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ABSTRACT
It is known that the dynamical degree of an automorphism g of an algebraic surface S is lower semi-
continuouswhen (S, g) varies in an algebraic family. In this article,we report on computer experiments
confirming this behavior with the aim to realize small Salem numbers as the dynamical degrees of
automorphisms of Enriques surfaces or rational Coble surfaces.

1. Introduction

Let X be a smooth projective algebraic surface over an
algebraically closed fieldk andNum(X ) be the numerical
lattice ofX , the quotient of the Picard group Pic(X )mod-
ulo numerical equivalence.1 An automorphism g ofX acts
on Num(X ) preserving the inner product defined by the
intersection product on Num(X ). It is known that the
characteristic polynomial of g∗ : Num(X ) → Num(X ) is
the product of cyclotomic polynomials and at most one
Salem polynomial, a monic irreducible reciprocal polyno-
mial in Z[x] which has two reciprocal positive roots and
all other roots are complex numbers of absolute value one
(see [McMullen 02]).

The spectral radius λ(g) of g∗, i.e., the eigenvalue of g∗

on Num(X )C with maximal absolute value, is equal to 1
or the real eigenvalue larger than 1. The number λ(g) is
called the dynamical degree of g. It expresses the growth
of the degrees of iterates gn of g. More precisely, we have
[Cantat 11]

λ(g) = lim
n→∞(degh g

n)1/n,

where degh g
n = (g∗)−n(h) · h is the degree of (g∗)−n(h)

with respect to the numerical class of an ample divisor h
on X . The dynamical degree of g does not depend on a
choice of h.

An automorphism g is called hyperbolic if λ(g) > 1.
Equivalently, in the action of g∗ on the hyperbolic space
associated with the real Minkowski space Num(X )R, g∗

is a hyperbolic isometry. Its two fixed points lying in
the boundary correspond to the eigenvectors of g∗ with
eigenvalues λ(g) and 1/λ(g). The isometry g∗ acts on the
geodesic with ends at the fixed points as a hyperbolic

CONTACT Igor Dolgachev idolga@umich.edu Department of Mathematics, University of Michigan, Ann Arbor, MI , USA.
OverC, the groupNum(X ) is isomorphic to the subgroup ofH2(X,Z)modulo torsion generated by algebraic cycles.

translation with the hyperbolic distance λ(g). It is known
that, overC, log(λ(g)) is equal to the topological entropy of
the automorphisms g acting on the set of complex points
equipped with the euclidean topology.

If λ(g) = 1, then the isometry g∗ is elliptic or
parabolic. In the former case, g is an automorphism with
some power lying in the connected component of the
identity of the automorphism group of X . In this case
degh g

n is bounded. In the latter case degh g
n grows lin-

early or quadratically and g preserves a pencil of ratio-
nal or arithmetic genus 1 curves on X (see [Cantat 14],
[Gizatullin 80]).

Going through the classification of algebraic surfaces,
one easily checks that a hyperbolic automorphism can be
realized only on surfaces birationally isomorphic to an
abelian surface, a K3 surface, an Enriques surface, or the
projective plane (see [Cantat 14]).

The smallest known Salemnumber is the Lehmer num-
ber αLeh with the minimal polynomial

x10 + x9 − (x3 + · · · + x7) + x + 1.

It is equal to 1.17628.... It is conjectured that this is indeed
the smallest Salem number. In fact, it is the smallest pos-
sible dynamical degree of an automorphism of an alge-
braic surface [McMullen 07]. The Lehmer number can
be realized as the dynamical degree of an automorphism
of a rational surface or a K3 surface (see [McMullen 07],
[McMullen 16]). On the other hand, it is known that it
cannot be realized on an Enriques surface [Oguiso 10].

In this article, we attempt to construct hyperbolic
automorphisms of Enriques surfaces of small dynamical
degree. We succeeded in realizing the second smallest
Salem number of degree 2 and the third smallest Salem
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number in degree 4. However, we believe that our small-
est Salem numbers of degrees 6, 8, and 10 are not optimal,
so the article should be viewed as a computer experiment.

The main idea for the search of hyperbolic automor-
phisms of small dynamical degree is based on the fol-
lowing nice result of Junyi Xie [Xie 15] that roughly says
that the dynamical degree of an automorphism does not
increase when the surface together with the automor-
phism is specialized in an algebraic family.More precisely,
we have the following theorem.

Theorem 1.1. Let f : X → T be a smooth projective fam-
ily of surfaces over an integral scheme T, and g be an auto-
morphism of X /T. Let gt denote the restriction of g to
a fiber Xt = f−1(t ). Then the function φ : t �→ λ(gt ) is
lower semi-continuous (i.e., for any real number r, the set
{t ∈ T : φ(t ) ≤ r is closed).

One can use this result, for example, when π is a fam-
ily of lattice polarized K3 surfaces. We use this result in
the case of a family of Enriques surfaces when a general
fiber has no smooth rational curves but the special fibers
acquire them. It shows that the dynamical degree of an
automorphism depends on the Nikulin nodal invariant of
the surface (see [Dolgachev 16a]).

2. Double-plane involutions

2.1. Enriques surfaces and the lattice E10

Let S be an Enriques surface, i.e., a smooth projective alge-
braic surface with canonical class KS satisfying 2KS = 0
and the second Betti number (computed in étale coho-
mology if k �= C) equal to 10. Together with K3 surfaces,
abelian surfaces, and bielliptic surfaces, Enriques surfaces
make the class of algebraic surfaces with numerically triv-
ial canonical class. If k = C, the universal cover of an
Enriques surface is a K3 surface and S becomes isomor-
phic to the quotient of a K3 surface by a fixed-point-free
involution.

Let us remind some known facts about Enriques sur-
faces which can be found in many sources (e.g., [Cossec
and Dolgachev 89], or [Dolgachev 16a] and references
therein). It is known that Num(S) is an even unimodu-
lar lattice of signature (1, 9), and, as such, it is isomorphic
to the quadratic lattice E10 equal to the orthogonal sum of
the negative definite even unimodular lattice E8 of rank 8
(defined by the negative of the Cartan matrix of a simple
root system of type E8) and the unimodular even rank 2

lattice U defined by the matrix (
0 1
1 0

). The lattice E10 is

called in [Cossec and Dolgachev 89] the Enriques lattice.
One can choose a basis ( f1, . . . , f9, δ) in Num(S) formed

Figure . The Enriques lattice E10 and the Coxeter diagram of its
reflection group.

by isotropic vectors f1, . . . , f9 and a vector δ with

δ2 = 10, (δ, fi) = 3, ( fi, f j) = 1, i �= j.

Together with the vector

f10 = 3δ − f1 − · · · − f9,

the ordered set ( f1, . . . , f10) forms a 10-sequence of
isotropic vectors with ( fi, f j) = 1, i �= j. We say that the
isotropic sequence ( f1, . . . , f10) is non-degenerate, if each
fi is equal to the numerical class of a nef divisor Fi. In
the case of Enriques surfaces, thismeans that the intersec-
tion of Fi with any smooth rational curve is non-negative.
Under this assumption, δ is the numerical class of an
ample divisor �. The linear system |�| defines a closed
embedding of S in P5 with the image a surface of degree
10, called a Fano model of S.

The orthogonal group of the lattice E10 contains a sub-
group of index 2 which is generated by reflections sα :
x �→ x + (x, α)α in vectors α with α2 = −2. This group
is a Coxeter group with generators sαi , where

α0 = δ− f1− f2− f3, α1 = f1− f2, . . . , α9 = f9 − f10.

Its Coxeter diagram is of T-shaped type (see Figure 1).

2.2. Elliptic fibrations and double-plane involutions

We have Num(X ) ∼= Pic(X )/ZKS, so there are two
choices for Fi if KS �= 0 and one choice if KS = 0 (the lat-
ter may happen only if the characteristic char(k) of k is
equal to 2). The linear system |2Fi| defines a genus 1 fibra-
tion pi : S → P1 on S, an elliptic fibration if char(k) �= 2.
The fibers 2Fi are its double fibers, the other double fiber
is 2F ′

i , where F ′
i is linearly equivalent to Fi + KS.

