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Abstract

We study the GIT-quotient of the
Cartesian power of projective space
modulo the projective orthogonal
group. A classical isomorphism of this
group with the inversive group of
nirational transformations of the
brojective space of one dimension
ess allows us to interpret these
spaces as configuration spaces of
complex or real spheres.
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To Rob Lazarsfeld on the occasion
of his 60th birthday

1 Introduction

In this paper we study the moduli
space of configurations of points in
complex projective space with respect
to the group of projective
transformations leaving invariant a
nondegenerate quadric. More
precisely, if P"=P(V) denotes the
projective space of lines in a linear
complex space V equipped with a
non-degenerate symmetric form (v, w)
, we study the GIT-quotient

O;:z = B v')m/ /PO(V) = Pr O_I @ H( U V Op, \~")(_ d’)r&m )()l'\"')
d=0

= Proj( D s (vym)
d=0

If m>=n+1=dim(V) then generic
point configurations have 0-
dimensional isotropy subgroups in
O(V), and since dimOx + 1) = in(n +1) we
expect that dimO” = mn - %n(n +1) when
m=>=>n+ 1.
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Let
R(n; m) @(5 (V*®) O”)

d=0

It is a finitely generated graded
algebra with graded part R(n;m); of
degree d equal to (sd(v*)m)°"), After
polarization, R(n;m)y becomes
isomorphic to the linear space civ;")
of O(V)-invariant polynomials on V'
which are homogeneous of degree d
in each vector variable. The first
fundamental theorem  (FFT) of
invariant theory for the orthogonal
group [19, Chapter 2, Section 9]
asserts that c[v™°" is generated by
the bracket functions
[ij] 2 (0. 0m) B (05, 05), Using this
theorem, our first result is the
following:

Theorem 1.1 Let Sym, be the space
of symmetric matrices of size m with

the torus
Tm l — { .o m) = (-' )m . i1 im = ]}

acting by sca//ng each /th row and ith
column by ;. Let S,, be the toric
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variety P(Sym, )//T™'. Then O] s
isomorph/c to a closed subvariety of
S,, defined by the rank condition

r<n+l.

For example, when m<n+1, we
obtain that O] is a toric variety of
dimension 3n(n + 1),

The varieties O] are special since
the connected component of the

identity of O(2) is isomorphic to
SO(2) = C*, This implies that O} admits
a double cover |somorph|c to a toric
variety (2'y"//S0O(2). We compare this

variety W|th the toric variety X(A;-1)
associated with the root system of
type A,;—1 (see [2, 15]). The variety

X(A,,—1) admits a natural involution
defined by the standard Cremona
transformation of @7n-1 and the

quotient by this involution is a
generalized Cayley 4-nodal cubic
surface Cay,,_, (equal to the Cayley
cubic surface if ;= 3). We prove
that O7 is isomorphic to Cay,_, for
odd m and equal to some blow-down
of Cay,,_, when m is even.
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The main geometric motivation for
our work is the study of configuration
spaces of complex and real spheres.
It has been known since F. Klein and

S. Lie that the inversive groupl
defining the geometry of spheres in
dimension n is isomorphic to the
projective orthogonal group PO(n + 1)
(see, e.qg., [8, Section 25]). Thus any
problem about configurations of m
spheres in PT is equivalent to the
same problem about configurations of
m points in pttl with respect to
PO(n + 1). The last two sections of this
paper give some applications to the

geometry of spheres.

2 The first fundamental
theorem of invariant
theory

Let V be an (n + 1)-dimensional vector
quadratic space, i.e., a vector space
together with a nondegenerate
symmetric bilinear form whose values
we denote by (v.w). Let G =0O(V) be
the orthogonal group of V and
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PO(V) = O(V)/{£1}. Consider the
diagonal action of G on V. The first
fundamental theorem of invariant
theory for the orthogonal group (see
[14, Chapter 11, 2.1; 19, Chapter 2,
Section 9]) asserts that any G-
invariant polynomial function on /7
is a polynomial in the bracket
functions

[ij]1: V" = C, (0,enutp) B (00)), 1 <i j<m.

The algebra of  G-invariant
polynomial functions <c[v”]® has a
natural multi-grading by PRI with
homogeneous part v, ., equal to
the linear space of polynomials which
are homogeneous of degree d; in each
ith vector variable. This grading
corresponds to the natural action of
the torus {_*/ by scaling the vectors
in each factor. The JI-graded ring
R(n;m) in which we are interested is
the subring &, V"1 4. We have

R(n; m) = C[v™OVxT

where
I = {(:.19 . o -s:m) e 1" "3m = ]}
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Let Sym,, denote the linear space
of complex symmetric 1 X N
matrices. If we view V" as the space
of linear functions L(C".V), then we
can define a quadratic map

O V"o S)"m me (V1.2 0p) = ({U;, l‘}>)

by composing

(h b : (l‘)

.::“’" > ‘/ > ‘/3 > (.::J" :):f,

where the middle map is defined by
the symmetric Dbilinear form b
associated with g. It is easy to see
that, considering the domain and the
range of ® as affine spaces over {,
the image of ¢ is the closed
subvariety Sym,,(n + 1) c Sym,, of
symmetric matrices of rank <n + 1.
Passing to the rings of reqular
functions, we get a homomorphism of

rings

® : C[Sym, ]| :— C[V"]. (2 . 1)

The map O is obviously T-equivariant
if we make (z1.....zz) act by
multiplying the entry Xij of a
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symmetric matrix by <i<j. By passing
to invariants, we obtain a
homomorphism of graded rings

®7 : C[Sym,, " — c[v"]". (2 . 2)

The FTT can be restated by saying
that the image of this homomorphism
is equal to the ring R(n; m).

