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1. INTRODUCTION

Let K be an algebraically closed field, and X be a projective surface defined over
K. The group of automorphisms Aut(X) acts on the Néron-Severi group of X. This
action preserves the intersection form and the canonical class Kx, and therefore
provides a morphism from Aut(X) to the group of integral isometries O(Kx) of
the orthogonal complement Kx. When X is rational, the image satisfies further
constraints: It is contained in an explicit Coxeter subgroup Wx of O(K ), and Wy
has infinite index in O(K ) as soon as the rank p(X) of the Néron-Severi group of
X exceeds 11.

A natural problem is to describe all projective surfaces X for which Aut(X) is
infinite and its image in this orthogonal or Coxeter group is of finite index. When
K is the field of complex numbers, the problem asks for a classification of complex
projective surfaces with maximal possible groups of isotopy classes of holomorphic
diffeomorphisms.

We solve this problem when X is a rational surface. It turns out that this is the
most interesting and difficult case. In Section we briefly discuss other types of
surfaces; one can treat them by more or less standard arguments.

Received by the editors July 5, 2011 and, in revised form, December 9, 2011, and January 23,
2012.
2010 Mathematics Subject Classification. Primary 14E07, 14J26, 14J50, 20F55, 32H50.

©2012 by the authors
863

Licensed to Univ of Michigan. Prepared on Fri Jul 509:45:30 EDT 2013 for download from IP 68.40.185.65/141.213.236.110.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



864 SERGE CANTAT AND IGOR DOLGACHEV

1.1. Automorphisms of rational surfaces. Let X be a rational surface defined
over K. The Néron-Severi group of X coincides with the Picard group Pic(X);
its rank p(X) is the Picard number of X. We denote by Aut(X)* the image of
Aut(X) in the orthogonal group O(Pic(X)). There are two alternative possibilities
for Aut(X) to be infinite.

The first occurs when the kernel Aut(X)° of the action of Aut(X) on Pic(X)
is infinite. In this case, Aut(X)? is a linear algebraic group of positive dimension
and Aut(X)* is a finite group (see [25]). All such examples are easy to describe
because the surface X is obtained from a minimal rational surface by a sequence of
Aut(X)%equivariant blowups. Toric surfaces provide examples of this kind.

In the second case, the group Aut(X)* is infinite, Aut(X)? is finite, and then
X is obtained from the projective plane P? by blowing up a sequence of points
Ply- .-, Pn, With n > 9 (see [35]). The existence of such an infinite group Aut(X)*
imposes drastic constraints on the point set P = {p1,...,pn} and leads to nice
geometric properties of this set. There are classical examples of this kind as well as
very recent constructions (see [20], [3], [31], [40]). Our goal is to classify point sets
P for which the group Aut(X)* is the largest possible, in a sense which we now
make more precise.

1.2. The hyperbolic lattice. Let Z"" denote the standard odd unimodular lat-
tice of signature (1,n). It is generated by an orthogonal basis (eg,eq,...,e,) with

eg=1, and e’=-1 for i>1.
The orthogonal complement of the vector
kn=—-3ey+(e1+ - +ep)
is a sublattice E,, C Z"™. A basis of E,, is formed by the vectors
oag=e€ey—e; —ey—eg,and o; =e; —e;41, it =1,...,n— 1.

The intersection matrix (e, - ;) is equal to I';, — 2I,,, where I',, is the incidence
matrix of the graph 753 ,_3 from Figure [l In particular, each class a; has self-
intersection —2 and determines an involutive isometry of Z" by

sitxz+ (2 o).

By definition, these involutions generate the Coxeter (or Weyl) group W,.

S1 52 S3 S4 Sn—2 Sn—1

FIGURE 1. Coxeter-Dynkin diagram of type T53,,—3

1.3. Automorphisms and Coxeter groups. From now on, X is a rational sur-
face for which Aut(X)* is infinite. We write X as the blowup of P? at n points py,
sy Dn With n > 9; some of them can be infinitely near points and, by convention,
j > 1 if p; is infinitely near p;. We now describe known constraints on the structure
of the group Aut(X)*.

A basis (eq, ..., e,) of Pic(X) is obtained by taking for eq the class of the total
transform of a line in P2, and for e;, 1 < i < n, the class of the total transform of
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the exceptional divisor obtained by blowing up p;; in particular, the Picard number
p(X) is equal to n + 1. This basis is orthogonal with respect to the intersection
form: e =1, e = —1fori > 1, and ¢; - e; = 0 if i # j. We call such a basis
of Pic(X) a geometric basis. A geometric basis makes Pic(X) isometric to the
lattice Z'™, by an isometry which maps e; to e;. Under this isomorphism, the
canonical class
Kx =-3eg+e1+:-+e,

is mapped to the element k, € Z™. We denote by («;) the basis of K3 corre-
sponding to (e;) under this isomorphism, i.e.

(1) Qp =€y —€] —€3—€3, A =€ —€2, ..., Op_1 = Ep_1 — €,

and by s; the involutive isometry of Pic(X) which is conjugate to s;. By definition,
the group W is the group of isometries of Pic(X) generated by these n involutions;
thus, W is isomorphic to the Coxeter group W,,. It is known that the group Wx
does not depend on a choice of a geometric basis (see [I7], Theorem 5.2, page 27).

The group Aut(X)* acts by isometries on Pic(X) and preserves the canonical
class. According to Kantor-Nagata’s theorem (see [27], Theorem XXXIII, [35], p.
283, or [17], Theorem 5.2), the group Aut(X)* is contained in Wx. Thus, we get a
series of inclusions

Aut(X)* € Wx € O(Pic(X); Kx) € O(Pic(X)),

where O(Pic(X)) is the orthogonal group of Pic(X) with respect to the intersection
form, and O(Pic(X); Kx) is the stabilizer of the canonical class Kx.

1.4. Cremona special point sets. When n < 8, W, is a finite group. We say
that the point set P := {p1, ...,pri is Cremona special if n > 9 and the group
Aut(X)* has finite index in WxlI A rational surface obtained by blowing up a
Cremona special set will be called Cremona special. In this sense, Cremona special
surfaces with fixed Picard number are rational surfaces with largest possible discrete
automorphism groups among all rational surfaces with the same rank of the Picard
group.

Our goal is to classify Cremona special point sets, a problem that has already
been mentioned by Arthur Coble in his book [10], p. 278 (see also [20] and [25]).

Two kinds of such sets have been known since the beginning of the last century.
They are general Halphen sets of 9 points and general Coble sets of 10 points (see
[10]). Brian Harbourne showed in [24] that, in characteristic p > 0, and for any
integer n > 9, a general set of n nonsingular points on an irreducible cuspidal cubic
curve is Cremona special; for this, he employed the fact that all such points are
p-torsion points in the group law on the set of nonsingular points on the cubic
curve. When n = 9, Harbourne sets are particular cases of Halphen sets.

We discuss the geometry of Halphen and Coble point sets in Sections 2] and
Bl prove that the general ones are indeed Cremona special, and describe precisely
what “general” means in this context. By definition, the point set is unnodal if its
blowup does not contain smooth rational curves with self-intersection equal to —2
(also called nodal or (—2)-curves). This terminology is borrowed from the theory
of Enriques surfaces, where it is known that the isomorphism classes of unnodal
surfaces form an open subset in the moduli space. A surface obtained by blowing
up an unnodal set is called unnodal. We show that unnodal sets form an open

LCoble called such subsets special, so we somewhat deviate from his terminology.
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866 SERGE CANTAT AND IGOR DOLGACHEV

Zariski subset in the variety of point sets defining Halphen and Coble surfaces, and
that Cremona special Halphen and Coble surfaces are exactly the unnodal ones.
Harbourne examples are defined at the beginning of Section il and are discussed
in Section
Then, our main result shows that the examples constructed by Halphen, Coble,
and Harbourne exhaust all possibilities of Cremona special point sets. As a corol-
lary, if a point set P is Cremona special, then it is unnodal.

Main Theorem. Let K be an algebraically closed field. Let P be a Cremona special
point set in PZ. Then P is unnodal and one of the following cases occurs:

e n=29 and P is a Halphen set;
e n =10 and P is a Coble set;
e n > 10, char(K) > 0, and P is a Harbourne set.

Conwversely, any such unnodal set is Cremona special.

As a corollary, if a rational surface X is Cremona special, then —Kx or —2Kx
is effective.

Remark 1.1. a. As explained in Section[7] there is a stronger version of this theorem
which does not assume that K is algebraically closed, but this requires a careful
definition of Cremona special point sets. Nonrational surfaces are dealt with in
Section

1.1. b. When Wx is infinite, it is Zariski dense in the real algebraic group
O(K+®R). Thus, a natural question is the following. If X is a rational surface and
Aut(X)* is infinite and Zariski dense in O(Kx®R), does it follow that X is Cremona
special? In other words, is it possible to generalize our Main Theorem under the
weaker assumption that Aut(X)* is infinite and is Zariski dense in O(Kx ® R)?
Since Wy contains a finite index, free abelian group of rank 8, every Zariski dense
subgroup of Wy has finite index. Thus, the problem concerns rational surfaces with
Picard number at least 10.

1.1. c. There is a notion of Cremona special point sets in projective spaces of
higher dimension and in their Cartesian products. Interesting examples of such
sets are known (see [10], [20], [19]). Unfortunately, the methods of this paper are
specific to dimension 2 and do not extend to the higher-dimensional case.

1.5. An action of W,, on point sets and its periodic orbits. Consider the va-
riety (P2)" and the diagonal action of PGLj on it. Consider the GIT-quotient P? of
the action. It turns out that the group W, acts on P2 by birational transformations;
this Cremona action is described in chapter VI of [20].

Let I’ be a subgroup of W,,. Let (p1,...,pn) be an ordered stable set of distinct
points representing a point p € P2. Let X, be the surface obtained by blowing up
the projective plane at pi,...,py; its isomorphism class depends only on p. The
group Pic(X,) is isomorphic to Z", with an isomorphism depending only on p;
we fix such an isomorphism, and the corresponding isomorphism between Wx and
Wi,

If p is contained in the domain of definition of v and ~(p) = p for all  in T,
then there exists a subgroup I C Aut(X,) such that the action of I'' on Pic(X})
and the identification W, ~ Wx,_ provide an isomorphism I — T'. In other words,
points p € P2 which are fixed by the group I' correspond to rational surfaces on
which I' is represented by a subgroup of Aut(Xp).
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AUTOMORPHISMS AND COBLE SURFACES 867

Thus, our Main Theorem classifies periodic orbits of the group W, for n > 9,
i.e. for infinite Coxeter groups W,. This provides a dynamical interpretation of
the Main Theorem in terms of birational actions of Coxeter groups.

Remark 1.2. There are other nice examples of algebraic dynamical systems for
which periodic orbits are related to the construction of interesting geometric objects.
One of them is given by Thurston’s pull-back map. If F': §? — S? is a (topolog-
ical) orientation-preserving branched covering map of the sphere S? with a finite
post-critical set? Pr of cardinality n, one can ask whether F' is equivalent to a
holomorphic endomorphism f of the Riemann sphere P*(C), in the sense that
F=g¢ofoy,
where ¢ and v are homeomorphisms which are isotopic relative to Pr. The map
or defined by Thurston acts on the Teichmiiller space of S? with n marked points;
fixed points of o correspond to holomorphic structures on the sphere for which F'
is realized by an endomorphism f. This situation is similar to the one studied here,
with o in place of W,, and the Teichmiiller space replacing P%. We refer to [22]
for a precise description of Thurston’s construction.

Another similar situation, with the mapping class group of a surface ¥ (in place
of W,,) acting on the character variety of the fundamental group m (%) (in place
of P2) is related to hyperbolic structures on three-dimensional manifolds, and to
algebraic solutions of Painlevé’s sixth equation (see [7] and the references therein).

2. HALPHEN SURFACES

In this section, we describe Halphen surfaces, Halphen pencils of genus 1 curves,
and their associated point sets. We then show that unnodal Halphen point sets are
Cremona special. Most results in this section are known to experts, but may be
hard to find in the literature, and will be used in the following sections.

We assume some familiarity with the theory of elliptic fibrations over fields of
arbitrary characteristic and refer to [12], Chapter V, for this topic.

2.1. Halphen surfaces of index m. By definition, a (—n)-curve on a smooth
projective surface X is a smooth rational curve with self-intersection —n. The genus
formula shows the following.

Lemma 2.1. Let X be a smooth projective surface. Let n andl be positive integers.
(1) Assume —Kx is nef. If E is a (—n)-curve, then n = 1, orn = 2 and
E-Kx=0.
(2) Assume that the linear system | —IK x| contains a reduced, irreducible curve
C with C?> < 0. If E is a (—n)-curve, thenn=1, orn=2 and E-C =0,
or E=C.

A smooth rational projective surface X is a Halphen surface if there exists an
integer m > 0 such that the linear system | — mK x| is of dimension 1, has no fixed
component, and has no base point. The index of a Halphen surface is the smallest
possible value for such a positive integer m.

Let X be a Halphen surface of index m. Then K% = 0 and, by the genus formula,
the linear system | — mK x| defines a genus 1 fibration f : X — P!, which is elliptic

2The post-critical set is the union of the images of the set of critical points of f under positive
iterations of f.
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868 SERGE CANTAT AND IGOR DOLGACHEV

or quasi-elliptic if char(K) = 2 or 3. This fibration is relatively minimal in the
sense that there is no (—1)-curve contained in a fiber.

Proposition 2.2. Let X be a smooth projective rational surface. Let m be a positive
integer. The following four properties are equivalent:

(i) X is a Halphen surface of index m;

(ii) | — Kx| is nef and contains a curve Fy such that O, (Fy) is of order m in
Pic(Fp);

(iii) there exists a relatively minimal elliptic or quasi-elliptic fibration f: X —
P'; it has no multiple fibers when m = 1 and a unique multiple fiber, of
multiplicity m, when m > 1;

(iv) there exists an irreducible pencil of curves of degree 3m with 9 base points
of multiplicity m in P2, such that X is the blowup of the 9 base points and
| — mKx| is the proper transform of this pencil (the base point set may
contain infinitely near points).

In the proof of (iii)=-(iv) below, the classification of minimal rational surfaces
is used. Recall that a minimal rational surface is isomorphic to P? or to one of
the Segre-Hirzebruch surfaces F,, = P(O @& (’)(—n))E withn > 0 and n # 1. If
n = 0, the surface is isomorphic to P! x P! and, if n = 1, the surface is not minimal
since it is isomorphic to the blowup of P? at one point. For all n > 1 there is a
unique irreducible curve on F,, with negative self-intersection (equal to —n). It
is defined by a section of the P!-bundle F,, — P! corresponding to the surjection
O ® O(—n) = O(—n) ([26], §V.2).

Proof of Proposition 22 Under assumption (i), the Riemann-Roch formula on a
rational surface and Serre’s Duality,

h(D) +h*(Kx — D) = h*(D) + 3D - (D — Kx) +1
and K% = 0 imply that h°(—Kx) > 0. Let Fy be an element of the linear system
| — Kx|.
We now prove (i)<(ii). The exact sequence
(2) 0—>Ox—>OX(7’LFQ)—>OFO(’rLF0)—>0
together with h'(X,Ox) = 0, because X is rational, show that
h(Ox (nFy)) = 1+ h°(OR, (nky)).

Since Fp is a nef divisor and F = 0, the restriction of Ox (nFp) to each irreducible
component of Fy is an invertible sheaf of degree zero. The curve Fj is of arithmetic
genus 1, so we can apply the Riemann-Roch Theorem on Fy (see [33], Lecture 11)
to conclude that h%(Op,(nFp)) > 0 if and only if O, (nFy) = Op, if and only if
hO(OFO(nFo)) =1.

