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1 Introduction

Let 2(5 be the icosahedron group isomorphic to the alternating group in 5 letters. Starting from Platonic solids,
it appears as an omnipresent symmetry group in geometry. In this article, complementing papers [4] and [5],
we discuss families of smooth quartic surfaces in IP? that admit the group 2s as its group of projective sym-
metries.

It follows from loc. cit. that any smooth quartic surface S with a faithful action of 25 belongs to one
of the two pencils of invariant quartic surfaces. One of them arises from a linear irreducible 4-dimensional
representation of 25 and was studied in great detail by K. Hashimoto in [10]. It contains a double quadric
and four surfaces with 5, 10, 10, or 15 ordinary double points. The other pencil arises from a faithful linear
representation of the binary icosahedron group 2.2(5. As was shown in [4] and [5], it contains two singular
surfaces singular along its own rational normal cubic and two surfaces with 10 ordinary double points. In
this paper we show first that one of the surfaces with 10 ordinary double points from Hashimoto’s pencil
can be realized as a Cayley quartic symmetroid defined by a 2(s-invariant web W of quadrics (this result was
independently obtained by S. Mukai). We also show that the Steinerian surface of this web parametrizing
singular points of singular quadrics in the web coincides with one of two smooth members of the second
pencil that admits a larger group of projective symmetries isomorphic to Ss. To see this we give an explicit
equation of the second pencil. We also show that the apolar linear system of quadrics to the web W contains
two invariant rational normal curves that give rise to two rational plane sextics with symmetry 2[5 discovered
by R. Winger [20], [21].

It is my pleasure to thank I. Cheltsov, B. van Geemen, K. Hulek and S. Mukai for their help in collecting the
known information about the subject of this paper. I would like also to thank the referee for careful reading
of the manuscript and useful remarks.

2 Two irreducible 4-dimensional representations

Let E be a 4-dimensional linear space over an algebraically closed field k of characteristic # 2, 3, 5 and let
|E| = IP? be the projective space of lines in E. Assume that E is a non-trivial projective linear representation
space for s = PSL(2, IF5) in |E|. Then it originates either from a linear representation of 25 in E, or from a
linear representation of its central double extension 2.2(5 = SL(2, F5), the binary icosahedral group. Thus E
is either an irreducible representation, or contains a one-dimensional trivial representation, or decomposes
into the sum of two irreducible two-dimensional representations.
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Proposition 1. Suppose there exists a smooth quartic surface S in |E| which is invariant with respect to a non-
trivial projective representation of 2s. Then E is an irreducible representation of G = 25 or G = 2.s.

Proof. Suppose E has a one-dimensional trivial summand. It is known that an element of order 3 acting on
a smooth quartic surface has 6 isolated fixed points; see [18]. A glance at the character tables of the groups
shows that an element g of order 3 in G in its action on the 3-dimensional summand has three different
eigenvalues, one of them is equal to 1. This shows that g has a pointwise fixed line in |E| and two isolated fixed
points. The line intersects the quartic at 4 points, so all the fixed points are accounted for. In particular, one of
them is fixed with respect to the whole group 2(s. However, the assumption on the characteristic implies that
G acts faithfully on the tangent space of S at this point, and the group 2(5 has no non-trivial 2-dimensional
linear representations.

Now we consider case when E decomposes into the sum of two irreducible 2-dimensional representa-
tions. This could happen only when G = 2.2s. In this case G has two invariant lines in |E|, hence the union
of two invariant sets of at most 4-points on S. The known possible orders of subgroups of 2[5 shows that this
is impossible. O

So, we are dealing with projective representations of the group 25 coming from an irreducible 4-
dimensional representation W, of 25 or from an irreducible faithful 4-dimensional linear representation
Uq of 2.%15.

It is known that the group 2.2(5 has two irreducible 2-dimensional representations V and V', both self-
dual but one is obtained from the other by composition with an outer automorphism of 2(s. The center acts as
the minus identity. Since it acts as the identity on the symmetric squares S?V or S2V’, the groups s, 2.9s
admit two 3-dimensional representations, both of them are irreducible and self-dual, they differ from each
other by an outer automorphism.

The group s acts in |[S?2VV| via the Veronese map of |V| — |S?V| of its natural action on |V| = P! The
restriction of the representation S2V of s to its subgroup H of order 10 isomorphic to the dihedral group
D10 has a trivial one-dimensional summand. It defines a fixed point of H in its action in the plane |S2V]. Its
orhit of 25 consists of six points, called by F. Klein the fundamental points. The linear system of plane cubics
is invariant with respect to s and defines an irreducible subrepresentation of S?(S?V)V of dimension 4.
The image of the plane under the map defined by the linear system of cubics is isomorphic to the Clebsch
diagonal cubic surface representing the unique isomorphism class of a nonsingular cubic surface with the
automorphism group isomorphic to &s; see [9], 9.5.4. The representation Wy is isomorphic to the restriction
of the standard irreducible representation of &5 realized in the hyperplane x; + -+ + x5 = 0 in k°.

The representation Uy is realized in the third symmetric power SV of V. It is self-dual and isomorphic
to S3V'. The projective representation of 24 in |Uy| is obtained via the Veronese map |V| — |S3V| from the
natural action of 25 on |V|.

Using the character table for G one obtains the following.

Proposition 2. Let S*WY and S*U, be the fourth symmetric powers of W, and of Uy, and let ( ) denote the
subspace of G-invariant elements. Then
dim(S*WY)¢ = dim(S"U})° = 2.
Thus we have two pencils of invariant quartic polynomials (S*W,)%s and (S*U,)%%s5, so our quartic sur-
face S is a member of one of them.