We identify C[Sym,] with the
polynomial ring in entries Xij of a
general symmetric matrix X = (Xi;) of
size 111 X 1. Note that the action of
(Z1s....2Zm) €(C)"  oOn a symmetric
matrix (X;) is by multiplying each
entry Xi; by Jilj. The graded part
C[Sym, ], of C[Sym,] consists of
functions which under this action are
multiplied by (z---z,)% They are
obviously contained in C[Sym, ]’ and
define the grading of the ring C[Sym, ]’

The homomorphism @* is a
homomorphism of graded rings from

C[Sym,,]" to R(n;m).

Let
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det X = Z 6(.(T>)X(r|‘] ) I X<.T|',\")J\"

be the determinant of X. The
monomials dy = Xy - Xeonn  Will be
called the determinantal terms. Note
that the number k(m) of different
determinantal terms is less than j!.
It was known since the 19th century
[16, p. 46] that the generating
function for the numbers k(m) is equal
to

'r+'r‘

1 + Z Fl\(m = F

For example,
k(3) = 5.k(4) = 17.k(5) = 73, k(6) = 338.

Each permutation o decomposes
into disjoint oriented cycles. Consider
the directed graph on m vertices
which consists of the oriented cycles
in 0; i.e., we take a directed edge
i — o(i) for each vertex /. Suppose
there is a cycle 7 in o of length > 3.
Write (F = TU = UT, and define
o =1t 'y. Since our matrix is
symmetric, the determinantal term
d, corresponding to ¢’ has the same
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value as d,, and furthermore ¢’ has
the same sign as o (so there is no
canceling), and so we may drop the
orientation on each cycle. We may
therefore envision the determinantal
terms as 2-regular undirected graphs
on m vertices (where 2-cycles and
loops are admitted). Thus for each 2-
regular graph having k cycles of
length > 3, there correspond 9%
determinantal terms.

Proposition 2.1 The ring &3, C[Sym, ]’
Is generated by the determinantal
terms.

Proof A monomial X; ; ---Xi;, belongs
to C[Sym, 1} if and only if

B S TR S (21" Zm v)(

for any zi.....z»x € ©°. This happens if
and only if each ie{l.....m}loccurs
exactly d times among
[1se-aslfs J1.--.+ Jk. Consider the graph
with set of vertices equal to {l.....m)
and an edge from j to j if Xi; enters

into the monomial. The above
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property is equivalent to the graph
being a regular graph of valency d.
The multiplication of monomials
corresponds to the operation of
adding graphs (in the sense that we
add the sets of the edges). It remains
to use the fact that any regular graph
of valency 2 is equal to the union of
regular graphs of valency 2 (this is
sometimes called a “2-factorization”
or Petersen’s factorization theorem)
[13, Section 9].

Corollary 2.2 A set ([v;].....[v,]) is
semi-stable for the action of O(V) on
YY" jf and only if there exists o € Z,,
such that (veqa).v1) - (Vom.Um) IS nNot
equal to zero.

We can make it more explicit.

Proposition 2.3 A point set
([ei].....[vm]) is unstable if and only if
there exists I C J C{l.....m} such that

I +|J|=m+1 and {(vi.v;) =0 for all
€ [ and j e J.
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Proof Since (C[Sym 1) is generated
by determinantal terms, we obtain
that a matrix A=(4;) has all
determinantal terms equal to zero if
and only if it represents an unstable
point in P(Sym,) with respect to the
torus action. Now the assertion
becomes a simple consequence of the
Hilbert—-Mumford numerical criterion
of stability.

It is obvious that if such subsets I
and J exist then all determinantal
terms vanish. So we are left with
proving the existence of the subsets I
and J if we have an unstable matrix.

Llet r:t— (t".....t") be a nontrivial
1-parameter subgroup of the torus T.
Permuting the points, we may
assume that ry < m < ... < Iy We
also have ri +...+ ry = 0. We claim
that there exist /i, j such that
i+ j=m+1 and ri+r; =0, If not, then
each of ry+rty, -+ -, ..
Mlest) + Fresty js strictly positive, which
contradicts ) ; r; = 0.
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Since our symmetric matrix A = (a;;)
is unstable, by the Hilbert-Mumford
criterion there must exist r such that
minf{r; + r; : a;; # 0} > 0, Permute the
points if necessary so that
rn<mrn<--<r Let i jo be
such that ri, +rj, <0 and iy + jo=m + 1.
We may assume that iy < jy since the
above condition is symmetric in iy, jp.
Now, since the entries of r are
increasing, we have that ri+r; <0 for
all 1t <1y and j < jy. Hence a;; =0 for
all 1 <1y and Jj<jp. Now et
1:{1,...,i()}and J :{l....,j()}.