This shows that the index m can be characterized by the property

m =min{n : h°(Ox(—nKx)) = 2} = min{n : h°(Op,(nFy)) > 0},

and the equivalence (i)« (ii) follows from this characterization.

(i)= (iii) The pencil | —mK x| defines a morphism f : X — P! with general fiber
of arithmetic genus 1. The generic fiber X, is an irreducible curve of arithmetic
genus 1 over the field K(n) of rational functions on the curve P!. Since X is smooth,

3Here we adopt Grothendieck’s definition of the projective bundle associated to a locally free
sheaf.

Licensed to Univ of Michigan. Prepared on Fri Jul 509:45:30 EDT 2013 for download from IP 68.40.185.65/141.213.236.110.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



AUTOMORPHISMS AND COBLE SURFACES 869

X, is a regular curve over K(n). It is known that it is smooth if char(K) # 2,3,
so that in this case f is an elliptic fibration (see [12], Proposition 5.5.1). If it is
not smooth, then a general fiber of f is an irreducible cuspidal curve, so that f
is a quasi-elliptic fibration. As explained above (just before Proposition 22) the
fibration f is relatively minimal.

Since X is a rational nonminimal surface, there exists a (—1)-curve E on X
satisfying ' - Kx = —1. This shows that Kx is a primitive divisor class, i.e. Kx
is not a multiple of any other divisor class. If m = 1, this implies that there are
no multiple fibers. If m > 1, this implies that the multiplicity n of any multiple
fiber nD divides m. Since |mFp| is a multiple fiber of multiplicity m, the class of
the divisor *Fy — D is a torsion element in the Picard group of X. Since X is a
rational surface, this class must be trivial, and we conclude that f has a unique
multiple fiber, namely mFy.

(ili)=-(iv) Since the fibration f is relatively minimal, the canonical class is pro-
portional to the class of the fibers of f (see [I], §V.12); in particular, K% = 0 and
—Kx is nef.

Let m : X — Y be a birational morphism to a minimal ruled surface. Suppose
that Y is not isomorphic to P?; then Y is isomorphic to a surface F,,, n # 1. Let
Ey be the section of Y with E2 = —n and let E be its proper transform on X.
We have E? < —n and E? = —n if and only if 7 is an isomorphism in an open
neighborhood of Ey. Since —Kx is nef, Lemma 2] shows that n = 0 or n = 2.
Assume n = 2. Then 7 is an isomorphism over Fjp; hence it factors through a
birational morphism 7 : X — X;, where X is the blowup of Fs at a point = ¢ Fj.
Let X; — F; be the blowdown of the fiber of the ruling Fy — P! passing through
x. Then we obtain a birational morphism X — F; — P2. Assume now that n = 0.
The morphism factors through X — X5, where X5 is the blowup of a point y on Fy.
Then we compose X — X, with the birational morphism X, — P? which is given
by the stereographic projection of Fy onto P? from the point y. As a consequence,
changing Y and 7, we can always assume that ¥ = P2,

Since K% = 0, the morphism 7 : X — P? is the blowup of 9 points py, ..., po,
where some of them may be infinitely near. Since —Kx is nef, any smooth rational
curve has self-intersection > —2. This implies that the set of points {p1,...,po}
can be written in the form

1 2 a 1 2 a
(3) M, p?, 1);---;p,(c ),p,(c ),---,p,(c By,

(b+1)
J
the previous point p§-b) forj =1,...,kand b = 1,...,a; — 1. Equivalently, the
exceptional curve

where the pg-l) are points in P?, and p is infinitely near, of the first order, to

Ey =7 (0)")
is a chain of (—2)-curves of length (a; — 1) with one more (—1)-curve at the end of
the chain.
The formula for the canonical class of the blowup of a nonsingular surface at a
closed point shows that

(4) Kx =-3eg+e1+ -+ ey,

where ey = ¢1(7*(Op2(1)) and e; is the divisor class of E;, j = 1,...,9. This
implies that
| — mKx| =|3meyg —m(e; + -+ e9)l;
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870 SERGE CANTAT AND IGOR DOLGACHEV

hence the image of the pencil | — mK x| in the plane is the linear system of curves
of degree 3m with singular points of multiplicity m at pgl), 1<j<k.

(iv)= (i) Let X be the blowup of the base points of the pencil. The proper
transform of the pencil on X is the linear system |3meg — m(e1 + -+ + eg)|. The
formula for the canonical class on X shows that this system is equal to | — mKx|.
Since the pencil is irreducible, | — mKx| is a pencil with no fixed component and
no base point, so X is a Halphen surface. O

Remark 2.3. The proof of the proposition shows that the multiplicity m of the
multiple fiber mF, of the genus one fibration is equal to the order of O, (Fp) in
Pic(Fp). This property characterizes nonwild fibers of elliptic fibrations (see [12],
Proposition 5.1.5). It is a consequence of the vanishing of H'(X,Ox). It always
holds if the multiplicity is prime to the characteristic.

2.2. Halphen pencils of index m. The following lemma is well known and its
proof is left to the reader.

Lemma 2.4. Let ¢ : 8" — S be the blowup of a point x on a smooth projective
surface S and let C' be the proper transform of a curve passing through x with
multiplicity 1. Then Oc:(C' + E) = (¢;c/)*Oc(C), where E = ¢~ *(x) is the
exceptional divisor.

In the plane P2, an irreducible pencil of elliptic curves of degree 3m with 9 base
points of multiplicity m is called a Halphen pencil of index m. If Cj is a cubic
curve through the base points, then Cj is the image of a curve Fy € | — Kx/|; such
a curve is unique if m > 1 and moves in the pencil if m = 1.

The classification of fibers of genus 1 fibrations shows that O, (Fy) % Op,
implies that Fy is a reduced divisor of type I, in Kodaira’s notation, unless char(K)
divides m (see [12], Proposition 5.1.8). We further assume that Fjy is irreducible
if m > 1; this will be enough for our applications. Thus Fj is a smooth or nodal
curve, unless the characteristic of K divided m in which case it could be a cuspidal
curve. Under this assumptionE ‘ghe restriction of 7 to Fy is an isomorphism Fj = Cy;
J

in particular, no base point p;”’ is a singular point of Cj.

In the notation of Equation (B]), consider the divisor class in Pic(Cy) given by

A
where b is the intersection of Cy with a line in the plane. Since O¢,(Co) =2 O¢, (3h),
Lemma 2.4 gives

Or, (Fo) = Or,(3e0 — €1 — -+ — e9) = (7R, )" (O, (2)).

This implies that Op, (Fp) is of order m in Pic(Fp) if and only if 9 is of order m
in Pic(Cp). If we choose the group law @ on the set ng,& of regular points of Cj
with a nonsingular inflection point o as the zero point, then the latter condition is
equivalent to

(5) a1p§1) D---D ak:pg) = €m,
where €, is a point of order m in the group (C’gfﬁ, D).

This provides a way to construct Halphen pencils and the corresponding Halphen
surfaces (under our assumptions that Fy is irreducible). Start with an irreducible

plane cubic Cy, and choose k points pgl), cee p,(cl) in Cg‘7£ satisfying Equation () with
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a; + -+ ax = 9. Then blow up the points pgl), . ,p,(;) together with infinitely

near points p(i),i = 2,...,a;, to arrive at a rational surface 7 : X — P2. Then

J
— Kx| = |Fp|, where Fy is the proper transform of Cy. Since the p(-l) satisfy
1

Equation [{), Op, (Fo) = (7|, )*Ocy(€m) is of order m in Pic(Fp). Since Fp is
irreducible, | — mK x| = |mFy| is nef. Consequently, Proposition shows that X
is a Halphen surface.

2.3. Unnodal Halphen surfaces. By Lemma 2.1} Halphen surfaces contain no
(—n)-curves with n > 3. Recall that a Halphen surface is unnodal if it has no
(—2)-curves. Since a (—2)-curve R satisfies R - Kx = 0, it must be an irreducible
component of a fiber of the genus 1 fibration f : X — P'. Conversely, all reducible
fibers of f contain (—2)-curves, because f is a relatively minimal elliptic fibration.
Thus X is unnodal if and only if all members of the pencil | —mK x| are irreducible.
In this case all the curves E; are (—1)-curves; in particular, there are no infinitely
near points in the Halphen set. Also, in this case, the morphism f : X — P! is
an elliptic fibration because any quasi-elliptic fibration on a rational surface has
a reducible fiber whose irreducible components are (—2)-curves (this follows easily
from [12], Proposition 5.1.6; see the proof of Theorem 5.6.3). The fibers of f are
irreducible curves of arithmetic genus 1. This shows that a Halphen surface is
unnodal if and only if it arises from a Halphen pencil with irreducible members.

Proposition 2.5. Let X be a Halphen surface of index m. Then X is unnodal if
and only if the following conditions are satisfied.

(i) There is no infinitely near point in the Halphen set P = {p1,...,po};
(ii) the divisor classes

—de+6i—€j,i7éj, 0§2d§m,
—dKx £(eg—ei—ej—ex), i<j<k, 0<2(3d+1)<3m,

are not effective.

Remark 2.6. Since Kx = —3eg+ Y e;, the two types of divisor classes in condition
(ii) are equal to

3d60—d(61+"'+€9)+€i—€j, 175],
3deg —d(er +---+e9) £ (eg—e; —e; —ey), 1 <j<k.

Example 2.7. When m = 1, the inequalities 2d < m and 2(3d = 1) < 3m lead to
d = 0 and the conditions are respectively redundant with (i), or exclude triples of
collinear points in the set {p1,...,p9}.

When m = 2, the inequality 2d < m reads d = 0 or 1, and we have to exclude
a cubic through 8 points with a double point at one of them. The inequality
2(3d+1) < 3m gives rise to curves of degree 1 (for d = 0) and degree 2 (for d = 1).
We have to exclude triples of collinear points and sets of six points on a conic.

Proof of Proposition [Z5l Suppose the conditions are satisfied. Since no class e; —e;
is effective, the exceptional curves E; are (—1)-curves. Thus the morphism 7 : X —
P2 is the blowup of 9 points, none of which is infinitely near another. This implies
that 7 does not contract any component of a member of | — mKx|. Let R be a
(—2)-curve on X. It must be an irreducible component of a member of | — mKx|;
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hence R = 7(R) is an irreducible component of a curve of degree 3m. Taking a
complementary component, we may assume that

(6) 2deg(R) < 3m.
The divisor class r = [R] belongs to K+ and satisfies 2 = —2. Since (r + dKx)? =
—2, we can change r into ' = r+dK x in such a way that r’ = d'eg—kfe; — - —kgeg
with |d'| < 1. All such vectors r’ can be listed:
(7) r'=e—ej, i#j, or r'=2x(e—ei—e;j—e) i<j<k.
Thus

r = —dKx+e —ej, or

r = —dKx*(eg—e—e;j—ep), i<j<k.

Since degR = 7 -e9 > 0 and —Kx - ¢g = 3, the curve R is of degree 3d in the
first case, and of degree 3d + 1 in the second case. Thus, inequality (@) shows that
2d < m (resp. 2(3d + 1) < 3m). From (ii), we deduce that R and R do not exist,
and that X is general.

Conversely, if one of these divisor classes is effective, then X contains a (—2)-
curve. This proves the proposition. O

Remark 2.8. Let f : X — P! be a Halphen elliptic surface of index m > 1. The
generic fiber X, is a genus one curve over the field K(n) which has no rational
point over this field. The Jacobian variety Jac(X,) of X, (equal to the connected
component of the identity of the Picard scheme of X, over n) is an abelian variety
of dimension 1 over K(n). Applying the theory of relative minimal models one
can construct an elliptic surface j : J — P! with generic fibers .J,, isomorphic to
Jac(X,,). It is called the Jacobian elliptic surface of X — P!. In our case, this
elliptic surface is a Halphen surface of index 1. The curve X, is a torsor over
Jy. Its class in the group of isomorphism classes of torsors over J, is uniquely
determined by a choice of a closed point y € P! and an element o of order m in
Pic(Jy). The fiber X, = mF, is the unique multiple fiber of f, the curves F}, and
J,, can be canonically identified and the isomorphism class of OF, (Fy) coincides
with «. Since Halphen surfaces of index 1 are parameterized by an open subset
of the Grassmannian G(2,10) of pencils of plane cubic curves, their moduli space
is an irreducible variety of dimension 8. The construction of the Jacobian surface
shows that the moduli space of Halphen surfaces of index m > 1 is a fibration over
the moduli space of Halphen surfaces of index 1 with one-dimensional fibers. It is
expected to be an irreducible variety of dimension 9.

Remark 2.9. Tt follows from Proposition that unnodal Halphen sets of given
index form a proper Zariski open subset in the set of all Halphen sets of this index.
So, one can say that unnodal Halphen sets or the corresponding Halphen surfaces
are general in the sense of moduli.

2.4. Automorphisms of a Halphen surface. We now discuss a result of Coble
(see a modern proof in [23]) which describes the automorphism group of an unnodal
Halphen surface X and its image in the group Wx.

Let X be a Halphen surface of index m. Since the group Aut(X) preserves the
canonical class K, it preserves the linear system | —mK x| and permutes the fibers
of the Halphen fibration f : X — P!. As explained in the Introduction, see Section
L3 we identify Pic(X) with Z% and W with the Coxeter group Wy. The lattice
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Eg & K5 is isomorphic to the root lattice of affine type Es; the radical of Eg is
generated by the vector kg and the lattice Eg = Eg/Zkg is isomorphic to the root
lattice of finite type Eg. Consequently, the Weyl group Wy is isomorphic to the
affine Weyl group of type Eg and fits in the extension

(8) 0— Eg — Wy — Wy — 1,
where ¢ : Eg — Wy is defined by the formula
(9) Hw)(v) = v+ (v, ko)w — ((w,v) + 3 (v, ko) (w, w))ko,

and Wy is a finite group of order 27 -3 .5 - 1A

The following theorem shows that the size of Aut(X) depends on the existence
of reducible fibers for f (see [23] for a more precise statement). We identify the
lattice [Eg with K%/ZKX and the map ¢ with the homomorphism K)Jg JLZKx — Wx
defined by «(D)(A) = A— (A-D)Kx.

Theorem 2.10. Let X be a Halphen surface of index m. If X is unnodal, then
Aut(X)* contains a subgroup G whose image in Wy is equal to t(mEg) C «(Es); in
particular, an unnodal Halphen set is Cremona special. If X is not unnodal, then
the index of Aut(X)* in Wx is infinite, and thus X is not Cremona special.

Proof. Let f : X — P! be the elliptic fibration defined by | — mKx| and X, be
its generic fiber. Assume X is unnodal. Then X, is a smooth elliptic curve over
the field K(n) of rational functions on P! (see the beginning of Section 2.3)). The
closure in X of a closed point ¢ € X, of degree d(¢) = [K(¢) : K(n)] is an irreducible
curve ¢ such that the restriction of 7 to the curve is a finite cover of degree d(().
Conversely, any irreducible curve C of relative degree d (a d-multi-section) intersects
X, at a closed point of degree d. In the case of an unnodal Halphen surface, any
exceptional curve F; is of relative degree m and the degree of any closed point on
Xy, is a multiple of m. In particular, X, has a structure of an abelian variety only
ifm=1.