3 The pencil [(5*W;)?s

Since Wy is the restriction of the standard representation of Gs, the invariant theory says that the space
(S*W,4)%s is isomorphic to the linear space of symmetric polynomials of degree 4 in variables x4, . . ., X5 and
the discriminant anti-symmetric polynomial. Since the degree of the latter is larger than 4, we obtain that

(S"W4)™s = (S"W4) 5.
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Thus any 2s-invariant pencil of quartic surfaces in |[W,| consists of the quartics given by equations s, + As% =
s1 = 0, where the s; are elementary symmetric functions. It will be more convenient to rewrite this equation
in terms of power symmetric functions:

XPao Xt =t + v xB) =x1 4+ X5 =0 (3.1)
where t = (2A + 1)/2.

Computing the partial derivatives, we find that the G5-orbits of singular points are represented by points
with coordinates (1, 1, -1, -1, 0), or (1, -1, 0, 0, 0), or (2, 2, 2, -3, -3), or (1, 1, 1, 1, —4) corresponding to
the parameters t = 1/4,1/2,7/30, 13/20, respectively. This gives the following.

Proposition 3. The surface S; given by equation (3.1) is nonsingular if and only if t + %, %, &, 3. If t = 1/4,
it has 15 singular points, if t = 1/2, 7/30, it has 10 singular points, if t = 13/20, it has 5 singular points. Each

singular point is an ordinary node.

Example 1. The surface Sy is the intersection of the Castelnuovo—Richmond-Igusa quartic threefold (see [9],
9.4.4) given by the equations
1
x‘l‘+---+xé—z(x%+--~+xé)2:x1+---+x6:0 (3.2)
in P> and the hyperplane xg = 0. Its singular points are the intersection of the hyperplane with the fifteen
double lines of the threefold.

Example 2. If t = 1/2, then A = 0 and the surface can be rewritten by the equations 21.5:1 xl, =X1+-+x5=0
in P*. We recognize the equation of the Hessian surface of the Clebsch diagonal cubic surface Cs. Its 10
nodes are the vertices of the Sylvester pentahedron. Its edges lie on the surface and together with the nodes
form the Desargues symmetric configuration (103); see [11], III §19. By definition of the Hessian surface, S;,»
is a quartic symmetroid (see [9], 4.2.6), the locus of points in |E| such that the polar quadric of the cubic
surface C3 is singular. This symmetric determinantal representation of Sy, is defined by a linear map of &5-
representations W, — SZWX. It is the polar map associated with the cubic surface (see [9]). It allows one to
rewrite the equation of the Hessian of the Clebsch cubic surface as the symmetric determinant:

L-xq L L L
L L-x; L L
det =0,
L L L-x3 L
L L L L—xy

where L = x1 + X2 + X3 + X4.

It is known that the surface Sy, is isomorphic to the K3-cover of an Enriques surface X with Aut(X) =
G5 (of type VI in Kondo’s classification [16]). The covering involution is defined by the standard Cremona
transformation (x1, ..., xs) — (x;%, ..., xzh).

Example 3. Assume that t = 7/30. Projecting from the node qo = (2, 2, 2, -3, -3), we get the equation of
S7/30 as the double plane

w? = (xy+xz+y2)2(x+y +2)* - 3(x - y)?’(x - 2)*(y - 2)?
= 111x%y?2%2 + 80(x*y*z + X°yz? + xX*y3z + x*y2> + xy32* + xy?23)

4,2

+13(x*y? + X422 + Y422 + X220 1 Y22+ Pyt 1 10(tyz + CPyP 4 X3

22+ xytz + xyzt + y323).
The branch curve B is the union of two cubic curves intersecting at 9 points
[17 O; O]’ [Oa 1, 0]) [07 O; 1]7 [2) _17 2]7 [_17 27 2]7 [2, 2) _1]’ [_27 17 1]’ [1, _27 1]’ [1a 1, _2]-

It is well-known and goes back to A. Cayley (see a modern exposition in [8]) that this implies that the surface
S7/30 is a quartic symmetroid. We will return to this example in the next section.
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Example 4. Let 85 be the Segre cubic primal (see [9], 9.4.4) given by the equations xi e ‘+xz = X1+-+-+xg = 0.

It is isomorphic to the image of a rational map f : IP> --» IP* given by the linear system of quadrics through 5
points p1, ..., ps in general linear position. The images of the lines (p;, p;) are the 10 nodes on 83. Consider
the surface S in 83 given by the additional equation x% et xé = 0. Obviously, it has G4-symmetry. The
pre-image of S under the map f is a quartic surface in IP> with 5 nodes at p1, . . ., ps. One can make the map f
to be Gs-invariant by viewing IP? as the hyperplane yo +- - -+ y5 = 0 in IP* and choosing the points p1, ..., ps
to be the points in the hyperplane with coordinates [1, 0, 0, 0, -1], [0, 1, 0, 0, —1], etc. The group S5 acts
naturally in IP3 by permuting the 5 points. The restriction of this representation to 2 is the projectivization
of the linear representation space W4. Via this action, the map f becomes a &5-invariant birational map from
IP3 to the Segre cubic C3. Thus f~1(S) is a 5-nodal quartic in |[W,| with &5-symmetry.