Similarly, we can prove the
following:

Proposition 2.4 A point set
([e1].....[v.]) is semi-stable but not
stable if and only if

m=max{ll| +|J| : I CJ C{l,...,m}and(v,,v;) =0foralliel, je J}.

Proof Suppose that A = (a;; = {(vi.vj)). Let

m'(A) = max{|/| +|J|: I C J C{l.....m}and {v;. vi)=0forallie I, je J}.

Suppose that A is semi-stable but
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not stable. Since A is not unstable,
we know by the prior proposition that
m'(A) <m. So we are left with showing
that m’(A) = m.

Since A is not stable, there is a 1-
parameter subgroup r:t— (f"',....1")
such that ri+r; 20 whenever a,j¢0
We shall reorder the points so that
' <rm=<---<r, Recall also that
Y. ri =0. Since some r; # 0, we know
that r, <0 <r,. We claim there is
some Jj, j such that i1+ j=m and
ri+rj <0, Otherwise, each of
"y + V-1, 12T Fp-3,.., "517774
would be non-negative. This implies
that ry +---+ry-; = 0. But since
ry >0, we have that ry +---r,, > 0, a
contradiction. Hence, the claim s
true. Now, take iy < jy such that
in+ jo=m and r, +r;, <0. Now, we
must have that ¢;; =0 for all 1 < i and
J = Jo. Let I={l.....i} and
J:{],....j()} Then IQJQ{],...,IN},
| +|J| =m, and 4;; =0 for all ; € [,
j€J. Thus m'(A) = m.

Conversely, suppose that m'(A) = m
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. Then A is not unstable (if A were
unstable, Proposition 2.3 implies that
m(A)zm+1). Let [ICJCH{I.....m}
such that |I|+|J| =m, and a; =0 for
all j € [, j€J. Reorder points if

necessary so that 7=1{I.....i{} and
J={l.....jo}. Let r:t—=(",....1") be
defined as follows. Let »;, =—1 for

[ <ip, let r; =1fori>m—ip and let
r; = () otherwise. The sum ) ; ri is zero
and not all }; are zero, so this defines
a l-parameter subgroup of the torus
T. Also, if ri+r;<0 and 1< j, then
i <ip and j < jp, which implies that
a;j =0, Thus ri +r; 20 whenever a;; # 0.
Hence A is not stable.

The second fundamental theorem
(SFT) of invariant theory for the
group O(V) describes the kernel of the
homomorphism (2.1) (see [14, p. 407;
19, Chapter 2, Section 17]).

Consider the ideal J(n,m) in c[y*]°")
generated by the Gram functions

<l..'i, ’ Ujl ) e <Ui.'|—2’ Uj,.,-g)
yig (01, .., Um) > det .

(l"‘i“-:9 l‘j|> . e (l"‘i“-:9 Uj”-3>
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where
I=(1<iy-<ig)J=(1<ji < jus2)

are subsets of [1.m]. We set Y1 = Y1.1.

The pre-image of this ideal in
C[Sym*(V*)] = C[Sym ] is the determinant
ideal D, (n+1) of matrices of rank
< n+ 1. The SFT asserts that it is the
kernel of the homomorphism (2.1).
Then

KEI((DT) = Dm(_” + ]) M ':’:[Sylnm]T

and it is finitely generated by
polynomials of the form mA;;, where
m is a monomial in Xi; of degree
(k.k.....k) —deg(A; ) for some k > 2.

Our naive hope was that Ker(®y) is
generated only by polynomials of the
form ma;;, for m having degree
(2.2.....2)—deg(A;y). This is not true
even if we restrict it to the open
subset of semi-stable points in Sym,,
with respect to the torus action. The
symmetric matrix
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( \

0 0O I 1
0 0O I 1
| . 0 0O
| . 1 0
| . 0 1

I
I
I
0
0

\ J

has rank 4, but for any (i.j) the
product a;jA;j (where A;; is the
complementary minor) is equal to
zero. Thus our naive relations make it
appear that A has rank 3. Also,
ay1dpd|arqass # 0, so the matrix
represents a semi-stable point. It can
be shown that no counterexample
exists with m < 5

|
-

The following T-invariant
polynomial vanishes on rank 3
matrices and is nonzero when
evaluated on the matrix A above:

2 2 2
a 3140558023 4,512.34.5)-

Hence we need to consider higher-
degree relations. We can at least give
a bound on the degree of such
relations, again appealing to
Petersen’s factorization theorem.

