MATH. 513. JORDAN FORM

Let Ay, ..., A; be square matrices of size nq, ..., ng, respectively with entries in a field F. We
define the matrix A1 @ ... ® Ay of size n = ny + ...+ ng as the block matrix

Al 0o 0 ... 0
0 [4] 0 ... 0

0 ... ... 0

It is called the direct sum of the matrices Ay,..., Ax. A matrix of the form
A1 0 ... 0
o X 1 ... 0
0o ... ... x 1
0 ... ... 0 X

is called a Jordan block. If k is its size, it is denoted by Ji(A). A direct sum
J = Jkl D...D Jk:T()\r)
of Jordan blocks is called a Jordan matriz.

Theorem. Let T : V — V be a linear operator in a finite-dimensional vector space over a field
F. Assume that the characteristic polynomial of T' is a product of linear polynimials. Then there
exists a basis £ in V such that [T|¢ is a Jordan matrix.

Corollary. Let A € M, (F). Assume that its characteristic polynomial is a product of linear
polynomials. Then there exists a Jordan matrix J and an invertible matrix C' such that

A=cCJCc

Notice that the Jordan matrix J (which is called a Jordan form of A) is not defined uniquely.
For example, we can permute its Jordan blocks. Otherwise the matrix J is defined uniquely (see
Problem 7). On the other hand, there are many choices for C. We have seen this already in the
diagonalization process.

What is good about it? We have, as in the case when A is diagonalizable,
AN =cJgNCc.
So, if we can compute JV, we can compute AV . It follows from the matrix multiplication that
(Avo..oA)N =AVa.. . 0AY.

Thus it is enough to learn how to raise a Jordan block in Nth power. First consider the case when
A =0. We have

0 1 0 0\ 2 0 0 1 0 0
0 0 1 ...0 9 0 0 1 0
nop=|ioioon i = Lo
0 0 1 0 0 0 0
0 0 0 0 0 0 0



We see that the ones go to the right until they disappear. Continuing in this way, we see that
Ji(0)F = 0.

Now we have
TN = (M, + J,(0)N =

N

N , 4 N
MV + <1)>\N_1Jk(0)+...+ < ,))\N_ZJ,C(O)Z+...+)\<N

-1

. >J,€(0)N—1 + (0N, (1)

This is proved in the same way as one proves the Newton formula:
N
N o
a+b)N = a™ ',
@b =3 (V)

We look at the product of N factors (a +b)...(a +b). To get a monomial a"~b" we choose i
brackets from which we will take b. The number of choices is (]j )
Notice that in formula (1), the powers J;(0)¢ are equal to zero as soon as i > k.

So we get
AN (AN (T AN-2 . co ()N R
0 Y (DAY (AN L (AN
T (WY = ,
: : : : AN (]If))\N*1
0 0 0 AN

where, by definition (Z) =0if N <m.
Before we go to the proof of the Theorem, let us explain how to find J and C. Notice that
rank(Jx(0)) = k — 1, rank(Jx(0)?) =k —2, ... rank(Jx(0))=0.

Let us introduce the notion of the corank of a matrix A € Mat, (F') by setting

corank(A) = n — rank(A) = nullity(A) |

Then we see that corank(J(0))" = i and is equal to the number of the first zero columns. Now,
for any Jordan matrix J = Ji, (A1) @ ... Jk,.(\), we have

corank((J — AI,)%) = Y corank(Jy, (0)7),
iel(\)

where I(\) is the set of indices ¢ for which A\; = A. Let

dm(A) = the number of Jordan blocks J,,(\) in J |,




cq(A) = corank((J — AI,)9) = corank((A — A\[,,)?) | (2)

The last equality follows from the fact that
(A= \I,)1 = (CIJC™ = \,) = (C(J = M\,,)C™ 1T = C(J — \,,)?C~ .

So, (A — AI,)? and (J — AI,,)? are matrices of the same operator and hence have the same rank.