Note that the action of G5 on the Segre cubic primal is closely related to its known action on the del Pezzo
surface of degree 5 via the following commutative diagram explained in [19], Proposition 4.7:

x—*  x

\/

Here y is a flop, ¢ and ¢ are small contractions to the Segre cubic primal, D is a del Pezzo surface of degree
5 and ¢ is a P!-bundle.

The pencil (3.1) was intensively studied by K. Hashimoto in [10]. So it is appropriate to refer to it as the
Hashimoto pencil. In particular, Hashimoto computed the lattice T(X;) of transcendental cycles of a minimal
nonsingular model X; of a singular member S; of the pencil.

Theorem 1. Assume that k = C. For any singular member of the Hashimoto pencil, the lattice T(X;) is of rank 2
and is given by the matrix

4 1 (4 1 1 (4 7 (6 0 13
<0 10) Jort=3. (1 4) fort=12 <2 16) Jort= 35 (o 20) Jort=55-

The transcendental lattice of a generic member of the pencil is of rank 3 and is given by the matrix

4 1 O
1 4 O
0 0 -20

Remark 1. It is known that the quartic surface defined by the equation

44wt +12xyzw =0 (3.3)

F=x"+y*+z
admits a group of projective automorphisms isomorphic to 2*.65 (see [17]). According to S. Mukai [18], the
subgroup 2*.2l5 is isomorphic to the Mathieu group M, and is realized as one of the maximal finite groups of
symplectic automorphisms of a complex K3 surface. The equation defining the surface is an invariant of the
Heisenberg group H> acting in its Schrodinger 4-dimensional irreducible representation (see [3]). The linear
space of invariant quartic polynomials is 5-dimensional and it has a basis that consists of the polynomials

po=x*+x"+ 2%+ wh, pr=x®w?+y?2%, pr=x222+y*w?, p3 =x3yP+ 22w, p4 = xyzw.
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Let

M1 = -2po + 24py,
Mz = po - 6(p1 + P2 +Db3),
Ms = po + 6(-p1 + p2 +p3),
M4 =po +6(p1 - P2 +P3),
Ms = -2pg - 24py,
M = po + 6(p1 + p2 — p3)
be a spanning set of this linear space. The fifth of them defines the surface from (3.3). We propose to call

the polynomials M; the Maschke quartic polynomials (not to be confused with the Maschke octic polynomial
from [2]). It is shown in [17], p. 505, that they satisfy the equations

6 2 6 6
(ZM?) —4Y ME=Y M =o.
i=1 i=1 i=1

We recognize the equations of the Castelnuovo—Richmond-Igusa quartic threefold from Example 1. Thus for
any Maschke polynomial M;, the surface V(M;) is a Galois 2*-cover of the pre-image of a coordinate hyper-
plane section of the quartic threefold isomorphic to the surface S1,4 from the Hashimoto pencil. This shows
the appearance of 2*.&; in the group of projective automorphisms of V(M;).

It was communicated to me by Bert van Geemen that the projective transformations defined by the ma-
trices

1 1 -1 -1 1 -1 -1 -

m=| 1 b 11 and N=| + 1 Tt (3.4)
101 -1 1 i i1 -1
1 -1 -1 -1 i i -1 1

define automorphisms of orders 5 and 2 that generate a subgroup of automorphisms of V(F) that splits the
extension 2*.6s. This shows that the Maschke quartic surface V(M;) admits G5 and hence 25 as groups of
projective automorphisms. By computing the traces of M and N we find that G5 originates from its linear
standard irreducible 4-dimensional representation, and the surface must be isomorphic to a member of the
Hashimoto pencil. According to computations made by Bert van Geemen, the surface V(M;) corresponds to
the parameter t = 23—0 (3-1). Note that according to S. Mukai the transcendental lattice of the Maschke surface is
given by the diagonal 2 x 2-matrix with the diagonal entries 4 and 40. So it is different from the transcendental
lattice of a general member of the pencil.

4 The pencil |(5*U})%|

Recall that the linear representation space U, of G = 2.2(5 is isomorphic to the space S>V. Since there is only
one isomorphism class of irreducible faithful 4-dimensional representations of G, we have an isomorphism
U, =S5’V =SV,

Let e1, e, be a basis in V and let (u, v) be the coordinates in V with respect to this basis, i.e. the dual
basis of (e, e;) in VV. The spaces SV and S9VV have natural monomial bases (ef, e‘f‘lez, cee, eg) and
(ud, ud 1y, ..., v%), respectively. The polarization isomorphism

SdVV N (SdV)V

assigns to u?~iv the linear function on S?V that takes the value % (d - i)!i! on e¢~'d} and zero on all other

monomials. This shows that the basis ((‘f)ud‘ivi)izo ,,,,, 4 is the dual basis of (e‘li, e‘f‘lez, cee, e‘zi). Thus any

d
=% (Da® T, 1)
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so that (ao, . . ., ag) are the natural coordinates in the space SYUV. Although this notation is widely used in
the invariant theory, we switch to the basis ((‘f)e‘f*"eg) of S?V to get the dual basis formed by the monomials
ud-iyi, So we drop the binomial coefficients in (4.1). This helps us to obtain formulas that agree with those
given in Klein’s book.

Let us clarify the coordinate-free definition of the Veronese map

vd:V—>SdV.