The linear system |2Fi + 2Fj| of effective divisors lin-
early equivalent to 2Fi + 2Fj defines a degree 2morphism

φi j : S → D ⊂ P4

onto a del Pezzo surfaceD of degree 4. If p �= 2, it has four
nodes and it is isomorphic to the quotient of P1 × P1 by
an involution with four isolated fixed points. Let gi j be the
birational involution of S defined by the deck transforma-
tion. Since S is a minimal surface with nef canonical class,
it extends to a biregular involution of S.We call it a double-
plane involution, a birational equivalent model of the map
φi j is the original Enriques’s double-plane construction of
Enriques surfaces.
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The natural action of Aut(S) on Num(S) defines a
homomorphism

ρ : Aut(S) → O(E10), g �→ g∗.

Its image is contained in the reflection groupW (E10). It
is known that the kernel of ρ is a finite group of order
2 or 4 (see [Dolgachev 13], [Mukai and Namikawa 84],
[Mukai 10]). Over C they have been classified in [Mukai
10]. None of them occur in our computations. So we may
assume that ρ is injective.

When S is unnodal, i.e., it does not contain smooth
rational curves,2 the image Aut(S)∗ of ρ contains a sub-
group of finite index ofW (E10) that coincides with the 2-
level congruence subgroupW (E10)(2) := {σ : 1

2 (σ (x) −
x) ∈ Num(S), for all x ∈ E10}. It is known that, in this
case gi j acts on E10 as − idE8 ⊕ idU for some orthogonal
decomposition E10 = E8 ⊕U . The subgroup W (E10)(2)
coincides with the normal closure of any g∗

i j.
Let ( f1, . . . , f10) be a non-degenerate isotropic 10-

sequence. Consider the degree 2 cover φi j : S → D cor-
responding to a pair ( fi, f j). The map φi j blows down
common rational irreducible components of fibers of the
genus 1 fibrations |2Fi| and |2Fj|. The classes of these com-
ponents span a negative definite sublatticeRi j ofNum(S).
It is a negative definite lattice spanned by vectors with
norm equal to −2, the orthogonal sum of root lattices
of simple Lie algebras of types An,Dn,En. The action of
the involution gi j on this lattice is given in the following
lemma (see [Shimada 16], Section 3).

Lemma 2.1. Assume p �= 2 and let X be a smooth mini-
mal projective surface of non-negative Kodaira dimension.
Let f : X → Y be a morphism of degree 2 onto a normal
surface. Then, any connected fiberC = f−1(y) over a non-
singular point of Y is a point or the union of (−2)-curves
whose intersection graph is of type An,Dn, En as in the
following picture.

The deck transformation σ of f extends to a biregular
automorphism of X. It acts on the components of C as fol-
lows:

� σ (ai) = an+1−i, i = 1, . . . , n;
� σ (di) = di, if n is even;

 We call such curves (−2)-curves because they are characterized by the prop-
erty that their self-intersection is equal to−.

� σ (d1) = d2, σ (di) = di, i �= 1, 2, if n is odd;
� σ (e1) = e1, σ (ei) = e8−i, i �= 1, if n = 6;
� σ (ei) = ei if n = 7, 8.

LetMij be the sublattice spanned by fi, f j and the sub-
latticeRi j. For any γ ∈ Num(S), we can write

γ = (γ , fi) f j + (γ , f j) fi + r + γ ⊥, (2–1)

where r ∈ Ri j and γ ⊥ ∈ M⊥
i j . Since γ ⊥ is contained

in the orthogonal complement of the eigensubspace of
Num(S)Q with eigenvalue 1, we have the g∗

i j(γ
⊥) = −γ ⊥.

Applying g∗
i j to (2–1), we obtain

g∗
i j(γ ) = −γ + 2(γ , fi) f j + 2(γ , f j) fi + g∗

i j(r) + r.
(2–2)

This formula will allow us to compute the action of gi j on
Num(S).

3. Salem numbers of products of double-plane
involutions

3.1. The first experiment: A general case

In our first experiment, we assume that the maps
φ12, . . . , φkk+1 are finite morphisms, i.e., do not blow
down any curves. In this case, Mij is spanned by fi, f j,
and we get from (2–2)

g∗
i j( fa) = 2 fi + 2 f j − fa, a �= i, j,
g∗
i j( fa) = fa, a = i, j. (3–1)

The formula gives the matrix of g∗
i j in the basis

( f1, . . . , f10) of Num(S)Q. For any k = 1, . . . , 10, let

ck := g12 ◦ · · · ◦ gkk+1,

where g10,11 := g1,10. Note that the cyclic permutation of
(g12, g23, . . . , g10,1) gives a conjugate composition. How-
ever, different orders on the set of involutions lead some-
times to non-conjugate compositions.

In this and the following experiment, we will consider
only the automorphisms ck’s. Using formula (2–2), we
compute the matrix of ck in the basis ( f1, . . . , f10), find
its characteristic polynomial, and find its Salem factor and
its spectral radius. We check that c∗2 is not hyperbolic and
obtain that the Salem polynomials of c∗3, . . . , c∗10 are equal
to

x4 − 16x3 + 14x2 − 16x + 1,
x2 − 14x + 1,
x6 − 54x5 + 63x4 − 84x3 + 63x2 − 54x + 1,
x6 − 70x5 − 113x4 − 148x3 − 113x2 − 70x + 1,
x6 − 186x5 − 129x4 − 332x3 − 129x2 − 186x + 1,
x8 − 320x7 − 548x6 − 704x5 − 698x4 − 704x3 − 548x2
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− 320x + 1,
x10 − 706x9 + 845x8 − 1048x7 + 1202x6 − 1048x3

+ 845x2 − 706x + 1,
x8 − 992x7 − 1700x6 − 1568x5 − 1466x4 − 1568x3

− 1700x2 − 992x + 1,

respectively.

3.2. The second experiment

In our second experiment, we assume that each divisor
class

rii+1 = fi + fi+1 − f10−i+1, i = 1, 2, 3, 4,

is effective and represented by a (−2)-curve. For m >

1, the curves are disjoint. In the Fano model, they are
smooth rational curves of degree 3.

We have Mii+1 = 〈 fi, fi+1, rii+1〉 for i = 1, . . . , 4 and
Mii+1 = 〈 fi, fi+1〉 for i > m. Using formula (2–2), we
obtain the following minimal polynomials of c∗3, . . . , c∗10.

� m = 1:

x4 − 12x3 + 6x2 − 12x + 1,
x2 − 10x + 1,
x6 − 42x5 + 31x4 − 44x3 + 31x2 − 42x + 1,
x6 − 50x5 − 65x4 − 92x3 − 65x2 − 50x + 1,
x6 − 142x5 − 145x4 − 260x3 − 145x2 − 142x + 1,
x8 − 236x7 − 316x6 − 404x5 − 394x4 − 404x3

− 316x2 − 236x + 1,
x8 − 452x7 + 452x6 − 892x5 + 502x4 − 892x3

+ 452x2 − 452x + 1,
x8 − 576x7 + 44x6 − 704x5 − 90x4 − 704x3 + 44x2

− 576x + 1.

� m = 2

x2 − 8x + 1,
x4 − 8x3 − 6x2 − 8x + 1,
x6 − 34x5 − 5x4 − 52x3 − 5x2 − 34x + 1,
x6 − 42x5 − 21x4 − 68x3 − 21x2 − 42x + 1,
x8 − 120x7 + 8x6 − 136x5 + 46x4 − 136x3 + 8x2

− 120x + 1,
x6 − 218x5 − 113x4 − 300x3 − 113x2 − 218x + 1,
x10 − 430x9 + 305x6 − 192x7 + 206x6 − 36x5

+ 206x4 − 192x3 + 305x2 − 430x + 1,
x10 − 354x9 − 231x8 − 272x7 − 282x6 − 28x5

− 282x4 − 272x3 − 231x2 − 354x + 1.

� m = 3

x4 − 5x3 − 5x + 1,
x4 − 8x3 − 2x2 − 8x + 1,
x8 − 27x7 + 26x6 − 53x5 + 42x4 − 53x3 + 26x2

− 27x + 1,
x6 − 35x5 + 11x4 − 66x3 + 11x2 − 35x + 1,
x8 − 97x7 + 146x6 − 207x5 + 250x4 − 207x3

+ 146x2 − 97x + 1,
x8 − 173x7 − 230x6 − 99x5 − 22x4 − 99x3 − 22x2

− 99x + 1,
x8 − 389x7 + 186x6 − 267x5 − 278x4 − 267x3

+ 186x2 − 389x + 1,
x8 − 291x7 − 246x6 − 221x5 − 214x4 − 221x3

− 246x2 − 291x + 1.

