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1. Introduction

Let El(n; py, ..., pm) be the family of elliptic curves of degree n + 1 in P”
containing a fixed set of m distinct points pj, ..., p,. In modern language,
El(n; p1, ..., pm) is a Zariski-open subset of the fibre of the evaluation map
ev: M ,(P",n+1) — (P")", where M, ,,(P",n + 1) is the space of regular
maps of elliptic curves equipped with an ordered set of m points to a curve of degree
n + 1 in P". Its general fibre, if not empty, is an irreducible variety of dimension
(n 4+ 1)> — m(n — 1). The largest possible m for which the map ev is dominant is
equalto 9(n = 2,5),8(n = 3,4),n 4 3(n > 6). In the last case we show that the
general fibre is isomorphic to an open subset of a complete intersection of n — 2
diagonal quadrics in P"*2. In particular, birationally, it is a Fano variety if n < 6,
a Calabi-Yau if n = 7, and of general type if n > 8. The group §,, = (Z/27Z)"*?
acts naturally in P"*? by multiplying the projective coordinates with #1. The cor-
responding action of a subgroup of index 2 of §,, is induced by a certain group of
Cremona transformations in P which we will describe explicitly.

There are three cases when El(n; py, ..., pn) is of expected dimension 0.
They are (n,m) = (2,9), (3, 8), (5, 9). It is well known that in the first two cases
El(n; pi1, ..., pm) consists of one point. Less known is the fact that the same is true
in the case (5, 9). D. Babbage [1] attributes this result to T. G. Room. Apparently
it was proven much earlier by A. Coble [2]. We reproduce Coble’s proof in the
paper. This result implies the existence of a rational elliptic fibration f : P°— —
El(5, p1, ..., pg) which is an analog of the well-known rational elliptic fibrations
P?— — P' = EI(2; pi, ..., pg) and PP>— — P> = EI(3; py, ..., p7) defined by
the pencil of plane cubics through 8 points and by the net of quadrics through 7
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points, respectively. We show that its locus of points of indeterminacy is a certain
3-fold, a Weddle variety studied intensively by Coble [4], [5], [6].

I am grateful to D. Eisenbud, S. Mukai and R. Vakil for valuable discussions
on the topic of this paper.

2. Association

2.1. We start with a reminder of the classical theory of association of finite sets of
points. We follow the modern exposition of this theory given in [8].

Let Z be a Gorenstein scheme of dimension O over a field k, £ be an invertible
sheaf on Z and V C H°(Z, £) be a linear system. The duality pairing

trace

H(Z, £) x H(Z, 0wz ® £7") - HY(Z, w7) —> k
allows one to define the subspace V* ¢ H%(Z, w; ® L£~"). The pair
(VL, wyz ® cf_l)
is called the Gale transform of (V, L£).
2.2. Assume that Z is realized as a closed subscheme of a connected smooth d-

dimensional scheme B C P". Let I, be its sheaf of ideals in B. We have a short
exact sequence of sheaves on B

0— 1z(1) > Op(1) > Oz(1) — 0,
which gives an exact sequence
H°(B, 05(1)) — H°(Z,02(1)) — H'(B, Iz(1)) — H'(B, Op(1)).

Let us assume that B is embedded by the complete linear system, i.e., the re-
striction map HO(P", Opn) — HOY(B, Op(1)) is bijective. Then the image of
the map H°(B, Op(1)) — H®(Z, 9z(1)) is equal to V. If we also assume that
H'(B, 9p(1)) = 0, then we will be able to identify V+ with H'(B, I7(1))*. Using
Serre’s duality, we get

2.1 Vi Z Ext"(12(1), wp).

2.3. In particular, taking B = P", we can fix a basis in Ext”’l(Iz(l), wpn ), SO that
the linear system ’VJ-| maps Z to a subset Z** in the projective space

22 PV = P(H' (P, ,(1))) 2 P" "2,

where m = deg Z := dimy H%(Z, 0,). We will always assume that m > n + 3.
The set Z** is called the associated set of Z. It depends on a choice of a basis in
H'(P", I7(1)). If Z is a reduced scheme defined by an ordered set of m distinct
points (py, ..., py) in P, then the associated set Z** is an ordered set of points

G1,--.,qm) in pr—n-2,
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2.4. Now let B be a curve in P". Then Z C B can be identified with a positive
divisor, and

(2.3) Vvt 2 Ext 1 (17(1), wp) = H'(B, O3(Kg + Z — H)),

where H is a hyperplane section and K is a canonical divisor. Thus we see that
the associated scheme Z** is equal to the image of the divisor Z under the map
B — P2 given by the complete linear system |Kp + Z — H|.