It is defined by assigning to a vector ae; + fe; the linear function f — f(a, B) on S4VV = (S2V)". It follows
that

d
va(ae + fey) = Z (Dat-ipied-iel = (aeq + Ber) .
i=0
In coordinates, this is the map
(u,v) » W4, u?, ..., uw®?, v9). (4.2)

Passing to the projective space, we get the map
va : [V| - SV

that is given by the complete linear system NaM = |O1yi(d)|. The image R4 of this map is a Veronese curve
of degree d, or a rational normal curve of degree d. If we re-denote the coordinates u?-v! by (xo, . .., x4), a
hyperplane V(Z?ZO aix;) intersects Ry along the closed subscheme that is isomorphic, under the Veronese
map vg, to the closed subscheme V(Y% a;ud-v') of |V].
Dually, we have the Veronese map
vy VY - sdyV

which assigns to a linear function [ = au + bv € V" the linear function v4(I) € SYV" that takes on e?~e}, the
value equal to a?~'b. It follows that

d
vi(au + pv) = Z (‘f)ad‘iﬁiud‘i L= (au + o)d.
i=0

So we get a familiar picture: points of |S?V"| are non-zero binary forms of degree d up to proportionality, and
points of the Veronese curve are powers of linear forms, up to proportionality.
In coordinates, the dual Veronese map is given by

(e1,e2) > (ef, ..., (Defel, ..., ed).
The image R, of the corresponding map
ViV = P(V) — [S9VY] = P(S?V)

is the dual Veronese curve of degree d. The duality can be clarified more explicitly. For any point x € Ry,
one can consider the osculating hyperplane at x, the unique hyperplane in |S?V/| that intersects Ry at one
point x with multiplicity d. The dual Veronese curve R} in the dual space |S4VV| is the locus of osculating
hyperplanes.

One can use the isomorphism |VV| — |V| defined by assigning to a linear function [ = au + bv € V" its
zero V(I) = [-b, a] € |V]|. In other terms, it is defined by the exterior product pairing VxV — /\2 V = k. Thus
we have two Veronese maps

va: |Vl —[S9V] and v} :|V|]— [STVY|
with the images Rq4 and R};. The map of |V| — |S4VV| is given, in coordinates, by
(,v) = (-1)ed, ..., (14 i(Deled, ... e9).
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Let p : G — GL(V) be a linear representation of a group G. By functoriality, it defines a linear repre-
sentation Sd(p) : G — GL(S9V). The dual linear representation p* : G — GL(VV) defines a representation
S4(p*) : G — GL(S?VY). It follows from the polarization isomorphism that the representations S¢(p) and
s (p*) are dual to each other.

After fixing these generalities, it is easy to describe irreducible linear representations of G = 2.2(s. We
start with the 2-dimensional representations V and VV. We choose a basis e1, e, in V and its dual basis (u, v)
in VY as above to assume that the group preserves the volume forms e; A e; and u A v. Thus in these bases
we represent the matrices of the representation by unimodular matrices. According to [15], p. 213, the group
2.5 is generated by the transformations S, T, U of orders 5, 4, 4, respectively, and its representation in V is
given in terms of coordinates as follows:

S:(u,v) — (E2u, £2v),
1

T: (u,v) » —(-cu +dv, du + cv),
V5

U: (u,v) — (-v,u),

where e = e?™/> andc=e - €71, d = €2 — £€72. We have
c 1++/5
A=—==e+el+1= ,
d 2

which is the golden ratio. It satisfies A> = A+1. Note that the trace of Sisequalto e3 +£? = 12-2 = A-1 = ‘15‘@.
This is denoted by b5 in [7], so we can identify this representation with the one given by the character y¢. The
representation V' is given by the same formulas as above, where ¢ is replaced with £2. The trace of S becomes
b5* = -A.

Next we consider the 3-dimensional irreducible representations realized in SV and S?V’. In the basis
(e%, 2eie, e%) of V, the first representation is given by the matrices

e 0 O e+e* 2 g+ 0O 0 1

1
S 0 1 0 N TT 1 1 1 N U: 0O -1 O
0 0 ¢! P\ 2463 2 e4et 1 0 0

Note that Klein uses slightly different coordinates (Ag, A1, Ay) = (-uv, v?, —u?), so his matrices are slightly
different.

The second irreducible 3-dimensional representation (S2V)' is obtained by replacing & with £2. The in-
variant theory for the icosahedron group s in this representation is discussed in Klein’s book (see also [9],
9.5.4).

The linear representation Uy of 2.5 realized in SV is given by the matrices

& 0 0 0
3
S. 0 ¢ 020 ’
0 0 € 0
0 0 0 ¢
-A3 372 -3A 1 -1+210) 3(A+1) -3A 1
. L2 24X 1= A ) & A+1 1 -2A-1 A
55| A 1-2A2 24-A3 A2 | 545 -A —21-1 -1 A+1 )’
1 31 32 A3 1 31 30+1) 2A+1
0 0 0 -1
U 0 0 1 O
0 -1 0 0
1 0 0 O

The dual representation is given by the same formulas, where ¢ is replaced with £2.
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We will use the coordinates

3

(xo = U3, x1 = U?v, X5 = UV?, X3 = V°).

LetN; ¢ SZIUX be the linear space of quadratic forms such that |N | is the linear system of quadrics with the
base locus equal to the Veronese curve Rs. Obviously, it is an irreducible summand of SZUZ. It is generated
by the quadratic forms

2 2
d1 = XoX3 — X1X2, (2 =XoX2— X7, (3=X1X3~—X;.

