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g 0.  rntroduct lon:  Let v be a connected complex manlfo. ld,

p:  L + V a complex I1ne bundle on V, r  a group of  analyt lcal

automorphlsms of  V whlch acts total ly dlscont lnuously wl th the

compact quot lent  space f ,  = t \v.  suppose that f  a lso acts on L

compat ib le wl th the act lon on V(1.e. ,  p(e(v) )=g(p (v)  )  for  any

Eefr  vel , ) .  We f lx th ls act lon and cal l  L an automorphy factor

with respect to r .  For any lnteger m the m-th tensor power Lm of

L ls also provided wlth the structure of  an automorphy factor,

and the group f  acts ln a natural  way on the space of  l ts  g1oba1

sect lons Ho(VrLm). Let AL(r) ,n = Ho(V,Lm)t  bu the ,subspace of  the

lnvar iant  sect lons,  l ts elements are cal led ( integral)  automorphlc

respect to the group f  and the automorphyforms of  welght m wlth

factor L.  The direct  sum \( f  )  = 
_@_ AL(r) ,  nas a natural  struc-

-  meZ

ture of  a graded commutat lve algebra over the f le ld of  complex

numbers 0,  1t  ls  ca11ed the algebr? of  automorphlc forms wlth

respect to the group f  and the automorphy factor L.

'  The most known part lcular cases of .  th is d.ef ln i t lon are the

algebra of  G- invar iant  polynomlals f t t ,  T ' .*1JG, G a f ln i te

subgroup of  GL(n+f, f ;  (corresponds to the case V = p"( f )  tne

proJect lve space, r  :  ecf(nr{)  the quot lent  of  G by the subgroup

of scalar matr ices),  and the PoLneard algebra A(r)  of  automorphic



forms (VcCn a homogeneous bounded domaln,

of  the tangent bundle).

There are many resul ts on algebralc propert les of  the

algebras of  lnvar lant  polynomlals (see [rr1; ,  and as far  as r

know thelr  general lzat ions to the general  case were never consl-

dered. Here,  r  announce some resul ts 1n thls dlrect lon.

n
L=AT(V) the determlnant

is admissible
51. Flnl teness. We say.that the t r lp le (VrrrL)

1f  the fo l lowlng condl t lons are sat lsf led. :

(1 )  f  contalns a subgroup of  f ln l te lndex I  t

on V;

which acts f reely

(11) the quot lent  r t \L def lnes the negat lve or posl t lve (1n sense

of Kodalra t4 l )  l1ne bundte on r t \V.

Theorem 1: For any admlsslble t r lp le 6V,r , i1 the algebra of  auro-

1s f ln l te ly generated over 0.
morphle forms Ar,(r)

Sketch of  the proof:  The condi t lon (1) eas1ly lmpl les that  one

can choose an lnvar lant  subgroup of  f ln l te lndex r  r  whlch acts

freely on v.  By Kodalra the eondl t lon (rr ;  i rnpl les that  some ,
power Ltk embed.s the quot lent  xr  = r , \v lnto the proJect lve space.

This lmrnedlately shows that the atgebra @ Ho(xr r l , r 'nk) rs f in l te ly
I ILC L

generated (belng equal  to the proJect lve coord. inate r lng of  the

embedded algebralc var lety Xr ) .  Uslng an easy algebralc argument

we lnfer that  the algebra Ar = @_ Ho(Xtr1, tm; ls also f ln l te ly
meZ

ctFha7qfar l  ml.  r r )€I i  We

n
invar iants At ' ,  G =

ldent l fv the algebra AL(r)  wl th the algebra of

f / f t ,  and use' that  the f ln l teness 1s preserved



1t

under passlng to the lnvar lant  subalgebra for  a

automorphlsms.

fJn ' l fo s '^-h
6r vu}J of

Remqrlzq.  ' ' l
+.

algebra A, (r) ,
)J-

thatn=dlnV

Let n = dlm Ar(r)  be the Kru11 dimenslon of  the

The arguments of  the proof of  rheorem 1 show.