Let J, = Picg(n /n be the Jacobian variety of X,. Now it is an abelian curve
which acts on X, = Pic}XU /n by translations. In particular, Jy(n) acts by 7-
automorphisms on X,,. Explicitly, the action is defined by the formula

(10) to(x) =2 ~xz+a, acJ,(n),

where z is a closed point of X, over the algebraic closure of K(n). Since a is defined
over K(n), this guarantees that the action is defined over 7.

It follows from the theory of relative minimal models that the action of J,(n) on
X, extends to a biregular action of X/ P'. Thus we obtain an injective morphism

Jn(n) = Aut(X).

By taking the closure of a divisor on X,,, we have a natural surjective restriction
homomorphism
tr: Ky — Jy(n).

Its kernel is equal to the subgroup Picgy,(X) of Pic(X) generated by irreducible
components of fibers. If X is unnodal, Pica,(X) = ZK x; hence J, (n) = Z®. This
proves that Aut(X) contains a subgroup isomorphic to Z8.

It remains to find out how this abelian group J, (1) acts on Pic(X). Any effective
divisor D on X is a sum of irreducible components of fibers and the rest, which

41t is an exercise to check that ¢(w + w') = t(w) o t(w’).
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we call the horizontal part. The restriction of the fibration f : X — P! to the
horizontal part is a finite cover of degree equal to

deg;(D) = —mD - Kx.

We say that an effective divisor is separable if its horizontal part is a separable
cover of P!, If char(K) does not divide m, any effective divisor is separable.

For any divisor class D on X let tr(D) be its scheme-theoretical intersection with
the generic fiberX,. If D is separable and irreducible, then tr(D) is a closed point
of X,, which is equal to the sum of deg f(D) closed points over the algebraic closure
of K(n). Thus t4(tr(D)) = tr(D) + deg;(D)a. Let A be an element of Ky such
that tr(A) = a. Then

ta(D) ~D —m(D-Kx)A mod Picgp(X).
At this point, we assume that X is unnodal, so that
ta(D) ~D—m(D-Kx)A+ \Kx

for some integer A. Intersecting both sides with D and D’ = t,(D), and using that
D? = D'?, we obtain A = Z1(D - A+ D' - A). Intersecting both sides with A4, we
obtain D'- A= D-A—m(K - D)A% Combining the two formulas, we get

2

m

(1) ta(D)~ D= m(D - Kx)A+ (D A) = (D Kx) 42| Kx

(cf. [23], Proposition 9, where the sign in front of m? must be changed). This
should be compared with formula (@). Since Pic(X) is generated by separable
effective divisors (e.g. by the divisor classes e, ..., eg), this determines the action
of J,(n) on Pic(X). Restricting to K5, we obtain

ta(D) ~ D +m(D - A)Kx.

So, the image of K% /ZKx in Aut(X) acts on K5 as the subgroup +(mKx) of Wy.
This proves the first assertion of the proposition.

Assume now that X is not unnodal. The set of (—2)-curves on X is not empty
and coincides with the set of irreducible components of reducible fibers of f. The
group Aut(X) permutes the elements of this finite set. Thus, a finite index subgroup
of Aut(X) fixes all the divisor classes of these (—2)-curves. The subgroup of all
elements of Eg C Wy that fix such a class has infinite index in Eg; more precisely,
the rank of this free abelian group is at most 8 — k, where k is the dimension of the
subspace which is spanned by classes of (—2)-curves. This implies that Aut(X) has
infinite index in Wy, and therefore that X is not Cremona special. O

Remark 2.11. Consider the variety I-El/p(m)gen C (P?)? of ordered unnodal Halphen
sets (p1,...,p9). It follows from the Hilbert-Mumford numerical criterion of sta-

bility that the GIT quotient I-/Igl/pgen //SL(3) exists and parameterizes the orbits
of unnodal Halphen ordered sets of index m. The group Wy acts on this space
regularly by means of the Coble action (see [20]). Since two Halphen surfaces are
isomorphic if and only if the corresponding Halphen sets are projectively equivalent,
we obtain that the subgroup mlEg acts trivially on this variety; hence the quotient
group G = Wy /Eg = (Es/mlEg) x Wy acts on the orbit space.

Since all automorphisms of a Halphen surface preserve the elliptic pencil, we have
a natural homomorphism p : Aut(X) — Aut(P!) whose image is a finite subgroup
preserving the set of points corresponding to singular nonmultiple fibers. If m > 1,
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it must also fix the multiple fiber, so the group is a cyclic group which has orbits
of cardinality < 12. The kernel of p is a subgroup of Aut(X,) which is a finite
extension of J, by a cyclic group of order dividing 24 (6 if char(K) # 2,3). If
m < 2 the group of order 2 is always present. It corresponds to the automorphism
x +— —x of the generic fiber if m = 1 and the double cover X, — ]P’}] given by
a 2-section if m = 2. For X general enough, we have Aut(X) = Z8 x (Z/27Z) if
m < 2 and Aut(X) = Z® otherwise. The image of the generator of (Z/2Z) in
Aut(X)* is equal to an element of Wy which is mapped to the center of the group
Wg = Wg/L(ES).

3. COBLE SURFACES

The construction of Cremona special point sets with 10 points is due to Coble
(see [9], [10]). A Coble surface is a rational smooth surface X such that the linear

system | — Kx| is empty, but | — 2K x| is not. The classification of such surfaces
can be found in [2I]. In what follows, we only need the special case, where we
additionally assume that K% = —1 and | — 2K x| consists of an irreducible curve

C. So, in this paper, a Coble surface is always assumed to be such a surface. A
Coble set is a point set P such that the blowup of P is a Coble surface.

In this section, we study Coble surfaces and show that unnodal Coble surfaces
are Cremona special. We provide a proof, which works in any characteristic. Most
arguments and constructions of this section are used in Section Bl where we prove
the Main Theorem.

3.1. From Coble to Halphen surfaces. Let X be a Coble surface, and C' be an
irreducible curve in the linear system | — 2K x|. By definition, the arithmetic genus
pa(C) satisfies

1
pa(C)=1—|—§(C2+C-KX) =14+ K% =0.
Thus C is a smooth rational curve with self-intersection C? = 4K% = —4.

Proposition 3.1. Let X be a Coble surface and 7g : X — 'Y be the blowdown of
a (—1)-curve E. Then

e Y is a Halphen surface of index 2;
e C is the proper transform of the fiber F' containing yo = 7g(E);
o the fiber F is irreducible, and yo is its unique singular point.

Conversely, the blowup of a singular point of an irreducible nonmultiple fiber of a
Halphen surface of index 2 is a Coble surface.

Proof. Since K% = —1, we get K& = 0. Let yo be the image of E by mg. Let F'
be the image of C; since C' is irreducible, so is F. Since C'- F = —2Kx - E = 2,
the curve F is singular at yo. From 75(F) = C + 2E, we deduce that F' is an
irreducible curve in the linear system | — 2Ky |; in particular, F? = 0 and —Ky is
nef.

By Riemann-Roch, h%(—Ky) > 0. If h°(=Ky) > 1, we can find a curve G from
| — Ky| passing through yo, and thus 7*(G) — F is effective and | — Kx| # 0,
contradicting the definition of a Coble surface. Thus h’(—Ky) = 1 and the unique
effective divisor Fy in | — Ky | does not pass through yo. This implies that | — 2Ky|
contains two linearly independent divisors, namely 2F, and F; hence h®(—2Ky) >
2. Since K2 = 0, 2F and F are disjoint, and the linear system | — 2Ky | has no
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fixed components; since it contains the reduced and irreducible curve F', this pencil
is irreducible. Thus Y is a Halphen surface of index 2.

Conversely, let X be obtained from a Halphen surface Y of index 2 as indicated
in the assertion of the proposition. Since the irreducible fiber F' belongs to | — 2Ky |
and its singular point is blown up, the linear system | — 2K x| is not empty and
contains the proper transform of F', which is a smooth rational curve. Moreover,
| — Kx| is empty because | — Ky | consists of the unique multiple fiber Fj of Y and
Fy does not pass through the point which we blow up. So, X is a Coble surface. [

Let 7 : X — P? be the composition of 7 : X — Y and the blow-down morphism
7' 1 Y — P? which is described in Proposition 22l The image F of C in Y belongs to
| -2Ky| = |6eo—2(e1+- - -+e9)|; hence its image in the plane is an irreducible plane
curve of degree 6 with 10 singular points p1,...,p19, maybe with some infinitely
near points. This set {p1,...,p10} is a Coble set of 10 points. It contains a Halphen
set of index 2; the remaining tenth point corresponds to the singular point of F.
Conversely, starting from a set of 10 singular points pi,...,p1o of an irreducible
curve of degree 6, we choose a point p; such that no other point is infinitely near
it. The remaining set of 9 points is a Halphen point set of index 2.

3.2. Unnodal Coble surfaces. By Lemma [2.1] a Coble surface X has no (—n)-
curves with n > 3 except the unique curve in | — 2K x| (with self-intersection —4).
If X is unnodal and g : X — Y is the blow-down map of a (—1)-curve E, then
Y is an unnodal Halphen surface of index 2. Otherwise the pre-image, in X, of a
component of a reducible fiber would define a (—2)-curve or a (—3) curve if 7g(E)
is a singular point of a reducible fiber of the elliptic pencil on Y. However, the
converse is not generally true; one needs to impose more conditions on the point
set to ensure that X is unnodal.

Theorem 3.2. A Coble surface is unnodal if and only if it is obtained from a Coble
set {p1,...,p10} satisfying the following 496 conditions:

(i) no points among the ten points are infinitely near;
) no three points are collinear;
(iii) no siz points lie on a conic;
) no plane cubic passes through 8 points with one of them being a singular
point of the cubic;
(v) no plane quartic curve passes through the 10 points with one of them being
a triple point.

This result is due to A. Coble [9], (10). A modern proof was sketched in [I1],
Remark 4.7. We supply the full details here.

Proof of Theorem B2l Tt is known (and is easy to check) that the lattice E1g & Ky
is a unimodular even lattice of signature (1,9), hence isomorphic to the orthogo-
nal sum Eg | H, where H is the hyperbolic plane defined by the matrix (9 (1) .
Explicitly, the Eg-part is generated by the vectors «;,© = 0,...,7. The sublattice
generated by Eg and ag is isomorphic to Eg. The radical of this copy of Eg and
the vector a9 generate the H-part. Suppose conditions (i)-(v) are satisfied. Since
there are no infinitely near points, X is obtained from P? by blowing up 10 distinct
points p;. We denote by E; the corresponding 10 exceptional divisors, and denote

by (eo,e1,...,e10) the geometric basis of Pic(X) (see Section [L3)).
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Let
fi:360—(61+"'+610)+€i, 1=1,...,10.
We have f;- f; =1—0;;. Let Y; be the Halphen surface of index 2 obtained from X
by blowing down the curve F;. Then f; is the divisor class of the proper transform
of the half-fiber of the elliptic fibration on Y;. By Proposition 2.5 the first four
conditions guarantee that the Halphen surfaces Y; are unnodal. The pencil |2f;] is
equal to the pre-image of the elliptic pencil on Y;; it contains only one reducible
fiber, namely C' + 2F;.
We have
fi+t 4 fio=30eg —9(e1 + -+ + e10) = 34,
with
A =10e) —3(e; +---+e19) = —3Kx +ey, A?=10, A-Kyxy=0.

The linear system |A] is the proper transform of the linear system of plane curves
of degree 10 passing through the points p; with multiplicities > 3. By counting
constants, or applying Riemann-Roch, dim |A| > 5. Since the divisor classes f; are
represented by irreducible curves, the divisor class A is nef and big. An irreducible
curve R on X with R- A = 0 satisfies R- f; = 0, for all i = 1,...,10, hence must
coincide with the curve C. Thus |A| defines a morphism

¢: X — plimlal

that contracts C' onto a point z.
Consider the restriction of the linear system |A| to a general member F; of |2f;].
It is a linear series of degree 6. Since

A—FiNA—QfZ‘:460—(61—|—"'—|—610)—26i,

by condition (v), this divisor class cannot be effective. This shows that the restric-
tion of ¢ to Fj; is given by a complete linear system of degree 6. Thus, ¢|r, is an
isomorphism onto a normal elliptic curve of degree 6 spanning P4™ 2! dim Al =5
and ¢ is a birational isomorphism onto a surface of degree 10. This surface has a
quotient singularity of type §(1,1) at z = ¢(C) .

The remaining arguments follow the proof of Theorem 4.4 from [I1], almost
verbatim. Let R be a (—2)-curve and mgey — mye; — - -+ — mype1p be its divisor
class. We have mg = R-eg > 0 and m; = R- E; > 0. Since A = —3Kx + eg, we
have A - R = eg - R = mg. Suppose first that mg < 4. Then listing all solutions of
the diophantine equations

3mg = mq+---+mo,
mi+2 = mi+--+mi
with mg < 4, we find that R is contained in an exceptional curve coming from
an infinitely near point, or is equal to the proper transform of one of the curves
corresponding to conditions (i¢) to (v), or belongs to the class 4eg— (e1+- - -+e19) —
e; —ej — ey + es with four distinct indices 4, j, &k, s. All cases except the last one are
prohibited by the assumptions of the theorem. In the last case, the curve R does
not intersect the exceptional curve Fg; hence R is coming from a (—2)-curve on
the Halphen surface Y obtained by blowing down E;. It follows from Proposition
that in this case there exists a conic passing through the six points p, with
a # 1,4, k,s. This is prohibited by condition (iii). Thus, there is no (—2)-curve R
with mo < 4.
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So, assume now that mgy > 4 for any (—2)-curve R. Repeating the argument of
the proof of Theorem 4.4 from [I1], R - w(A) > 4 for all w € Wx. Taking w to be
the reflection with respect to R, we obtain R-w(A) =w(R)-A=—-R-A<0,a
contradiction. O

Remark 3.3. Theorem [3.2]shows that unnodal Coble sets form a Zariski open subset
in the set of all Coble sets. In particular, an unnodal Coble surface is a general
Coble surface in the sense of moduli.

3.3. Effective divisors on unnodal Coble and Halphen surfaces. Recall that
an element of E,, of norm —2 is called a root. The lattice is spanned by (simple)
roots «; (cf. Section [[2)). A real root is a root which belongs to the W,,-orbit
of one (or any) of these simple roots. It is known that all roots are real if and
only if n < 10 (see, for example, [20], Remark 5, p. 79). Let X be a rational
surface obtained by blowing up a point set P with |P| = n. Using an isomorphism
E, — Ky defined by a choice of a geometric basis on X, we can transfer these
definitions to elements of the lattice Kx; since Wx acts transitively on the set of
geometric bases, the definitions do not depend on the choice of a geometric basis.

We say that a root o in K5 is effective if it can be represented by the divisor
class of an effective divisor. Clearly, the divisor class of a (—2)-curve is an example
of an effective root.

Later on we shall use the following result due to M. Nagata [35] which applies
to Coble and Halphen surfaces. For the sake of completeness, we include a proof.

Lemma 3.4. Let X — P2 be the blowup of n > 9 points such that | — mKx|
contains an irreducible curve for some m > 0. Suppose that X has no (—2)-curves.
Then,

(0) for any effective divisor D and any w € Wy, the class w([D)) is effective;
(i) for any (—1)-curve E and any w € Wx, the linear system |w(E)| consists
of a unique (—1)-curve;
(ii) for any simple root o; and any w € W, the linear system |w(c)| is empty;
(iii) for any primitive isotropic effective divisor class f and any w € Wx, the
divisor class w(f) is a primitive isotropic effective divisor class.