Under the transformation S they are multiplied by 1, €, £*, respectively. The trace of Sis equal to 1+&+¢&* = A.
Thus we can identify the space N; with the linear representation S>V. Let N be the linear space of quadratic
forms in the dual space U} such that the linear system of quadrics |N3| has the base locus equal to the dual
Veronese curve Rj. It is spanned by the quadratic forms

gy =908 - &&, qh=3&&E-&, ¢y =34E-8,

where & = ei, & = e%ez, SH=e e%, & = e% are the dual coordinates. The representation N3 is isomorphic to
S?V'. Consider the dual space (N3)* ¢ S*Uy of apolar quadratic forms. It is spanned by the quadratic forms

2 2 2 2
P1=XoX3+9X1X2, P2 =2XoX2+3X], P3=2X1X3+3X5, P4s=Xy5, Ps5s=X3, Pe=XoX1, P7=X2X3.

The linear span is a 7-dimensional summand of S>U,. Computing the character of S>U", we find the decom-
position
S?UY = S°U, =W, @S>V e S*V'. (4.3)

This shows that
N3t =W, e SV,

Observe that the quadratic forms p; are eigenvectors of S with eigenvalues 1, €, €%, €3, €2, €2, €3, respectively.
Since S has trace -1 on Wy, we find that the summand V; of (N3)* isomorphic to Wy is spanned by eigen-
vectors with eigenvalues ¢, €2, €3, €*. Under the transformation T, the forms (p1, . . . , p7) are transformed to
(=p1, P3, P2, D5, P4, —P7, —Ps). Now we use the following known fact due to T. Reye (see [14], Lemma 4.3).

Theorem 2 (T. Reye). A general 6-dimensional linear space L of quadrics in P> = |E| contains precisely two nets
N1, Ny with the base loci equal to Veronese curves C, C, of degree 3. The dual space L* of apolar quadrics in
|EV| contains 10 quadrics Q; with one-dimensional singular locus ¢;. Each line ¢; is a common secant of C1, C».

It follows from the lemma that the summand of S 2lU}f isomorphic to S?V' is isomorphic to the linear space
N> such that the base locus of the net of quadrics |N;| is a rational normal cubic curve. It is easy to see that
this is possible only if N, is generated by

r1=XoX3 +9X1X2, Ty = X3 +axaxs, I3 =X5-axoxi,

where a? = 9. Since the image of the point [0, 1, 0, 0] on the curve under the transformation T must be on the
curve, we check that a = 3. Thus the base locus is a rational normal cubic curve with parametric equations

Ul - |U4l, (u,v) = (9u?v, 270%, —u?, 27uv?). (4.4)

Note that one can avoid using Reye’s Theorem by using decomposition (4.3) and the facts there exist no s-
invariant lines nor 2As-invariant conics, and that 2(5-orbits are of length < 8.

Now we are ready to describe the pencil |S“lU}f| of invariant quartics. We take as generators of the pencil
the tangential ruled surfaces of the invariant rational normal curves defined by the nets [N;| and |N3|. They
are obviously invariant with respect to the action of G in |W|. The net |[N1| defines a map from |[W,| to IN‘l’I =
|S2 VY| whose image is an invariant conic, the fundamental conic. Its equation in Klein’s coordinates Ag, A1, A>
is A +A1A; = 0. The equation of the dual conic in the dual coordinates Af), A}, A} in the dual plane |S>U"| is

AL% + 4ALAL = 0.
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It follows that the equation of the tangential ruled surface must be of the form Q(ZJ +4Q1Q,, where Q; = 0 are
equations of quadrics from the net |N|. We know that Ag, A1, A, are eigenvectors for the transformation S
acting in |S*U]| with eigenvalues 1, €, e71. Thus A, A}, A}, are eigenvectors for the action of S in S>UY with
the eigenvalues 1, e1, €. Therefore our quadrics Qg, Q1, Q; are also eigenvectors for the action of S in SZWX
with eigenvalues 1, e~1, . We find that (Qo, Q1, Q2) = (q1,Aq3,A’q,) for some constants A, A’. Since the
equation is invariant with respect to the transformation U, and A} — -A’, we must have A = -A". We find
the condition on A that guarantees that the equation Q(Z) - 2A2Q1Q> = 01is the equation of the tangential ruled
surface of the Veronese curve C; = R3.

At each point [1, ¢, tcz), tg] the tangent line to the Veronese curve R3 is spanned by the vector [0, 1, 2ty,
Bté]. Plugging in the parametric equation s(1, to, té, té) +r(0, 1, 2tg, 3t(2)) of the tangent line in the equation
q% +c2q,q3 = 0, we obtain that c? — 4 = 0. Thus the equation of the quartic tangential ruled surface is

S1: (Xox3 — X1X2)? — 4(Xox2 — X])(X1X3 — X3) = X{X3 — 6XoX1X2X3 + 4X0X3 + 4X1X3 - 3x{x3 =0.  (4.5)

The second invariant quartic is the tangential ruled surface of the rational normal curve C, defined paramet-
rically in (4.4). The net of quadrics containing this curve is G-equivariantly isomorphic to S>V'. It defines
the map from |Uy| to |[(S2V')Y|. The invariant conic in this space is the same conic as in the previous case.
Similarly to this case we get the equation

(Xox3 + 9x1X2)? + d*(x§ + 3x2X3)(x3 - 3x0x1) = 0. (4.6)
The parametric equation of the tangent line to the base curve C, is
s(9t3,27, -3, 27to) + r(6to, 0, ~t3,9) =

Plugging this in the equation (4.6), we obtain d? + 4 = 0 and the equation of the second tangential surface is