+ 1 1f  (V,r ,L)  1s admlsslble

2. I f  Lt  is  a posl t lve (resp. negat lve) t lne bundle

complex nanl fo ld,  Xr,  then Ho(Xtr1, tm; = 0 for  m < 0
Also, Ho(x? rLro) '= Ho(xr r lx? )  = 

+.  Thls shows that

for ei ther posi t lve m or negat lve m and Ar(r)o = p.

regradlng of  AL(r)  we may always assume that Ar(r)*

and L def ines a posl t lve l lne bundle Lr.

3.  The prevlous remark obvlously lmpl ies that

dlv isors l f  (VrrrL) 1s admlsslble ( the argumenr

the case of  the polynomial  r lng.  ) .

on a compact

(resp. n>O).

41(r ) ,  = o

After obvious

= 0,  m < 0

AL(f)  has no zeyo

1s analogous to

52. Normal i ty. A commutat lve r ing

sald to be normal i f  any x f rom i ts

an algebralc equat lon *a + a,* t - l  +.
4

A.

A wlthout zero div lsors 1s

f le ld of  f ract lons sat isfy lng

. .*  r r ,  = 0,  a l  e A, bei longs to

Theorern 3:  Assume that (V, f  ,L)  1s adml.sslble.  Then Ar,( f  )  f  s
normal.

The argument of  the proof of  rheorem 1 shows that Ar(r)  = A,G,
where Ar = @- 

"o(xf  
r l rn)  wl th Lt  a posi t ive or negat lve l lnemeZ

bundle on a non-slngular algebralc var iety xr ,  G a f ln l te group.
using Remark 2 above we may assume that Lr is posl t ive.  Then, by
Grauert?s cr i ter lon [3] ,  the zero sect ion of  Lr-1 can be blown



forms (VcCn a homogeneous b-ounded domaln,

of  the tangent bundle).

2L

n

L-AT(V) the determlnant

There are many resul ts on algebraic propert les of  the

algebras of  lnvar lant  polynomlals (see t1l l ) ,  and as far  as r

know thelr  general lzat lons to the general  case were never consl-

dered. Here,  r  announce some resul ts ln th ls dlrect lon.

51. Flnl teness. We say. that  the t r1p1e (V,rrL)

1f  the fo1low1ng cond. l t lons are sat lsf led:

1s admlssible

(1 )  f  eontalns a subgroup of  f ln l te lndex

on V;

f  I  which acts f reely

(11) the quot lent  r t \L def lnes the negat lve or posl t lve ( tn sense

of Kodaira t4 l )  11ne bundle on r t \V.

Theorem 1: For any admlsslble t r lp le (Vrr ,L)  the algebra of  auro-

ls f ln l te ly generated. over +,
morphlc forms A, ( r )

sketch of  the proof:  The condi t lon (1) easi ly 1mp11es that one

can choose an lnvar lant  subgroup of  f ln l te index I  r  whlch acts

freely on v.  By Kodalra the condl t ion (rr1 impl les thar some ,. /
power LtK embeds the quot lent  xr  = f t \v into the project lve space.

This immediately shows that the algebra @ Ho(x,  rLr*)  is  f in i te ly
'  meZ

generated (be1ng equal  to the proJect lve coord. inate r lng of  the

embedded algebralc var lety Xr ) .  Using an easy algebralc argument

we infer that  the algebra Af = @_ Ho(Xr,1rm; is also f ln l te ly
meZ

generated. Then we ident i fy the algenra Ar(r)  wi th the algebra of

invar iants A'G, G = r /Tt ,  and use' that  the f ln i teness ls preserved



downtoobtalnanormalaf f l .nevar ietyXr.whosecoordlnater ingls

isomorphlc to the r lng At.  The resul t  fo l lows from the fact  that

the proPerty of  norrnal i tY 1 preserved under taklng the subr ing of

lnvar i_ants wi th respect to a f in l te group of  automorphlsms.