Proof. Let C be an element of | — mKx|. For any irreducible curve Z # C, we
have Z-C = —mZ - Kx > 0. By the adjunction formula, Z2 > —2; since X does
not contain (—2)-curves, all irreducible curves Z # C satisfy Z? > —1. Moreover,
Z% = —1 implies that Z is a (—1)-curve.

Let Z be a curve with Z2 > —1 and let deg — die; — - - - — dne, be its divisor
class. We have Z2 =d? —d? —--- —d2 > —1,and d = [Z] - eg > 0 unless Z is one
of the exceptional curves F;. We claim that, for any w € W,

(12) w([Z])-ep >0, unless w([Z]) =e; for some ¢ > 0.

We use induction on the length {(w) of w as a word in simple reflections. Write
w = s;w’ with [(w") < l(w), where s; is the reflection given by the simple root o
(see §L.3). By induction w'([Z])-eg > 0 or w'([C]) = e; for some j > 0. In the latter
case, s;(e;) is either equal to ey for some index k or to ey — e, — e for some indices
a # b > 0; so the assertion is true in the latter case. In the first case, the claim is
obvious for a; # ag; so we assume a; = ag. Let w'([Z]) = deg — dier — -+ — dpen
with d > 1. Then w([Z]) = w'([Z]) + (w'([Z]) - cwp)cxg implies that w([Z]) - eg =
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2d — dy — dy — d3. Assume it is negative, i.e. 1 <d < (dy + dy + d3)/2. Then

1
—1§d2—d§—~-—di<Z(d1+d2+ds)2—d?—--~—di
3
<@+ A3+ d) —df — - —dy.
This gives
—4 < —d} —d3 —di —4(df — - — d});
hence dy = --- =d,, =0 and dy,ds,d3 < 1. Since 2 < 2d < di + ds + d3 we obtain

w'([Z]) =eg—e1 — e2 — e3 = ap.

This contradicts Z? > —1 and proves the claim.

(0) Let [D] be the class of an irreducible curve, with [D] ¢ Q[C]. For all w € W,
we get w([D])-Kx = [D]-w™'(Kx) = D-Kx = —LD-C < 0; moreover, D? > —1.
By Riemann-Roch, w([D]) or [Kx — w(D)] is effective. Intersecting [Kx — w(D)]
with eg, and using ([I2)), we see that [Kx — w(D)] is not effective; hence w([D]) is
effective.

Now let D be any effective divisor. Write D as a sum of irreducible components

k
D = SC -+ Z bj Zj,
j=1
where s > 0, b; > 0, and Z; is an irreducible curve with [Z;] € Q[C] for all 1 < j <
k. Then all classes w([Z}]) are effective. Since w([D]) = s[C] + 3_; bjw([Z;]), the
class w([D]) is effective.

(i) Let E be a (—1)-curve which we identify with its divisor class. As we saw
above, w(F) is effective. Write an effective representative of w(FE) as a sum of
irreducible components. Since w(E)? = —1 < 0, some of the components must
have negative self-intersection. Thus we can write

(13) w(E) ~sC+a1G1+ -+ + arGi, + Z,

where G, ..., G} are (—1)-curves, Z is a sum of irreducible curves Z; with ZJ2 >0,

and at least one of the coefficients s, a1, ..., ay is positive. Applying w~?

E~sC+ayw Y Gy)+ -+ apw H(Gr) + w(2).

From Property (0), we know that the classes w™!(G;), 1 < i < k, and w}(2)
are effective. Since F is a (—1)-curve, we have |E| = {E}. Also E # C since
E?=FE-Kx = —1but C? =m?K% and C-Kx = —mK?% cannot be both equal to
—1. This implies that s = 0,7 = 0,k = 1 and E = w™(G1); thus |w(E)| = {G1}
and Property (i) is proved.

(ii) A simple root a; = e; —e; 41 is effective if and only if there are infinitely near
points, which is excluded since we know that X has no (—n)-curves with n > 2.
The simple root ag = ey — e; — eo — e3 is effective if and only if the points p1, po,
ps are collinear. The proper transform of the corresponding line is a (—2)-curve;
hence this root is not effective. Suppose w(a;) is effective for some index ¢ > 0 and
some element w in Wx. Write an effective representative as in Equation (I3):

we get

w(a) ~sC+a1G1+ -+ apGp + Z.

Applying w~!, and using the same argument as in (i), we get a contradiction.
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(iii) By (0) we know that f' = w(f) is effective. This class is isotropic because
w preserves the intersection form. It is primitive because otherwise f = w=1(f’) is
not primitive. (Il

3.4. Automorphisms of unnodal Coble surfaces. Here we provide a proof,
valid in any characteristic, of the following theorem which is implicitly contained
in [9] (expressed in terms of projective orbits of point sets; see §L0)); several steps
of the proof are used in Section

Theorem 3.5. Let X be an unnodal Coble surface. Then Aut(X)* contains the
subgroup of Wx which is isomorphic to

Wi(2) :i={w € Wy : w(v) —v € 2E19  for all v € Pic(X)}
under the natural identification of Wx with Whg.

Remark 3.6. The subgroup Wio(2) is obviously normal, and the quotient group
is isomorphic to the finite orthogonal group O%(10,F3) (see [12], Theorem 2.9).
We have to explain the meaning of the notation O1(10,F3). Up to conjugacy,
there are only two types of nondegenerate quadratic forms over F3°. Modulo 2, the
intersection form on K )L( is equivalent to the quadratic form

T1T2 + T3T4 + - - - + T9T10-

In other words, this quadratic form is of even type; the number of its isotropic
vectors (including the null vector) is 24(2° + 1). The notation O (10,F2) is meant
to distinguish this quadratic form from the form of odd type z1x2 + z324 + - +
T7T8 + ToT1p + T3 + 73, which has only 24(25 — 1) isotropic vectors.

To prove Theorem 3.5 we use the notation from the proof of Theorem
Consider the elliptic fibrations |2f1| and |2f3| defined by the first two isotropic
vectors among f1,..., fip. From Proposition Bl each of these elliptic fibrations
comes from a Halphen surface of index 2, and each |f;| is reduced to a unique
element; we denote these curves by Fi € |f1]| and F» € |fa|. Let |D| = |2F + 2F3|.

Lemma 3.7. The linear system |D| = |2F, + 2F5| has no base points and defines
a morphism ¢ : S — P4,

Remark 3.8. The proof of this lemma does not use the fact that —2Kx is effective;
it depends only on the intersection properties of fi, fo and Kx, and the fact that
|fi| = {F;} for some irreducible curve. This will be used in Section 53] (see Lemma

B1).
Proof. Consider the following three exact sequences:
(14) O—}Ox(Fl)—)Ox(F1+F2)—)OF1(F1+F2)—>O,
0— OX(F1 + FQ) — OX(2F1 + FQ) — OFl (2F1 + FQ) — 0,
0— Ox(Fl + 2F2) — Ox(2F1 + 2F2) — OF1 (2F1 + 2F2) — 0.
Since deg Op, (F; + F») = 1 and p,(Fy) = 1, we get h°(Op, (Fy + Fy)) = 1;
similarly, h°(OF, (F»)) = 1.
Since h°(Ox (Fy)) = 1, the Riemman-Roch formula implies that h'(Ox (Fy)) =
0. Thus the first exact sequence shows that h%(Ox (Fi+Fy)) = 2, and, by Riemann-

Roch, h' (Ox (Fi1+Fz)) = 0. Since deg O, (2Fy+Fz) = 1, the second exact sequence
gives h®(Ox (2F; + F»)) = 3. By Riemann-Roch, h'(Ox (2F; + Fy)) = 0. Since
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deg Op, (2Fy + 2F,) = 2, the third exact sequence gives h%(Ox (2F; + 2F)) = 5;
hence dim |D| = 4.

Since Fy and F; are irreducible and h°(Ox (2F; +2F)) > h?(Ox (F; +2F})), we
obtain that |D| has no fixed components. Let us now assume that |D| has a base
point. Such a point must lie on F; or F5 and, without loss of generality, we may
assume that it lies on F3. The third exact sequence shows that the restriction map

H°(Ox(2F, + 2F)) — H°(Op, (2F, + 2F,))

is a surjective morphism onto a complete linear system of degree 2 on Fy. Thus |D|
has no base point on Fp, and |D| has no base point at all. ]

Lemma 3.9. The image of ¢: X — P* is a surface S of degree 4.

Proof. Since the map is given by the complete linear system | D|, its image spans P*
and its degree divides D? = 8. So, there are only two possibilities: ¢ is 1-to-1 and
its image has degree 8, and ¢ is 2-to-1 and its image has degree 4; its image cannot
have degree < 2 because every quadric surface of P* is contained in a hyperplane.

We know that |F} + F5| is an irreducible pencil. Let P be its general member. It
is an irreducible curve of arithmetic genus 2. Let wp be its canonical sheaf. Since
OF,(C) = Op,(—2Kx) = Op,, the adjunction formula gives

W% = Op(2F) +2F; + 2K x) = Op(2F; + 2F).
The exact sequence
(15) 0—>Ox(F1+F2)—>Ox(2F1—|—2F2) —)Op(2F1—|—2F2) — 0

shows that |D| cuts out on P the bicanonical linear system; hence the map ¢p is
of degree 2 onto a plane conic. In particular, the degree of ¢ : X — ¢(X) cannot
be equal to 1; hence it is of degree 2 onto a quartic surface S in P4, |

Recall that an anticanonical del Pezzo surface S of degree d > 3 is a surface
of degree d in P? whose minimal resolution is isomorphic to the blowup V of 9 — d
points in P? (maybe infinitely near) with —Ky nef and big. Each such surface S
is obtained as the image of V' by the map given by the linear system | — Ky/|. An
anticanonical del Pezzo surface may have singularities (when —Ky is not ample).
They are Du Val singularities (or ADE-singularities).

It is classically known that a surface of degree 4 in P* that spans P* is either an
anticanonical del Pezzo surface, or a cone over an elliptic curve, or a projection of a
surface of degree 4 in P® (see [34} [35] and [18]). Since X is rational, and ¢ is given
by a complete linear system there is only one possibility: S is an anticanonical del
Pezzo surface.

Lemma 3.10. The image S of X under the map ¢ : X — P* is a del Pezzo surface
of degree 4 with four ordinary double points.

Proof. Consider the four curves F, Fy, E1, E5, where E; is the (—1)-curve corre-
sponding to the points p;, ¢ = 1,2, in the Coble set defining X. By definition,
F,-E; =0,i=1,2,and F; - E; = 1,i # j. Moreover, 2E; + C € |2F;|, where
Ce|—-2Kx|,C-F;=0,and C-E; =2,i # j.

The restriction of |D| to each of the curves F; is of degree 2 and cuts out a
complete linear system of degree 2 on these curves of arithmetic genus 1; thus ¢z,
is a 2-to-1 cover of F; onto a line ¢;, i = 1, 2.
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The restriction of | D| to each of the curves E; is also of degree 2. Since F;-C =0
and C? = —4, the morphism ¢ contracts C onto a singular point ¢ of S. This point
is contained in ¢(E1) N ¢(E>) and is a ramification point for the maps ¢|g, : E; —
¢(F;). Thus, the images of E; and F5 are two lines {3 and ¢4 that intersect at the
singular point q.

We infer from the exact sequences (I4]) that

3=h0(D~-F)>h(D-F —F)=2;
hence ¢; # {5. Similarly, we prove that

e the four lines /¢; are distinct;
e the intersections ¢4 N ¥y, lo N l3, 03 N Ly, L4 N1 are nonempty;
e all other intersections of two of these lines are empty.

Let II; be the plane spanned by ¢; and {5 and Il be the plane spanned by
l3 and {4; the plane II; contains the singularity ¢ = ¢3 N ¢y = ¢(C). Since II;
and Il intersect in at least two points and do not coincide (for ¢; N 43 = ()
they span a hyperplane H in P?. The pre-image of H NS in X is the divisor
Fi+F,+C+E +C+E;€|2F +2F;)|.

It is known that a quartic del Pezzo surface is equal to the base locus of a pencil
of quadrics. The quadrangle of lines is equal to the base locus of the restriction of
the pencil to H. It is easy to see that this pencil must be spanned by two quadrics
of rank 2, i.e. the union of two planes. It follows from this that the pencil of
quadrics containing S is spanned by two quadrics of rank 3. This implies that S
contains 4 singular points of type A; (ordinary nodes) or 2 singular points of type
A; and one singular point of type Az (see [12], Lemma 0.4.2). In the second case
the surface does not contain a quadrangle of lines. Thus we obtain that S is a
4-nodal quartic del Pezzo surface. Its four nodes are the vertices of the quadrangle
of lines. It is known that a 4-nodal quartic del Pezzo surface is isomorphic to the
anticanonical model of the blowup of 5 points py, ..., ps such that p3 is infinitely
near ps, ps is infinitely near p, and the points p1, p2, p3s and p1, ps, ps are collinear
(see [12], Proposition 0.4.3). The quadrangle of lines is formed by the images of the
classes ey, es, e5, and eg — es — e4. O

Proof of Theorem BA. Let o : 8" — S be the blowup of the point ¢ = ¢(C). The
exceptional curve is a (—2)-curve R on S’. The morphism ¢ factors through a finite
map ¢’ : X — S’ of degree 2. The pre-image of R on X is the curve C.

Let 7 be the automorphism of X defined by the deck transformation of the finite
double cover ¢’ : X — S’. Note that it is defined even when char(K) = 2. Since
the genus 1 fibration X is not a quasi-elliptic fibration (the image of its general
member is a conic, but an elliptic curve cannot be mapped to a rational curve by
an inseparable map), the map ¢’ is a separable finite morphism.

The Picard group Pic(S’) ® Q of Q-divisor classes on S’ is of rank 3. It is
generated by the classes of the curve R and the proper transforms of the lines ¢;
and f5. For any divisor class A on X, we have, in Pic(X) ® Q,

A —|—T(A) = CLlfl —|— a2f2 —|— ang.

Suppose A € (Zf, +Zfo+ZKx)*. Since fi, fo and Kx are T-invariant, we obtain,
by intersecting both sides with fi, fo, and Kx, that a; = a3 = ag = 0. Thus
7(A) = —A. The sublattice of K5 spanned by f; and fo is isomorphic to the

Licensed to Univ of Michigan. Prepared on Fri Jul 509:45:30 EDT 2013 for download from IP 68.40.185.65/141.213.236.110.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



AUTOMORPHISMS AND COBLE SURFACES 883

hyperbolic plane H. Its orthogonal complement is isomorphic to the lattice Esg.
Thus we obtain

(16) " =idyg @ _idIEs~

Now let w be an element of Wx, and f/ = w(f;), ¢ = 1,2. Since X has no
(—2)-curves, we can apply Lemma [3.4] to obtain that the f are primitive, isotropic
and effective divisor classes; since w preserves both Kx and the intersection form,
fl-Kx =0and f{ - f5 = 1. Similarly, each class w([E;]), i = 1,2, is represented by
a unique (—1)-curve E.. The curve E! does not intersect f/ and if one contracts E/
and applies Proposition B} one sees that f/ is the pull-back of a Halphen pencil
of index 2. As above we deduce that each linear system |2f/] is an elliptic pencil,
and repeating the argument by taking (fi, f5) instead of (fi, f2), we obtain an
automorphism 7, = w o 7 ow~!. This shows that Aut(X)* contains the minimal
normal subgroup containing the involution idy @ —idg,. This finishes the proof of
Theorem B35 because this normal subgroup is isomorphic to Wio(2) (this nontrivial
result is due to A. Coble; a modern proof can be found in [I2], Theorem 2.10.1). O

Remark 3.11. One can show that, for a general Coble surface in the moduli sense,
the group of automorphisms is isomorphic to Wig(2).