Proposition 2.5 The ideal Ker(®y) is
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generated by polynomials of the form

mi;;, for m having degree at most
(2(n +2).2(n +2),....2(n + 2)) —deg(A; ) .

Proof It is clear that Ker(®y) is
generated by relations of the form
mA;; where m is a monomial of
degree (2k.2k,....2k) — deg(A; ), for
arbitrary k. Suppose that L = n + 2.
The monomial m corresponds to the
multigraph |7 with edges jj for each
Xij dividing m, counting multiplicity.
Choose any term from A;;; similarly
this term corresponds to a multigraph
[”’. The graph T’ has exactly p + 2
edges.

The union " =17 I is a 2k-
regular graph. By Petersen’s
factorization theorem, we know that I
completely factors into k disjoint 2-
factors. Since [ = i + 2, at least one
of these 2-factors is disjoint from J’.
Hence, this 2-factor must be a factor
of [7. This means that the monomial
m is divisible by the T-invariant
monomial MMy corresponding to the
2-factor of [:
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m=my-m’.

Hence, the relation m4;; is equal to
m, - (m'A;;), where m'A;; € Ker(®r) has
smaller degree. [ ]

Conjecture 2.6 A recent conjecture of
Andrew Snowden (informal
communication) implies that there is
a bound dy(n) such that R(n;m) is
generated in degree < dyp(n) for all m.
Further, after choosing a minimal set
of generators (each of degree < dy(n)),
his conjecture also implies that there
IS @ bound d,(n) such that the ideal of
relations is dgenerated in degree
<d,(n) for all m. His conjecture
applies to all GIT quotients of the
form X"//G, where G is linearly
reductive and X is a G-polarized
projective variety.

One of our goals was to prove (or
perhaps disprove) his conjecture for
this case of 2(V)"//PO(V). We were
not able to do so. However, we have
shown that the second Veronese
subring is generated in lowest degree,
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oroviding small evidence of the first
part of his conjecture. Furthermore,
Proposition 2.5 is a small step toward
oroving an m-independent degree
oound on the generating set of the
ideal (again for the second Veronese
subring only).

3 A toric variety
The variety s, =Sym, //T =Proj C[Sym, )]
is a toric variety of dimension
m(m—1)/2. We identify the character
lattice of {*™M with 7. We have
Sym, =®CX;;, where X;; is an
eigenvector with the character €; + €,
The lattice M of characters of the
torus (C*)ym=-1/2 acting on §,, is equal
to the kernel of the homomorphism
zmmDiz _ 7m e+ e; +¢j. It is defined by
the matrix A with (ij)-spot in a kth

row equal:

(0 ifk+#i,
arij=q1 tfk=i#jork=j#i
2 ifk=i=]j

Let

S=lxeZ (') 12 Ax =2d(e, +...+e,,). for some d > 0}
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be the graded semigroup. Then

C[Sym, " = C[S].

In other words, the toric variety §,, is
equal to the toric space Po, where A,;
IS the convex polytope in
{x e BmmDi2 - Ax = (2,....2)} spanned by
the vectors v,.0 € Z,,. such that 4ij is
equal to the number of edges from
to j in the regular graph
corresponding to the determinantal
term d,. For example, if ; = 3,
o=(12) defines the Uy with
apr» =2.a33 =1 and ai; =0 otherwise.
Thus the number of lattice points in
the polytope A is equal to the number
k(m) of determinantal terms in a
general symmetric matrix.

Proposition 3.1

#(dAn) N M = #{regular graphs with valency 2d}.

Proof This follows easily from
Proposition 2.1.

4 Examples
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Example 4.1 Let ; = 2 and j;p = 3.
We are interested in the moduli space
of 3-points in P2 modulo the group of
projective transformations l|eaving
invariant a nonsingular conic. The
group PO(3) = PSL, is a 3-dimensional
group. So, we expect a 3-dimensional

variety of configurations.

We have five determinantal terms
given by the following graphs:

® @

AN s

Let Ip.ly.02.013.14 be generators
of the ring R(2;3) corresponding,
respectively, to the triangle, to the
three graphs of the second type, and
the one graph of the third type. We
have the cubic relation

2
ity —tyty = 0.

Thus our variety is a cubic threefold
in p4. Its singular locus consists of

three lines

1()21121320, I()ZIIZI_}ZO, 1()21321320.
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Let H; be the hyperplane section of
the cubic by the coordinate
hyperplane t; = (). Then

e Hy: point sets with two points
conjugate with respect to the
fundamental conic. Hy is the union
of three planes
/\,’ o = 1; =0,i=1.2.3.

e Hy: one of the points lies on the
fundamental conic. It is the union
of three planes
FI,- g =1 =0,i=1.2.3.

o H: is the union of two planes A;
and I1;,i =1, 2. 3.

e A;NAj is a singular line on 33, the
locus of point sets where one point
is the intersection point of the
polar lines of two other points.

o II;NII;: two points are on the
fundamental conic.

e [I. N A;: two points are conjugate,
the third point is on the conic.

o I;NAj.i#j: one point is on the
conic, and another point lies on the
tangent to the conic at this point.

e A NAYN A3 S the point
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representing the orbit of ordered
self-conjugate triangles.

o [I, NIIL NI, IS the point
representing the orbit of ordered
sets of points on the fundamental
conic.