53. Cohen-l44qeq!4y. Let [ = @ Ar Ue a f lnltely generated graded

algebraoveraf le ldk,n=dlmA,l tsKrul ld lmension.Bythe

Noether normal lzat lon theOrem we can choose n homogeneous elements

X1r. . . r*rraAsuchthatAlsaf in l temoduleoverthepolynomial

subalgebrak[x]generatedbyxl .WesaythatAlsaCohen-Macaulay

algebra 1f  A 1s a f ree module over t<[x]  (1t  can be shown that th ls

def ln l t lon does not d.epend on the cholce of  generators * i .  )  .

Assume now that (Vrfr l , )  1s an admlsslble t r lp le;  1et '  f f  be an

invar lant  subgroup of  f ln l te index of  I  whlch aets f reely on v '

L? = 1r\L,  Xt  = 1r\v.  The quot lent  group Q = f / r t  acts by func-

tor la l i - ty on the cohomology space Hl(Xt r l rm) '  and l t  is  easy to

see that the subspace of  lnvar lants nlCr)  is  independ'ent (up to an

lsomorphlsm) of  the ehoiee of  I  |  ,  l t  1s cal Ied the 1-th space of

automorphycohomologywithrespecttolandL'Clear ly '

^Or-\  n /n\
f l .  \ l  , /  | \T \ r . r .

!L)

Theorem 3: Let (VrrrL) be an admlssible t r1p1e'

and only l f  Ai(r)  = 0 for  o < 1 < dlm V'

?1 - l

Examples:  1.  Let  V =.  P"(( | ) ,  r  a

the tr iv ia l  subgrouP then nl{r)  =

known that any complex l1ne bundle on en(f)  1s lsomorphlc to some

power of  the tautological  11ne bundle H on pncf) .  By serrets

Then the algebra

f ln l te group. I f .we take for f l

@ Hi(Pt(Q),r ,*) .  r t  ls  wel l
meZ



theorem, t t i (pt{ f ) ,Hk1 = o '  1> 0,  k e z.  Hence, a},{r)  = o,  i  > 0.
Thusr w€ obtaln that  the algebra of  invar iant  porynomrars ls
always cohen-Macaulay.  fh is ls a wel l -known resul t  proved.,  for
example,  in t5 l .

where f, = t\V.
a

T{*fY I  \  nn 1ar1". /  = 0,  0

1n the case V =

2. Let v be a homogeneous bounded domaln rr  0r ,  A(r)  = Ar (r) ,
nrv

\r  
= A t(v)  r . the correspondlng polncare algebra wl th resnrnr rn

some group t  (see g0).  The Kodaira vanlshlng theorem and Serre,  s
dual i tv (see t4l)  easi . ly  lmply thar oiuf  r l  = Hl(x, lx)  @ Hn-i(X,IX),

Hence, A(r)  1s Cohen-Macaulay 1f  and only

< 1 (  n.  By Matsushlma_Shlmura tdl  l t  1s
rl

H" lho nnnA,, ,r r  e eJ.rE 6rr .uuuct of  the upper hal f_planes.

I

94. Gorensteln.  Let  A be a cohen-Macaulay graded algebra over a
f ie ld k,  A[x]  be the polynomial  subalgebra of  A such that A ls a
free f ln l te module over A[x] .  A 1s said to be Gorensteln algebra
l f  vr r -  x1: . . . ,  *r ,  generate an l r redueible ideal  of  A.  There is a 1ot
of  other equlvalent charaeter izat lons of  Gorensteln r lngs for
whlch we refer to [1] ,  t l l l .

we say that an automorphy factor L is ryqr.amiiaeg in co-
dlmenslon < k l f  the set  F of  a l l  polnts w e L* = L-{zero sect lon}
wlth nontr iv la l  lsotropy subgroup 1s of  codlmenslon >.  k: t ln L*.
Not ice that  F 1s c1ear1y.a I1ne bundle over r . ts proJect lon onto
V. I f  v e V 1s a polnt  wl th nontr lv la l  isotropy subgroup Iv,  then
L def lnes the lsotropy representat lon p,r :  t r ,  *  GL(Lrr)  = 0*,  L '
the f ibre of  L over the polnt  v.  L is nonramlf led in cod. imension
< k 1f  and only 1f .  there exlsts an open subset U C V wlth

1f

sat isf led



codlm(V-UrV) > k + 1 sueh that for  any v e U the representat lon

po. ls fa l thful  (1:" .  Ker(Prr)={1} ) .

