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A N D  Q U A S I H O M O G E  N E O U S  

In th i s  p a p e r  we announce  s e v e r a l  r e s u l t s  r e l a t e d  to  a v a r i a n t  and a g e n e r a l i z a t i o n  of a c o n s t r u c t i o n  
f o r  n o r m a l  s i n g u l a r i t i e s  wi th  a C * - a c t i o n  ( see  [3]). 

1. Def in i t ion .  Le t  U be  a h o m o g e n e o u s  c o m p l e x  man i fo ld ,  F a g roup  of a n a l y t i c  a u t o m o r p h i s m s  of 
the  man i fo ld  U, and  L a o n e - d i m e n s i o n a l  v e c t o r  (or  l ine)  r - b u n d l e  on U ( see  [8]). An a u t o m o r p h i c  f o r m  
wi th  we igh t  k wi th  r e s p e c t  to L is  a c r o s s  s e c t i o n  ~ ~ H0 (U, L®~) r of k - t h - o r d e r  t e n s o r s  f o r  the  r - b u n d l e  
L which  i s  i n v a r i a n t  wi th  r e s p e c t  to the  n a t u r a l  a c t i on  of r .  The  g r a d e d  C - a l g e b r a  A (L) : ~ H o (U, L ® t : )  I' 

k~Z 

wil l  be  c a l l e d  the  a l g e b r a  of  a u t o m o r p h i c  f o r m s  with  r e s p e c t  to Lo 

THEOREM 1. We s h a l l  a s s u m e  tha t  the  t r i p l e  (U, F,  L) i s  a d m i s s i b l e ,  Le . ,  t ha t  the  fo l lowing  a s -  
s u m p t i o n s  hold:  

A1. T h e r e  i s  a n o r m a l  s u b g r o u p  of f in i t e  index  F '  C F which  a c t s  f r e e l y  and d i s c r e t e l y  on U. 

A2. The f a c t o r  s p a c e  U / F  is  a c o m p a c t  a n a l y t i c  s p a c e .  

A3. F o r  s o m e  s u b g r o u p  F, C F s a t i s f y i n g  A1, t he  f a c t o r  L / I "  d e t e r m i n e s  a p o s i t i v e  (in the  s e n s e  of 
K o d a i r a )  l ine  bundle  o v e r  the  m a n i f o l d  U / F  T. 

U n d e r  t h e s e  a s s u m p t i o n s ,  the  a l g e b r a  of  a u t o m o r p h i c  f o r m s  A(L) is  a n o r m a l  C - a l g e b r a  of  f in i t e  
t ype  and  d i m e n s i o n  d i m  U + 1, wi th  n o n n e g a t i v e  g r a d i n g .  

2. Def in i t ion .  The af f ine  a l g e b r a i c  m a n i f o l d  X o v e r  the  a l g e b r a i c a l l y  c l o s e d  f i e l d  k is  s a i d  to be  a 
q u a s i - c o n e  i f  t he  o n e - d i m e n s i o n a l  a l g e b r a i c  t o r u s  Gm a c t s  e f f e c t i v e l y  on X and t h e r e  i s  a unique po in t  x 0 E 
X which  be longs  to the  c l o s u r e  of e v e r y  o r b i t .  The  po in t  x 0 is  c a l l e d  the  v e r t e x  of  the  q u a s i - c o n e  X.  

PROPOSITION.  Le t  X be  an  af f ine  a l g e b r a i c  m a n i f o l d  o v e r  k. The  fo l lowing  a r e  equ iva len t :  

1) X is  a q u a s i - c o n e ;  

2) the  c o o r d i n a t e  r i n g  k[X] has  nonnega t i ve  g r a d i n g  and k [X]0~k; 

3) t h e r e  is  a c l o s e d  i n c l u s i o n  j :  X ~ k n such  tha t  j(X) is  i n v a r i a n t  wi th  r e s p e c t  to  the  ac t ion  of Gm 
on kn w h e r e  the  a c t i o n  i s  de f i ned  by the f o r m u l a  (xl . . . . .  x~) - .  (xlt ~ , . . . .  x, tq,,), with  t fi Gin(k) and qt . . . . .  
qn b e i n g  p o s i t i v e  i n t e g e r s ;  

4) t h e r e  i s  an  i n c l u s i o n  j: X ~ k n such  tha t  the  i d e a l  g iv ing  j(X) i s  g e n e r a t e d  by w e i g h t e d - h o m o g e n -  
eous  p o l y n o m i a l s  wi th  p o s i t i v e  r a t i o n a l  we igh t s  [4]. 

The  p r o o f  of th i s  p r o p o s i t i o n  i s  b a s e d  on s t a n d a r d  a r g u m e n t s  abou t  the  ac t i ons  of a l g e b r a i c  t o r i  on 
af f ine  m a n i f o l d s  (cf.  [9]). 