� m = 4

x4 − 5x3 − 5x + 1,
x6 − 5x5 − 4x4 − 12x3 − 4x2 − 5x + 1,
x8 − 21x7 + 5x6 − 43x5 + 4x4 − 43x3 + 5x2

− 21x + 1,
x6 − 33x5 − 8x4 − 60x3 − 8x2 − 33x + 1,
x8 − 91x7 − 91x6 − 133x5 − 124x4 − 133x3

− 91x2 − 91x + 1,
x8 − 165x7 + 223x6 − 59x5 − 133x4 − 59x3

+ 223x2 − 165x + 1,
x6 − 371x5 − 62x4 − 80x3 − 62x2 − 371x + 1,
x10 − 277x9 − 104x8 + 390x7 − 25x6 − 546x5

− 25x4 + 390x3 − 104x2 − 277x + 1.

The results of the computations of the dynamical degrees
are given in the following table.

One may ask whether the configurations of the curves
representing the classes rkk+1 can be realized on an
Enriques surface. We omit the details to give the positive
answer. The numerical classes of rii+1 define the Nikulin
invariant r(S) of the surface S (see [Dolgachev 16a], §5).
Ifk = C, one can use the global Torelli theorem to realize
thisNikulin invariant by curves of degree≤ 4with respect
to the Fano polarization. These curves would realize our
(−2)-curves rii+1. We omit the details of this rather tech-
nical theory.

k/m        

 . . . . . . . .
 . . . . . . . .
 . . . . . . . .
 . . . . . . . .
 . . . . . . . .
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4. Enriques surfaces of Hessian type

Here we assume that char(k) �= 2, 3.

4.1. Cubic surfaces and their Hessian quartic
surfaces

All material here is very classical, and, if no explanation of
a fact is given, one can find it in many sources, for exam-
ple, in [Dardanelli and van Geemen 07], [Dolgachev and
Keum 02], [Dolgachev 12]. Let C be a nonsingular cubic
surface in P3 given by equation F = 0. The determinant
of the Hessian matrix of the second partial derivatives of
F is a homogeneous polynomial of degree 4. It defines a
quartic surfaceH(C), theHessian surface ofC. We assume
thatC is Sylvester non-degenerate, i.e., F can be written as
a sum of cubes of five linear forms l1, . . . , l5 in projective
coordinates t1, . . . , t4 in P3, no four of which are linearly
dependent (see [Dolgachev 12], p. 260). Bymultiplying li’s
by constants, we may assume that

F = λ1l31 + · · · + λ5l35 = 0, l1 + · · · + l5 = 0.

Then, we embed C in P4 with coordinates (x1, . . . , x5)
via the map given by xi = li(t1, . . . , t4), i = 1, . . . , 5. The
image is a cubic surface given by equations

x1 + · · · + x5 = 0,
5∑

i=1

λix3i = 0. (4–1)

The image of the Hessian surface H(C) of F is given by
equations

5∑
i=1

xi =
∑
i=1

1
λixi

= 0, (4–2)

where we understand that the second equation is multi-
plied by the common denominator to obtain a homoge-
neous equation of degree 4 (see [Dolgachev 12], 9.4.2).

The union of the planes li = 0 is called the Sylvester
pentahedron. Its image in P4 is the union of the inter-
section of the coordinates hyperplanes xi = 0 with the
hyperplane x1 + · · · + x5 = 0. The Hessian surface con-
tains 10 edges Lab of the pentahedron given by equa-
tions xa = xb = x1 + · · · + x5 = 0. It also contains its
10 vertices given by xi = x j = xk = x1 + · · · + x5 = 0.
They are ordinary double points Pab on H(F ), where
{i, j, k, a, b} = {1, 2, 3, 4, 5}. A line Lab contains three
points Pcd , where {a, b} ∩ {c, d} = ∅. Each point Pab is
contained in three lines Lcd . The lines and points form
a well-known abstract Desargues configuration (103) (see
[Hilbert and Cohn-Vossen 32], III, §19).

Figure 2 is the picture of the Sylvester pentahedron
with vertices Pab and edges Lab.

Figure . Sylvester pentahedron.

4.2. The cremona involution of the Hessian surface
and Enriques surfaces

The birational transformation

�st : (x1, x2, x3, x4, x5)

�→
(

1
λ1x1

,
1

λ2x2
,

1
λ3x3

,
1

λ4x4
,

1
λ5x5

)
(4–3)

of P4 satisfies �2
st = idP4 . It is equal to the standard Cre-

mona involution of P4 after one scales the coordinates.
The fixed points of �st (in the domain of the definition)
have coordinates (±√

λ1
−1

, . . . , ±√
λ5

−1
). We addition-

ally assume that none of them lies on the Hessian sur-
face. Under our assumption, the birational involution �st
defines a fixed-point-free involution τ on a minimal non-
singular model X of the Hessian surface H(C) with the
quotient isomorphic to an Enriques surface. We say that
such an Enriques surface is of Hessian type. Let

π : X → S = X/(τ ).

be the projection map. It is the K3-cover of S.
Let Nab be the exceptional curve over Pab on X and let

Tab be the proper transform of the edge Lab on X . It fol-
lows from the definition of the birational transformation
�st that the involution τ of X sends Nab to Tab. Let h be
the pre-image on X of the class of a hyperplane section of
H(C).We can represent it by a coordinate hyperplane sec-
tion ofH(C). It is the union of four edges of the Sylvester
pentahedron. It is easy to see from Figure 2 that

h =
∑
i∈{a,b}

Tab +
∑
i�∈{c,d}

Ncd, i = 1, 2, 3, 4, 5. (4–4)

Applying the involution τ , we obtain

h + τ ∗(h) =
∑
{a,b}

(Tab + Nab).

Here and later, we identify the divisor class of any smooth
rational curve on X or on S with the curve.
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Figure . Petersen graph.

Let Uab denote the image of the curves Nab + Tab on
the Enriques surface. The intersection graph of these 10
curves is the famous Petersen graph given in Figure 3. Let
� be the sum of the curvesUab. We have

π∗(�) = h + τ ∗(h).

Then, it is easily checked that �2 = 10, and � ·Uab = 1.

4.3. Elliptic pencils

Consider the pencil of planes containing an edge Lab. A
general plane from this pencil cuts out onH(C) the union
of the line Lab and a plane cubic curve. The pre-image of
the pencil of residual cubic curves onX is a pencil of ellip-
tic curves on X defined by the linear system

|Gab| := |h − Tab −
∑

{c,d}∩{a,b}=∅
Ncd|. (4–5)

If we represent h by a plane containing Lab and the point
Pab, the residual curve is a plane cubic with a double point
at Pab. Let Kab be its proper transform on X . Another rep-
resentative of h is a plane tangent to H(C) along the line
Lab. The residual curve is a conic intersecting Lab with
multiplicity 2. Let K ′

ab be its proper transform on X . We
obtain

|Gab| = |Nab + Kab| = |Tab + K ′
ab|. (4–6)

It follows from the definition of the standard Cremona
involution that �st preserves the pencil of hyperplanes
through any edge of the pentahedron. Thus, the elliptic
pencil |Gab| is invariant with respect to τ , and we get

τ ∗(Kab) = K ′
ab.

Being τ -invariant, the elliptic pencil |Gab| descends to an
elliptic fibration |Ḡab| on S. Note that, for a general divi-
sor D ∈ |Ḡab|, we have π∗(D) = G + G′, where G and
G′ are disjoint members of |Gab|. As we explained in
subsection 2.2, we canwrite |Gab| as |2Fab| = |2F ′

ab|, where
the numerical classes fab, f ′

ab of Fab, F
′
ab are primitive nef

isotropic vectors in Num(S). We immediately check that

Gab · Gcd = 2 for different subscripts, hence fab · fcd = 1
and the classes fab form an isotropic 10-sequence. It fol-
lows from (4–5) that
2
∑
{ab}

Gab =
∑
{ab}

Gab +
∑
{ab}

τ ∗(Gab) = 10(h + τ ∗(h))

−4
∑
{a,b}

(Nab + Tab) = 6(h + τ ∗(h)).