2.5. Remark. Let Z C P" be a reduced scheme consisting of m distinct points
(p1,--- Pm)- A choice of an order defines a basis in the space H%Z,0,0)).
Choosing a basis in H°(P", @p: (1)) we can represent Z by the matrix A of the
linear map H(Z, ©z(1))* — H°(P", Opx(1))* equal to the transpose of the re-
striction map H(P", Opn (1))* — H®(Z, @4(1)). The columns of A are projective
coordinates of the points p;’s. Let B be a matrix whose rows form a basis in the
nullspace of A. Then the columns of B can be chosen as the projective coordinates
of the ordered set of points g1, . .. , g,, in P"~"~2. These points represent the asso-
ciated set of points Z** which is well defined up to projective equivalence. This is
the original classical definition of association (see [2], [3]). Let P" be the space of
m ordered points in " modulo projective equivalence. This is a GIT-quotient with
respect to the democratic linearization (i.e the unique linearization compatible with
the action of the symmetric group S,,). The association defines an isomorphism of
algebraic varieties (see [7]):

ass: P = PN .
As far as I know the first cohomological interpretation of the association was given
by A. Tyurin [11].

3. Normal elliptic curves in P" through n + 3 points

3.1. We shall apply 2.4 to the case when B is an elliptic curve embedded in
P" by a complete linear system (a normal elliptic curve of degree n + 1). Let
El(n; p1, ..., pm) be the set of normal elliptic curves in P containingm > n + 3
distinct points py, ... , p,. As in the Introduction we consider El(n; py, ... , pn)
as an open Zariski subset of the fibre of the evaluationmapev : My, (P", n+1) —
™)™ over (p1,..., pm) € (P")™. Let Z be the reduced scheme {pi, ..., pn}
and let B € El(n; p1, ..., pm). We fix a basis in P(H'(P", Iz(1))) to identify
7% =A{q, ..., qm} with an ordered subset of P—"=2 Tt follows from 2.4 that Z2
lies on the image of B under the map ¢ given by the complete linear system | Z — H |
of degree m —n— 1. Recall that a choice of a basis in H'(P", I2(1)) defines a choice
of a basis in H(B, ©Op(Z — H)); so the image of each B € El(n; p1, ... , pn) lies
in the same space P ~"~2 and contains Z**. If m > n+3,themap¢ : B — P" "2
is an embedding. Since the association is the duality, we obtain the following:
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3.2. Theorem. Assume m > n + 3. Let Z = {p1,..., pm} and Z**° = {q,
.+ qm}- The association defines an isomorphism of algebraic varieies:

El(n; p1,... . pm) EElm —n—2;q1,...,qm)-

3.3. Remark. In the case m = 2n + 2 one can speak about self-associated
schemes Z, that is, Gorenstein schemes such that Z*° = Z after an appropri-
ate choice of a basis in H'(P*, I7(1)). In this case |H| = |Z — H|,so that Z C B
is cut out in B by a quadric. The association isomorphism from Theorem 3.2 is of
course the identity.

3.4. Let us consider the exceptional case m = n + 3. In this case the map ¢ : B —
P!is of degree 2. It maps py, ... , py+3 to the associated set of points gy, . . . , gn43
inP!. Conversely, fixaset @ = {qi, ... , gn+3} of distinct points in P'andlet Zg be
the corresponding O-dimensional scheme on P'. Take a degree 2 map ¢ : B — P!
and choose n + 3 points = {py, ..., py+3} C Bsuchthat p; € o '(g). Let Zp
be the corresponding 0-dimensional subscheme of B. Since

P«(@* (Op1 (=1)) ® Oz,) = Oz, (= 1),

we can identify the corresponding vector spaces of sections. The associated set
Z%° lies on the image of P! under the map P! — P" given by the linear system
|Op1 (Zg) ® Opi (—1)|. The linear system

|Op(p1 + ...+ Put3) ® ¢*(Opi (—1))]

embeds B into the same " with Z%3® = Z® = Z. Thus (B, $) defines a point in
El(n; Z). The double cover ¢ : B — P! is defined, up to isomorphism, by a choice
of the branch divisor W C P!, i.e. an unordered set of 4 distinct points in Pl
the latter can be identified with a point in P* \ A, where A is the discriminant
hypersurface. We will continue to identify P* with the symmetric product (P')®.
Lett: B — B be the covering involution. It is clear that the (B, &) and (B, ¢(P))
define the same point in El(n; Z). Summarizing we obtain the following:

3.5. Theorem. Let qy, ..., q,.3 be distinct points in P' and let py, ..., ppy3 be
the associated set of points in P". The variety El(n; p1, ..., pn+3) is isomorphic to
the fibre of the evaluation map ev : My ;43 (P', 2) — (PHY"3 over @1y -+, gnt3)-

The forgetting map M, 3(P',2) — M;(P',2) = P*\ A restricted to the fibre is
a Galois cover with the Galois group $,, isomorphic to (Z./27.)"*2.