2 1 (Xox3 + 9x1X2)? — 4(X3 + 3X2x3) (X5 — 3X0x1) = 3(4x3x1 — X§x5 + 18XoxX1X2X3 + 27X3X5 — 4X2x3) =

So our pencil I(S‘*I[J}f)z'g‘5 | can be explicitly written in the form AF; + uF, = 0, where

F, = xox3 — 6Xp0X1X2X3 + 4)(ox2 + 4x1x3 3x1x2 and
Fy = 4x3x1 = X3X3 + 18x0X1X2X3 + 27x3X3 — 4x2X3.
Consider the linear transformation

K: (Xo,Xl,Xz,Xg) — <\/—X2, —X3, \/—Xl) (4.7)

R
We have K? = U € G, and the group generated by K and G is isomorphic to 2.&5. We immediately check that
it transforms

X0X3 + 9X1X2 = 3(=XoX3 + X1X2), X3 +3Xax3 = 3(x3 = Xox2), X3 - 3Xox1 = 3(X3 - x1X3).
This shows that K(S,) = S1, more precisely, we get K(F,) = 3F;. Thus the surfaces

S3 = V(3F1 + F3) = V(X33 + 2xgx1 + 9x] X5 — 2X2X3 + 6X0X3 + 6x3x3) and (4.8)

S, =V(F, -3F1) = V(- x0x3 + 9XpX1X2X3 — 3xox2 3X1X3 + 9)(1x2 + x3x1 - xzxg).

are Gs-invariant. One checks, using MAPLE, that they are nonsingular.
The following result is proven in [5].

Proposition 4. The pencil generated by the quartic surfaces S, and S, contains two more singular members;
each of them has 10 ordinary double points. The base curve B of the pencil is an irreducible curve of degree 16
with 24 singular points, and each of them is an ordinary cusp. It also contains a unique s-orbit of 20 points.

It is easy to see these two orbits of singular points of B. Each of them is the intersection of one of the
rational normal cubic curves C; and C, with a nonsingular surface from the pencil. If we take the latter to be
the surface S3 or S4, we obtain that the union of the two orbits is invariant with respect to Ss.

In the next section we will be able to see explicitly the unique orbit of 20 points.
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5 An 2s-invariant web of quadrics in |U,|

Consider the linear 2.2(5-equivariant map
Q: W, - SZUZ (5.1)

defined by the decomposition (4.3). The corresponding map of the projective spaces defines a web of quadrics
in |U4|. Recall that some of its attributes are the determinantal surface D(¢) parametrizing singular quadrics
in the web, and the Steinerian surface St(¢) parametrizing singular points of singular quadrics from the web.

Let us find the equation of the discriminant surface. We choose a basis of ¢(W*) formed by the quadrics

Q1 =2x1x3 +3x3, Q2 =x5-2x2x3, Q3=x3+2x0x1, Q4=3x3+2x0x,.
They are transformed under the representation of 2.2(5 (with the center acting trivially) as follows

S: (le QZ; Q3) Q4) i (£4Q1a 83025 8203’ 804)&

Q1 -A 1 A2 A Q1

T: QZ — c 1 A -A /\2 Qz ’
Q3 A2-A A Qs
Q4 A1 A Q4

U:(Q1,Q2, Q3, Q4) = (Q4, Q3, Q2, Q1),

where c is some constant which will not be of concern for us. Choose a basis of ¢(W4) ¢ SZIU}{ spanned by
the following quadratic forms:

Q) =€"Q1 - £°Qy - £2Q5 +€Qu, (5.2)
Q) =€Q1 - €Qy - Q3 +£2Qu,
Q) =¢€?Q1-¢€"Qy - €Q5 - £2Q4,
Q) =€Q1 -£2Q; - £2Q;5 + £%Qy.

The symmetric matrix defining the quadratic form y; Q] + y>Q) + y3Q} + y4Q, is equal to the matrix

aj;n app a3 O
a a» 0 az
as1 0 as3 asz
0 ag asz ag

A(Y1,Y2,Y3,Y4) =

)

where

ai1 = —(Ey1 +eyr + e'y3 + 2y4,
aiz = ax =—(€’y1 +'y2 + €y3 + £y,
a3 =as; =€&y1 + 82)’2 + 83)’3 + 34)’4,
a2y = 3(ey1 + €%y2 + €2y3 + £'y4),
Qs = any = %1 + 3y + E2y3 + €y,
ass = 3(e"y1 + Ey2 + £7y3 + €y4),
az4 = A43 = 83)’1 +&ys2 + 64)’3 + 52)’4,
asy = —(%y1 + €'y +ey3 + E3y4).

Plugging in these expressions and computing the determinant, we obtain (using MAPLE) the equation of the
discriminant surface, where y5 = —y1 —y> — y3 — Y4,

5 5
det(A(yl,yz,y3,y4))=25(Zy?— Yovivi+ Y vwyi-3 ) )’inYk)/l),
i=1

1<i<j<5 1<i<j<k<5 1<i<j<k<I<5
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where ys = —(y1 + Y2 + y3 + ¥4). We can rewrite this in terms of power functions to obtain the equation of the
discriminant surface in the form

5 5 2
302y?—7<2y?) =y1+Y2+y3+y4s+ys=0. (53)
i=1 i=1

This is the equation of the 10-nodal surface S7/3¢ from the Hashimoto pencil. (This identification of the dis-
criminant surface with the surface S;7/30 was also confirmed to me by S. Mukai.)

