q_1 ))^∗.

Since the field K is assumed to be perfect, every β ∈ K can be written as α^q for some α, and therefore we can also say that for all β ∈ K, we have

cf^q_1 ∈ (a, c(f^q + βf^q_1 ))^∗. (5.16)

Lemma 5.2.5 shows that equations 5.15 and 5.16 imply that cf^q ∈ a^∗, but this is a contradiction, since c was chosen in such a way that d(cf^q) /∈ a, and d is a test element. □

We note some immediate corollaries of this theorem:

Corollary 5.2.7. Let (R, m) be graded normal Cohen-Macaulay domain with R_0 = K a perfect filed, and with irrelevant ideal m. Let I be an ideal such that there exists a large enough value of q for which m(I^{[q]})^∗ ⊂ (I^{[q]})^F . Then I^∗ ⊂ I^F .

In particular, in order to prove that tight closure equals Frobenius closure for every ideal, it suffices to show that we have (mI)^∗ ⊂ I^F for every ideal I. Proof: We know that I^∗ = I + I^{∗sp}; it suffices to show that I^{∗sp} ⊂ I^F . But for q ≫ 0, (I^{∗sp})^{[q]} ⊂ (mI^{[q]})^∗ ⊂ (I^{[q]})^F ⇒ I^{∗sp} ⊂ I^F . □ Corollary 5.2.8. Let (R, m) be graded normal Cohen-Macaulay domain with R_0 = K a perfect filed, and with irrelevant ideal m. Assume that there is an m-primary test ideal τ. Then for every m-primary ideal a ⊂ τ, and for every ideal I, there is a q_0 such that a(I^∗)^{[q0]} = aI^{[q0]}.

Proof Let f ∈ I^∗; write f = g + h where g ∈ I and h ∈ I^{∗sp}. Then for q ≫ 0, τh^q ⊂ aI^{[q]}. □ Corollary 5.2.9. Let R be a normal Cohen-Macaulay N-graded domain; write R = R_0 ⊕ R_1 ⊕ R_2 ⊕ · · · , where R_0 = K is a perfect field of characteristic p. Let m = R_1 ⊕ R_2 ⊕ . . . .

If the test ideal τ is m-primary, and d = dim(R), then for every ideal I we have f ∈ I^∗ ⇒ f^d ∈ I^F .

Proof: Let a ⊂ τ be a parameter ideal, and let q_0 be such that a(I^∗)^{[q0]} = aI^{[q0]}. Such a q_0 exists from the previous corollary. Then the usual determinant trick shows that f^{q0d} ∈ I^{[q0]}.

Indeed, let a = (a_1, . . . , a_d), and let f ∈ I^∗. Then there exists a d × d matrix A with entries in I^{[q0]} such that f^{q0} (a_1, . . . , a_d)^T = A(a_1, . . . , a_d)^T , and therefore det(A − f^{q0} I_d) = 0. This shows that f^{q0} satisfies an equation of integral dependence over I^{[q0]}, of degree d, and in particular f^{dq0} ∈ I^{[q0]}. □

As an application of special tight closure, we discuss some conditions that would imply that tight closure equals Frobenius closure in the cubical cone rings studied in Chapter 4. We do not know whether these conditions hold in general in these rings. Corollary 5.2.10. Let R = k[[X, Y, Z]]/(X^3 + Y^3 + Z^3) be the cubical cone ring in characteristic p = 2, with k a perfect field. Let I be an m-primary ideal, and let I^′ = I + (f), with f ∈ I^∗.

If there exists a parameter ideal a such that b_3(aI^{′[q]}) ≥ b_3(I^{′[q]}) for all q ≫ 0, then we must have f ∈ I^F .

Proof: We can assume without loss of generality that I is ∗–independent, and therefore for q ≫ 0 we have b_3(aI^{[q]}) = b_3(I^{[q]}), by part b). of Prop. 5.1.14.

Assume by contradiction that f ∈ I^∗\I^F . Then by Obs. 4.5.6 it follows that for all q = 2^e we have l ( Tor_1 ( R/I^{′[q]}, R^{1/2} )) = l ( Tor_1 ( R/I^{[q]}, R^{1/2} )) + 6,

and by Cor. 4.5.4 it follows that b_3(I^{′[q]}) = b_3(I^{[q]}) + 3 = b_3(aI^{[q]}) + 3 = b_3(aI^{′[q]}), contradiction. □ Corollary 5.2.11. Let (R, m) be a Gorenstein local ring of characteristic p in which a^∗ = a^F for every parameter ideal a, and I^∗ = I + I^{∗sp} for every ideal I.

Assume that I is such that for any q_0 = p^{e0} there exist q ≫ 0 such that

(m^{[q/q0]}I^{[q]})^{<p>} ⊂ I^{[pq]}. (5.17)

Then I^∗ = I^F .