Thus, ∑
{a,b}

fab = 3δ,

where δ is the numerical class of the Fano polarization

� =
∑
{ab}

Uab. (4–7)

It follows that each curveUab becomes a line in the Fano
model of S. Equation (4–6) shows that each pencil |2Fab|
has a reducible memberUab +Cab,whereCab is the image
of the curves Kab,K ′

ab on S. Another reducible member
of this fibration is the sum of curvesUcd , where #{a, b} ∩
{c, d} = 1. It is of type I6 in Kodaira’s classification of sin-
gular fibers of relatively minimal elliptic fibrations (see
[Cossec and Dolgachev 89], Chapter III, §1).

4.4. Projection involutions

Recall that the projection map of a quartic surfaceH with
a double point p with center at p defines a rational map
H ��� P2 of degree 2. Its deck transformation extends to
a biregular involution σp of a minimal nonsingular model
ofH . Letσab be such a transformation of theminimal non-
singular model X of the Hessian surfaceH(C) defined by
the projection from the point Pab.

The following lemma follows easily from the definition
of the projection map.

Lemma 4.1. Let σ12 be the involution of X defined by the
projection map from the node P12. Then

σ ∗
12(N12) = K ′

12 if K12 is irreducible,
= N12 otherwise,

σ ∗
12(T12) = K12 if K12 is irreducible,

= T12 otherwise,
σ ∗
12(N13) = N23, σ ∗

12(T13) = T23,
σ ∗
12(N14) = N24, σ ∗

12(T14) = T24,
σ ∗
12(N15) = N25, σ ∗

12(T15) = T25
σ ∗
12(N34) = N34, σ ∗

12(T34) = T34
σ ∗
12(N35) = N35, σ ∗

12(T35) = T35
σ ∗
12(N45) = N45, σ ∗

12(T45) = T45,

It follows that σ ∗
ab acts on the curves Ncd,Tcd, {c, d} �=

{a, b}, via the transposition (ab) applied to the subscript
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indices. Moreover, if K12 is reducible, then it acts as a
transposition on all curves Nab and Tab.

Corollary 4.2. The projection involutions σab commute
with the involution τ and descend to involutions hab of the
Enriques surface S = X/(τ ). The involution h12 acts on the
curves Uab as follows:

h∗
12(U13) = U23,

h∗
12(U14) = U24,

h∗
12(U15) = U25,

h∗
12(U34) = U34,

h∗
12(U35) = U35,

h∗
12(U45) = U34.

h∗
12(U12) =

{
C12 if C12 is irreducible,
U12 otherwise.

AssumeCab is irreducible. Let

αab = fab −Uab ∈ Num(S).

We have

α2
ab = −2.

We denote by tab the transformation of Pic(S)Q that
permutes the basis (Ui j) via the transposition (ab) of
{1, 2, 3, 4, 5}. Note that, in general, it is not realized by
an automorphism of the surface.

Corollary 4.3. Assume Cab is irreducible. Then, h∗
ab acts as

the composition of the reflection rαab and the transformation
tab. If Cab is reducible, then it acts as the transposition (ab).

Proof. If Cab is reducible, the assertion follows from the
previous corollary. Assume Cab is irreducible. By defini-
tion of the reflection transformation, we have

rαab(x) = x + (x, αab)αab.

It follows from the inspection of the Petersen graph
in Figure 3 that each Ucd with {c, d} ∩ {a, b} = ∅ inter-
sects a fiber of the elliptic fibration |2Fab| with multi-
plicity 2. It also intersects Uab with multiplicity 1. Thus,
it must intersect Cab with multiplicity 1. This implies
that rαab(Ucd ) = Ucd , hence h∗

ab(Ucd ) = (rαab ◦ tab)(Ucd ).
If #{c, d} ∩ {a, b} = 1, thenUcd ·Uab = Ucd ·Cab = 0 and
h∗
ab(Ucd ) = (rαab ◦ tab)(Ucd ) again. Finally, we have Uab ·

αab = 2, hence

rαab(Uab) = Uab + 2( fab −Uab) = 2 fab −Uab = Cab,

tab(Uab) = Uab.

Hence, again h∗
ab(Uab) = (rαab ◦ tab)(Uab). �

Note that

αab · αcd =
{
1 if {a, b} ∩ {c, d} �= ∅,

0 otherwise.

This implies that the group generated by the reflections
rαab is isomorphic to the Coxeter group 
 with the Cox-
eter diagram equal to the anti-Petersen graph.3 It is a 6-
valent regular graph with 10 vertices and 30 edges. It is
obtained from the complete graph K(10) with 10 ver-
tices by deleting the edges from the Petersen graph. The
groupS5 acts on the graph and hence acts on 
 by outer
automorphisms.

Corollary 4.4. Let S be a general Enriques surface of Hesse
type. The group G of automorphisms of S generated by the
projection involutions hab is isomorphic to a subgroup of

 �S5, where 
 is the subgroup ofW (E10) isomorphic to
the Coxeter group with the anti-Petersen graph as its Cox-
eter graph.

Recall from the previous section that each pair of
isotropic vectors fab and fcd defines an involution gab,cd
of S. The following lemma shows that the group of auto-
morphisms generated by these involutions is contained in
the group G generated by the projection involutions hab.

Lemma 4.5. We have

gab,cd = hab ◦ hcd if {a, b} ∩ {c, d} = ∅,

and

gab,bc = hde if {a, b, c, d, e} = {1, 2, 3, 4, 5}.
Proof. One checks that the two pencils |2Fab| and |2Fcd|
have four common components if {a, b} ∩ {c, d} = ∅ and
five common components otherwise. For example, |2F12|
and |2F34| have common components U13,U14,U23,U24
(they correspond to subsets which share an element
with both subsets {a, b} and {c, d}). On the other
hand, |2F12| and |2F23| have common components
U12,U23,U13,U24,U25.4 In the former case, the sublattice
Rab,cd is isomorphic to the orthogonal sum of the root
lattices A2 ⊕ A2, and, in the latter case, it is isomorphic
to A1 ⊕ A1 ⊕ A3. Assume first that {a, b} ∩ {c, d} = ∅.
Without loss of generality, we may assume that {a, b} =
{1, 2} and {c, d} = {3, 4}. Applying Lemma 2.1, we find
that g12,34 acts on R12,34 by switching U13 with U24 (they
span the root lattice A2) and U23 with U14 (they span the
other connected component of the root lattice). It follows
from Corollary 4.2 that h12 ◦ h34 acts the same onR12,34.
It follows from formula (2–2) that they act the same on
Num(S), hence coincide.

 The terminology is due to S. Mukai.
 In [Dolgachev and Keum ], p. , the second case was overlooked.
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Now let us assume that {a, b} = {1, 2} and {c, d} =
{2, 3}. The curvesU25,U13,U23 span a sublattice ofR12,23
of type A3, the curvesU12 andU23 span the sublattices of
type A1. Applying Lemma 2.1, we find that g12,23 acts on
R12,23 by switchingU25 withU24 and leaving other curves
unchanged. The involution h45 does the same job. This
proves the assertion. �

Nowwe are in business and can compute the actions of
the compositions of involutions hab onNum(S). Applying
Corollary 4.2 and Lemma 4.6, we obtain that hab acts as
the transposition tab if {a, b} ⊂ {1, 2, 3, 4}. Otherwise, h∗

ab
acts as the composition of a reflection sαab and tab.

We will restrict ourselves with elements g ∈ G which
are products of N different hab’s. The support of such a
word in the generators defines a subgraph of the Petersen
graph of cardinality N. Different graphs may define dif-
ferent conjugacy classes and the same subgraph may
correspond to different conjugacy classes. The following
Table 1 gives the smallest Salem numbers which we were
able to find in this way.

Here, we order the pairs (a, b) as
(12, 13, 14, 15, 23, 24, 25, 34, 35, 45) and give the
sequence of indices in the product of involutions hab5.

4.5. Eckardt points and specializations

Recall that an Eckardt point in a nonsingular cubic surface
C is a point x ∈ C such that the tangent plane at x inter-
sects C along the union of three lines intersecting at x. A
general cubic surface does not have such points. More-
over, if C is Sylvester non-degenerate and given by equa-
tion (4–2), then the number of Eckardt points is equal to
the number of distinct unordered pairs {i, j} such that
λi = λ j (see [Dolgachev 12], Example 9.1.25). Thus, the
possible number r of Eckardt points is equal to 0,1,3,6 or
10.