The singular point
ATNANA;=[0.0.0,0,1] represents
the orbit of ordered self-polar
triangles. Recall that unordered self-
conjugate triangles are parameterized
by the homogeneous space PO(3)/Z;.
It admits a smooth compactification
isomorphic to the Fano threefold of
degree 5 and index 2 [11, Theorem
(2.1) and Lemma (3.3)] (see also [1,
2.1.3]).

Example 4.2 lLet us look at the
variety 0;. It is isomorphic to the
subvariety of 0; representing collinear
triples of points. The equation of the
determinant of the Gram matrix of
three points is

20—t —th —t3 +14 = 0. (41)
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It is a hyperplane section of 83
isomorphic to a cubic surface S in p-

with equation

3 o) b )
I1I3{3+2I() —I(—)f]—fafl—fﬁf}. = 0. (4.2)

The surface is projectively isomorphic
to the 4-nodal Cayley cubic surface
given by the equation

XgX1X2 + XgX2X3 + XgX1X3 + xp0x3 = 0.

Its singular points are
(0. t1. 0. 3] = [1, 1, 1,1],10,0,0,1], 0,0, 1, 0], [0, 1, 0, 0]
. Since the surface is irreducible, and
all collinear sets of points satisfy
(4.1), we obtain that the surface
represents the locus of collinear point
sets. It is also isomorphic to the
variety 0] of 3-points on pl. The
additional singular point [1.1.1.1] not
inherited from the singular locus of 0;
is the orbit of three collinear points
0], [2]. [0 ] such that the
determinantal terms of the Gram
matrix G(v,.v,.13) are all equal. This is
equivalent to all principal minors
being equal to zero and the squares
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of the discriminant terms d23, and
diz21y being equal. This gives two
possible points [fy.t1. 6. 6] =[x1. 1.1, 1]
. We check that the point [-1,1,1.1]
does not satisfy (4.2). Thus the point
[1.1.1.1] is determined by the
condition that the principal minors of
the Gram matrix G(v,.v,.v3) are equal
to zero. This implies that
[0,] = [1n] = [1s]. It follows from the
stability criterion that this point is not
one of the two isotropic points.

It is immediate that R(1:2)* is
freely generated by two
determinantal terms and hence 07 = ¢'.
The three projections 0; to 07 are a
regular map. If we realize &3 as the
image of the anticanonical system of
the blow-up of six vertices of a
complete quadrilateral in the plane,
then the three maps are defined by
the linear system of conics through
three subsets of four vertices, no
three lying on one side of the
quadrilateral. We can show that these
are the only regular maps from &3 to

":] .
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Finally, observe that we can use
the conic to identify the plane with its
dual plane. In this interpretation a
triple of points becomes a triple of
lines, the polar lines of the points
with respect to the conic. Intersecting
each line with the conic, we obtain
three ordered pairs of points on a
conic.

Note that a set of six distinct
points on a nonsingular conic can be
viewed as the set of Weierstrass
points of a hyperelliptic curve C of
genus 2. An order on this set defines
a symplectic basis of the -
symplectic space Jac(C)[2] of 2-torsion
points of its Jacobian variety Jac(C).
The GIT-quotient of the subvariety of
(P2) of ordered points on a conic by
the group SL; is isomorphic to the
Igusa quartic in p# (see [3, Chapter 1,
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Example 3]). A partition of the set of
Weierstrass points in three pairs
defines a maximal isotropic subspace
in Jac(C)[2]. An order of the three pairs
chooses a basis in this space. The
moduli space of principally polarized
abelian surfaces A equipped with a
symplectic basis in A[2] is isomorphic
to the quotient of the Siegel space
Z, =1{X € Sym, : Im(X) > 0} by the group
[(2)={MeSpd,Z):A=Iymod2}. The
moduli space of principally polarized
abelian surfaces, together with a
choice of a basis in a maximal
isotropic subspace of 2-torsion points,
is isomorphic to the quotient of Z, by
the group re=w=(} }):a-r=c=oma2 . Thus,
we obtain that our variety O; s
naturally birationally isomorphic to
the quotient Z,/I'1(2) and this variety
is isomorphic to the quotient of Z,/I'(2)
by the group G = 2, X &, X £,. The
Satake compactification of Z,/I'(2) is
isomorphic to the Igusa quartic. In
[12], Mukai shows that the Satake
compactification of Z,/T1(2) IS
isomorphic to the double cover of p?
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branched along the union of 4-
coordinate hyperplanes. It is easy to
see that it is birationally isomorphic
to the cubic hypersurface defining 0;.
A remarkable result of Mukai is that
the Satake compactifications of
Z2/T'(2) and Z2/T'1(2) are isomorphic.