Proof: It is enough to show that I^{∗sp} ⊂ I^F . Let u ∈ I^{∗sp}. Then there exists q_0 such that u^q ∈ (m^{[q/q0]}I^{[q]}) : τ for all q ≫ 0, where τ is the test ideal.

This implies that u^{pq} ∈ (m^{[q/q0]}I^{[q]})^{<p>} ⊂ I^{[pq]}, hence u ∈ I^F . □ Obs: Note that the condition that for every I, q_0 there exists q such that equation 5.17 is satisfied is weaker than the condition that R^∞ is coherent, since the latter condition implies that for all q ≫ 0,m^{[q/q0]}I^{[q]} has finite projective dimension, hence (m^{[q/q0]}I^{[q]})^{<p>} = (m^{[pq/q0]}I^{[pq]} ⊂ I^{[pq]}.

In the rest of this chapter, we will discuss some results related to the existence of strong test ideals and some applications. Strong test ideals were first introduced in [Hu2], but their existence was not known in the generality discussed here. Definition: Let R be a characteristic p ring. An ideal T is called a strong test ideal if for every ideal I we have T I = T I^∗.

Proposition 5.2.12. Let (R, m) be a local reduced ring of characteristic p in which the test ideal commutes with completion, i.e. τ_RR̂ = τ_{R̂}. Then for every ideal I, we have τI^∗ = τI, i.e τ is a strong test ideal.

Proof: It is enough to show that the equality holds after completing, hence we may assume that R is complete.

It suffices to show that for every ideal I, I : τ is tightly closed. Indeed, applying this to τI we get that I ⊂ τI : τ ⇒ I^∗ ⊂ τI : τ, hence τI^∗ = τI.

Let k = R/m, and let E be the injective hull of k over R. Then Prop. 8.23 of [HH1] shows that τ = Ann_R0^{∗fg}_E , where 0^{∗fg}_E denotes the finitistic tight closure of 0. This implies that 0^{∗fg}_E = Ann_Eτ.

Let I be an m-primary irreducible ideal of R. Then R/I → E. We have Ann_{R/I} τ = R/I ∩ Ann_Eτ = R/I ∩ 0^{∗fg}_E , hence it is tightly closed in R/I. This implies that I : τ is a tightly closed ideal, whenever I is irreducible m-primary. Since any m-primary ideal can be written as intersection of m-primary irreducible ideals, and every ideal can be written as intersection of m-primary ideals, it follows that I : τ is tightly closed for any ideal I. □ Corollary 5.2.13. Let R be a reduced locally excellent ring, and let k = sup{ν(τ_{R̂m} |m = maximal ideal}.

Then for every ideal I and every u ∈ I^∗, we have u^k ∈ Iu^{k−1} + i^2u^{k−2} + · · · + I^k.

Proof: It suficess to check that the conclusion holds after we replace R by R̂_m for every maximal ideal m. Since our assumptions imply persistence of tight closure, we still have u ∈ (IR̂_m)^∗ for every m.

Hence, we may assume that R is complete local, with test ideal τ and the number of generators of τ is at most k. Let τ = (c_1, . . . , c_k) By Prop. 5.2.12, we have uτ ⊂ τI, hence for every i = 1, . . . k there exist a_{ij} ∈ I such that xc_i = k∑ j=1 a_ijc_j. Let A = (a_{ij} ) = k × k matrix with entries in I; then det(A − xI_k) = 0 provides an equation of integral dependence of x over I of degree k. □

In a similar vein, we note the following result, which provides a large class of tightly closed ideals, under additional assumptions on the ring: Proposition 5.2.14. Let R be a normal N-graded Gorenstein domain; write R = R_0 ⊕ R_1 ⊕ R_2 ⊕ · · · , where R_0 = K is a perfect field of characteristic p.

Let m = R_1 ⊕ R_2 ⊕ · · · and assume that R = K[R_1]. Assume that the test ideal τ has a minimal system of generators consisting of homogeneous elements of the same degree δ.

Let a be an ideal generated by a homogeneous system of parameters. Then for any k ≥ 0, every ideal a : τm^k ⊂ I ⊂ a : τm^{k+1} is tightly closed. Proof: First, we claim that a : τm^{k+1} = a : τm^k +(e_{k1}, . . . , e_{kNk} ), with e_{k1}, . . . , e_{kNk} homogeneous of the same degree d_k.

We prove this statement by induction on k. For k = 0, note that a : m = a + (e_0), with e_0 homogeneous, and if we write a : τm = a : τ + (e_{01}, . . . , e_{0N0} ) with e_{01}, . . . , e_{0N0} homogeneous not in a : τ, it follows that for all i = 0, . . . , N_0 there exists an element c ∈ τ of degree δ such that ce_{0i} has the same degree as e_0. Since this must hold for every i, it follows that e_{01}, . . . , e_{0N0} have the same degree Assume that the statement holds for k, and write a : τm^{k+1} = a : τm^k + (e_{k1}, . . . , e_{kNk} ), with e_{k1}, . . . , e_{kNk} ∈ a : τm^{k+1}\a : τm^k, and homogeneous.