Remark 2. The 10 nodes of the symmetric discriminant quartic (also known as a Cayley symmetroid quartic)
correspond to the singular lines of 10 reducible quadrics in the web. According to A. Coble [6], p. 250, they
are the 10 common secants of the rational normal curves C; and C».

Let us now compute the equation of the Steinerian surface of the web of quadrics defined by the map
(5.1). If we choose the basis of ¢(W*) given by (5.2), then the equation of the Steinerian surface is given by the
determinant of the matrix with columns Q - x, Q} - X, Q} - X, Q;, - X, where we identify Q; with the associated
symmetric matrix and x is the column of the coordinates xg, X1, X2, x3 in Uy:

—&3xg —€2x1 +ex3  €%x3—€2x0+3ex1  3e*xa +E3x3+exy  €%x1 + 3%y — €2x3
—ehx1 +€2x0 —exg  —€%xp+ E3x3 +3€2x1  3&3x +€2x0+EX3  —€%X3 + E3X1 + €X2
—e*x0+ Xy —ex1 3E3x1+€2x3—exg  €*x3+E3x0+3€2x2 € +€%x1 —€x3
%3 —3x1 - €2xg  3&%%, —3xp+ex3  €%x1 +E2Xx3+3exy  —-€3x3+€2X) +€x1

Computing the determinant of the matrix A, we find that the equation of the Steinerian surface coincides with
the equation of the surface S, from (4.8).

The Steinerian surface S, contains 10 lines, the singular lines of 10 reducible members of the web cor-
responding to singular points of the discriminant surface S7/30. These are of course the 10 common secants
of the two rational normal curves C; and C,. The unique orbit of 20 points from the same proposition is of
course the intersection points of the 10 common secants with the curves C; and C».

Remark 3. Recall that a minimal nonsingular model of a Cayley quartic symmetroid is isomorphic to the K3-
cover of an Enriques surface. In turn, the Enriques surface is isomorphic to a Reye congruence of bidegree
(7, 3) in the Grassmannian G(2, 4); see [8]. This applies to our surface S4. The embedding j : S; — |U,| de-
fines an invertible sheaf £1 = j*Oy,|(1). The birational morphism from s : S5 — S7,30 ¢ [W4| whose image
is the quartic symmetroid S7/30 that inverts the rational map from the discriminant surface to the Steinerian
surface defines another invertible sheaf £, = s*Ow,|(1). It is known that the covering involution of S, pre-
serves the tensor product £1 ® £,. Since both maps are 2s-equivariant, we obtain that the action of 25 on
S730 descends to an action on the Enriques surface.

The following is a list of open questions:

« Find the values of the parameters corresponding to the 10-nodal members. Are these surfaces determi-
nantal? What is the transcendental lattice of its minimal nonsingular member?

« Find more facts about the Gs-invariant surface Ss. Is it determinantal? What is its transcendental lattice?

« Find the transcendental lattice of the general member of the pencil.

6 The catalecticant quartic surface

There is another view of the Cayley symmetroid quartic surface S7/30. First we have the decomposition of the
linear representations of s

SOVY = SOV = W, @ S?V.
Comparing this with (4.3), we find an isomorphism

S2(U,)Y = S°V e S2V'.
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The summand S°V is isomorphic to the image of S2(U,)¥ under the restriction to the Veronese curve Rq of
degree 3. The kernel S>V' is isomorphic to the (linear) space of quadrics vanishing on the Veronese curve.
Recall that each f € S29VV defines a linear map a : SV — S9VV (the apolarity map). We view a basis of
S9V as partial derivatives of the coordinates (u, v) in SV and apply the differential operator fd(%, %) tof
to obtain a binary form of degree d in u, v. In these coordinates, the determinant of the map is a polynomial
of degree d + 1 in coefficients of the form f, called the catalecticant (see [9], 1.4.1). A general zero of this
polynomial is a binary form of degree 2d that can be written as a sum of less than the expected number
(equal to d) of powers of linear forms. In the projective space |S24VV| this corresponds to the variety of d-
secant subspaces of dimension d — 1 of the Veronese curve R,4. In our case where d = 3 and the basis in
SoVV is taken as in (4.1), we get a quartic polynomial

o a1 ax as
ay ap; das dag
a, as dai das
as dag das dg

Cat = det

The zeros of this polynomial in |[S®VV| is the variety Tri(R¢) of trisecant planes of the Veronese curve Rg. Let
S = Tri(Rg)] N [W4]; this is a quartic surface in [Wy|. Let us see that it coincides with the Cayley symmetroid
S7,30 studied in the previous section. In coordinates, a direct computation shows that the binary form f =
Y as(O)t5t5=S € SOV corresponds to the quadric

Q = aoy§ + ary; + asys + Agy3 + 2a1yoy1 + 2a2yo0ya + 2azyoys + 2asyays + 2asysy1 + 2dsy1ya.

The condition that Cat(f) = 0 becomes the condition that Discr(Q) = 0. This shows that the catalecticant
quartic becomes isomorphic to the discriminant quartic in P® = P(N'). The singular locus of the variety
Tri(R¢) is of degree 10 and it is isomorphic to the secant variety of R¢. Intersecting it with [W,| we obtain 10
singular points of our symmetroid S7,30.

Note that another model of S®V is the space of harmonic cubics used in [12] in |S2V| with respect to the
dual of the fundamental conic.