3.6. Fix a set  of m points py, ..., py in P! and consider the subvariety
X={AeP:AnP #£0}.

It is clear that X = X; U...U X,,, where X; = {A € PX : p; € A}. This is the
image in (P')® of a coordinate hyperplane in (P')¥, and hence is a hyperplane in
PP¥ of effective divisors D of degree k such that D — p; > 0. Let us identify P* with
|Op1 (k)| and let R = v (P') be the Veronese curve in |Opi (k)| = PX. Then X; is
the hyperplane in }(9]p1 (k)} corresponding to the point vi(p;) € R. Thus X is the
union of hyperplanes corresponding to m points on R.
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3.7. The previous discussion shows that the branch divisor of the map El(n; py,

., Pn+3) — P*\ A consists of the union of open subsets of n + 3 hyperplanes
corresponding to 7 + 3 points on a rational normal curve in P*. Since the funda-
mental group of the complement of N hyperplanes in a general linear position in
IP¥ is isomorphic to ZV~!, the Galois (Z/27)"**-cover X — P* branched along
the union of n 4 3 hyperplanes H; is defined uniquely up to an isomorphism. Thus
El(n; p1, ..., pu+3) is an open subset of X. A well-known way to construct X is
as follows. Let

4

=Y at;=0, i=0,....n+2
s=0

be linear equations defining the hyperplanes H;. We assume that [; = t;,i =
0, ..., 4. Consider the map

i: ]P4 g ]PJn+27 (ZO, R} t4) = (10(t07 cee t4)9 R} ln+2(t07 L) t4))

Let (xo, ..., Xxn4+2) be projective coordinates in P*t2 and let (Yo, -+ , Ynt+2) be
projective coordinates in another copy of P"+2. Consider the map v : P"*2 — P"+2
defined by the formula (xo. ..., X442) = (¥, ... . yo.,). Then X is isomorphic
to the pre-image of i(P*) under the map . It is easy to see that X is a complete
intersection of the quadrics

4
yl.z—Za,-Syfzo, i=5...,n+2.
s=0

3.8. Corollary. El(n; p1, ..., py+3) is isomorphic to an open Zariski subset of
a smooth complete intersection of n — 2 quadrics in P**2. In particular, X is
birationally of general type for n > 7, Calabi—Yau for n = 7, and Fano for n < 6.

3.9. Remark. The projection from the last point defines a map

EI(%; i,y pu) = Bt = 15 piy ey ).

In the case m = n + 3, this is a finite map of varieties of dimension 4. I do not
know the degree of this map.

4. Cremona action

4.1. Let P" be the space of m ordered points in P modulo projective equivalence
(see Remark 2.5). Recall that the Cremona action on P)" is a homomorphism of
groups:

4.1) Cym * Wam — Bir(Pr’zn)’

where W, ,, is the Coxeter group corresponding to the Coxeter diagram defined by
a Ty p41.m—n—1 graph (see [7]). Let 5o, . .. , s—1 be its Coxeter generators with sg
corresponding to the vertex of the Coxeter diagram with the arm of length 2.
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In the action (4.1), the element sy acts by means of the standard Cremona
transformation

T:P'— =P, (20,.--»2Zn) > (21 20,2022 " Zns v+ » 2021 """ Zn—1)>

as follows. Choose an open subset U of P)" representing stable orbits of sets of

distinct points # = (py, ..., pm) such that p, ..., p,4; span P". Then one can
represent any point x of U with a set = (py, ..., p») such that
4.2) pi=(1,0,...,0), ..., por1 = (0,...,0,1).

Then we define

Clu,m (50)(X) = (p1, .+ Puvts T(Puy2)s oo s T(Pw)).

The subgroup S,, of W, , generated by sy, ..., s,—; acts via a permutation of
factors of (P")™.