We have
a(d) =) dn(N),
(V) —a(d) =D dn(N),

Solving this system for d,,(\) we find

dl ()\) = 261 ()\) — CQ()\) s

d]()‘) :_Cj—l(A)+20j(/\)_cj+l(>‘) s J=2,...,n—1, (3)

This gives the answer for J.

Remark. For matrices of small size we can list all possible Jordan forms, and then choose the
right one by applying formula (2).

Example. Let

1 1
A=11 1
0 0

SN =

The characteristic polynomial is Pa(\) = (=A)% 4+ 2(=\)2. So the eigenvalues are 0 and 2. Since
0 is a root of multiplicity 2, it must appear twice at the diagonal. Possible Jordan forms are

000 01 0
Ji=[00o0], =00 0
00 2 00 2

Since corank(A) = corank(A — 0I3) = corank(.Jo — 0Iz) = 1 we have to choose J = Js.

Now let us give the answer for C'. I will describe how to find C' without proper justification.
By definition of the matrix of a linear operator,

Act) =xne, Ao =an0y) v o, Aol = a0l o
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We solve the first equation for Cfl) finding an eigenvector with eigenvalue A;. Next we have to
solve an inhomogeneous system of equations to find C’él) . Here we may have a problem because
of non-uniqueness of Cfl). It could be a “wrong eigenvector”, i.e. corresponding to different block
with the same A1 at the diagonal. In this case a solution of the inhomogeneous system may not
exist.

The correct way to do is the following. Let m be the size of the largest Jordan block with A\;
at the diagonal and A — \11,,.

1) Let Vi = N(A — AI,)™) Since (A — AI,)"™(A — A,,)(v)) = (A — AI,) (A — AI,)™(v)), the
linear operator L 4_,7, maps V; to itself. Consider L4_»;, as a linear operator U : V; — V;. You
can find some basis in V7 and a matrix A; of U in this basis. You will use it in the next steps.

2) Find a basis vgl), . ,07(111) in R(U™™1). Note that U™(v) = 0 for any v € V;, so nonzero
vectors in R(U™™1) are eigenvectors with eigenvalue \;.

3) Now search for linearly independent vectors v§2), . ,w(i) in R(U™~2) such that U (UZ@)) =
o,

4) Then extend v§2), ... ,1)7(121) to a basis v§2), ... ,117(122) in R(U™2).

5) Then, do it the same starting from R(U™~2). That is, find linearly independent vectors
v§3), e ,UT(L?;) in R(U™~3) that are mapped to v§2), e ,v%) by U. Then extend this set to a basis

1)&3), . ,1]7(1?;) in R(U™™3).
6) Continuing in this way you will find the following basis in V/(A1):

A OO

1 Un,

2 2 2

ui) ' S USTQ | @
o™l

It satisfies the following properties
(i) n1 <mg < ... <Ny
(i) ny +...+n; = dim R(U™™Y), in particular, ny + ...+ n,, = dim Vi;
7) Now take C’fl) = vil), cees Cfm) = vgm) in this order. These are the first m columns of the
matrix C. They correspond to the largest block J,,(A1). Next take the vectors

O — oD O = ol O — D o) m),

they correspond to the remaining blocks J,,,(A1). You have used the first m columns of the list (4)
(taking vectors from the top to the bottom). Next go to the next columns and do the same. This
gives you the part of C responsible for the blocks with A; at the diagonal.

8) Now go to the next eigenvalue A2 and do steps 1)-7). This will give you the part of C'
responsible for the blocks with Ao at the diagonal. Continue in this way until you have used all
the distinct eigenvalues.