Remark 3.12. Assume char(K) # 2. Let p : X’ — X be the double cover of
X branched along the curve C' € | — 2Kx|. This is a K3-surface which admits
an involution whose fixed-point locus consists of a (—2)-curve. Conversely, the
quotient of a K3-surface by such an involution is a Coble surface. The Picard
lattice of X’ contains the pre-image of the Picard lattice of X. It is a primitive
sublattice isomorphic to the lattice (—2) L E10(2), where (—2) is given by the
matrix (—2) and E1((2) is obtained from the lattice E1o by multiplying the values
of the quadratic form by 2.

Over C, it follows from the theory of periods of complex K3 surfaces that the
coarse moduli space of such K3 surfaces exists and is an irreducible variety of
dimension 9. In fact, it is one of the two codimension 1 irreducible components
in the boundary of a compactification of the moduli space of Enriques surfaces. A
Coble surface can be obtained as a degeneration of an Enriques surface when its K3-
cover acquires an ordinary double point. The theory of periods also provides another
proof of Theorem 35 (see [37], Theorem 10.1.2) and shows that the automorphism
group of an unnodal Enriques surface contains a subgroup isomorphic to Wi(2)
and that a general Enriques surface has its automorphism group isomorphic to
W10(2).

Our proof extends to the case of unnodal Enriques surfaces X over a field K of
arbitrary characteristic. In this case any embedding of H in Num(X) = H 1 Eg
defines a separable map of degree 2 on a 4-nodal quartic surface (it is separable for
the same reason as above: the surface has no quasi-elliptic fibrations). The deck
transformation acts by formula (6], and we finish as in the case of Coble surfaces
by invoking Theorem 2.10.1 from [12].

4. GIZATULLIN’S THEOREM AND CREMONA SPECIAL POINT SETS
OF NINE POINTS

Let X denote, as above, a rational surface over K; we denote by n + 1 its Picard
number. In this section, we prove that Cremona special point sets with n = 9
points are Halphen sets.
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4.1. Parabolic automorphisms. Let g be an automorphism of X and ¢g* the lin-
ear transformation of Pic(X) induced by g. Since the intersection form on Pic(X)
has signature (1,n) and the nef cone is Aut(X)-invariant, there are three possibili-
ties for the isometry g* (see [5], [23]).

e ¢* preserves an ample class h, i.e. ¢g*h = h; in this case, a positive iterate ¢g*
of g acts trivially on Pic(X) and there is an embedding of X into a projective
space PY such that g* extends to a projective linear transformation of PY .

e ¢* preserves a primitive nef class h with h? = 0 but does not preserve any
ample class.

e ¢* does not preserve any nef class and the spectral radius (i.e. the largest

possible absolute value of an eigenvalue) of the linear transformation g* on
Pic(X) ® R is larger than 1.

In the first case, one says that g (or ¢g*) is elliptic, in the second that g is
parabolic, and in the third that g is hyperbolic (or loxodromic).

When g is parabolic, the class & is, up to a scalar multiple, the unique g*-invariant
class in the isotropic cone of the intersection form. In particular, the assumption
that & is nef could be removed from the definition (see [23], Proposition 4, or [5]).
The following fundamental theorem of M. Gizatullin describes geometric properties
of parabolic automorphisms.

Theorem 4.1 (M. Gizatullin). Let X be a rational surface over an algebraically
closed field K. Let G # {idx} be a group of automorphisms of X such that all
elements g in G \ {idx} are parabolic.

Then there exists a unique G-invariant primitive nef class h in Pic(X) with
h? = h- Kx = 0 and there exists a unique positive integer m such that the linear
system |mh| is an irreducible pencil of curves of arithmetic genus 1. The relative
minimal model of this genus 1 fibration is a Halphen surface Y of index m.

Remark 4.2. Assume that K = C is the field of complex numbers. Then, Gizatullin’s
Theorem can be strengthened: a finite index subgroup of G preserves each fiber
of the genus one fibration; it acts as a group of translations along the fibers, with

dense orbits in almost all fibers; if G is cyclic, periodic orbits are dense in X (see
[8, 6]).

Remark 4.3. Gizatullin’s Theorem is stated in [23] under the assumption that
char(K) # 2,3. As the author points out himself, this assumption is made only
to avoid quasi-elliptic fibrations, for which the arguments must be slightly mod-
ified but the same conclusion holds. Moreover, in our applications, quasi-elliptic
fibrations are not realized.

Corollary 4.4. Let X and G be as in Theorem Il The group G descends to a
subgroup of the group Aut(Y'). In particular, it contains a finite index free abelian
subgroup Gy, the rank of which is at most 8 and is equal to 8 if and only if Y is an
unnodal Halphen surface.

Proof. This follows from Theorems 1] and 2-T01 O
4.2. Cremona special implies unnodal.

Proposition 4.5. A Cremona special rational surface X does not contain (—2)-
curves; i.e. it is unnodal.
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Proof. Denote by P = {p1,...,p,} a point set such that X is the blowup of P? at
P; this provides a natural morphism 7 : X — P2, and a geometric basis (eq, ..., €,)
of Pic(X). Let Rx be the set of effective real roots (see §3.3)). Our first goal is to
prove that R x is empty.

Let W% be the subgroup of Wy generated by the reflections s, with o € Rx.
Since all reflections generating W59 are conjugate under W to reflections defined
by the simple roots «;, a result of Deodhar [14] shows that W54 is a Coxeter
subgroup of the Coxeter group Wx. Its intersection with Aut(X)* is equal to {1}
([16], Proposition 3E) So, if Aut(X)* is of finite index in W, the group Wied
must be finite, and W5°¢ is a finite Coxeter group. It follows from the classification
of such groups that R x is a finite set and the sublattice Ny generated by this set is
a negative definite sublattice of Kx; hence N'x @R is a proper subspace of Ky ®@R.

The group Aut(X)* leaves the sublattice Ny invariant and acts as a finite group
on it. Identifying K3 ®R with E,, ® R, Aut(X)* determines a finite index subgroup
of W,, that preserves the proper subspace Nx ® R.

Assume n > 10. We invoke a theorem of Yves Benoist and Pierre de la Harpe
from [4] according to which the image of W), in O(E,,®R) is Zariski dense. Since, by
assumption, Aut(X)* is a subgroup of finite index in W,,, we obtain that the image
of Aut(X)* is Zariski dense either in O(E, ® R) or in its connected component
of the identity SO(E, ® R)E Thus the representation of Aut(X*) in E, ® R is
irreducible, and hence Ny = {0}.

When n = 9, the theorem proved by Benoist and de la Harpe asserts that the
image of the Coxeter group Wy is Zariski dense in the subgroup Gy of O(Eg ® R)
defined by Gg = {g € O(Eg ® R) | g(kg) = ko}. If N is a proper subspace of
Eg9 ® R which is fixed by a finite index subgroup of Gy, then N/Rkg is trivial. As
a consequence, Ny = {0} in this case too.

Now we may assume that R x is empty; in particular, no «; is an effective divisor
class. Suppose we have a (—2)-curve R; it represents an effective root which is not
a real root. Write r = [R] = apeg — D a;e; € Rx. After permuting the elements
of the basis, we may assume that a; > --- > a,. Intersecting with e;, we obtain
that a; > 0. Applying Noether’s inequality [20], Chapter V, Proposition 5, we get
ag < ay + as + az. Since ag = eg — e; — e3 — ez is not effective, the three points
p1, P2, p3 are not collinear. Let X935 be the surface obtained by blowing up P? at
p1, P2, and p3. Let o be the standard quadratic involution with fundamental points
p1, P2, p3. This birational transformation of the plane lifts to an automorphism of
X123; thus, the composition of 7 with ¢ is a new birational morphism from X to P2,
which provides a new geometric basis for Pic(X). In terms of the first geometric
basis (e;) of Pic(X), the change of basis corresponds to the linear transformation
Sae- As a consequence, if r is the class of a (—2)-curve, then the class r’, defined
by

n
! I I
7' = S0, (1) = apeg — E aje;,
=1

5The assertion is stated for the subgroup generated by the reflections with respect to all (—2)-
curves, but the proof is extended verbatim to our situation.

6SO(E,, ® R) is the connected component containing the identity for the Zariski topology, but
has two connected components as a real Lie group.
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is also the class of a (—2)-curve (in the new geometric basis). Moreover
!/ ! ! !/
aq :2a0—a1 — a2 —az,ay = ap —Aaz —as,ay = Aag — a1 —az,az = ap — ay — ag,
and a; = a;,7 > 3. Now, by Noether’s inequality, we have a{, < ag. Since $4, is in
Wx, we can iterate this process, keeping the assumption that Rx is empty. We

can therefore decrease ag until it becomes 0. In this case one of the simple roots «;
becomes effective, a contradiction. O

4.3. Special point sets of nine points.

Theorem 4.6. Let P be a Cremona special point set with 9 points. Then P is an
unnodal Halphen set of some index m.

Proof. Let X be the surface obtained by blowing up P. Since Aut(X)* has finite
index in Wy, this group contains also a free abelian group of rank 8 equal to a
subgroup of finite index in ¢(Es) (see §24)). This group preserves the isotropic
vector Kx. By Gizatullin’s theorem there exists a (minimal) positive integer m
such that the linear system | — mK x| is an irreducible elliptic pencil. Thus X is a
Halphen surface of index m. By Proposition [4.5] X has no (—2)-curves. Thus X is
an unnodal Halphen surface. O

5. THE GENERAL CASE

The main results of this section and the next one are summarized in the following
two theorems.

Theorem 5.1. Let P be a point set of n > 10 points which is not contained in a
cubic curve. If P is Cremona special, then P is an unnodal Coble set. In particular,
n is equal to 10.

By definition, a Harbourne set is a set P of n > 9 nonsingular points on a cuspidal
cubic Cy over a field of positive characteristic with the following property: If X
denotes the surface obtained by blowing up P and C' denotes the strict transform
of Cp in X, then X has no (—2)-curves and the restriction morphism t from K3 to
PiCO(C) has finite image. These point sets are Cremona special; this is proved by
Harbourne in [24].

Theorem 5.2. Let P be a point set of n > 10 points contained in a cubic curve
Cy C P2. If P is Cremona special, then K has positive characteristic, Co is a
cuspidal cubic, and P is a Harbourne set.

These results imply the Main Theorem. In this section, we prove Theorem [B.11

5.1. A surface Y with ten Halphen pencils. Let P = {p1,...,p,} be a Cre-
mona special set, with the convention that j > i if p; is infinitely near p;. We blow
up successively each point p; and denote by

X=X,-Xp_1— - — X —P?

the sequence of blowups. Let ¢; : X — X; be the corresponding birational morphism
and ¢ : Pic(X;) — Pic(X) be the canonical homomorphism of the Picard groups.
Obviously ¢ (K )l() C K+. Moreover the image under ¢} of the geometric basis of
Pic(X;) (defined by the morphism X; — P?) coincides with the first i + 1 vectors
of the geometric basis of X (defined by the morphism X — P?). This allows one
to identify Wx, with a subgroup of Wx. Since Aut(X)* is of finite index in W,

Licensed to Univ of Michigan. Prepared on Fri Jul 509:45:30 EDT 2013 for download from IP 68.40.185.65/141.213.236.110.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



AUTOMORPHISMS AND COBLE SURFACES 887

its intersection with W, is a subgroup of finite index; this subgroup preserves the
exceptional curves obtained from the blowups of p; for j > 4, and descends as a
group of automorphisms of X;. Thus all surfaces X;,i > 9, are Cremona special,
and all sets {p1,...,p;}, @ > 9, are Cremona special sets. By Theorem A6 the
surface Xy is an unnodal Halphen surface. In particular, the first 9 points do not
contain infinitely near points. Since the set of the first 10 points is Cremona special,
Proposition shows that the surface Xio has no (—2)-curves; hence pig is not
infinitely near p; for i < 9 and the set {p1, ..., p1o} contains no infinitely near point.

Let ¢ be an index between 1 and 10 such that pi; is not infinitely near p;.
Consider the sequence of points pi, ..., pi—1, Pit+1, .., P11, and apply the same
argument. We obtain that p;; is not infinitely near the points p; for 1 < j < 10.
By induction on n, and permutation of the points, this proves the following lemma.

Lemma 5.3. If P is a Cremona special point set of n > 9 points, then P is a
proper subset of n distinct points in P2, and all subsets of P of m > 9 points are
Cremona special.

Let Y = X109, E; C Y be the (—1)-curve obtained by blowing up p;, 1 <1 < 10,
and og, : Y — Y; be the blowdown of E;. Since Y; is Cremona special, it is an
unnodal Halphen surface of some index m;. The pre-image of the elliptic fibration
of Y; is an elliptic pencil |m;f;| on Y, where

fi=—Ky +e; =o0p,(—Ky,).

The divisor classes fi,..., fio are exactly the primitive isotropic vectors in Kj-
which we introduced in the proof of Theorem We denote by p; € Y; the point
o g, (E;); this point is the pre-image of p; under the natural projection Y; — P2.

5.2. Almost all indices are different from 1. Suppose that two indices m; and
m; are equal to 1, say m; = mg = 1. Let B; C Y;, i = 1,2, be the fiber of the
Halphen fibration which contains p;, and let a; be the multiplicity of this fiber at
p;. Let A; C Y be the strict transform of B; under the morphism og,. Since the
fibers of the Halphen surface Y; are irreducible, both A; and B; are irrreducible.
Then —Ky is effective and represented by A; + (a; — 1)E;. Since K2 = —1, the
two curves Ay + (a; — 1)Eq and A + (ag — 1)E5 have a common component, and
thus A; = As; as a consequence, a; = as = 1, i.e. p; is a smooth point of B;, for
1 =1,2. Denote by A the curve A; = Ay. By Lemma[2.4] the normal bundle of A;
is equal to Oy, (—E; N A;),i = 1,2. Thus the points F1 N A and E2 N A are linearly
equivalent on A. Since p; # po and A is an irreducible curve of arithmetic genus 1,
we get a contradiction. This proves the following lemma.

Lemma 5.4. At least nine of the indices m;, 1 <1 < 10, are larger than 1.

5.3. An alternative. Effective curves with divisor class f; are total transforms of
fibers of the Halphen fibration on Y; with multiplicity m;. Thus, if m; = 1, the
class f; is represented by an irreducible curve (the total transform of any fiber that
does not contain p;), and if m; > 2 the class f; is represented by an irreducible
curve if and only if p; is not contained in the multiple fiber of Y;.

Lemma 5.5. FEither the set {p1,...,p10} is contained in (the smooth part of) a
cubic curve C and then all f;, 1 <1i < 10, are represented by C' + E;, where C' is
the strict transform of C, or {p1,...,p10} is not contained in a cubic curve, and
then all classes f; are represented by at least one irreducible curve.
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Proof. If the set P19 = {p1,...,p10} is contained in a cubic curve C, no p; is a
singular point of C, because otherwise the Halphen surface Y}, j # 4, would not be
special. If the set P¢ is not contained in a cubic curve, then p; is not contained in
the multiple fiber of Y;, so that f; is represented by an irreducible curve. O

For the remainder of this section, we make the following assumption, where
Lemma is used to prove the equivalence.

(A) Each primitive isotropic class f; is represented by an irreducible curve.
Equivalently, there is no irreducible cubic curve containing the set {pi,...,
p1o}- In particular, the multiple fiber of Y; does not contain p;.