4.2. For any subset & € (P")" representing a point x € U let mp : X(P) — P"
denote the blowing up of P" with center at . The Picard group Pic(X(#)) has
a natural basis ep = (e, ey, ... , en), Where ep is the class of the pre-image of
a hyperplane, and ¢;, i > 0, is the class of the exceptional divisor blown-up from
the point p;. This basis is independent of a choice of a representative of the orbit x.
The group W, ,, acts on Pic(X (#)) as follows. The subgroup S,, acts by permuting
e;, i # 0, and s acts by

ep—>ey—€ —...— €1, € —>e—e —...—¢epte,i=1,...,n+1,

all ¢; are invariantfori > n+ 1. We immediately check that all elements w € W, ,,
leave the anticanonical class

n+3
—Kxpy=+Deg— (=1 e
i=1
invariant.

If y = cr, . (w)(x) and @ is a representative of y, then there is a birational map
[ X(#P) = X(Q) which is an isomorphism in codimension > 2 such that

w(er) = f*(ea).

In particular, if y = x, we can choose @ = 4 and obtain a pseudo-automorphism g
of X (%) (i.e. a birational automorphism which is an isomorphism in codimension
> 2) such that w = g*.
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4.3. Recall from Remark 2.5 that the association defines an isomorphism of alge-
braic varieties

assym : Pt — Py o,
It commutes with the Cremona action in the following sense. There is a natural
isomorphism of the Coxeter groups t : W, ,, = W, ,—,—> defined by the unique

isomorphism of the Coxeter diagrams 73 ,,41.m—n—1 and 72 ,,—,—1,,+1 Which leaves
the vertex corresponding to sy fixed. We have

(4.3) Cly.m (w)(x) = Clin—n—2,m (T(w))(assn,m (x)).

4.4. We will be interested in the special case m = n + 3. In this case W, ,, =
W(Dy43), the Weyl group of the root system of type D,43. It is known that
W(D,13) = G, X Sy+3, where G, = (Z/Z)’“r2 is generated by the element
wj = 50 o s,42 and their conjugates. Let x € P'*3 be represented by a point set
P asin (4.2). We also assume that p,» = (1,..., 1), pp+3 = (ao, ..., a,) with
a; # 0. Then

Clynt3(W1) (X) = (P1y -+« Putls Ppiss Prt2)s
where p! .y = (1/ao, ..., 1/a,). Consider the projective transformation
g:]Pn — P", (to, ..., ty) > (aoty, aiti, ..., auty).

Then w(P) = g(P), and hence cr, ,+3(x) = x. This shows that w; acts trivially
on P,:’”. In particular, the Cremona action cr, ,, has the kernel which is a normal
subgroup of W, ,43 containing w;. It is easy to see that the kernel coincides
with G,,. For example, this follows from (4.3) since P"*3 = P"*3_ Thus we obtain
that G, acts by pseudo-automorphisms of the blow-up X (£).

4.5. Following [4] we show in more details how the group G, acts on X (). Let
V be the vector space over I, consisting of subsets of [n 4+ 3] = {1, ... ,n+ 3} of
even cardinality with the addition definedby S+ 8 = SU S \ (SN S'). Let A be
the affine space over V consisting of subsets of odd cardinality. For any / € A of
cardinality 2k 4 1 consider the following divisor class in X = X (P):

4.4) Dy =keg—(k=1)Y ei—kY e

iel iel

where I denotes the complementary subset of [n 4 3]. For example, when k = 0,
ie., I = {s} for some s € [n 4 3], we get Dy, = e;.

Lemma 1. There is a unique isomorphism h : V. — G,,J +— wy such that
W(n42,n43) = S0 O Sp42, and

(45) w](D]) = D]+], VJ eV, VI e A.
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Proof. First we check this directly for wy,42 ,43):
Ditpnront3y = s00sp2(Dy), VI € A.

Then we extend this to all subsets of cardinality 2 of V by defining, for any
0 € Sut+3s Wo((nt2.n43) = O © Wyi2.,43 00 | and using that

Ditoin+2.1+3) = Doo—1(1)+(n42,n43)) = T © Wn42,n43 © o ' (Dy).
Finally, we extend the map / to all even subsets by linearity. O
4.6. Let J € V with #J = 2k. Then

wyley) = Dy =keg— (k= 1)) ei =k Y _ei+ey,

iel igJ
ifs ¢ J, and
wyles) =Dy = (k—Deg — (k—=2) Y e;— (k= 1)) ei—e;
iel igJ
otherwise. We have
n+3 n+3