7 2As-invariant rational plane sextic

Let N7 and N be the nets of quadrics with base loci rational normal curves C; and C, defined by the para-
metric equations (4.2) and (4.4). Restricting |N;| to C; we obtain amap C; — [N}| = |S2V'V|. We identify the
plane |S>V'V| with the plane |S?V'| via the 2s-invariant conic. Using the basis of N, formed by the quadrics
V(xox3 + 9x1x2), V(X3 + 3x2x3) and V(x3 - 3xox1), the map P! — C; — [S2V'V| is given by

(u,v) — (20, 21, 22) = (10W30>, u® + 3uv’®, v° - 3u’v).

Recall that the quadratic polynomials r1, r,, r3 defining the basis are eigenvectors of S with eigenvalues
(1, €2, €%) and hence proportional to Klein’s dual coordinates (A(, A}, A}). Since they are also transformed
as (r1,12,13) — (-r1, 13, ) under U, they are equal to (c’A),, cA'l, —cA’z) for some constants c, ¢’. Also, we
know that the dual conic Ay? + 4A}A}, = 0 parameterizes the singular quadrics in the net, and hence the
equation of S, shows that we may assume that ¢’ = +1, ¢ = 2. We noticed before that in our coordinates u, v,
we have to choose ¢’ = —1. Thus

(20, 21, 22) = (-AG, 2A7, —2A)).

The polarity isomorphism |S?2U| — |S?U’Y| defined by the conic Aé + A1A, = 0 gives (Ag,A1,Ay) =
(—2Af, A5, A)). Thus, in the Klein coordinates, the image of P! — C; — [|S?U'Y| — [S?U’| is equal to
the curve I'; with parametric equation

I (u,v) = (Ag, A1, Ay) = (=5u°0%, 08 + 3uu, u® + 3uv°).
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This agrees with the parametric equation of an 2(s-invariant rational sextic curve found by R. Winger in
[20], [21]. He uses slightly different coordinates (x, y, z) = (A1, Az, Ag).
The pencil of 2s-invariant sextics is spanned by the triple conic and the union of the six fundamental
lines:
uxy + 223 + Az(x* +y° + 2° + 5x°y’z - 5xyz> + 2°).

According to R. Winger [21], the curve I'y is a unique rational curve in this pencil with its 10 nodes forming
an orbit of s. It corresponds to the parameters (A : u) = (27, 5). The equation of I'; becomes

272(x° +y°) + 5x°y? + 150x%y?2% — 120xyz* + 32z° = 0.

The action of 25 in the dual plane |S>UV| has an orbit of 6 points. The corresponding lines in the original
plane |S?U]| are the 6 lines with equations

Ap=0, Ag+e'A1+e VA, =0, v=0,...,4.

Each of these fundamental lines intersects the curve I'; at 2 points with multiplicity 3. The 12 intersection
points are the images of the orbit of 25 acting in IP! that can be taken as the vertices of the icosahedron. They
are the zeros of the polynomial

@15 = uv(@® + 11u°0° — u'9).

The 10 pairs of branches of the singular points of I'; correspond to the s-orbit of 20 points in P1. They are
the zeros of the polynomial

D0 = u?® + 0?0 + 288"V’ - v - 494u" ™.
The dual curve I'] of I't is a rational curve of degree 10 with parametric equation
(x*,y*, z*) = (-10u’v® - 5u%08, 5ubv? - 10007, u'® — 14u°v° — 010).
y

Its equation can be found in [12], p. 83. Note that, via the fundamental conic, we can identify the dual planes
|S2V|and |S2VV|. Thus we have the second rational sextic curve I', and its second dual curve I 5. Itisarational
curve I'; of degree 10 with parametric equation

(x,¥,2) = (=10’ v — u?v®, 10(udv? - 2uv”, u'® - 14uPv® - 019).

The pair of these curves corresponds to the pair of rational normal curves Cq, C,. This pairing of rational
normal sextics is discussed in detail in [6], Chapter 4.

Since the line z = 0 intersects I'; at two points with multiplicity 3, the Pliicker formulas show that I'j,
and hence also I';, has six 4-fold multiple points. They are the fundamental points of 2s. (Note that there is
another 2s-invariant rational curve of degree 10 with 36 double points; we will not be concerned with it.)

Remark 4. The blow-up of the 10 nodes of I'; (or of I';) is a rational Coble surface C with |-K¢| = 0 but
| -2K¢| # 0 and consists of the proper transform of the sextic I'y. It inherits the 2(5-symmetry of I';. It is
known that a Coble surface with an irreducible anti-bicanonical curve is a degenerate member of a pencil
of Enriques surfaces. As I was informed by S. Mukai, there is a pencil of Enriques surfaces containing 2[5 in
its automorphism group (acting linearly in its Fano embedding in IP®) that contains among its members the
Enriques surfaces with K3-covers S1/, and S7,30 as well as the Coble surface C.

Remark 5. The parametric equation of the 2s-invariant rational sextic I'; appears in [13], p. 122. It is shown
there that the curve I't is equal to the intersection of the tangent lines at the origin of the modular family of
elliptic quintic curves in IP* with the eigenplane of the negation involution. It is also discussed in [1], pp. 751~
752, where it is shown that there is a (3 : 1)-map from the modular Bring’s curve X (2, 5) (isomorphic to the
intersection of the Clebsch diagonal cubic surface with the quadric x% +-- ‘+x§ = 0) to the normalization of the
curve I'y that coincides with the forgetting map Xo(2, 5) — X(5). The twelve cusps of I'; are its intersection
points with the fundamental conic.
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