Remark 4.3 Assume ;= n + |. Fix a
volume form on V and use it to
identify the linear spaces \V* and A"V
. This identification is equivariant with
respect to the action of O(V) on V and
O(V*), where the orthogonal group of
V* is with respect to the dual
quadratic form on V/*. Passing to the
configuration spaces, we obtain a
natural birational involution
F:0" 0. If G is the Gram matrix
of vectors U1.....Unp+1, then the

Gram matrix (G* of the vectors
W; =0 A AV AVigq A Alysy €V
is equal to the adjugate matrix of G
(see [1, Lemma 10.3.2]). In the case
n =2, the birational involution
corresponds to the involution defined
by conjugate triangles (see [1,
2.1.41). Using the modular
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interpretation of 0; from the previous
example, the involution F corresponds
to the Fricke (or Richelot) involution
of Zo/T'1(2) (see [12, Theorem 2]).

Example 4.4 Now let us consider the
variety o; of 4-points in p! modulo
PO(2) = C* x Z/27Z. It is another
threefold. First we get the 5-
dimensional toric variety of
symmetric matrices of size 4. The
coordinate ring is generated by 17
(3+4+6+3+1) determinantal terms:

G Q Q W Q Q

A L a

Let
X X X3 Y1 Y2 Y3 Ya Ths o o o T Uy U UL U

be the variables. We have additional
equations expressing the condition
that the rank of matrices is less than
or equal to 2. We can show that the
equations are all linear:

dij dEtA,'j = 0.

Their number is equal to 10 but there
are three linear dependencies found
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by expanding the determinant
expression along columns.

We may also consider the spaces
SO =B(V)y"//O"(V), where
O"(V)=0(V)nSL(V) is the special
orthogonal group. Note that
PO(V) = PO™ (V) if dim V is odd. Thus
we Wwill be interested only in the case
when dim V is even. In this case
PO™(V) is a subgroup of index 2 in
PO(V), so the variety SO, is a double
cover of O;'. We have

SO = Proj R™(n;m),

where R'(mym) =& ,(S4V)®H)° Y, There
are more invariants now. The
additional invariants in c[y7]© ™ are
the Plucker brackets

pf'......i,,-, . (Ul e Um.) = Ur', Ao A Ui,.,-p

where we have fixed a volume form
on V. There are additional basic
relations (see [19, Chapter 2, Section
171)

pt'l,...,i,,+1 pjl ,...,jn+1 - det([ia~ iﬁ])lSQ’,BSﬂ+l = Oa

(4.3)
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n+1

Z( ])jzp,l wnsl lj ln+’7] (4.4)

The graded part R"(n;m); is spanned
by the monomials py, ---prliijil---
lis. 5], where each index jell.m]
appears exactly d times. Using the
first relation in (4.3), we may assume
that at most one Plliicker coordinate
Pj appears. Also, we see that the
product of any two elements in
R*(n; m); belongs to R(N;m)y,.

5 Points In p! and
generalized Cayley cubics

The group SO(2) is isomorphic to the
1-dimensional complex torus {*. We
choose projective coordinates in p! to
identify a quadric in p! with the set
O ={0,}so that SO(2) acts by
U: [to.t1] — [Atg. A7'1y]. The points on Q
are the fixed points of SO(2). The
group O(2) is generated by SO(2) and

the transformation [#,. t;] — [#;. f].

Recall that there is a Chow
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quotient (p'y"//c* defined by the
quotient fan of the toric variety (')~
(see [6]).

Lemma 5.1 Consider (p'y" as a toric
variety, the Cartesian product of the
toric varieties pl. Then the Chow
qguotient (P'y"//SO(2) is isomorphic to
the toric variety X(A,_,) associated
with the root system of type A,
defined by the fan in the dual lattice
of the root lattice of type A,,_, formed
by the Weyl chambers.

Proof The toric variety (P')" is defined
by the complete fan 2 in the lattice
7 with 1-skeleton formed by the
rays =E-p€i and Eqe. i =1..... .m. The
action of SO(2) on the torus
(c*y" c (P")y" is defined by the surjection

of the lattices 7/ 5 7 given by the
map e — e;. 1—1 ..... m. Thus the
lattice M of characters of the torus
(c*y™~! acting on (C*)"/C* can be
identified with the sublattice of 7™
spanned by the vectors
X, =€ —€,..., -1 = €p—-1 — €y

. This is the root lattice of type A;u-1-
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The dual lattice N is the lattice Z" /Ze,
where =€ +...+ €y The
quotient fan is defined as follows. For

any coset yeNp=RE"/Re, one
considers the set

Ny)={ceXZ:y+Reno # 0.

A coset y+EeeNp is called
admissible if N(¢) # 0. Two admissible
cosets y + Ee and y' + Re are called
equivalent if N(y) = N(y’). The closure
of each equivalence <class of
admissible cosets is a rational
polyhedral convex cone in Np and the
set of such cones defines a fan ¥’ in

Nr which is the quotient fan.