_Kx(gp) = (}’l+1)€0—(}’l—1)Z€l :wl((n+1)eo—(n—1)zel-) =

i=1 i=1
(n + Dwy(eo)
(- 1)(k(n+ Deo — (k= D+ 1= 1)) e — (k(n+ 1) — 1)Ze,-).
icJ idJ

This gives

4.6) wyleo) = (k(n — D+ 1)eg— (k= D(n =1 Y er —k(n — 1)) _e;.

icJ igJ

This shows that the pseudo-automorphism of X» induced by cr, ,, (w;) is given
by the linear system of hypersurfaces of degree kn — k + 1 passing through the
points p; ¢ J with multiplicity (k — 1)(n — 1) and through the points p; € J with
multiplicity k(n — 1).

4.7. Assume that n = 2g — 1 is odd. Applying Lemma 1 we obtain that, for any
I eA,

wp43)(Dr) = Dy,

and hence

n+3
Win431(D1) + Dy = Dy + Dy = geo — (g — l)zei €

i=1

—=Kx@»
> KX
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The subgroup G, C W, ,+3 acts on X» and leaves the half-anticanonical linear
system

n+3

geo—(g—1)) e
i=1

1
——Kx»
‘ B X(P)

invariant. The distinguished element wy,3; € G, leaves 28 divisors D; + Dj €
|—%K x(;p)| invariant. Coble shows [4] that

1
(47) dim‘—EKx(g:) =28 —1

and the divisor classes D; + Dj span |—%KX(;7>) | In particular, wy,+3; acts identi-
cally in the projective space |— % Kx ) |

4.8. Let Wg C X be the locus of fixed points of wy,+3;. This is defined as the
closure of the fixed locus of wy,3) restricted to an invaraint open subset where
w43 is defined. The projection W, of Wg inP" is a Weddle variety of dimension g.
Coble proves that the linear system |— % Kx(2) | maps W, to P*~! and the image is
isomorphic to the Kummer variety of the Jacobian variety Jac(C) of a hyperelliptic
curve C of genus g embedded via |20| on Jac(C). The curve C is the hyperelliptic
curve corresponding to n + 3 = 2g + 2 points on P! associated to (p1, ... , pui3).

4.9. Let p € W, be a fixed point of wy,3). Consider the set (pi,..., ppy3, P)
and wy,43) as an element of W, ,14. Let @ = (g1, ... , gu+3, ¢) be the associated
set in P2, The projection from ¢ defines n 4 3 points in P! which are associated
to (p1,..., pay3) (see [2], [7]). Using (4.3), we see that cry 44 (W[n43)) cor-
responds to crp ,4+4(wp) for some wy € Wy ,4+4. Moreover, we may assume that
cra n+4(wo) defines an automorphism g (in dimension 2 any pseudo-automorphism
is an automorphism) of the blow-up X(@). Since cr, ,13(wn+3)) fixes the orbit
of (p1,..., pnt3), wWe see that crp ,+4(wp) leaves the lines (g;) invariant. This
implies that the automorphism g is induced by a de Jonquiéres transformation of
the projective plane (see [10, p. 150]). Its fixed set of points is a hyperelliptic curve
of degree g + 2 with g-multiple points at ¢ and tangent lines (g, ¢;). This curve
is isomorphic to the curve C from 4.8. When we vary the point p in the Weddle
variety W, the subvariety of Pé’+4 of associated point sets @ consists of orbits of
points sets (q1, - . . » gn+3, q) such that C admits a plane model C” of degree g + 2
with Weierstrass points at gy, . . . , g,+3 and a g-multiple point at g. The g branches
at g define an effective divisor D of degree g on C such that the map C — C’
is given by the linear system | gé + D|, where g% is the linear series of degree 2
defined by the hyperelliptic involution. In this way the Weddle variety W, becomes
birationally isomorphic to the symmetric product C® modulo the hyperelliptic
involution, and hence to the Kummer variety of Jac(C). All of this can be found
in [3, §38].
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4.10. Let us see how the group G,, in its realization as the group of pseudo-
automorphisms of the blow-up X (), acts on the variety El(n; py, ... , p,). Forany
B € El(n; p1, ..., pa) let B be the proper inverse transform under the projection
e 1 X(P) — P". Since Ox(p)(eo) = 75 (Opn (1)), we see that B is embedded in
P" by the linear system |e|. It follows from (4.6) that

w;(B) -eg = B-wy(ep)

=B |:(k(n — D+ 1Dey—(k—n— 1)Ze,- —k(n — 1)Ze,}
ieJ igl]
=k(n—D+Dn+D)—k—Dn—1)2%k—k(n—1)n+3—-2k =n+1.