Lemma 4.6. The following assertions are equivalent:
(i) the residual conic Kab is reducible;
(ii) λa = λb;
(iii) there exists a plane tangent to H(C) along the edge

Lab that contains the point Pab;
(iv) the point Pab is an Eckardt point of the cubic surface

C.

Proof. For simplicity of notation, we assume that {a, b} =
{1, 2}. It is easy to see that the equation of the plane tan-
gent to H(C) along the line L12 is given by equations
λ1x1 + λ2x2 = x1 + · · · + x5 = 0. The residual conic is

 According to [Shimada],  hours of computer computations using ran-
dom choice of automorphisms suggests that .… is the minimal
Salem number realized by an automorphism of a general Enriques surface of
Hessian type.

given by the additional equation

λ4λ5x4x5 + λ3λ5x3x5 + λ4λ5x4x5 = 0.

One checks that it is singular, and hence reducible, if and
only if λ1 = λ2. The singular point in this case is the point
P12. This proves the equivalence of the first three state-
ments. Using equation (4–1), we find that (ii) implies that
the point P12 = (1, −1, 0, 0, 0) is an Eckardt point of the
cubic surfaceC. Conversely, if P12 is an Eckardt point, we
easily find that λ1 = λ2. �

A Sylvester non-degenerate cubic surface C with 10
Eckardt points is isomorphic to the Clebsch diagonal sur-
face (see [Dolgachev 12], 9.5.4). The equation of theHesse
surface H(C) is

x1 + x2 + x3 + x4 + x5 = 1
x1

+ 1
x2

+ 1
x3

+ 1
x4

+ 1
x5

= 0.

(4–8)
If char(k) �= 3, 5, the involution �st has no fixed points
onH(C) and the quotient is an Enriques surface with the
automorphism group isomorphic to S5 (see [Dardanelli
and van Geemen 07], Remark 2.4). It is of Type VI (not
IV as was erroneously claimed in loc. cit.) in Kondo’s
list of Enriques surfaces with finite automorphism group
[Kondō 86]. If char(k) = 36 (resp. char(k) = 5), the
involution has five (resp. one) fixed points, and the mini-
mal resolution of the quotient is a Coble surface. We will
discuss Coble surfaces in the next section.

We assume that char(k) > 5 and consider the case
when the number r of Eckardt points is equal to 6. Thus,
we may assume that the Hessian surface H is given by
equations:

x1 + x2 + x3 + x4 + x5 = 1
x1

+ 1
x2

+ 1
x3

+ 1
x4

+ 1
tx5

= 0.

(4–9)
It is immediately checked that the involution τ has no
fixed points if and only if t �= 1/4, 1/16. These cases lead
to Coble surfaces and will be considered in the next sec-
tion.

The six nodes Pab with a, b ∈ {1, 2, 3, 4} of H are
the Eckardt points of the cubic surface. It follows from
Lemma4.6 that, for each such pair, the conicCab splits into
the union of two lines passing through the point Pab. For
example, the components ofC12 are given by equations

x1 + x2 = x3 − tωx5 = x4 − tω2x5 = 0,

where ω is the third root of 1 different from 1.
As before, we have involutions hab defined by the pro-

jections from the nodes. It follows from Corollary 4.2
that h∗

ab, a < b ≤ 4, coincides with the transposition tab.
Computing the action of products of different involutions,

 In this case, the Clebsch diagonal surfacemust be given by the equation s1 =
s3 = 0, where sk are elementary symmetric polynomials in  variables.
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Table . Salem numbers for a general Enriques surface of Hesse
type.

d Minimal polynomial λ(g) Automorphism

 x2 − 5x + 1 .. . . (1, 2, 3, 4, 5, 6, 7)
 x4 − 5x3 + 4x2

− 5x + 1
4.3306 . . . (2, 6, 1, 3)

 x6 − 6x5 + 6x4 − 6x3
+ . . .

.. . . (1, 2, 3, 4, 5, 6, 8)

 x8 − 7x7 + 3x4 − 9x5
+ 8x4 + . . .

.. . . (2, 3, 1, 8, 9, 10)

 x10 − 16x9 + x8 − 8x7
− 2x6 − 16x5 + . . .

.. . . (6, 4, 5, 7, 10, 5, 9)

we can substantially decrease the spectral radii. Our best
results are given in Table 2.

Here, we order the pairs as (12, 13, 14, 15,
23, 24, 25, 34, 35, 45) and give the sequence of sub-
scripts in the product of the hab’s. Note that the Salem
number of degree 2 is the smallest possible and the Salem
number of degree 4 is the third smallest possible.

Comparing the Tables 1 and 2, we see a great improve-
ment in our search of small Salem numbers realized by
automorphisms of an Enriques surface.

5. Hyperbolic automorphisms of Coble surfaces

5.1. Coble rational surfaces

Suppose a K3 surface X together with a fixed-point-free
involution τ degenerates to a pair (X0, τ0) where X0 is
a K3 surface and τ0 has a smooth rational curve as its
locus of fixed points. The formula for the canonical class
of the double cover X0 → X0/(τ0) shows that the quo-
tient surface V = X0/(τ0) is a rational surface such that
| − KV | = ∅ but | − 2KV | = {C}, where C is a smooth
rational curve withC2 = −4, the branch curve of the pro-
jection X0 → V .

A smooth projective surface V with the property that
| − KV | = ∅ but | − 2KV | �= ∅ is called a Coble surface.
The classification of Coble surfaces can be found in
[Dolgachev and Zhang 01]. One can show thatV must be
a rational surface and h0(−2KV ) = 1, i.e., | − 2KV | con-
sists of an isolated positive divisor C. In the case when
C is a smooth, its connected components C1, . . . ,Cs are

Table . Salem numbers for a special pencil of Enriques surface of
Hesse type.

d Minimal polynomial λ(g) Automorphism

 x2 − 4x + 1 2.6180 . . . (2, 3, 10, 5, 7)
 x4 − x3 − 2x2 − x + 1 2.0810 . . . (2, 5, 8, 7, 10)

 x6 − 4x5 − x4 + 4x3
+ . . .

4.4480 . . . (6, 8, 7, 1, 9, 4)

 x8 − 4x7 + 4x6 − 5x5 +
4x4 + . . .

3.1473 . . . (7, 8, 9, 2)

 x10 − 6x9 − 7x8 − 9x7 +
6x6 − 10x5 + . . .

7.1715 . . . (1, 5, 8, 4, 7, 5, 4, 10)

smooth rational curves with self-intersection equal to−4.
The double cover branched along C is a K3 surface X0,
and the pair (X0, τ0), where τ0 is the covering involu-
tion can be obtained as a degeneration of a pair (X, τ ),
where X is a K3 surface and τ is its fixed-point-free invo-
lution. We will be dealing only with Coble surfaces such
thatC ∈ | − 2KV | is smooth (they are calledCoble surfaces
of K3 type in [Dolgachev and Zhang 01]).

A Coble surface of K3 type is a basic rational surface,
i.e., it admits a birational morphism π : V → P2. The
image of the curve C = C1 + · · · +Cs in P2 belongs to
| − 2KP2 |, hence it is a plane curve B of degree 6. The
images of the components Ci are its irreducible compo-
nents or points. We have K2

V = −s, soV is obtained from
P2 by blowing up 9 + s double points of B, some of them
may be infinitely near points.

Assume that s = 1. In this case, B is an irreducible
rational curve of degree 6, and V is obtained by blowing
up its 10 double points p1, . . . , p10. We say that a Coble
surface is unnodal if the nodes of B are in general posi-
tion in the following sense: no infinitely near points, no
three points on a line, no six points are on a conic, no
plane cubics pass through 8 points one of them being a
double point, no plane quartic curve passes through the
points with one of them a triple point. These conditions
guarantee that the surface does not contain (−2)-curves
(see [Cantat and Dolgachev 12], Theorem 3.2). The ratio-
nal plane sextics with this property were studied by A.
Coble who showed that the orbit of such curves under
the group of birational transformations consists of only
finitely many projectively non-equivalent curves [Coble
19].