In other words, we now assume that Y satisfies the assumption of Theorem [£.1
Note that the irreducibility of the cubic curves in Assumption (A) follows from
Proposition

5.4. All indices are different from 1. Suppose now that one index, say m, is
equal to 1; by Lemma [5.4] m; > 2 for 7 > 2. As above, let By C Y7 be the fiber of
the Halphen fibration which contains the point p1, a; < 2 be its multiplicity at p1,
and A; be its strict transform in Y'; then

g, (B1) = fi = A1 + a1 Ey.

Let By C Y3 be the fiber of the Halphen fibration which contains the point p. By
our assumption (A), the curve By is not the multiple fiber of the Halphen surface Y5.
Let As be the strict transform of By and as be the multiplicity of By at pa. Then

Ay ~mafy —agly ~ ma(—Ky + Ez) — asFEy ~ —maoKy + (ma — az) B
and
A1-Ay = (—Ky +(1—a1)Er) (—maeKy + (mg — ag)Es)
= —mao+ (me—az) +ma(l—ay)
= —as— (a1 — 1)mg;
this number is negative because a; > 1. Since A; and A, are irreducible curves,

we obtain A = A; = A,. Since A; is the strict transform of a cubic curve, this
contradicts our standing assumption (A) and proves the following lemma.

Lemma 5.6. Under assumption (A), all indices m; are larger than 1.

5.5. The linear system |D| = |2f1 + 2f2|. We now show that all indices m; are
indeed equal to 2; permuting the indices, it is sufficient to consider m; and mo: We
already know that mi,my > 1 and we want to show that m; = mo = 2. For this
purpose, we study the linear system |21 + 2fa].

Since m; > 2 for all ¢, the linear system |f;| consists of a unique element. Hence,

|fil = {F1},  |fel = {F2},

where the divisors F; and F5 are irreducible curves of arithmetic genus 1 by as-
sumption (A). Since F; - F» = 1, the curves F; and Fy intersect transversally at one
point

yo = F1 N Fy.

Denote by |D| the linear system |2F) + 2F5|.
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Lemma 5.7. Under assumption (A), the following properties are satisfied.
(i) The linear system |D| = |2F + 2F5| satisfies

D? =8, dim|D| = 4,

it has no fized component, and it has no base point. It defines a morphism
¢:Y — P4,

(ii) Let S = ¢(Y) C P* be its image. Then, on each curve F;, i = 1,2, ¢
restricts to a 2-to-1 cover onto a line £; C S. The two lines {1 and {5 are
different.

(iii) The linear system |Fy + Fy| is an irreducible pencil with two base points
1 € Fi,y2 € Fy. The points s; = ¢(y;),4 = 0,1,2, span a plane in the
projective space P2.

(iv) The degree of ¢: Y — P* is equal to 2, and its image is an anticanonical
del Pezzo surface S C P* of degree 4; in particular, S is a normal surface.

(v) The pre-image of so under the map ¢ consists of exactly one point: ¢~ {sg}

= {yo}-

Proof. (i) The argument is the same as in the proof of Lemma [B77] where we used
only that f; and fo were represented by irreducible curves F; and F5 that do not
move (see Remark B.8).

(ii) Each curve F;, ¢ = 1,2, is an irreducible curve of arithmetic genus 1. It
follows from the third exact sequence in ([I4)) that the restriction of |D| to the curve
F; is given by a complete linear system of degree 2. Thus, for ¢ = 1,2, the curve
¢(F;) is aline ¢; C S and ¢ restricts to a 2-to-1 cover between F; and ¢;. The same
exact sequences show that ¢1 # /5.

(iii) The first exact sequence in ([Id]) shows that |F} + F»| is a pencil of curves of
arithmetic genus 2. Since (F} 4+ Fy) - Fy = 1, its restriction to F; (resp. to F3) has
degree 1.

Let ¢; be the nontrivial m;-torsion divisor class on F; such that Op,(e;) =
OpF,(F;). For i = 1,2 we have Op,(Fy + F3) = Op,(y;), where y; is an element
of the linear system |yo + ¢;| on F;. Clearly, y; # yo and does not move because
the arithmetic genus of F; is 1. This shows that |F} + F»| has no fixed components
and its base points are y; and ys.

The restriction of ¢ to F; is given by the linear system |D|, i.e. by

|OF; (2F1 + 2F3)| = |OF, (2y0 + 2€:)|-

Since 2yy + 2¢; ~ y; + yo + € % yo + y;, we obtain that the points yy and y; are
not mapped to the same point by ¢; thus, sg = ¢(yo) and s; = ¢(y;), i = 1,2, are
distinct. As a consequence, the plane Iy spanned by the two lines £; and /5 is also
spanned by the three points sg, s1, and so.

(iv) Let us now prove that the degree of ¢ is equal to 2, i.e. degS = 4. Then,
as in Section 4] (see after Lemma [B.9)), the image S of ¢ is a del Pezzo surface of
degree 4.

Since the map is given by a complete linear system, and a quadric surface in P*
is contained in a hyperplane, the only other possibility is that the degree is equal
to 1, i.e. degS = 8; thus, we now assume deg(S) = 8 and seek a contradiction.

Let 0 be a general point of Y; in particular, o is not a base point of |Fy + F3| and
its image o’ = ¢(0) in S is not contained in the plane IIy. Let 7: S — S’ C P3 be
the projection from o’. The composition 7o ¢ is a rational map given by the linear
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subsystem L of |2F; 4+ 2F3| of divisors passing through the point 0. Replacing Y by
its blowup Y/ — Y at the point o, we obtain a birational morphism ¢’ : Y/ — S’
onto a surface of degree 7.

A general member P of the pencil |Fy + F»| is an irreducible curve of arithmetic
genus 2. Consider the restriction of the map ¢’ to P. It is given by a linear series of
degree 4. Would this linear series coincide with [2Kp|, then ¢{p: P — ¢'(P) would

be a 2-to-1 cover onto a plane conic (see the proof of Lemma[B.9]), and ¢ would have
degree 2. Thus, (MP is given by a linear series |Kp + p + ¢|, where p + ¢ € |Kp|.
The image ¢'(P) is a plane quartic curve, the points p, ¢ are mapped to a singular
point of ¢'(P), and ¢|p provides an isomorphism from P\ {p, ¢} to ¢'(P)\{¢'(p)}.

The unique member Py from |F; + F5| which passes through the point o is
mapped to a plane curve on S passing through o’. This curve has degree 4; hence
it is projected to a triple line £, on S’. Since y1,y2 € Py, the triple line ¢ contains
the projections s/, s} of the points s1,s2. By assertion (iii), the points sg, s1, s2
span a plane Iy in P4, Since IIy does not contain the image o’ it is projected onto
a plane ITj, C P? and this plane is spanned by the images s{), s}, and s of the three
points sg, 1, and sg. The triple line £ = ¢'(FPp) is spanned by s} and sb.

The image of the pencil |F} + F»| on S’ is cut out by the pencil Q of planes
containing £;. The plane IIj, is a member of Q and cuts out in S a curve of degree
7: This curve is equal to the union of the three lines ¢}, ¢4, and £, where the first
two enter with multiplicity 2 and the last one with multiplicity 3. Any other plane
from Q cuts out in S’ the line ¢} taken with multiplicity 3 and a quartic curve
P’ = ¢/(P) for some P € |F} + F5|. Let N be the closure of the set of double
points of irreducible plane quartics cut out by @ in S’. It is a double conic K on
S’ (its pre-image on Y intersects P at two points, hence intersects 2F; + 2F, with
multiplicity 4). It passes through a point on £f, the image of a double point of the
plane quartic ¢(Fp).

Let us see what else is in the singular locus of S’. Suppose Z is another irreducible
curve in the singular locus of S’ which is not contained in any plane from Q.
Then a general plane II’ from Q intersects it, and hence the image of a general
P € |Fy + F5| in IT" acquires an additional double point. This contradiction shows
that Z is contained in some plane I’ € Q, certainly, different from IT,. We claim
that it must be a double conic. The unique alternative possibility is that Z is a
double line. Let F' be its pre-image in Y. It is an irreducible component of some
divisor P from |Fy + F»|, with P = F' + R for some effective divisor R. Since the
line Z intersects only one of the points s| and s}, the curve F' passes through only
one base point of |F} + F5|; hence we may assume that F-F; = 0. Letog, : Y = 1
be, as in Section [B.1] the blowdown of the curve E;. We know that Y] is a Halphen
surface with elliptic fibration |miog, (F1)|, the fibers of which are irreducible. We
also know that Iy = op (—Ky,); hence (0g,)«(F) - Ky, = 0. If og, (F) is not
a point, it must be a fiber of the elliptic fibration |miog, (F1)|, and it cannot be
the multiple fiber og, (F1) (because Z # ¢}). Since F - F» < 1, this contradicts
my > 1, and shows that og, (F) is a point, which means that F' is the curve Ej.
In particular, F'- F5, =1, F; - R =1, and F5 - R = 0, because the self-intersection
of P is 2. The same reasoning, applied to og,, implies that R is equal to E5, and
provides a contradiction because E7 + Es is not a member of |Fy + Fy|.
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So, we have now computed the singular locus of S’. It consists of two double
lines ¢4, ¢4, one triple line £f, the double conic K, and some number ¢ of double
conics contained in planes from the pencil Q.

A general plane section of S’ is a plane curve of degree 7. It has 24+2(c+1) double
points and one triple point. Its geometric genus is equal to 15 — 3 — 2 — 2(¢ + 1),
which is an even number. On the other hand, the geometric genus is equal to the
genus of a general curve from |2F; + 2F5|, which is equal to 5. This contradiction
proves assertion (iv).

(v) Since ¢ : Y — S is a map of degree 2 onto a normal surface, the existence of
the Stein decomposition of ¢ implies that the pre-image of any point consists of at
most two points or contains a one-dimensional component.

We want to show that the pre-image of {s¢} is reduced to {yo}. It contains the
union of the pre-images of sy under the restriction maps F; — ¢;. Since each such
map is of degree 2 and ¢ does not blow down any curve intersecting F; + Fy, we
may assume that yo is a ramification point of ¢\, : F1 — £1 and the pre-image of
Fy — {5 consists of two points yo and yj.

Let v : S — S be the blowup of the point sy. Suppose sq is a nonsingular point
of S. Then the exceptional curve E of v is a (—1)-curve on S. The rational map
v=log: S --» S extends to a regular map ¢ : Y — S with disconnected exceptional
locus over yo and y},. However, the restriction of ¢ over E is ramified at the point
of intersection of E with the proper transform of /1, and hence ¢~!(E) cannot be
disconnected. This contradiction shows that sg is a singular point of .S; hence ¢ is
not étale at yg, and hence sq is a ramification point of ¢ and, as such, has a unique
pre-image. O

Now we can easily deduce from this lemma that m; = mo = 2. We know
that the maps F; — ¢; ramify over sg. Each map is given by the restriction of
the linear system |2F) 4+ 2F5|. It is equal to the linear system |2yo + 2¢;|, where
Or,(€;) = Op,(F;) and m; is the order of ¢; in Pic’(F;). Since 2yo € |2y0 + 26,
we obtain 2¢; ~ 0; hence m; < 2. Since all indices m; are larger than one, we get
m; = 2 for all 1 <4 < 10.

5.6. The surface Y is a Coble surface. The surface Y is obtained from Y; by
blowing up a point p;; this point is contained in a nonmultiple member B; of the
Halphen pencil of Y;. Let a; be the multiplicity of p; on B;: it is equal to 1 if p; is
a nonsingular point of B; and 2 otherwise. Let A; be the strict transform of B; on
Y. Since m; = 2, we have

If a; = 2 for some index, then A; € | — 2Ky |; hence Y is a Coble surface, all A;
coincide, and their natural projection on P? is a sextic curve with double points at

p1, p2, - -+ P1o-
Suppose a; = 1 for all i. Then
(18) A; ~ —2Ky + E;.
Let F; € |fi| = | — Ky + E;| be the pre-image of the reduced double fiber of the

Halphen pencil on Y;. Since op, is an isomorphism over an open neighborhood of
this fiber, the normal bundle OF, (F;) is of order 2 in Pic(F;). Applying (8], we
obtain

Or,(4; — Ej) = Op,(-2Ky) = OF,.
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For j #14, A; - F; = E; - F; = 1; hence A; and Ej intersect F; transversally at the
same point. Let 7 : ¥ — P2 be the natural projection, i.e. the blowdown of all
curves E;, 1 <[ < 10. The image of F; is an irreducible cubic curve C;. By blowing
down E;, we see that w(A4;) is tangent to C; at p;. Taking k # i, j, we obtain that
m(A,) is tangent at the same point to Cy; since A, intersects E; transversely, Cy
and C; are tangent at p;. Fixing ¢ and k and changing j, we see that Cj and Cj
are tangent at the 8 points p; with j # k, so that the two irreducible cubics C; and
Cj coincide. Hence F; = Fj, while f; # fi. This contradiction shows that Y is a
Coble surface.
Thus we have proved Theorem [5.I] when P contains exactly 10 points.

5.7. The surface X coincides with the Coble surface Y. To conclude the
proof of Theorem [5.1], it remains to show that n = 10, and thus X =Y is a Coble
surface, when P is a Cremona special set not contained in a cubic curve. We may
assume that X = X, so that X is obtained by blowing up 11 points p1,...,p11
in P?; by Lemma [5.3] none of them is an infinitely near point.

By assumption, P is not contained in a cubic curve. Let P;, 1 < j < 11, be
the subset of P obtained by removing the point p;. Assume that three of the sets
P;, say Py, P1p and P11, are contained in cubic curves, say Co, C19 and C;;. By
Section 3] these three cubics are irreducible. Let P’ = {p1,...,pg}. Since P’ lies
on an irreducible cubic curve, no four of its points are collinear. It follows that the
linear system of cubic curves containing P’ is of dimension 1; let ¢ be the ninth
base point of this pencil. The curves Cg, C1g, and C1; belong to this pencil; hence
any two of them intersect at q. Consequently Cy and Cyg contain the set P’ and
the points ¢ and py1. It follows that Cy = Cyg or that ¢ = py1. If C9 = Cyg, then
P is contained in this cubic curve, if ¢ = p11, then C1; contains P; in both cases,
P is contained in a cubic curve, a contradiction.

Thus, at most 2 of the P; are contained in cubic curves. We can therefore
suppose that Py, Pa, P3 and P, are not contained in cubic curves. The surfaces
obtained by blowing up these sets are Cremona special and, as such, are unnodal
Coble surfaces. In particular, each set P;, 1 <[ < 4, determines a unique curve of
degree six with nodes along P;.

Let us first assume that the characteristic of the field K differs from 2. Consider
the del Pezzo surface Z of degree 2 obtained by blowing up the last seven points
P5,--.,p11- We identify the elements of the set

Q = {p1,p2,p3,p4}

with points on Z. By assumption, we have 4 curves C; on Z in the linear system
| — 2K 7| with double points at Q \ {p;}; each C; is the proper transform of the
sextic curve with nodes along P;, 1 < i < 4. Consider the map Z — P? defined by
the linear system | — Kz|. Since char(K) # 2, its branch curve is a plane quartic
curve B (see [I3], Chapter V.6, page 67). Each curve C; is equal to the pre-image
of a conic K; in the plane. Since C; is singular at three points p; € @\ {p;}, the
conic Kj; is tangent to B at the images ¢; of the points p;. In particular, the conics
K; and K; are tangent to B at two points. Consider the cubic curves K; + L;,
where L; is the tangent line to B at g;. They all pass through ¢1, g2, ¢3, and g4
with tangent direction L; at g;. Thus they generate a pencil of cubic curves with
8 base points (four are infinitely near the points ¢;). The ninth base point must
be the intersection point ¢ of the lines L;. But then three tangents of the conic K;
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meet at ¢. This can happen only if char(K) = 2, so that n = 10 and X =Y when
char(K) # 2.