This shows that B’ = m»(w,(B)) is embedded in P" by a complete linear system.
Similarly we check that

wy(B)-e; =B wye) =1,

and hence B’ passes through the points py, ..., p,43. Thus each w; acts on the
variety El(n, p1, ..., pn+3). We would like to verify that this action corresponds
to the action of the Galois group §, of the cover El(n; p1, ..., ppy3) — Pt
from Theorem 3.5. For this we consider the double covers ¢ : B — P' and
¢ : B — P! defined by the linear systems |Op(—1) ® Op(p1 + ...+ pui3)l
and |Op(—1) ® Op(p1 + ...+ pnt3)l|, respectively. Each maps the set =
(p1, ..., Pu+3) to the same set of points in P!, the associated set of #. The
isomorphism w; : B — B’ defines an isomorphism of the covers, and we have
¢ (wy(p;)) = ¢'(p;) foreachi =1, ... ,n+3. Thus B and B’ belong to the same
fibre of the map El(n, py, ..., pny3) — P4

The homomorphism G, — 4, which we have just constructed is not injective
in the case when n = 2g — 1 is odd. In fact, the linear system |—%Kx([p)| cuts

out a g} on each B. Since wy,43) acts identically on |—%Kx(gp)| it induces an

automorphism of B. Thus B’ = B in this case. It is clear that the fixed points
of wy,43) on B are the points of intersection of B and the Weddle variety W. In
particular, we obtain

(4.8) #BNW, =4

unless all curves b are contained in W,. However, by using the next lemma and
induction on g we see that the latter does not happen.

4.11. Lemma. Forany J € V with#J = 2k, let Fj be the set of fixed points of
the involution wy in Xp. Then dim F; = k — 1. If k > 2, the projection map 7
from the linear space spanned by the points p;,i € J defines a finite map of degree
21+2=2k from e (Fr) to the Weddle variety Wy_y in P**=3 corresponding to the set
wr({pitics).

Proof. See [4, p.456]. |
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4.12. Theorem. The kernel of the homomorphism G, — 4, is of order < 2. It is
generated by wy,3) if n is odd.

Proof. Let K be the kernel of the homomorphism G, — §, and B € El(n; py,
., Pn+3). Assume n is odd. Since K leaves the linear system |— % Kx ) } invariant,
K leaves the g% on B cut by this linear system invariant. Thus the image of K in
Aut(B) is equal to the image of wy,43). If w; € K acts identically on B, then
B is contained in the fixed locus F; of w;. Hence the union of all curves from
El(n; p1, ..., put3) is contained in F;. Let #J = 2k. If k < 2, this cannot happen
since dim F; is too small. So we may assume that k£ > 3. Projecting from the
subspace spanned by the points p;, i € J, we obtain that the Weddle variety W;_;
contains all elliptic curves from E1(2k — 3; ¢, . .. , g2x). But this contradicts (4.8).
Assume n is even. Assume B is preserved under some w,. Since w; sends
the set of points py, ..., py4+3 to a projectively equivalent set of points, we may
assume that w; induces a projective transformation of B. Since B is embedded in
P" by a linear system of odd degree, a projective automorphism of B of order 2
cannot be a translation by a 2-torsion point (when we fix a group law on B). It must
fix 4 points on B. Now we finish as in the previous case. O

4.13. Remark. In the case n is even, the homomorphism G, — §, must be
injective. However I cannot prove it.

5. A rational elliptic fibration on P°

5.1. Now we consider the special case n = 5, m = 9. By Theorem 3.2

EI(5; p1, ..., po) EEI2; q1,...,q9),

where @ = (q1, . .. , q9) is the point set associated to = (py, ... , po). Itis well
known that there is a unique nonsingular cubic through a general set of 9 points
in P2. Thus we obtain the following:

5.2. Theorem (A. Coble). Let {pi, ..., po} be a general set of 9 points in P°.
Then there exists a unique elliptic curve of degree 6 containing these points.

5.3. Foraspecial set of 9 points @ in P2, the dimension of the linear system of cubics

through @ varies from 0 to 5. However, if we assume that EI1(2; gy, ... , q9) # 0,
then dimEI(2; g1, ... ,q9) < 1.