Example (cont.) Let us find the matrix C such that A = CJC~!. First we take \; = 0. We
find V; = N(A?) is spanned by (3,0,-2),(—1,1,0). Now N(A) is spanned by C; = (—1,1,0).
This is a unique eigenvector with eigenvalue 0 (up to proportionality). Now we are looking for
Cy = a(3,0,—2) + b(—1,1,0) such that ACy = C;. We find that C5 could be taken equal to
(3,0,—2). It is not a unique solution. We can add to Cy any vector proportional to C to obtain
another solution. Finally we find the third column C5 by solving the equation (A —213)C3 = 0. A
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solution is C3 = (1,1,0). So

C

Il

—t
N O
O = =

0
We leave to the reader to verify that A = CJC~!.

Now let us go to the proof of the main theorem.
For any linear operator 7 : V — V and a non-negative integer i we denote by 7" the compo-
sition of T with itself i-times. By definition, T° = idy .
A linear subspace L C V is called invariant with respect to T" if T'(v) € L for any v € L.
Let
LyCclLyC...CL,C...CV

be a sequence of linear subspaces of V' such that each is a subset of the next one. Let
L=JL
k

be the union of these subspaces (it could be infinitely many of them). I claim that L is a linear
subspace of V. Indeed, take v,w € L. Let v € Ly, w € L,,. Without loss of generality we may
assume that k < m. Since Ly C L,,, we get v,w € L,,. Since L,, is a linear subspace, we get
v+ cw € Ly, C L for any ¢ € F. Thus L is a linear subspace.

We apply this to the following situation. Let U be a linear operator, and L;, = N(U*). We
have N(U*) ¢ N(U**1) since N*(v) = 0 implies N(U**1) = N(N*(v)) = N(0) = 0. Thus we
have a sequence of linear subspaces

{0} c NU)c NU*»cC...cNU"c...cV.
It follows from above that

UN(Uk) ={veV:U"w)=0 for some k > 0}.
k

is a linear subspace of V. It is also invariant with respect to U. In fact, if v € N(U*) for some
k, then UK=Y (U(v)) = U*(v) = 0, hence U(v) € N(U*™!) (if k = 0, we have v = 0 so U(v) = 0
belongs to any subspace).

Recall that the eigensubspace of T corresponding to an eigenvalue A is the kernel of the
operator T'— Aidy . Define the generalized eigensubspace of T corresponding to an eigenvalue A by

V(T,\) ={veV:(T—-MNdy)(v)=0 forsomei>0}.
Take U =T — Aidy in above, we obtain the proof of the following.

Lemma 1. V(T,\) is a linear susbspace of V. It is invariant with respect to T'.

Let us restrict the operator T' to the invariant subspace V (T, \) (that is consider the same
rule for T only applied to vectors from V (T, \)). We shall exhibit a basis in V' (T, \) such that the
matrix of T with respect to this basis is the direct sum of Jordan block matrices with A at the
diagonal.



Notice that the operator U = T'— Aidy when restricted to V (T, A) satisfies U™ = 0 for some m > 0.
In fact, every vector v € V(T, \) satisfies U?(v) = 0 for some i > 0. Choose a basis v1,..., v, in
V(T,\) and let m be chosen such that U™ (v;) = 0 for all ¢ = 1,...,k. This can be done since
U7 (v) = 0 imlplies U%(v) = Us~ (U’ (v)) = 0 for s > j. Now writing any v € V(T, \) as a linear
combination of the basis, and using that U™ is a linear operator, we obtain that U™ (v) = 0 for all
v e V(T,\).

Let us consider any finite-dimensional vector space W and a linear operator U : W — W
satisfying U™ = 0 for some m > 0 (a linear operator with such property is called a nilpotent
operator). The smallest m with this property is called level of nilpotency of U.

Observe that

R(U™) c R(UY).

Indeed Ut (v) = U (U(v)), so if a vector w is equal to the value of U**t! at some vector v, then
it is also equal to the value of U® at U(v) € V(T, ). So we have a chain of linear subspaces

{0} = RU™) c RU™ ') c...Cc R(U) CW. (4)

Observe that ' '
U(R(U")) = R(U™).

To see this, use that U™ (v) = U(U*(v)), so each vector in R(U**!) is equal to the value of U at
some vector in R(U?).

Lemma 2. Let U be a nilpotent linear operator on a vector space W # {0}. Let m be its
nilpotency level. Then all inclusions in (4) are strict.