Remark 5.8. The configuration of 4 conics with each pair tangent at two points
is realized in characteristic 2. Consider the 3-dimensional linear system of conics
ax? + by? + 2% + dxy = 0. Each line through the point (0:0: 1) is tangent to all
conics in the family. Choose four general points in the plane. For each subset of
three of these points find a unique conic in the family which passes through these
points. Then each pair of the four conics are tangent at two points.

Note that the pencil of cubic curves which we used in this proof defines a quasi-
elliptic fibration on the blowup of the base points. It has 8 reducible fibers of type
ITI in Kodaira’s notation (two smooth rational curves tangent to each other at one
point). There are no elliptic fibrations on a rational surface with such a combination
of reducible fibers.

It remains to consider the case when char(K) = 2. The difference here is that
the anticanonical linear system | — K| defines a separable map of degree 2 whose
branch curve is a conic, and the condition that the pre-image of a conic is singular
is not stated in terms of the tangency to the branch locus. So we have to find
another argument.

Since at most 2 of the P; are contained in cubic curves, we can assume that
the P; are not contained in cubic curves for 1 < ¢ < 9; each of these nine point
sets is special, and is therefore a Coble set. Let R; be the proper transform of the
sextic curve with double points at P;, i = 1,...,9. The curves R; are pairwise
disjoint (—4)-curves, and the divisor class of each R; is divisible by 2. Let D be the
divisor > R;, where ¢ runs from 1 to 9, and let £ be an invertible sheaf on X such
that £®2 22 Ox (D). This sheaf defines an inseparable double cover m : Z — X
with branch divisor D. Recall that this means that Z is locally isomorphic to
Spec Ox (U)[T]/(T? + ¢), where U is an affine open set, ¢ is a local equation of
D in U, and 7,(Ox) = Ox ® £L7!. Since D is a reduced divisor, the cover has
only finitely many singularities. The set of singularities supports the scheme of
zeros of a section of Q% ® L£L%2 (see [12], Proposition 0.1.2]7). The length of this
0-dimensional subscheme is equal to the second Chern class of the rank 2 locally
free sheaf £ = QY ® £%2. The standard formula from the theory of Chern classes
gives

02(5) = CQ(Q%{) + Cl(QAIX) -D + D2.
In our situation, we have c2(Q%) = 14 (= the l-adic Euler characteristic of X) and
c1(QY) = Kx . This gives

2(E)=144+Kx -D+D?*=144+2x9—-4x9=—-4<0,
a contradiction.
Thus, Theorem [51]is proved in all cases, including char(K) = 2.
6. CREMONA SPECIAL SETS OF n > 10 POINTS LYING ON A CUBIC CURVE
To establish our Main Theorem, it remains to prove Theorem Assuming

that P is Cremona special and lies on an irreducible cubic curve, we now prove

7This is analogous to the formula for the number of singular points of a holomorphic foliation
on a complex surface X defined by a section of Q& ® L2,
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that the set P is one of Harbourne’s sets in this case. Note that, being Cremona
special, P does not contain an infinitely near point.

6.1. Torsion sets of points.

Lemma 6.1. If P is a Cremona special set of points on a cubic curve Cy, then
(1) Cy is irreducible;
(2) there exists a positive integer s such that the divisor class of sp; in Pic(Cp)
does not depend on the choice of p; in P;
(3) 9sp; € |3sh| for all p; € P, where h = c1(Oc¢, (1)), the divisor class of the
intersection of Cy with a line.

Proof of Lemma [6.1l We first assume that the number of points in P is equal to 10.
For all indices i € {1,...,10}, denote by P; the set P \ {p;}. Since P is Cremona
special, so is P;. By Theorem [L0] there exists a positive integer m; such that P;
is a Halphen set of index m;. Since P; is contained in Cj, this implies that Cy is
irreducible (otherwise the Halphen surface is not unnodal; hence P; is not Cremona

special), and that
10

J=1,j7#i
where b is the divisor obtained by intersecting Cy with a line. Let s be the least
common multiple of the m;, and let ¥ be the sum of the 10 points p;. We obtain

(X —p;) ~ 3sh.

Hence the divisor class of sp; does not depend on p;. Summing up these equalities,
we get 953 ~ 30sh, and thus 9sp; ~ 3sh.

If there are more than ten points in P, we consider all subsets of ten points
within P. Properties (1), (2), and (3) hold for these subsets, and therefore also for
P (for some positive integer s). O

The following definition is due to Harbourne [24].

Definition 6.2. A rational surface X with Picard number p(X) > 11 and with
| — Kx| = {D} for some irreducible reduced curve D is K3-like if the canonical
restriction homomorphism

t: Ky — Pic’(D)
has finite image.

We say that a point set P which is contained in an irreducible reduced cubic
curve Cy is a torsion set if the blow-up surface X is K3-like. In that case, the
strict transform C' of Cj coincides with the unique member D of the linear system
| — Kx|.

When P C Cj is a torsion set, we denote by X the surface obtained by blowing
up P, and by S, the kernel of the restriction homomorphism t: K3 — PiCO(C).
The quotient group Kx /S, embeds as a finite subgroup in Pic’(C); we denote by
m > 1 the smallest integer such that K § /St is contained in the m-torsion subgroup
Pic’(Cy)[m].

Corollary 6.3. A Cremona special set of n > 10 points on an irreducible cubic
curve Cy is a torsion set.
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Proof. The image of the restriction homomorphism t: K+ — Pic’ (Co) is generated
by the divisor classes t(eg — e; — es — e3), and t(e; — ej) for ¢ > j. From Lemma
6.1 we have

3st(eg —e1 —ex —e3) =t(3sh — 9sp1) =0, st(e; —e;) = t(sp; — sp;) = 0.

This shows that the image of the restriction homomorphism is finitely generated
and is contained in the 3s-torsion subgroup Pic(Cp)[3s] of Pic’(D). As such, t(K5)
is finite. 0

Proposition 6.4. Let P be a torsion set of n > 10 points on an irreducible cubic
curve Cy. Then P is Cremona special if and only if it is unnodal.

Proof. By Proposition 5] the condition that P is unnodal is necessary. By Theo-
rem 3.2 from [24], it is also sufficient.

Let us sketch Harbourne’s argument. Assume that P is unnodal. Since P is a
torsion set, the surface X is K3-like: The kernel S, or v has finite index in Kx.
By definition of m, mK§ C S:. Let w be an element of Wx. Let E; C X be the
exceptional divisor obtained by blowing up p;. The image of the class e; of E; by w
is represented by a unique (—1)-curve F;(w) (Lemma [B4] assertion (i)). This curve
intersects C' in a unique point p;(w) because C € | — Kx|. Thus, w transforms the
point set P into a new point set {p1(w), ..., pp(w)} of the curve Cy. This action is
the same as the action of W,, on the point sets, described in Section (see also
[20], §VL.5). On the other hand, the image of v being finite, there exists a finite
index subgroup G of Wx such that {p;(w),...,pn(w)} is projectively equivalent to
P for all w in G. From Section [[H (see [20], §VI), this implies that G is realized as
a subgroup of Aut(X)*; thus, X is special. |

Example 6.5 (Harbourne’s examples; see Example 3.4 from [24]). Suppose that
char(K) = p > 0 and Cp is an irreducible cuspidal curve. The group Pic’(Cj) is
isomorphic to the abelian group (K, +).

Let C’f be the complement of the singular point. Choose a point set P =
{¢1,.--,qn} of n > 10 points on Cg#, denote by X the blowup of P and consider
the restriction homomorphism

t: Ky — Pic’(Cy) = K.
Its kernel S, is equal to pK)L( when the elements 36 —q1 — q2 — q3, g1 — qa, ..., and
Qn—1— qp, of PicO(Co) are linearly independent over IF,, C K; general point sets with
n > 10 points satisfy this property.

Suppose, now, that S, = pKx. Since the divisor class of any (—2)-curve lies in
the kernel of v and, obviously, does not belong to pK )l(, the point set P is unnodal.
By Proposition [6.4], P is Cremona special.

From Proposition [6.4] we deduce that Theorem is a consequence of the fol-
lowing statement.

Theorem 6.6. Let Cy C P? be an irreducible cubic curve. Let P C Cy be a torsion
set with |P| = 10, and let m be the smallest integer such that the image of the
restriction morphism ¢ is contained in Pic’(Co)[m]. If P is unnodal, then Cy is a
cuspidal cubic and char(K) divides 3m.

Note, in particular, that we assume in the following that the number n of blow-
ups is equal to 10. Thus, P is now a torsion set of ten distinct points on an
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irreducible cubic curve Cy. As above, C' denotes the strict transform of Cy in the
surface X. The following lemmas provide a way to decide whether P is unnodal or
not in terms of effective roots o € Kx (see Section [3.3).

Lemma 6.7. Let P be a set of n = 10 points on an irreducible cubic curve Cy. Let
a € Kx be an effective root. Any effective representative of a contains a (—2)-curve
as one of its irreducible components.

Proof. Let D be an effective representative of the root a. Write D as a positive sum
IC'+ 3" F;, where the F; are irreducible components different from C'. Assume that
no component F; is a (—2)-curve. Since —Kx is represented by the irreducible curve
C, we have Kx - F; < 0. The adjunction formula implies that any curve F; with
negative self-intersection is a (—1)-curve. Since (3. F;)? = (D—1C)? = —2—1? <0,
some of the components F; are (—1)-curves. Write Y F; = £ + A, where £ is the
sum of (—1)-components of D. We have

2
et p2g A A= (Y R) =21,
£-C=(D-IC-A)-C=1-A-C<L

Write £ = > k; F;, where the curves Fj in this sum are distinct (—1)-curves. The
second inequality gives > k; < [, and the first one gives 3 k:JQ > 2412, This implies
2412 <Y k¥ < (3 kj)* <17, a contradiction. O

It follows from this lemma that X is unnodal if and only if it does not contain
effective roots.

Lemma 6.8. Let P be a torsion set of n = 10 points on an irreducible cubic curve
Co. The surface X contains a (—2)-curve if and only if there exists a root o in the
kernel S, of the restriction homomorphism ¢ : Ky — Pic’(C).

Proof. Let a be a root. Consider the exact sequence
0— Ox(KX +O¢) — Ox(oz) — Oc(&) — 0,

where the first nontrivial map is the multiplication by a section of O x (—Kx ) which
vanishes along the curve C. The Riemann-Roch Formula, applied to the divisor
class —a, and Serre’s Duality imply

(19) h(—a) + h°(Kx +a) = k' (Kx + a).

Suppose « is the class of a (—2)-curve R. Since C is an irreducible curve and
C - R = 0, the curve R is disjoint from C. Hence t(a) = O¢(a) = O¢, and thus
t(a) = 0 in Pic(C). Conversely, suppose Oc(a) = O¢. Then h°(Oc(a)) # 0;
hence either h%(Ox(a)) # 0, or h*(Ox(Kx + «)) # 0. In the second case,

0<h'(Kx+a)=h0"Kx+a)+h'(—a) <h’a) +h(—a)

implies that a or —« is effective. Thus, in both cases, either a or —a is an effective
root and Lemma implies that X contains a (—2)-curve. O

6.2. The reduction to a question on the arithmetic of quadratic forms.
The proof of Theorem that we now describe is rather delicate, and uses strong
approximation results in a specific situation; unfortunately, we have not been able
to find a simpler geometric argument.

We assume that P C Cj is a torsion set and make use of the notation introduced
in the previous section. We assume that either (i) Cp is not cuspidal or (ii) Cp is
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cuspidal but char(K) does not divide 3m, and our goal is to show that X contains
a (—2)-curve; by Lemma [6.8 all we need to prove is the existence of a root « in
the kernel S, of the morphism t.

Note that, under our assumptions, Pic’(C)[m] = (Z/mZ)*, where a < 2. Ob-
viously, S, contains the sublattice mK }( Define V,,, = S./mK )L( and L,, =
Kx/mKx; V,, is a submodule of L, over the ring Z/mZ:

Vi = S¢/mKx C Ly, = Ky /mKx = (Z/mZ)".

This submodule V,,, contains a free (Z/mZ)-submodule of dimension 8 because
a < 2. The morphism t induces a morphism from L,, to Pic’(C)[m], and Theorem
becomes a consequence of the following purely arithmetic statement.

Theorem 6.9. Let m be a positive integer. Let L,, = Ei9/mE19 and V,, be a
(Z/mZ)-submodule of L, containing a free submodule of rank 8. Then there exists
a root in Eq1g whose projection into L., is contained in Vi, .

We employ the theory of quadratic forms over any commutative ring A. Let M
be a finitely generated A-module. A function ¢ : M — A is called a quadratic
form if

e forany x € M and a € A, q(ax) = a’q(x);
o by(z,y) = qlx+y) —q(z) — q(y) is a symmetric bilinear map M x M — A.

The bilinear form b, is called the associated symmetric bilinear form. If 2 is invert-
ible in A, then ¢ = 27 'b(z, x), and the notion of a quadratic form is equivalent to
the notion of a symmetric bilinear form. A module M equipped with a quadratic
form q is called a quadratic module.

We denote by b the bilinear form on Ks given by the intersection product,
and we equip L,, with the symmetric bilinear form b,,, obtained by reduction of b
modulo m. When m is even, we equip L,, with the structure of a quadratic module
by setting

gm(x) = %bm(m,m)

(recall that our lattice Ky is an even unimodular lattice). Let O(L,,) be the
orthogonal group of (L, by,) (resp. of (L, ¢m) when m is even).

To prove Theorem [6.9] fix a root a and consider its image & in L,,. Suppose we
find an element o € O(L,,) such that o(&) € V,,,. Suppose, moreover, that o lifts
to an element w € O(K%). Then w(a) is a root, w(a) is contained in S, and we
are done. We now develop this strategy.

6.3. Orthogonal and Spin groups modulo p'. Since the quadratic form b of
the lattice Eqg is unimodular, there is a connected smooth group scheme SOy, over
Z such that SOy (Z) coincides with the group of isometries of the lattice E1¢ with
determinant 1.

The universal cover of SOy, is a smooth group scheme Spin,, over Z; the group
Spiny (Z) is the group Spin(E;() of all invertible elements of the even part of the
Clifford algebra of the quadratic Z-module E;y such that the corresponding inner
automorphism leaves E1g invariant (see [29], Chapter IV, §5).

There is an exact sequence of group schemes

(20) 1 — py — Spin, — SOy, — 1,
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where p, is the group of square roots of 1. For any commutative ring A with
Pic(A) = 0, the exact sequence defines the following exact sequence of groups:

1 — py(A) — Sping, (A) — SOL(A) — A*/A*?

(see [29], Theorem 6.2.6). This will be applied to A = Z/p*Z for prime numbers p.
In this case |A*/A*2| = |puy(A)|; this number is equal to 2 if p # 2, and to 1, 2, or
4ifp=2and k=1, k=2, or k> 3 respectively. Thus the image of Spiny (A4) in
SOy (A) is of index at most 4.

The group scheme Spiny, is requested in order to apply the Strong Approxima-
tion Theorem (see [28], Theorem 24.6):

Theorem 6.10 (Strong Approximation). Let M be a unimodular indefinite integral
quadratic lattice of rank > 3; if p is a prime integer, denote by M, = M ® Z, its
p-adic localization at p. Let p;, i € I, be a finite set of prime numbers. Then the
canonical homomorphism

Spin(M) — H Spin(M,,)
el

has a dense image.