5.4. Proposition. Assume thatdim El(2; qy, ... , q9) = 1. Then the linear system
defining the associated set of points P = (p1, ..., po) in P° is equal to the

restriction of the complete linear system of conics. In particular, P is equal to the
image of Q under a Veronese map v, : P> — P>,

Proof. The scheme Z = {qi, ..., qo} is cut out by two cubics, and so is arith-
metically Gorenstein, i.e., its homogeneous coordinate ring is Gorenstein. Now the
assertion follows from Corollary 2.6 of [8]. O
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5.5. Remark. The assertion is claimed by Coble in [2]. The proof uses a method
which has not been justified so far (see Problem 2.3 in [8]).

5.6. Lemma (A. Coble). Let E be an elliptic curve of degree 6 in P. Then E is
contained in exactly 4 Veronese surfaces.

Proof. Take 9 points on E such that the associated set of points in P? lies on a pencil
of nonsingular cubics C;. By Proposition 5.4 and Theorem 3.2, E is the image
of some C, under a Veronese map. Thus E is contained in some Veronese surface
(this can also be verified by counting constants). Let V be a Veronese surface
containing E. Then the linear system |D| on E cut out by the complete linear
system L, where L is an effective generator of Pic(V), satisfies [2D| = |Og(1)].
Also, it comes with a fixed isomorphism ¢ : S>(H(Og(D))) — H°(Op(2D)).
Suppose two Veronese surfaces V and V' contain E and cut out the same linear
system |D| on E. Then the two embeddings E — V, E — V' differ by a linear
endomorphism T of H(E, O (D)) such that S?(T) is the identity. This obviously
implies that T is the identity, and hence V = V’. On other hand, if |D| # |D’ ,
we can choose an isomorphism S>(H(E, O (D))) — S>(H*(E, O (D'))) such
that the compositions of two embeddings £ — |Og(D)|* and E — |Op(D)|*
with the corresponding Veronese maps |Og(D)|* — |Og(2D)|* and IOE(D’)’* —
|0p(2D)|" are the same. This proves the assertion. O

5.7. Let E € EI(5, pi,..., pg). Let V be a Veronese surface containing £. We
may assume that V is the image of the Veronese map v, : P> — P> and E = v,(C)
for some nonsingular plane cubic C. Let ¢y, . .. , gg be the points on C such that
v2(qi) = pi,i =1, ..., 8. Choose the ninth point g9 such that @ = {q, ... , g}
is the base locus of a pencil of cubics. Then, by Proposition 5.4 the associated set
of points @** is the image under a Veronese map. We can fix the Veronese map by
requiring that vy(p;) = ¢q;, i = 1,..., 8. Let va(q9) = p9. Then by Theorem 3.2,
El(5; p1, ..., po) = EI(2; q1, ... , qo) is an open subset of P'. We want to show
that the point pg is on the Weddle variety W3 corresponding to the set of points

(p1s..., ps).

5.8. Lemma. Let (q1, ... ,qo) be an ordered set of base points of an irreducible
pencil of cubic curves. Then there exists a unique plane curve C of degree 5 with
a triple point at q9 such that the lines (q;, qo9) are tangents to C at q;. Conversely,
given such a curve C, there exists a pencil of cubic curves with base points at

qi1s ... 49.

Proof. We give a modern version of the proof given by Coble in [3, §38]. Let X
be the blow-up of the points ¢y, ... , g9. This has a structure of an elliptic surface
together with the zero section defined by the exceptional curve Eg blown up
from gy. Let F be the divisor class of a fibre and S be the divisor class of the
proper transform of a line through the point g9. Then |F 4 S| defines a double
cover f : X — P! x P! such that the pre-image of the first ruling is equal to the
pencil | F|, and the pre-image of the second ruling is equal to the pencil |S|. The
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branch curve B of f is a curve of bi-degree (4, 2). It is a hyperelliptic curve of
genus 3. Its pre-image in X is equal to 2R, where R is isomorphic to B. On each
nonsingular fibre F there are two ramification points of the pencil |S| restricted
to F. The curve R is equal to the locus of these points when F varies in the pencil.
Similarly, for each member of | S| there are two ramification points of the restriction
of the pencil | F|, and these ramification points are also on R.