Proof. Suppose R(U*) = R(U*~!. Then dim N(U*) = dim N(U*~!, and since N(U*~1!) C
N(U*) we get N(U¥) = N(U*"1). For any v € V we have 0 = U™ (v) = UK(U™ *(v)), hence
Um=*(v) € N(U¥). By above U™ ¥(v) € N¥=1 hence N*=}(N™~*(v) = N™ 1(v) = 0. This
contradicts the definition of the level of nilpotency of U.

Let us go back to our situation when U = T — Aidy restricted to V(T,A). Let ny =
dim R(U™™1). Since R(U™) = 0, U sends all vectors from R(U™ ') to {0}. Let vgl),...,v,(lll)
be a basis of this space. Since U : R(U™~2) — R(U™~!) is surjective, we can find v\, ... 0% in
R(U™?) with

U(vgz)) = vgl), i=1,...,n1.

I claim that

N

of CV N RN )

oo Ung sV ey Uny

are linearly independent. In fact, if

1o 4t oD 4 b0 L by o =0,

ni
we apply U to obtain that

0=a UM + .. 4 an, URW) + U0 + . 40, UwP) = biol 4. 4 b, 0.

This gives by = ... = b,, = 0, and hence a; = ... = a,, = 0. Notice that v](tl), e ,vflll) belong to
N(U), so we can find a basis of N(U) N R(U™~?2) of the form vgl), e ,vgl), vffl)ﬂ, e ,v,%). Together
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with the vectors vgz), . vg) we get a basis of R(U™~?). In fact, by the formula for the dimension

of the range space of a linear transformation, the dimensions of the subspaces span(vf), vg))

and N(U) N R(U™?) add up to the dimension of R(U™72). Also their intersection is the Zero

subspace {0}. In fact, if Y1, aivz@) € N(U), applying U we get Y1, a;U(v (2)) =" a; oM =0,
(1) (1)

hence a; = = ap, = 0 because the vectors v;"’,..., vy, are linearly independent. Next we find
v%g) US;) € R(U™=3) which are mapped to v( ), . véz), respectively. Then we find a basis of
N(U)ﬂR(Um 3) which includes the previous basis Ugl), vﬁlll),vg)ﬂ, o of N(U)NR(U™™2).
The union of this basis and the set v(2) ,v,(i), vf’) 1)7(5;) is a basis of R(U™~ 3) Proceeding

in this way, we find a basis in V (T, )\)

(2] co. Upy
S L 1 L ©
oM vg? Y

satisfying the following property

(i) n1 <ng <. < nyy;

(i) ny + ...+ n; = dim R(U™Y), in particular, ny + ... + n,, = dim V(T, \);
(ifi) (T — Mdy)(Y Ty =0 ifi=1,... n;.

Let us find the matrix of V (T, A) of T with respect to this basis. We first reorder the vectors
by taking the first m vectors from the first column in (6) starting from the top, then go to the
second column and so on. Since (T — Aidy)(v1) =0, (T — Mdy)(v;) = vi—1,1 = 2,...,m, we
obtain

T(’Ul) = vy, T(Ul) =, +vi_1, t=2,...,m.

This shows that the first m columns of the matrix of T look like

A1 0 ... ... 0
o x 1 0 ... 0
0O ... ... 0 Xx 1
0O ... ... 0 0 A

Continuing in this way we easily convince ourselves that the matrix of 7" in our basis is equal to
the direct sum of ny; Jordan blocks of size m, ny — ny Jordan blocks of size m — 1, and, finally,
Nyn — Nym—1 Jordan blocks of size 1. All of them of course have A at the diagonal.

To finish the proof we use

Lemma 3. Let A be an eigenvalue of T'. Then
V=V(T,\) e W,

where W' is invariant with respect to T' and T' — Aidy is invertible when restricted to W.