Assume that B is an irreducible curve of degree 6
with 10 nodes; none of them are infinitely near. The
orthogonal complement of K⊥

V in Num(V ) of the canon-
ical class KV is a quadratic lattice isomorphic to E10. It
has a basis formed by the vectors e0 − e1 − e2 − e3, e1 −
e2, . . . , e9 − e10, where e0 is the class of the pre-image of
a line in the plane and e1, . . . , e10 are the classes of the
exceptional curves of the blow-up. Since −KV = 3e0 −
(e1 + · · · + e10), a different basis is formed by the classes
(δ, f1, . . . , f9), where

δ = 10e0 − 3(e1 + · · · + e10), (5–1)

and fi = 3e0 − (e1 + · · · + e10) + ei, i = 1, . . . , 9. We
have

3δ = f1 + · · · + f10, (5–2)

where f10 = 3e0 − (e1 + · · · + e9) and δ2 = 10. The
classes fi represent the classes of the proper transforms
on V of cubic curves passing through nine of the dou-
ble points of B. All of this is in a complete analogy with
isotropic 10-sequence ( f1, . . . , f10) on an Enriques sur-
face and its Fano polarization δ which we dealt with in the
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previous sections. Moreover, the linear system |2 fi + 2 f j|
defines a degree 2 map onto a 4-nodal quartic del Pezzo
surface

φi j : V → D,

as in the case of Enriques surfaces. The difference here
is that the map is never finite since it blows down the
curve C ∈ | − 2KV | to one of the four ordinary double
points of D. One can show that the deck transformation
of φi j defines a biregular automorphism gi j ofV . Its action
on the lattice K⊥

V is similar to the action of the covering
involution in the case of Enriques surfaces. It acts iden-
tically on the sublattice Mij spanned by fi, f j and the
invariant part of the sublattice spanned by common irre-
ducible components of the elliptic fibrations |2F| and |2Fj|.
It acts as the minus identity on the orthogonal comple-
ment of Mij in K⊥

V . This allows us to consider the group
generated by gi j and compute the dynamical degrees of
a hyperbolic automorphism from this group. They com-
pletely agree with ones we considered for an Enriques
surface.

Assume thatV is an unnodal Coble surface. It is known
(the fact is essentially due to A. Coble) that the normal
closure of any g∗

i j inW (K⊥
V ) ∼= W (E10) coincides with the

2-level congruence subgroupW (E10)(2) (see [Cantat and
Dolgachev 12]). This should be compared with the same
result in the case of Enriques surfaces.

Assume that the isotropic sequence ( f1, . . . , f10) is
non-degenerate. If R is a common irreducible component
of |2 fi| and |2 f j|, then intersecting with δ, we find that
(δ,R) ≤ 4. Since (KV ,R) = 0, this is equivalent to that R
is a proper inverse transform of a plane curve of degree≤
4. It could be a line passing through three points pi, p j, pk,
a conic through 6 points pi, a cubic passing through eight
points, one of them is its singular point, or a quartic pass-
ing through all points, two of them are its singular points.
They are represented by the respective classes in E10 of
types δ − fi − f j − fk, fi + f j + fk + fl − δ, fi + f j −
fk, δ − 2 fi. These are exactly classes of rational smooth
curves in E10 which we used in the previous sections. This
allows us to realize explicit examples of degenerations of
a Coble surface in a much easier and more explicit way
comparing to the case of Enriques surfaces. The dynam-
ical degrees of automorphisms ck = g1,2 · · · gm,m+1 coin-
cide with ones computed for Enriques surfaces.

5.2. Coble surfaces of Hessian type

Assume that the Hessian quartic surface H of a Sylvester
non-degenerate cubic surface acquires an additional sin-
gular point and the involution �st fixes this point. Then,
the quotient of a minimal resolution X of H is a Coble
surface. We call it a Coble surface of Hessian type.

Consider the pencil of Hessian surfaces (4–9). When
t = 1

4 , we obtain the equation of theHessian of the Cayley
4-nodal cubic surface

x1x2x3 + x1x3x4 + x1x2x4 + x2x3x4 = 0.

Its group of automorphisms is isomorphic to S4 which
acts by permuting the coordinates. The singular points of
the cubic surface form the orbit of the point (1, 0, 0, 0).

When t = 1
16 , we obtain the equation of the Hessian

surface of a cubic surface with one ordinary double point
and 6 Eckardt points (see [Dardanelli and van Geemen
07], Lemma 4.1).

One easily checks that anymemberHt of the pencil (4–
9) has 10 singular points which form two orbits ofS4 (act-
ing by permuting the first four coordinates) of the points
(1, 0, 0, 0, 0) and (1, −1, 0, 0, 0). The lines and the points
are the edges and the vertices of the Sylvester pentahe-
dron.

The surface H 1
4
has four more ordinary double points

forming the orbit of the point (1, 1, 1, −1, −2). The sur-
faceH 1

16
has only onemore singular point (1, 1, 1, 1, −4).

None of the additional singular points lie on the edges.7

Let �st be the Cremona transformation defined in (4–
3). It leaves invariant each member Ht of the pencil with
parameter value t and defines a biregular involution on
a minimal resolution Xt of Ht . Its fixed points are the
pre-images on Xt of the points (x1, x2, x3, x4, x5) with
tx25 = 1 and x2i = 1, 1 ≤ i �= 4. We have x5 = −(x1 +
· · · + x4) = ±4, ±2, or 0. Then, we obtain that �st has
no fixed points onHt unless t = 1

4 or t = 1
16 . In this case,

the fixed points are the additional ordinary double points.
Thus, we obtain that

V 1
16
:= X 1

16
/(�st), V1

4
= X 1

4
/(�st)

are Coble surfaces with K2
V 1

16
= −1 and KV 1

4
= −13.

The curves Nab and Tcd which are defined for Xt
with general t survive for the special values t = 1

4 ,
1
16 .

They form the sameDesargues configuration exhibited in
Figure 2. The involution �st switches the curves Nab and
Tab.

5.3. Coble surfaces and the Desargues Theorem

Recall from projective geometry that a Desargues config-
uration of lines in the projective plane is formed by six
sides of two perspective triangles, three lines joining the
perspective vertices, and the line joining the three inter-
section points of these three pairs. It follows from Desar-
gues Theorem (e.g., [Dolgachev 12], Theorem 2.1.11) that

 The Hessian surfaces H 1
4
and H 1

16
were studied in detail in [Dardanelli and

vanGeemen ], in particular, the authors compute the Picard lattices of their
minimal resolutions.
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any configuration of lines and points forming the abstract
configuration (103) comes from two perspective trian-
gles. We can see the picture of this configuration from
Figure 2. Here, the two triangles are the triangles with ver-
tices P15, P13, P14 and P25, P35, P45.

Consider the orbit of the curves Nab + Tab on the quo-
tient Coble surface Vt , t = 1

4 ,
1
16 . It is a (−2)-curve Uab.

Let π : Vt → P2 be the blowing-down morphism.

Proposition 5.1. Let V be a Coble surface of Hessian
type. Assume that | − 2KV | is represented by an irreducible
smooth rational curve C with self-intersection −4. The
image of the 10 curves Uab in the plane is the set of 10
lines forming a Desargues configuration of lines. The dou-
ble points of this configuration are the double points of the
sextic curve B.

Proof. Let H be the Hessian surface and X be its mini-
mal resolution. The curveC ∈ | − 2KV | is the exceptional
curve of the resolutionXt → Ht over its unique node that
is different from the 10 modes Pab. We know that the
images of the curves Ci in the plane are the irreducible
components of the sextic curve B. Since the additional
double point of Ht does not lie on an edge, we obtain
that Uab ∩C = ∅. Thus, the images �ab = π(Uab) of the
curvesUab intersect B only at its double points. Recall that
Uab · fi = 1 for exactly three values of i and zero other-
wise. Also it follows from (4–7) (which is still valid for
Coble surfaces) that Uab · δ = 1. Since 3δ = ∑10

i=1 fi, it
follows from (5–1) that the class e0 of a line intersectsUab
with multiplicity one; hence �i is a line. Since the curves
Uab form the Petersen graph from Figure 2, their images
form a Desargues configuration of lines. �

Remark 5.2. The beautiful fact that the vertices of a
Desargues configuration of lines in the projective plane
are double points of a plane curve of degree 6 is due to
J. Thas [Thas 94]. The moduli space of Coble surfaces of
Hessian type is isomorphic to the moduli space of nodal
Sylvester non-degenerate cubic surfaces. It contains an
open dense subset parameterizing one-nodal cubic sur-
faces. The six lines passing through the node define an
unordered set of six points on the exceptional curve at this
point isomorphic to P1; hence they define a hyperelliptic
curve of genus 2. Conversely, a set of six unordered points
on P1 define, via the Veronese map, six points on a conic.
Their blow-up is isomorphic to a one-nodal cubic surface.
In this way, we see that themoduli space of Coble surfaces
ofHessian type contains an open dense subset isomorphic
to the 3-dimensional moduli space of genus 2 curves. On
the other hand, it is known that themoduli space ofDesar-
gues configurations in the plane also contains an open
dense subset naturally isomorphic to the moduli space of

genus 2 curves [Avritzer and Lange 02]. Thus, the argu-
ment from the previous proof gives an algebraic geomet-
rical proof of Thas’s result for a general Desargues config-
uration.