In our case, 2 consists of open
faces O of the 2 m-dimensional
cones

ory ={(x1.....x) €R™ 1 (=1)x; = 0,(=1)"x; < 0O},

where I, J are subsets of [1.m] such
that 7uJ =[l.m] and ¢f is a delta-
function of a subset K of [1.m]. The
cones of maximal dimension
correspond to pairs of complementary
subsets I, J. The k-dimensional cones
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correspond to the pairs I, J with

#INJ=m-k-

Let y=(y1.....yy) € B" with
yi # Yj.1 # j and let s € £, be a unique
permutation such that
Ys(1) = Ys2) = « -+ 2 Yom). Then y+ Ee
intersects U7y if and only if
s(I)y=1{1,....k} for some k<m or ()
and J=[1.m]\I. Since £,, has only
one orbit on the set of pairs of
complementary subsets of [1.m], we
see that the interiors of maximal
cones in the quotient fan are obtained
from the image of the subset

lyeR":y-(ei—ei+1)=0i=1,....m— 1}

in Nn. This is exactly one of the Weyl
chambers in Npn. All other cones in
the quotient fan are translates of the
faces of the closure of this chamber.
This proves the assertion.

It is known that the toric variety
X(A,,_;) is isomorphic to the blow-up
of pm-1 of the faces of the coordinate
simplex (see, e.g., [2, Lemma 5.1]).
Let
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. oin—1 -1
Tm—1 - :Jn == -f'm . [t(% cees [m—l] L []/{()s- « s l/’m—l]

be the standard Cremona
transformation of pm-1. The variety
X(A,,_;) is isomorphic to a minimal
resolution of indeterminacy points of
the standard involution (see [1,
Example 7.2.5]). Equivalently, X(A,,-;)
is isomorphic to the closure of the
graph of T;;—1 in pm-1 ypm-1_ It is
given by the 2 x 2-minors of the
matrix

Fo(x) Fi(x) ... Fm—n(.\'))
Yo Ui Ymn—1 i

where Fi(x) = (xo---xm-1)/xi. It follows
from this formula that the standard
involution T;;—1 of X(A,-,;) is induced
by the switching involution 1 of the
factors of pn-1 wpm-1, The image of
comp05|t|on of the embedding X(A,,-)
in pr-lywpr-l and the Segre
embedding pn-! x pn-1 y p°-1 is equal
to the intersection of the Segre
variety with the linear subspace of

dimension j;; — | defined by

oo =t1 = ... = lp—1m-1- (5-1)
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where we use the coordinates
lij = XiYyj in pr-1. So X(A,-1) Iis

isomorphic to a closed smooth
subvariety of pmim-1) of degree (*7").

Consider the embedding of
Pl P /() In R3eem-n given by the
Ilnear system of symmetrlc divisors of
type (1.1). Its image is equal to the
secant variety of the Veronese variety
v, (P 1) isomorphic to the symmetric
square Sym?#' of pn-1. The image of
X(Am-1)/{Tm=-1) in z3m2m-1 is equal to the
intersection of the secant variety with
a linear subspace L of codimension
m — | given by (5.1). It is known that
the singular locus of the secant
variety is equal to the Veronese
variety. The singular locus of the
embedded X(A,-,)/(ty-1) is equal to
the intersection of L with the
Veronese subvariety (P*!') and
consists of ?2m-1 points. We have
dim L = 3m(m - 1) and deg Sym* Py = 1(*™ 1), SO
X(Ap-1)/{tm-1) embeds into p3==-n as a
subvariety of degree i(*}") with 7m-l
singular points locally isomorphic to
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ne singular point of the cone over
ne Veronese variety u,(P"2). We call it
ne generalized Cayley cubic and
enote it by Cay,,_,.

O ct ct+ t

It follows from above that Cay,,_, is
isomorphic to the subvariety of the
projective space of symmetric
1 X 1 matrices with the conditions
that the rank is equal to 2 and the
diagonal elements are equal.

In the case when j; = 3, the
variety X(A,) is a del Pezzo surface of
degree 6, the blow-up of three non-

—

collinear points in p2, and Cay, is
isomorphic to the Cayley 4-nodal
cubic surface in p3. The variety Cay; is
a 3-dimensional subvariety of pt of
degree 10 with eight singular points
locally isomorphic to the cone over

the Veronese surface.

It is known that the Chow quotient
birationally dominates all the GIT-
quotients [/, Theorem (0.4.3)]. So
we have a £,,-equivariant birational
morphism
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(Dm . X(,Am—l ) = SO]l”

which, after dividing by the involution
Tm—1, defines a &, -equivariant
birational morphism

C . av n
(I)m g C‘l) m-1 0]1 .