Proof. We know that V(T, A) = N((T'—Aidy )™) for some m > 0. Define W = R((T'—Aidy)™).
Then the dimensions of the spaces V(T,\) and W add up to dim V. It remains to show that
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V(T,A\)NW = {0}. If v is in the intersection we have v = (T — Aidy )™ (w), for some w € V,
and hence 0 = (T — Aidy)™(v) = (T — Midy)?*™(w). This implies that w € V(T,\). But then
(T — Aidy )™(w) = 0 and thus v = 0.

Now we can finish the proof. Take a Jordan basis in V' (7', ) and extend it to some basis of V. The
matrix of T is the direct sum of a Jordan matrix and a matrix of T restricted to W. It is easy to see
that the determinant of a block matrix is equal to the product of determinants of the blocks. This
shows that the characteristic polynomial of an operator restricted to W divides the characteristic
polynomial of T' (this is true for any invariant subspace, see Theorem 5.21 from the book). By
assumption it factors into the product of linear polynomials. By induction on dimension of the
vector space, we may assume that the theorem is true for W. Since the restriction of T — Aidy
to W is inveritible, its eigenvalues are different from A. Thus T restricted to W has a basis such
that the matrix of T"is the sum of Jordan blocks with no A at the diagonal. Taking this basis and
adding to this the basis for V(7, A) which we have just constructed we see that the matrix of 7" is
the sum of Jordan blocks. The theorem is proven.

Let us give one application of the theory. We know that A*¥ = CJ*C~!. For any polynomial
P(z) = apr® + ag_12% ' + ... + a1z + aq define

P(A) = CLoAd + ad_lAd’l + ...+ a1 A+ aql,.

It is immediately checked that P(A) = CP(J)C~!. Since we know how to compute J*, we know
how to compute P(J). It is enough to give a formula for P(Jj(\).

P\ POR) 5 PAN) PRI
0 P()  PUYR) PO o @2y PEPN
PI(V) = |
: : : : P(\) PO\
0 0 0 P()\)
where, by definition
d! d—1)!
P®) () = ag 29k 4 gy ( ) lxd—k—l 4o+ agklay,

(d— k) d—k—1)

the familiar formula for the k-th derivative of a polynomial.

Now suppose F' = R (or C for those who is familiar with functions in one complex vari-
able) and we are given any function f(x) : F' — F such that the set of eigenvalues {A1,..., A}
(called the spectrum of A) lies in its domain of definition and also that f has m; + 1 derivatives
FON), ..., fim+D(\) at A;, where m; is the size of the largest block of .J with ); at the diagonal.
Let

1

mi!

pi(x) = f(N) + PN (@ = N) + %f(l)(/\i)(x —X)? o = FI ) (= )™

be the Taylor polynomial of f(z) of order m; at the point \;. Let J = J; @ ... & J, be the block
sum of Jordan matrices (not necessary block-matrices) J; with A; at the diagonal. Then we define

f(A)=Cpi ()@ D pr(J.)C
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One can prove that this definition does not depend on a choice of the jordanization A = C.JC~1!.
For example, one can define e, sin A, cos A for all matrices, or log A for all matrices with positive
eigenvalues, and check that % is defined if detA # 0 and coincides with A~!.

For example, one solve a system of linear differential equations

dx(t)
e A-x(t)

in one step
x(t) = e'xq,

where x(0) = xq.

Problems

1. Find the Jordan form of the following matrices

3 -4 0 2

0 10 111
a) —440,b)§_05 _32 _42, 0 1 1
-2 1 2 00 1

o 0 2 -1

2. For the matrix a) from Problem 1 compute A'°.

3. Prove that a matrix A with complex entries is nilpotent if and only if its characteristic polynomial
is equal to (=)™ (the assertion is true for a matrix with entries in any field).

4. Find the Jordan form of a matrix A with complex entries satisfying A% = A.
5 Let J = J,(0). Find the Jordan form of J2.

6. Count the number of different (up to permutation of blocks) Jordan matrices of size n < 4 with
0 at the diagonal.

7. Prove that two Jordan matrices are matrices of the same linear operator with respect to different
bases if and only if one is obtained from another by permutation of its Jordan blocks.