THEOREM 2. Le t  (U, F ,  L) be  an  a d m i s s i b l e  t r i p l e .  Then the  aff ine a l g e b r a i c  m a n i f o l d  Spec A(L) i s  
a n o r m a l  quas i - -cone  wi th  v e r t e x  x 0 de f ined  by  the  m a x i m a l  i d e a l  A (L)+ = G A (L)i. C o n v e r s e l y ,  e ach  n o r m a l  

i>0  

t w o - d i m e n s i o n a l  q u a s i - c o n e  is i s o m o r p h i c  to the  m a n i f o l d  Spec A(L) f o r  s o m e  a d m i s s i b l e  t r i p l e  (U, F,  L). 
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TABLE 1 

Q16 
Q17 
Qls 
z17 
z]s 
z19 
&6 

W17 
W'~s 

(3, 3, 9) 
(2, 4, t3) 
(2, 3, 2t) 
(3, 3, 7) 
(~., 4, t0) 

,(2, 3, t6) 
(3, 5, 7) 
(2, 7, 10) 
(3, 5, 5) 
(2, 7, 7) 

El8 
E19 
E~0 
Ule 

Wl~0 
Js,0 
Q2~0 
~17 0 
~1~0 
Z ~ 1,0 

(3, 3, 5) 
(2, 4, 7) 
(2, 3, 10 
(5, 5, 5) 
(2, 2, 3, 3) 
(2, 2, 2, 3) 
(2, ~, 2, 5) 
(2, 2, 3, ~) 
(2, 3, 3, 3) 
(2, 2, 2,4) 

While the f i r s t  pa r t  of this t heo rem  follows immedia te ly  f r o m  the p reced ing  resu l t s ,  the p roof  of the 
second pa r t  is ve ry  speca i l i zed  and uses  the idea of a " s ingula r  Seifer t  bundle" f r o m  [9]. 

Definition. A s ingular i ty  in this a r t i c le  is the je t  (Y, y) of the analyt ic  space  Y at the point y. A 
s ingular i ty  will be cal led a no rma l  s ingular i ty  if Y is no rma l  at  the point y. I s o m o r p h i s m  of s ingular i t ies  
means an analyt ic  i s o m o r p h i s m  between the cor responding  jets .  A s ingular i ty  is cal led quas i -homogeneous  
if it is i somorph ic  to the j e t  of some  quas i -cone  at its ver tex .  

COROLLARY. Each admiss ib le  t r ip le  (U, F, L) de t e rmines  a no rma l  quas i -homogeneous  s ingular i ty  
S(L). Each no rma l  two-dimens iona l  quas i -homogeneous  s ingular i ty  is i somorph ic  to a s ingular i ty  of the 
f o r m  S(L). 

3. Examples .  1) Let  G be a finite subgroup of the group LG(n + 1, C), F its image under  the canoni-  
cal  homomorph i sm ~: GL (n + 5, C) -~ PL (,, C) , m the o r d e r  of the subgroup G N Ker  ~. The bundle L = H®m, 
where  H co r r e sponds  to the hyperp lane  c ross  sec t ion  of pn(c ) ,  is a F-bundle with r e s p e c t  to the natura l  
action of F on pn(c) .  The t r ip le  (pn(c) ,  F, L) is admiss ib le ,  and the cor responding  s ingular i ty  S(L) is i so -  
morphic  to the f ac to r - s i ngu l a r i t y  (cn+I/G,  0), where  0 is the image of the coordinate  or igin.  

When n = 1 and G C SL(2, C) the s ingular i ty  obtained in this way is a Klein s ingular i ty  (in o ther  t e r m s  
it  is a double ra t ional  s ingular i ty ,  a platonic s ingular i ty ,  a s ingular i ty  of type A, D, E; see [4], §9). 

2) Let  U be a bounded homogeneous region in cn ,  F a d i sc re te  group of analytic au tomorph i sms  of 
U with compact  f ac to r  U/F .  Each F-bundle ove r  U is given by the t r iv ia l  bundle U × C with F-ac t ion  (z, 
~) - -  (g(z), h(g; z) ~), spec i f ied  by the au tomorphic i ty  fac tor  h ~ z  1 ( r ,  ~ (g)*) • IN pa r t i cu la r ,  the au to mo r -  
phicity f ac to r  is defined as h = j - 1  where  J(g; z) is the Jacobian  of g 6 F at the point z. The well-known 
resu l t s  of Bore l  [5] and Kodai ra  [7] show that  the t r ip le  (U, F, J) is admiss ib le .  The quas i -homogeneous  
s ingular i ty  a s soc ia t ed  with it is cal led canonical  and is denoted by S(F). 

In pa r t i cu l a r ,  le t  u =  {z~cI  Izl < t}, r the Fuchsian  group of the f i r s t  kind with s ignature  (0, m; nl, 
• . . ,  nm). When m = 3 the s ingular i t ies  S(F) were  cal led canonical  t r i angu la r  s ingular i t ies  in [3], and in 
that a r t i c l e  the re  we re  l i s ted  those s ingular i t ies  which o c c u r r e d  in C 3 (the 14 unimodular  s ingular i t ies  o f  
Arnol 'd) .  If r is a pos i t ive  in teger  re la t ive ly  p r i m e  to each of the ni, then the re  is not more  than one auto-  
morph ic i ty  f ac to r  h with h r = j -1.  When such a fac tor  exis ts  (the appropr ia te  conditions can be obtained 
through explici t  calculat ion of the group of the cohomologies  H2(F, Z); see  [6]), we denote the s ingular i ty  
cor responding  to the t r ip le  (U, F, h) by S(F, r). The s.ets (n 1 . . . . .  nm) and fac to r s  r for  the level  su r faces  
of the bimodal  c r i t i ca l  points of Arno l 'd  a r e  given in Table  1 (notation f r o m  [2]). 

3) A r n o l ' d ' s  [1] parabol ic  two-d imens iona l  s ingular i t ies  can be obtained f r o m  the appropr ia t e  auto-  
morphic i ty  f ac to r  for  the la t t ice  F in C. 
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