Since m is generated by forms of degree 1, for every i = 1, . . . , N_k we can find a c_i ∈ R_1 such that c_ie_{ki} ∈ a : τm^k\a : m^{k−1}, hence modulo a : τm^k, c_ie_{ki} is equal to a linear combination of e_{k−11}, . . . , e_{k−1Nk−1} with coefficients in K. It follows that c_ie_{ki} is homogeneous of degree d_{k−1}, and therefore e_{ki} is homogeneous of degree d_{k−1} − 1 for all i, hence the claim follows by induction.

Any ideal a : τm^k ⊂ I ⊂ a : τm^{k+1} is of the form

I = a : τm^k + (g_1, . . . , g_n)

where g_1, . . . , g_n are linear combinations of e_{k1}, . . . e_{kNk} , with coefficients in K. Therefore, g_1, . . . , g_n are homogeneous of the same degree d_k.

Since a : τm^{k+1} is tightly closed, I^∗ ⊂ a : τm^{k+1}; if I is not tightly closed, there is an f = linear combination of e_{k1}, . . . , e_{kNk} with coefficients in K such that f ∈ I^∗.

Note that deg(f) = deg(g_1) = . . . = deg(g_n). Thm. 5.2.4 (see also Thm. 2.7 of [S3]) implies f ∈ (g_1, . . . , g_n) + (a : τm^k)^∗ = I. □

As an immediate corollary of this result, we note the following: Corollary 5.2.15. Let R be a normal N-graded Gorenstein domain; write R = R_0 ⊕ R_1 ⊕ R_2 ⊕ · · · , where R_0 = K is a perfect field of characteristic p.

Let m = R_1 ⊕ R_2 ⊕ · · · and assume that R = K[R_1]. Assume that the test ideal τ has a minimal system of generators consisting of homogeneous elements of the same degree δ.

If b is any m-primary irreducible ideal, for all k ≥ 1, every ideal b : τm^k ⊂ I ⊂ b : τm^{k+1} is tightly closed.

Proof: Let b be an m-primary irreducible ideal, and let a ⊂ b be a homogeneous parameter ideal; then there is an f ∈ R such that b = a : f.

For any h ∈ R, h ∈ I^∗ ⇒ fh ∈ (a : τm^k + fI)^∗. Since a : τm^k ⊂ a : τm^k + fI ⊂ a : τm^{k+1}, Lemma 5.2.14 implies that fh ∈ a : τm^k + fI, hence f(h − i) ∈ a : τm^k for some i ∈ I, and therefore h − i ∈ b : τm^k ⊂ I, so h ∈ I. □ Corollary 5.2.16. Let R be a normal N-graded Gorenstein domain; write R = R_0 ⊕ R_1 ⊕ R_2 ⊕ · · · , where R_0 = K is a perfect field of characteristic p.

Let m = R_1 ⊕ R_2 ⊕ · · · and assume that R = K[R_1]. Assume that the test ideal τ has a minimal system of generators consisting of homogeneous elements of the same degree δ.

Then for any k ≥ 1, any ideal τm^{k+1} ⊂ b ⊂ τm^k is a strong test ideal, i.e. we have bI^∗ = bI for every ideal I.

Another application of the existence of strong test ideals is the following: Proposition 5.2.17. Assume that R is a characteristic p ring which has a strong test ideal T = (c_1, . . . , c_k). Then any ideal I such that I ⊃ (c_1, . . . , c_{k−1})I : c_k, is tightly closed. In particular, if (R, m) is local, any ideal I containing m(c_1, . . . , c_{k−1}) : c_k is tightly closed.

Proof: Let u ∈ I^∗. Then we have uT ⊂ IT , hence there exist a_i ∈ I such that

c_ku = c_1a_1 + . . . + c_ka_k,

hence u − a_k ∈ (c_1, . . . , c_{k−1})I : c_k ⊂ I ⇒ u ∈ I. □

BIBLIOGRAPHY

BIBLIOGRAPHY

[AH] I. Aberbach, M. Hochster, Finite Tor dimension and failure of coherence in absolute integral closures, J. Pure Applied Algebra, 122 (1997), 171–184.

[AHH] I. Aberbach, M. Hochster, C. Huneke, Localization of tight closure and modules of finite phantom projective domension, J. Reine. Angew. Math., 434 (1993), 67-114.

[Du] S. Dutta, Frobenius and Multiplicities, J. Algebra, 85 (1983), 424–448. [Ei] D. Eisenbud, Homological algebra on a complete intersection, with an application to group representations, Tras. Amer. Math. Soc., 260 (1980), 35–64.