5.4. Coble surfaceV 1
16

Assume t = 1
16 . The surfaceV 1

16
is the Coble surface asso-

ciated to the Hessian surface of a cubic surface with
six Eckardt points and one ordinary double point. It is
obtained by blowing up 10 double points of an irreducible
plane sextic B. The nodes are the vertices of a Desargues
configuration of 10 lines, the images of the curvesUab in
the plane. We also know that the Hessian surfaceH 1

16
and

henceV 1
16
admitsS4 as its group of automorphisms. This

group permutes the curvesUab and hence, considered as a
group of birational transformations of the plane, it leaves
invariant the Desargues configuration of 10 lines. In par-
ticular, it permutes the exceptional curves representing
the classes e1, . . . , e10. It follows from formula (4–7) that
it leaves � = ∑

Uab invariant. Applying formula (5–1),
we see that it leaves invariant the class e0 of a line in the
plane. Thus, the symmetry groupS4 comes from a group
of projective transformations leaving invariant the curve
B. Since no non-identical projective transformation can
fix a curve of degree > 1 pointwise, we see that B admits
S4 as its group of projective automorphisms. According
to R. Winger [Winger 16], there are two projective equiv-
alence classes of such irreducible rational sextics (octahe-
dral sextics). One of them has six cusps among its double
points. It cannot be ours since the groupS4 permutes the
divisor classes ei and hence has one orbit on the set of dou-
ble points of the sextic. So, our sextic is another one that
is given by parametric equation

(x, y, z) = (
u6 − 5u2v4, uv(v4 − 5u4), v(u5 + v5)

)
.

Its set of 10 nodes contains 6 biflecnodes (i.e., nodes
whose branches are inflection points) which are vertices
of a complete quadrilateral of lines which together with
the remaining four nodes form a quadrangle-quadrilateral
configuration (see [Veblen 65], Chapter II). Together, four
sides of the quadrilateral and six sides of a quadrangle
form a Desargues configuration of lines. This agrees with
our partition of the curvesUab into two sets correspond-
ing to indices a, b ≤ 4 and (a, b) = (a, 5).

5.5. Coble surfaceV 1
4

Assume now that t = 1
4 . In this case, K⊥

V 1
4
is generated

over Q by the classes of the curves Uab and the classes
C2 −C1,C3 −C1,C4 −C1. Its rank is equal to 13. One
checks that the hyperplane section xa + xb = 0, 1 ≤ a <
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Figure . The image of the fiber of type I∗0 onV 1
4
.

b ≤ 4, intersects the Hessian along the union of the
edge xa = xb = 0 and a line �ab = xa + xb = xc − xd =
0, {a, b} ∩ {k, l} = ∅ taken with multiplicity 2. The Cre-
mona involution �st leaves the lines �ab invariant. The
hyperplane section spanned by the line �ab and the edge
xa = xb = 0 is tangent to H1/4 along the edge and the
line. The pencil of hyperplanes through the edge defines
an elliptic fibration on X 1

4
with two reducible fibers of

type I6, one reducible fiber of type I∗0 , and one reducible
fiber of type I4. The latter two fibers correspond to the
planes xa + xb = 0 and xa − xb = 0, respectively. Each
plane contains a pair of new singular points. The fiber
of type I∗0 is equal to the divisor D1 = 2R0 + R1 + R2 +
R3 + R4, where R0 is the proper inverse transform of the
line �ab, the curves R1,R2 are the exceptional curves over
the new singular points lying on �ab which are point-
wisely fixed by �st, and the curves R3,R4 are the curves
Ncd and Tcd . The image of D1 on the Coble surface V1

4
is

the divisor 4E0 + 2E1 + E2 + E3, where E2
0 = −1,E2

1 =
−2,E2

2 = E2
3 = −4 and E0 · Ei = 1, i = 1, 2, 3,Ei · Ej =

0, 1 ≤ i < j = 3. Its image on the relatively minimal
elliptic surface is a fiber of Kodaira’s type III.

The fiber of type I4 is a divisor D2 = A1 + A2 + A3 +
A4 forming a quadrangle of (−2)-curves. Two opposite
sides A1,A2 are the proper transforms of the compo-
nents of the residual cubic curve. The curves A3,A4 are
the exceptional curves over two new singular points. The
image ofD2 inV1

4
is a quadrangle of four smooth rational

curves as pictured on Figure 5. Its image on the relatively
minimal elliptic surface is a fiber of type I2.

Let f : V1
4

→ S be the blowing down of the curves
E0,E1 and two (−1)-curves in the secondfiber. The image

Figure . The image of the fiber of type I4 onV 1
4
.

of the elliptic pencil on S defines a relativelyminimal ellip-
tic fibration on the surface S. It has reducible fibers of
Kodaira’s types I6, I2 and III.

Let us give an explicit construction of V1
4
as the blow-

up of 13 points in the plane. Consider the union of two
lines �1 and �2 and two conics K1 and K2 satisfying the
following properties:

(i) The lines �1, �2 are tangent to the conicK1 at points
p1, p2;

(ii) K1 is tangent to K2 at two points p3, p4;
(iii) the lines 〈p1, p3〉 and 〈p1, p4〉 through the points

p1, p3 and through the points p1, p4 intersect �2 at
the points p5, p6 lying on the line �2.

This configuration of lines exists and is unique up to
projective equivalence. In fact, let us choose the projec-
tive coordinates such that the points p1, p3, p4 are the
points [1, 0, 0], [0, 1, 0], and [0, 0, 1]. Then, after scaling
the coordinates, we can write the equation of K1 in the
form xy + yz + xz = 0 and the equation ofK2 in the form
xy + xz + yz + ax2 = 0. The equation of �1 becomes y +
z = 0. The lines 〈p1, p3〉 and 〈p1, p4〉 become the lines
y = 0 and z = 0. They intersectK2 at the points [1, −a, 0]
and [1, 0, −a]. The line through these points has the
equation ax + y + z = 0. The condition that this line is
tangent to K1 at some point p2 is a = 4. This makes �2
and K2 unique. So the union of the two lines and the two
conics is given by the equation

B := (y + z)((y + z + 4x)(xy + yz + xz)
×(xy + yz + xz + 4x2) = 0.

To get the Coble surface, we first blow up the points
p0 = �1 ∩ �2, p1, p3, p4, p5, p6 and infinitely near points
p′
1, p′

3, p′
4 to p1, p3, p4 corresponding to the tangent

directions of tangent lines at the conics. They are the
base points of the pencil of cubics spanned by �1 + K2
and �2 + K1. The corresponding minimal elliptic surface
contains three reducible fibers of types III coming from
�2 + K1, of type I2 coming from �1 + K2 and a fiber of type
I6 coming from the coordinate lines x = 0, y = 0, z = 0.
Then, we blow up the singular points of the first two fibers
as in above to get the Coble surface.

5.6. Dynamical degrees of automorphisms of
V 1

4
andV 1

16

Let G be as before, the group generated by the pro-
jection involutions hab. Obviously, the sublattice N of
Num(V1

4
) generated by the curvesC1, . . . ,C4 is invariant

with respect to Aut(V1
4
). The group G acts on it by per-

muting the classes ofCi. Thus, all eigenvectors of elements
g∗, g ∈ G with real eigenvalue λ > 1 are contained in L =
(N⊥)R. Since the sublattice generated by the curvesUab is
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contained in L, we can compute the spectral radii of ele-
ments g in the basis formed by these curves. It is obvious
that the action on these curves has not changed compar-
ing toVt with general t .

To sum up, we have proved the following.