Note that, by the Chinese Remainder Theorem,
L) = H O(L,x.);

where m =[] pfi is the prime factorization of m.
Since the fibers of the natural homomorphism Spin(M,,) — Spin(M/p;*¢) are
open subsets of Spin(M,,,), we obtain a commutative diagram

(21) Spin(E1g) —— SOy (Z)

l l

Spin(Elo/mElo) —_— SO(Lm),

for which the first vertical arrow is surjective, by the Strong Approximation Theo-
rem. Suppose we find a root o € E1p and an element ¢ in the image of the bottom
horizontal arrow such that o(a) € V,,,. Then, the commutative diagram shows that
o can be lifted to an element w € SOy (Z) such that the projection of w(a) into
L,, is contained in V,,, and therefore Theorem [6.9]is proved.

6.4. Orbits of SO, and Spin, modulo p. This section is a warm-up for the
following ones. Fix a root « in E;o and denote by & its image in L,, where p is a
prime integer.

Since L, is a nondegenerate quadratic space over I, the rank of any submodule
of L, on which the quadratic form vanishes identically modulo p is at most 5. Any
quadratic form of rank > 2 over I, represents all elements in I, ([39], Chapter I).
Thus, b, represents all elements of .

Let 7 € V,, be an element with 7% := b,(r, 7“) = —2. If p # 2, Witt’s Theorem
provides an element o € O(L,) such that 0(64) =

If p = 2, we consider Ly = E19/2E;y & IE‘ as a quadratic space with the
quadratic form go(z) = 1b(x,2) mod 2. Since V3 is of dimension > 8, g» does not
vanish identically on V. There are 496 = 2%(25 — 1) vectors in the set g5 (1) and
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all of them are represented by roots (see [L1], Remark 4.7). Thus there are elements
of V5 which are represented by roots.

As a consequence, there is a root « in Eqq, such that, for each prime number p,
there is an element o € O(L,,) satisfying o(&) € V.

We now extend this idea to the case m = p* with k& > 1, and use this extension
to prove Theorem

6.5. Quadratic modules and orbits modulo p*. Here, the ring is A = Z/p*Z
and the quadratic module is M = V,,,, equipped with the symmetric bilinear form
b,x or the quadratic form g,» when p = 2. Since A is local, with maximal ideal
m = pA, an element a in A is invertible if and only if a is not contained in m.

Lemma 6.11. The quadratic module V. represents all invertible elements of the
ring Z/p*Z (i.e. Ya € Z/p*Z, there exists x € V. such that q(x) = a). The same
property holds for all free quadratic submodules My C V. of rank 8.

Proof. We prove the lemma for V» by induction on k. The same proof applies for
submodules of Vx of rank 8.

When £k = 1, V,, represents all nonzero elements of the field FF,,, as explained in
Section More precisely, for all a € IF;, there exists a pair of vectors (v,w) in V,
such that ¢(v) = a mod p and b,(v,w) =1 mod p.

Let k be a positive integer. The induction hypothesis asserts that for all invertible
elements a of Z/p*Z there exists a pair of vectors (v,w) in V,r such that

q(w) =a mod p* and by(v,w)=1 mod p".

Let a be an invertible element of Z/p**1Z. Apply the induction hypothesis to find
elements v and w of Vjr+1 such that ¢(v) = a mod p* and by(v,w) =1 mod p*.
Then by (v, w) is invertible in Z/p**'Z and changing w in one of its multiples we
construct a vector w such that by(v,w) =1 mod p**t. Write ¢(v) = a + bp* and
change v into v/ = v — bp*w; then ¢(v') = a mod p*+1. We still have b, (v, w) = 1
mod p¥, so that a multiple w’ of w satisfies b,(v',w’) = 1. The lemma is proved by
induction. ]

Now we invoke the following analog of Witt’s Theorem for quadratic modules
over local rings (see [28], (4.4)).

Lemma 6.12 (Witt’s Theorem). Let M be a quadratic module over a local ring A
with mazimal ideal m. Let F,G be free primitive submodules of M over the ring A.
Any isomorphism of quadratic modules F — G extends to an automorphism of the
quadratic module M .

Here primitive means that the quotient module is free.

6.6. Proof of Theorem We are ready to prove Theorem [6.9] hence Theorem
[6.6] and Theorem

Let m be a positive integer and [], pf be its decomposition into prime factors.
Let a € Eqg be a root (for example o = e; — e3).

Let p* be any of the factors pf Consider the image @ of a in L. Fix a free
submodule My of rank 8 in V. By Lemma B.IT] there is an element v € My
with g,.(v) = =2 € Z/p*Z if p # 2 and g (v) = 1 if p = 2. The element
v generates a free primitive submodule of L,x. By Witt’s Theorem, we find an
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element o € O(L,r) such that o(a@) = v; in particular, o(a) is contained in V.

Let us show that o can be chosen in the image of the map Spin(Lyr) — O(L,x).
Recall that the reflection s, with respect to a vector h, for which ¢(h) is invertible,

is defined by the formula

b(x, h)

q(h)

If h is in My, sp, is an isometry of L,. that preserves My. By Theorem (4.6) from

[28], any isometry of My (resp. L) is the product of reflections in elements from

My (resp. L,r). As explained in [2§], page 39, Section 8, an element 7 of O(Lyx)

is in the image of Spin(L,«) if and only if n is a product of an even number of

reflections, n = sp, 0 -+ 0 sp,_, and its spinor norm SN(n) is 1, i.e.

SN(n) :=q(h1)---q(h2s) =1 mod (Z;k)z.

(See also [29], chapter IV, §6.)
Write o as a composition of reflections s, 1 < i <, with q(h;) € Zy,. (I may
be odd). Apply Lemma [6.11] to find vectors h;41 and hj4o in My such that

sp(z) =2 —

l
g(hiy) = [[ath)™" and g(hy2) =1 mod (Z})*.
=1

Change o into sp,,, 00 or sp, ., ©8p,,, 00 to obtain an isometry which is a product
of an even number of reflections. After such a modification, sN(¢) =1 and o is in
the image of Spin(L,). Since My is preserved by sy, , and sp,,,, o(@) is contained
in My, and thus in V.

Now let & denote the image of a into L,,. Since the previous argument applies to
all prime factors pf of m, the Chinese Remainder Theorem shows the existence of an
element o in Spin(E;o/mE1o) such that o(@) € V,. By the Strong Approximation
Theorem, o lifts to an element ¢’ in Spin(E;g); then, the image w of ¢’ in SOL(Z)
maps the root « onto a root w(«) whose projection modulo m is in V,,,. This proves
Theorem [6.9] and hence Theorem

7. NON—ALGEBRAICALLY CLOSED FIELDS AND OTHER SURFACES

7.1. Non—algebraically closed fields. In this section, the ground field K is not
necessarily algebraically closed. Let K be its algebraic closure and let X = X @xg K
be obtained from X by base field change. Let W denote the Coxeter subgroup of
O(Pic(Xg)), as defined in Section [[L3l We have a sequence of inclusions

Aut(X)* C Aut(X)* C Wi C O(K3).

We say that X is Cremona special over K if Aut(X)* has finite index in Wx
and Wy is infinite. The following result extends the Main Theorem to arbitrary
fields K.

Theorem 7.1. If X is Cremona special over K, then
o X is unnodal;
e X is obtained from PZ% by blowing up a finite subset of P%(K);
e X is a Halphen, a Coble, or a Harbourne example (over K).

Proof. Let n + 1 be the Picard number of X. Assume that X is Cremona special
over K; in particular, X is obtained from P2 by blowing up a 0-cycle P of length n
defined over K. Since Aut(X) contains Aut(X), X is Cremona special.
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From our Main Theorem, we deduce that X is unnodal, P is made of n distinct
points of P?(K), and X is a Halphen, a Coble, or a Harbourne example over K.
In the Halphen case, the genus 1 fibration on X is unique. In the Coble case,
| — 2K | contains a unique member (the strict transform of the sextic curve with
double points along P). In the Harbourne case, when the Picard number of X is
> 10, | — K | contains also a unique member (given by the proper transform of the
cuspidal cubic containing P). Thus, these curves and pencil are defined over K.

Let us show that Pic(X) has finite index in Pic(X). First, assume that n >
10. Consider the subgroup Pic(X) of Pic(X). It contains ample classes and the
canonical class Kx; in particular, it intersects K }( on an infinite subgroup L which
is Aut(X)*-invariant. But Aut(X)* has finite index in Wy, Wx is Zariski dense
in O(Kx ® R), and the action of this orthogonal group on K3 ® R is irreducible.
Thus, L ® R coincides with K3 ® R. Since Pic(X) also contains Kx, we deduce
that Pic(X) ® R is equal to Pic(X) ® R and that Pic(X) has finite index in Pic(X).

When n = 9, one needs a slightly different argument. Since Pic(X) contains am-
ple classes, the intersection form restricts to a form of signature (1, m) on Pic(X),
with m < 9. In particular, the intersection form is negative definite on the orthog-
onal complement of Pic(X), and the action of Aut(X) on Pic(X) has finite kernel.
Since the action of Aut(X) on Pic(X) preserves the isotropic vector Kx and the
integral structure, it contains a finite index, free abelian subgroup of rank at most
m — 1. Since Aut(X)* has finite index in Wy, we deduce that m = 9 because Wy
contains a free abelian group of rank 8. This shows that Pic(X) has finite index in
Pic(X).

Let us now prove that all points p; of P, 1 < i < n, are in fact defined over K,
i.e. that P C P?(K). It suffices to show that all (—1)-curves E in X are defined
over K. Since Pic(X) has finite index in Pic(X), the divisor class of some positive
multiple mFE is in Pic(X). Since [mE| = {mE}, we obtain that mFE is defined over
K and hence E is defined over K. (]

7.2. Other types of surfaces. We can extend the concept of Cremona special
rational surfaces to other types of projective surfaces as follows. One says that
a surface Y has a large automorphism group if Aut(Y)* is infinite and of finite
index in the orthogonal group O(Ks) € O(Num(Y')), where Num(Y) is the lattice
of divisor classes modulo numerical equivalence. Besides rational surfaces, other
candidates of surfaces with large automorphism groups are surfaces of Kodaira
dimension 0 or 1. Indeed, Aut(Y) is finite if the Kodaira dimension of Y is 2, and
Aut(Y)* is finite if Y is ruled but not rational.

7.2.1. Kodaira dimension 1. If the Kodaira dimension of Y is 1, some multiple
of the canonical class defines an elliptic (or quasi-elliptic) fibration on Y. The
Mordell-Weil group of the corresponding Jacobian fibration embeds as a finite index
subgroup into Aut(Y)*. By the Shioda-Tate formula, the rank of this group is equal
to p(Y) — 2, provided there are no reducible fibers in the genus 1 fibration. Using
the argument from the proof of Theorem 210, one can show, in this case, that
Aut(Y)* is of finite index in O(K5r). Thus, Aut(Y)* has finite index in O(K5) if
and only if the canonical fibration has no reducible fiber.

7.2.2. Kodaira dimension 0. The classification of surfaces implies that minimal sur-
faces with Kodaira dimension 0 fall into four types: Abelian surfaces, K3 surfaces,
Enriques surfaces, and bielliptic surfaces.
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Theorem 7.2. Let K be an algebraically closed field with char(K) # 2. Let Y be
a projective surface over K with Kodaira dimension equal to 0. If Aut(Y') is large,
then Y is minimal and Y is not a bielliptic surface. If Y is an abelian surface, a
K3 surface, or an Enriques surface, then Aut(Y') is large if and only if O(Num(Y))
is infinite and Y does not contain any smooth rational curve.

Sketch of the proof. Recall that a (—k)-curve is a smooth rational curve with self-
intersection —k. Let Y be a projective surface with Kodaira dimension 0. The set
of classes of (—1)-curves is finite, and permuted by Aut(Y"); thus, if Aut(Y) is large,
then Y is minimal and K3 = Num(Y). If Y is bielliptic, it is easily checked that
Aut(Y)* is finite.

Abelian surfaces do not contain rational curves, and smooth rational curves
on K3 surfaces and Enriques surfaces are (—2)-curves. Each of them defines a
reflection on Num(Y'). Denote by Nod(Y') the set of smooth rational curves and
by Ref(Y) C O(Num(Y)) the group generated by the reflections around classes of
smooth rational curves.

Let Y be an abelian or K3 surface. Over the field of complex numbers, the Torelli
Theorem implies that Aut(Y)* is of finite index in O(Num(Y")) if and only if Nod(Y)
is empty (this is always true for abelian surfaces). For K3 surfaces this fact has
been extended recently to any characteristic p # 2 by M. Lieblich and D. Maulik
(see [30]). They also extended another corollary of the Torelli Theorem: The set of
orbits of smooth rational curves with respect to the automorphism group is finite.
Their arguments can probably be adapted to abelian surfaces. Thus, an abelian
surface or K3 surface has a large automorphism group if and only if O(Num(Y")) is
infinite and Nod(Y") is emptyﬁg

Finally, the automorphism group of an Enriques surface without smooth rational
curves is always large, and this is true in any characteristic. The proof and the
statement are analogous to the proof of Theorem (see [15], for K = C). O

7.2.3. Complex surfaces and rational curves. Let us assume that Y is a complex
projective surface.

(1) If Y is an abelian surface, ¥ does not contain rational curves;

(2) if Y is a K3 surface and Y does not contain any smooth rational curve, its
Picard number satisfies p(Y") < 11;

(3) a generic Enriques surface contains no smooth rational curve.

The first assertion is easily proved, and the third is contained in [2]. The second
one was explained to the authors by V. Nikulin: Any K3 surface with p(Y) > 12
contains a smooth rational curve (see [38], Theorems 14 and 15).

To prove it, assume p(Y) > 12. Since H%(Y, Z) is an even unimodular lattice of
dimension 22 and signature (3, 19), the orthogonal complement T'(Y") of Num(Y) in
H?(Y, Z) has dimension < 10. By Theorem 1.13.1* (or 1.13.2) in [36], the primitive
embedding T'(Y) C H*(Y, Z) is unique up to an isomorphism, because Num(U) is
indefinite and rank(7'(Y")) < 10 (see also Corollaries 2.9 and 2.10 in [32]). On the
other hand, since rank(7T'(Y")) < 10, Theorem 1.12.2 of [36] implies the existence of
a primitive embedding

T(Y)® (=2) c HX(Y, Z),

81f Aut(Y)* is infinite and Y contains smooth rational curves, then Ref(Y’) is infinite and its
elements represent different cosets of O(Num(Y')) modulo Aut(Y)*.
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where (—2) denotes the 1-dimensional lattice generated by a vector with self-
intersection —2. Taking the orthogonal complement for this second embedding,
one obtains that Num(Y") contains a copy of the sublattice (—2).

This shows that K3 surfaces with large automorphism groups must satisty p(Y")
< 11. This is a strange coincidence with our main result that complex rational
surfaces with large automorphism groups must satisfy p = 10 or 11.

Corollary 7.3. Let Y be a complex projective surface with large automorphism
group. If Aut(Y)* does not contain any finite index abelian group, the Picard
number of Y is at most 11.

Indeed, the assumption implies that Aut(Y)* is infinite but does not preserve
a genus 1 fibration, since otherwise the Mordell-Weil group of the corresponding
Jacobian fibration would determine a finite index abelian subgroup of Aut(Y)*.
Thus, either Y is rational, or its Kodaira dimension vanishes. The conclusion
follows from the Main Theorem, [[.2] and Nikulin’s argument.
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