Theorem 4: Let (Vrfr l )  be an admlsslble t r ip le wl th L nonrami-

f ied, ln codlmenslon < 1- Assume that the algebra Ai( I )  1s Cohen-

Macaulay.  Then nr( f )  fs Gorensteln 1f  and only 1f  for  some inte-

tzn

ger k the automorphy factor L^ 1s lsomorphlc to Kr,  = n T(V) (as

f-bundles )  .

Examples: 1.  In the case of  the algebras of  lnvarLant polynomials

0tTfr . . . ,  Tn+I]o the non-ramif ledness at  eodfunenslon < I  means

that the group G has no pseudoref lect lons (1.e.  fot  *V gec

rt<(e-I)>f  ) .  Then the condl t lon of  the theorem 1s equlvalent to

the condl t lon G <'  s l (n+lr() .  In th ls form thls theorem 1s due to

Watanabe t131.
n

Z. I f  i  T(V) 1s a t r lv ia l  11ne bundle wl th the t r lv la l  t -aet lon

(for example,  V=fn,  t  is  a group of  t ranslat j -ons)r  then At(r)  fs

Gorensteln as soon as 1t  1s Cohen-I lacaulay.

3.  The Polneare algebras A(f)  are alvays Gorensteln 1f  they are

Cohen-MacaulaY.

g5. Complete Intersect lon.  Let A be a graded algebra f ln l te ly

generated over a f ie ld.  k,  X1r.  . .  r  *N, l ts homogeneous generators

assumed to be of  posl t lve degree qlr . . . ,  qN. Then A ls a holo-

morphlc lmage of  the polynomlal  a lgebra t<[Tf  , . . .  
'  

TN] graded by

the condi t l -on deg(Tr)  =.Qi.  We say that A is a complete inter-

sect lon 1f  x. . ,  , .  .  .  ,  xr , r  can be chosen 1n such a way that the kernel

nf the men kfn r l r ' l  + 
^ 

rn + v i5 generated by a regularur vrrs rrrqy , . t  11t  .  .  .  ,  ,N, -  n,  .1 '  
^ i ,  

4 l



lo

sequence

(regular

l . fm

^L11r. . .

_ 
dt  * . , .*  dr  _ qI

Remarks:  1.  f t  1s easy to show that AL(r)

lntersect lon i f  d im V > 2,  L ls nonramlf led

andfy '  t1] .  
/

of  homogeneous element,  F1 , . . . ,  F" of  k[Trr . . . ,  TfV]

means that Fi  ls  not a zero dlv lsor 1n the quot lent

,  TNf/  (F1r. . . ,  Ft_t)) .  We say then that A has welghts

e1r.  .  .  r  qN and mult ldegree (d1r.  . . ,  d") ,  where dt  = deg(F, ) .
Any complete lntersect lon algebra 1s Gorensteln.

r  do not know any suff lc lent  cnl ter la for  an algebra.  Ar( f )  to
beua cornplete lntersect ion,  and. i t  hard t :o be, l . leve that such exist .

However,  there 1s a hope to c lassl fy them 1n some cases. Thls has
been done ln the cases of  the polncare algebras A(f) ,  d lm V = 1
(12f,  d l f ferent proofs were glven later 1n t fO1, [ ta1; ,  and.

f  = { f  } ,  d lm V = 2 (M. Reld).