Let us show that the image of R in P? is the hyperelliptic curve C from the
assertion of the lemma. The image Eo of Ey is a curve of bi-degree (1, 1) such that
f~Y(E9) = Eg+ EJ,, where Ej is the image of Eg under the involution of X defined

by the double cover f. Since Eo is tangent everywhere to the branch curve R, we
see that Ey intersects R at 3 points. Thus C has a triple point at g9. Let E; be the
exceptional curve blown up from ¢; and let S; be the proper inverse transform of
the line (g;, g9). Then E; + S; € |S|, and f(E;) = f(S;) is a fibre of the second
ruling of P! x P! which is tangent to B at a point P such that f~!(P) = E; N ;.
This shows that £; N'S; N R # @, and hence C is tangent to (g;, go) at ¢;. Thus
C satisfies all the properties from the assertion of the lemma. Let us show its
uniqueness. Suppose C’ is another curve satisfying the same properties. Let R’
be its proper inverse transform on X. We have R- R’ =25 -9 — 16 = 0, and
R?> = R'?> =25 — 9 — 8 = 8. This contradicts the Hodge Index Theorem.

It remains to prove the converse. We will be brief, letting the reader fill in the
details. Let R be the proper inverse transform of C in X. Then the linear system
|R — S| defines a double cover f : X — P! x P! C P3. If the restriction of f to S is
of degree 1, then its image is a plane section of P! x P! and hence |R — 25| = {5’}
for some curve isomorphic to S. However, (R — 25)> = 4, (R —2S) - Kx =0
imply that the arithmetical genus of S’ is equal to 1. This contradiction proves that
the image of S must be a fibre of a ruling on P! x P'. This implies that |R — 2.5|
is a pencil of elliptic curves (the pre-image of another ruling). Its image in P? is

a pencil of cubics with base points ¢y, .. . , g9. O
5.9. Theorem. Let py, ..., pg be general points in P. Then the locus of point
po € P° is such that iim EL(5; py, ... , po) = 1 is equal to the Weddle variety W5
associated to the points py, ... , ps.

Proof. We know thatif dim E1(5; p1, ..., p9) = 1,then(p1, ..., po)isassociated
to a base point set of a pencil of cubics in P2. Now the assertion follows from 4.9
and the previous lemma. O

5.10. Remark. The assertion of Theorem 5.9 agrees with (4.8) and Lemma 5.6.
We have 4 Veronese surfaces V; on E € EI(5; py, ..., ps). In each V; we find the
ninth point py € E such that there exists a pencil of cubics through py, ..., po.
The point pg must belong to W3 and we have E N W3 = 4.

5.11. Remark. It was shown by Coble [4, p.489] that W3 is of degree 19 with
singular points at py, ..., pg of multiplicity 9, triple lines (p;, p;) and the triple
curve equal to the rational normal curve through the points py, ..., ps.
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5.12. By Theorem 5.2 we have a rational elliptic fibration
®:P°— — EI5; p1, ..., ps)

defined by the universal family of elliptic curves passing through the points
pi, ..., pg. Its set of points of indeterminacy is the Weddle variety Ws. If we
blow up pi, ..., pe and then blow up the proper inverse transform W3 of W3 we
expect to get a regular map d: X —> EI(5; p1, ..., ps). Let 7 : X — P be the
composition of these blow-ups. For each nonsingular point p € W3\ {pi, ..., ps}
the image of the line 7~ (p) under ® in EI(5; py, ... , pg) is the pencil of elliptic
curves from EI(5; p1, ..., pg) passing though p. Thus there are 4 rational curves
through each general point in the variety EI(5; py, ... , pg). The restriction of ®
over each such curve is a rational elliptic surface corresponding to the associated
set of points @ of # = (py, ..., ps, p)in P2, Itis isomorphic to the proper inverse
transform V under 7 of a Veronese surface containing (pi, ..., ps, p). In the Cre-
mona action crp 9 : Wa 9 — Bir(P29 ) the orbit of @ is fixed under the subgroup G
isomorphic to H = Z8 x (Z/27) (see [7, p. 124]). Using (4.3), we obtain that the
orbit of the points set & is fixed under the subgroup isomorphic to H in the Cre-
mona action crs 9. In particular, we find that the group of pseudo-automorphisms
of the blow-up X(#) contains an infinite group G’ isomorphic to H. Let V' be
the proper inverse transform of the Veronese surface V in X (). The projection
X — X(P) defines an isomorphism V — V’. The group G leaves V' invariant
and its action on V' corresponds to the action of G on X(Q). Apparently (I have
not checked it), the action of H on each V is the restriction of the automorphism
group of the generic fibre of the elliptic fibration ® isomorphic to H.

5.13. Remark. The factthat X () has an infinite group of pseudo-automorphisms
was used by S. Mukai [9] to construct an example of a linear action of the addi-
tive group G in the polynomial algebra C[T}, ... , To] such that the algebra of
invariants is not finitely generated.
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