[He] J. Herzog, Ringe der Characteristic p und Frobenius-Funktoren, Math. Z., 140 (1974), 67–78.

[HH1] M. Hochster, C. Huneke, Tight closure, invariant theory, and the Briançon-Skoda theorem, J. Amer. Math. Soc., 3 (1990), 31–116.

[HH2] M. Hochster, C. Huneke, Tight closure and elements of small order in integral extensions, J. Pure Applied Algebra, 71 (1991), 233–248.

[HH3] M. Hochster, C. Huneke, F–regularity, test elements, and smooth base change, Trans. Amer. Math. Soc., 346 (1994), 1–62.

[HH4] M. Hochster, C. Huneke, Tight closure of parameter ideals and splitting in modulefinite extensions, J. of Alg. Geom. 3 (1994), 599–670.

[HM] C. Han, P. Monsky, Some suprising Hilbert-Kunz functions, Math. Z. 214 (1993), 119–135.

[Ho] M. Hochster, Cyclic purity versus purity in excellent Noetherain rings, Trans.

Amer. Math. Soc., 231 (1977), 463–488 [HR] M. Hochster, J. Roberts, The purity of the Frobenius and local cohomology, Adv.

Math., 21 (1976), 117–172.

[Hu2] C. Huneke, T ight closure and strong test ideals, J. Pure Applied Algebra 122 (1997), 243–250.

[Hu3] C. Huneke, Saturation of Frobenius powers of ideals, Comm. Alg., to appear. [Iz] S. Izumi, A measure of integrity for local analytic algebras, Publ. Inst. Math. Sci., 21 (1985), 719–735.

[LS] G. Lyubeznik and K. E. Smith, Strong and weak F–regularity are equivalent for graded rings, Amer. J. Math, 121 (1999), 1279–1290.

[Mc] M. McDermott, Tight closure, plus closure, and frobenius closure in cubical cones, Thesis, University of Michigan, 1996.

[Mo1] P. Monsky, The Hilbert-Kunz function, Math. Ann., 263 (1983), 43–49. [Mo2] P. Monsky, Sharper estimates for the Hilbert-Kunz function in dimnesion 2, preprint.

[PS] C. Peskine and L. Szpiro, Dimension projective finie et cohomologie locale, Inst.

Hautes Études Sci. Publ. Math., 42 (1973), 47–119.

[R] D. Rees, Izumi’s theorem, in: Commutative Algebra (Proceedings of a Microprogram held June 15–July 2, 1987), Mathematical Sciences Research Inst. Publ. 15, (Springer, New York, 1989), 407–416.

[S1] K. E. Smith, Tight closure of parameter ideals, Invent. Math. 115 (1994), 41–60. [S2] K. E. Smith, Test ideals in local rings, Trans. Amer. Math. Soc., 347 (1995), 3453–3472.

[S3] K. E. Smith Tigt closure in graded rings, J. Math. Kyoto Univ., 37-1 (1997), 35–53.

[S4] K. E. Smith A tight closure proof of Fujita’s freeness conjecture for very ample line bundles, Mathematische Annalen, to appear.

[Vr] A. Vraciu, Local cohomology of Frobenius images over graded affine algebras, J.

Algebra, to appear.

[Wi] L. Williams, Uniform stability of kernels of Koszul cohomology indexed by the Frobenius endomorphism, J. Algebra, 172 (1995), 721–743.

ABSTRACT

Tight Closure and Local Cohomology

by Adela Vraciu

Chair: Melvin Hochster

This thesis deals with two issues in tight closure theory: one is connected with the problem of whether tight closure commutes with localization, and the second with understanding and computing tight closure, especially in cubical cones and related rings.

It is shown that if R is a graded affine algebra over a characteristic p ring, and M a finitely generated graded module over R of Krull dimension one, then one can bound the exponent on the maximal ideal m needed to annihilate the local cohomology of Frobenius images of M by a fixed positive constant times q. One consequence of this result is the fact that if R is as above and I is a homogeneous ideal with dim(R/I) = 1, then tight closure commutes with localization for I, at any multiplicative system W .

We study the problem of computing tight closure for an arbitrary m-primary ideal, if R is the completed cubical cone ring over a field of characteristic p ≡ 2

(mod 3). We find various conditions which imply that in rings of this form, the tight closure of any ideal is equal to the Frobenius closure. We also consider a more general class of rings in which most of the methods developed here apply: Gorenstein local rings with test ideal equal to the maximal ideal m, and in which tight closure equal Frobenis closure for parameter ideals.

We construct an example to show that coherence of R^∞ does not hold in these rings.

We introduce two new notions: a notion of independence related to tight closure, and special tight closure, and show that the study of these notions contributes to a better understanding of tight closure.