Thcnr.cm q. T.) .

is  nonramlf ied 1n'coi l j rnenslon < r- ,  and, ALcr)  is  a complete in-
tersect lon wl th welghts e1r. . .  r  qN and mult ldegree (d1r. . .  r  d") .
Let  k be the lnteger determlned. by the equal l ty Lk = K., ,  (see
Theorem 4).  Then

l -
Vp - l { 'o

cannot be a eomplete

1n codlmension 1 Z,

2 '  r t  would be very lnterest lng to f lnd a general i  zat lon-of  the
cheval ley theorem whlch gives a neeessary and. suf f lc lent  condi t lon
fa-  n 1n\ r^ L^ Lr--ror ALtf  )  to be the polynomlal  r lng (Reca11 that the cheval ley

theorem asserts that  the algebra of  lnvar iants k[Tlr . . . ,  t r . ,JG 
. :_s

a graded polynonlal  a lgebra 1f  and. only l f  G 1s generated by
pseudo-ref lect ions .  )  .



1[

56. Halphen Algebras.  Assume that the automorphy factor
n

Kv = A T(V) ls posi t lve or

automorphy factors L wl th

some pair  of  lntegers krm.

negat lve.  Let F be the group of  a l l

resncat 1-n r  SuCh that Lk = f I  for^euyvvv 
vv .  euet l  vr lqv !  t \v rur-

fhe F-graded vector space

/1 l'g) H-(V,L)^
ULT'

A(r)  =

has a natural

reasons below,

- ryClear1y,  A(I)

as 1ts graded

structure of  the F-graded algebra

I  cal l  1t  the Halphen algebra of

Contains the Poincare algebra A(r)

subalgebra.  :

ove" { .  For the

the g.roup l.

= @ Ho(vr l , ) f
te iKU)

Theorem 6: Assume that the t r lp le (V,r ,L)  1s

X -  r \V.  Then the Halphen

normal {-aIgebra.

admlssible and

algebra f ( r )  is  aH'fX- ' l - - )  = 0 where/ " ,

f ln l te ly generated

Example:  suppose that d1m v = 1.  Then under the condl t lons of

the theorem we have f ,  = p1(0),  the proJect ive 11ne. Let

r :  v + x be the project ion onto the quot lent  space. Then there

ls a f ln l te set  of  polnt"  *1r. . . ,  *"  1n x such that n 1s a 1oca1

isomorphlsm for any polnt  v e V wlth n(v) \  {* f r . . . ,  *"} ,  and n 1s

ramlf led at  any v wl th n(v) = x,  wl th lndex of  ramlf lcat lon e,  > 1.

Also,  w€ have that the number t  = 1/e,  +. . .+ 1, /e" 1s el ther

larger than r  -  2 (rn th ls case, the unlversal  cover lng of  v is

the Rlemann sphere) or less than r  2 (-1n Nhis case, the uni-

versal  cover lng of  v 1s the unl t  d. lsc.  ) .  uslng the ldeas of

Polncare t9 l  1t  can be proven that ICr l  1s a complete lntersect ion

algebra.  r t  1s generated by some speci .a l  r  funct ions (calred by

Polncare the lTe' lnhcn frrnaf {ons) f1 , . . . ,  f -  wl th the def ln ing



2B

re lat lons

constants (see lZ),  lT l ,  tg l ) .  In some

nonrarnlfled abgUan extenslon of the

€.r  e{  e
f1t  *  t1t  + al f r f  = o,  |  = 2r. . . ,  r  -  1

where ar are some nonzero
J-

sense 
' iCtl 

ls the maxlmal

Polncare algebra A(r) .

87.  Flnar Renarks.  As l t  1s seen al l  our resul ts requlre.  the
assumptlon on (v ' r r l , )  to be admlsslbLe. I t  would be very lnterest-
lng to obtaln some resul ts wl thout th ls assumptlon. AIso, 1t  would
be nlee to conslder the case of  non-compact quot lents r$,but say
of f lntte volume. There are nany lnterestlng expllclt examples

of the analogous algebras AL(r)  tn th ls case, some of them are
complete lntersect lons .

i
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