Theorem 5.3. Let (Ht )t �=0 be the family of Hessian surfaces
given by equation (4–2). Let (S′

t )t �=0 be the family of sur-
faces obtained as the quotients Ht by the Cremona involu-
tion �st. For t �= 1

4 ,
1
16 , a minimal smooth model St of S′

t
is an Enriques surface. The surface S1 is an Enriques sur-
face with the automorphism group isomorphic to S5 (see
subsection 4.5). For t = 1

4 ,
1
16 , a minimal resolution of sin-

gularities of S′
t is a Coble surface St . For any t �= 1, the group

Gt of automorphisms of Ht generated by the deck transfor-
mations of the projections from the nodes of Ht is isomor-
phic to the semi-direct product G = UC(4) �S4

8, where
UC(4) is the free product of four groups of order 2. The
group Gt commutes with the Cremona involution �st and
descends to a subgroup Ḡt of Aut(St ). For any g ∈ Ḡt , the
spectral radius of g∗ acting onNum(St )R is independent of
t �= 1.

Remark 5.4. Note that there is no smooth family f : S →
T of surfaces which include both Enriques and Coble sur-
faces. One of the reasons is that their Euler–Poincaré char-
acteristics are different. However, there exists a smooth
family f : X → T of K3 surfaces admitting an involution
τ ∈ Aut(X /T ) such that the quotient of a general fiber
is an Enriques surface and the quotients of special fibers
are Coble surfaces. In this case, the locus of fixed points
of τ is of relative dimension one and the quotient total
family X /(τ ) is singular along this locus. So, the family
X̄ = X /(τ ) → T has smooth fibers but not a flat (and
hence not smooth) family. By blowing up the singular
locus, we obtain a flat family with special fibers isomor-
phic to the union of a copy of a Coble surface and s copies
of minimal ruled surfaces (a flower pot degeneration of
Enriques surfaces, see [Morrison 81]).

6. Questions and comments

One of the goals of our computer experiments was to find
a hyperbolic automorphism g of an Enriques surface of
small as possible dynamical degree λ(g). It follows from
[Oguiso 10] that the first four smallest Salem numbers
of degree 10 cannot be realized by an automorphism of
an Enriques surface. His proof can be used to eliminate
such numbers as possible dynamical degrees of automor-
phisms of a Coble surface. So, the natural question is the
following.

 It is proved in [Mukai and Ohashi ], Theorem , that this group is the whole
group of automorphisms of the surface.

Question 6.1. What is the smallest Salem number larger
than one of given degree d ≥ 4 realized by an automor-
phism of an Enriques surface or a Coble surface?

Obviously, the possible degree does not exceed 10 for
an Enriques surface. The same is true for a Coble surface
since we can restrict the action of an automorphism to the
sublattice of rank 10 orthogonal to the classes of all irre-
ducible component of the effective anti-bicanonical curve.

The smallest Salem numbers in our computations can
be found in Table 2. Note that we had realized the second
smallest Salem number of degree 2.

I am sure that these are not optimal results. Note that
any Salem number that can be realized as the spectral
radius of an element of a Coxeter group with the T-
shaped Coxeter diagram of type T2,3,n, n ≥ 7, occurs as
the dynamical degree of an automorphism of a ratio-
nal surface [Uehara 16]. However, the group of automor-
phisms of the rational surface realizing these numbers for
n > 7 is expected to be small, in most cases, an infinite
cyclic group.

Let f : X → T be a smooth family of projective sur-
faces over an integral scheme T of finite type over k.
We say that it is a complete smooth family if it cannot
be extended to a smooth family X ′ → C′ where C is a
proper open subset of an integral scheme C′. Suppose G
is a group of automorphisms of X /T and let gη be the
restriction of g ∈ G to the generic geometric fiber of f .
Assume that gη is hyperbolic, i.e., λ(gη) > 1. Let U =
{t ∈ T : λ(gt ) < λ(gη)}. We say that the family as above
is equi-hyperbolic if for any t ∈ U we have λ(gt ) = 1. In
subsection 4.5, we have introduced a family of Enriques
surfaces over an algebraically closed field k of character-
istic p �= 2, 3, 5 parameterized by T = P1 \ {0, ∞, 1

4 ,
1
16 }

together with a group of automorphisms G isomorphic
to UC(4) �S4 such that for all t ∈ T, t �= 1, any hyper-
bolic element g ∈ G restricts to a hyperbolic automor-
phism gt whose dynamical degree does not depend on t
and λ(g1) = 1. Applying the theory of degenerations of
K3 and Enriques surfaces, one can show that the family
is a smooth complete family. This is an example of a equi-
hyperbolic family of automorphisms of Enriques surfaces.
By taking the K3-cover, we get an example of an equi-
hyperbolic family of automorphisms of K3 surfaces. To
exclude the trivial cases of constant or isotrivial families,
we assume additionally thatU �= ∅.

Question 6.2. What is the largest possible dimension of
a equi-hyperbolic family of automorphisms of algebraic
surfaces.

So far, we have considered the dynamical degree of a
single automorphism of an algebraic surface X . One may
also look at a discrete infinite group G of automorphisms.
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We identify G with its image 
 in the group of isome-
tries of the hyperbolic space Hn associated to a real lin-
ear quadratic space V of dimension n + 1 of signature
(1, n) (in our caseV = Num(X )R). It is a discrete group
of isometries ofHn. For any point x ∈ Hn one defines the
Poincaré series

Ps(x, x) =
∑
γ∈


e−sd(γ (x),x),

where d(x, y) is the hyperbolic distance between the
points x, y. The critical exponent δ(
) is defined to be
the infimum of the set {s ∈ R : Ps(x, y) < ∞}. We have
cosh d(x, y) = (x, y), where (x, y) is the inner product
in the Minkowski space V . Suppose that 
 is the cyclic
group generated by g∗, where g is a hyperbolic automor-
phism of dynamical degree λ(g) > 1. If we take x ∈ Hn

to represent the numerical class h of an ample divisor,
then

Ps(h, h) =
∑
n≥0

e−s cosh−1((g∗)n(h),h)) ∼
∑
n∈Z

1
(g∗)n(h), h)s

,

and since λ(g) = limn→∞((g∗)n(h), h))1/n > 1, the
series converges for all s > 0. In particular, the critical
exponent is equal to zero. On the other hand, if 
 is
geometrically finite (one of the equivalent definitions
of this is that 
 admits a fundamental polyhedron with
finitely many sides) and non-elementary (i.e., does not
contain a subgroup of finite index isomorphic to an
abelian group of finite rank), the critical exponent is
positive and coincides with the Hausdorff dimension of
the limit set δ(
) and the Poincaré series diverges at δ(
)

[Sullivan 84].
For any positive real r and any ample class h on X , set

NX,h(r) = #{g ∈ G : (g∗(h), h) ≤ r}.
One can show that in the case when 
 is non-elementary
geometrically finite discrete group, there exists an asymp-
totic expansion of this function of r whose leading term is
equal to c
,hrδ
 (see [Dolgachev 16b]).

It is known that 0 < δ
 ≤ n − 1 for non-elementary
geometrically discrete group 
 of isometries of Hn and
the equality δ
 = n − 1 holds if and only if 
 is of finite
covolume. It follows from the global Torelli theorem for
K3 surfaces that the group Aut(X ) of automorphisms G
of a complex algebraic K3 surface X is finitely generated
(see [Sterk 85]) and it is of finite covolume if and only if
X does not contain smooth rational curves. In fact, the
proof shows that the subgroup G of the orthogonal group
O(Num(X )) generated by Aut(X )∗ := {g∗, g ∈ Aut(X )}
and reflections in (−2)-curves is of finite index. It fol-
lows that Aut(X )∗ is always a geometrically finite discrete
group of isometries of the hyperbolic space (one finds

a fundamental polyhedron with finitely many sides by
throwing away the faces in the fundamental domain of G
corresponding to reflections in (−2)-curve).9 Thus, ifG is
non-elementary and X acquires a smooth rational curve,
we have 0 < δ
 < ρ − 2, where ρ = rankNum(X ). In
particular, δ
 drops when X acquires a smooth rational
curve.

Question 6.3. In notation of Theorem 1.1, where we
replace g by a non-elementary group
, what is the behav-
ior of the function s �→ δ
s?

The Hausdorff dimension δ
 is notoriously difficult to
compute, and numerical computations are known only in
a few cases (see [Dolgachev 16b]).

Question 6.4. What is δ
 for the group of automorphisms
of a K3, an Enriques surface or a Coble surface of Hessian
type generated by the projection involutions?
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