For example, take ;3 = 3. The variety
Cay, is the Cayley 4-nodal cubic, the
morphism &,, is an isomorphism.
Take m =4. We know from
Proposition 2.4 that the variety so}
has six singular points corresponding
to strictly semi-stable points defined
by vanishing of two complementary
principal matrices of the Gram matrix.
They are represented by the point
sets of the form (a.a.b.b), where
a,b € {0, o0}, The morphism ®, resolves
these points with the exceptional
divisors equal to the exceptional
divisors of X(A3) — P* over the edges of
the coordinate tetrahedron. The
morphism @, resolves three singular
points of 0, and leaves unresolved the
eight singular points coming from the
fixed points of T3. Altogether, the
variety 0; has 11 singular points:
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eight points locally isomorphic to the
cones of the Veronese surface and
three conical double points. The latter
three singular points correspond to
strictly semi-stable orbits.

It is known that X(A,_,) Iis
isomorphic to the closure of a general
maximal torus orbit in PGL,, /B,
where B is a Borel subgroup [9,
Theorem 1]. Let P be a parabolic
subgroup containing B defined by a
subset S of the set of simple roots,
and Ws be the subgroup of the Weil
group £,, generated by simple roots
in S. Let ¢s : PGL,, /B] — PGL,, /P be
the natural projection. The image of
X(An-1) in PGL,, /P is a toric variety
X(An-1)s defined by the fan whose
maximal cones are <, -translates of
the cone Wso, where o is a
fundamental chamber ([4, Theorem
1]). The morphism
ds : X(A,,—1) — X(A,,_;)s is a birational
morphism which is easy to describe.

We believe, but could not find a
proof, that for odd m, the morphism
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®, and @ are isomorphisms. If m is
even, then the morphism @, is equal
to the morphism ¢s, where S is the
complement of the central vertex of
the Dynkin diagram of type A,,_;.

6 Rational functions

First we shall prove the rationality of
our moduli spaces.

Theorem 6.1 The varieties O, are
rational varieties.

Proof The assertion is trivial when
m = n + | because in this case the
variety is isomorphic to the toric
variety 5,,. If jy « n+ 1, a general
point set spans P(W), where W is a
subspace of P(V) of dimension m.
Since O(V) acts transitively on a
dense orbit of the Grassmannian
G(m, V) (the subspaces containing an
orthogonal basis), we may transform
a general set to a subset of a fixed
P(W). This shows that the varieties O
and O _, are birationally isomorphic.
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If yw > n+ 1, we use the projection
map 07 ->0""' onto the first ;;; — |
factors. It is a rational map with
general fiber isomorphic to P. Its
geometric generic fiber is isomorphic
to the projective space over the
algebraic closure of the field K of
rational functions of 0”'. In other
words, the generic fiber is a Severi-
Brauer variety over K (see [17,
Chapter X, Section 6]). The rational
map has a rational section
(X140 Xm—1 ) = (X1ae e v s Xm—1 s X1 ) Thus
the generic fiber is a Severi—-Brauer
variety with a rational point, hence
isomorphic to the projective space
over K (see [17, Exercise 1]). Thus
the field of rational functions on O] is
a purely transcendental extension of
K, and by induction on m, we obtain

that O] is rational. [ ]

We know that the ring R(n;m)? is
generated by determinantal terms d,;
of the Gram matrix of m points. If we
take o to be a transposition (ab), then
the ratio d»/di2.m is equal to
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Rap = [ab)* [aal[bb]. (6 . 1 )

More generally, for any cyclic
permutation oc=(a;...a;) we can do
the same to obtain the rational
invariant function

_Nayar] -l ap]lag ya ] aga, ]. (6 2)

R =
ay ...y [(l](l] ] v e [(lk(lk]

Writing any permutation as a product
of cycles, we see that the field of
rational functions on O) is generated
by functions Ry,..a,. Note that

7
Ru,...u,\ = Rum: tr Rum-

We do not know whether a
transcendental basis of the field can
be chosen among the functions Ry, .,
or their ratios.

7 Complex spheres

An (n— 1)-dimensional sphere is given
by an equation in @' of the form

i(.\'i - a,')2 - R%.

i=1
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After homogenizing, we get the
equation in P(E):

Q: i(.\}' — Cli-\'()',)2 - Rz-"(l) = 0. (7 . 1)

i=1

The hyperplane section xp =0 is a
sphere in P (&) with equation

Q():i.\}::O. (72)

i=1

The quadric has no real points, and
for this reason it is called the
imaginary sphere. Now we abandon
the real space and replace & with (.
Equation (7.1) defines a complex
sphere. A coordinate-free definition of
a complex sphere is a nonsingular
quadric hypersurface Q in P
intersecting a fixed hyperplane H()
along a fixed nonsingular quadric Qg
in Hp. In the real case, we
additionally assume that Qu(®) = 0. If
we choose coordinates such that Q, is
given by equation (7.2), then a
quadric in p"YC) containing the
imaginary sphere has an equation
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b {; \‘3] - 2x {; (1;.\';) = 0.
If b+ (0, we may assume that j = |
and rewrite the equation in the form

n n

2 2y .2
Z( X —aixg)” — (2ag + Z a;)xy =0,
i=1 i=1

so it is a complex sphere. Consider
the rational map given by the linear
system of quadrics in P containing
the fixed quadric Qg with equation
(7.2). We can choose a basis formed
by the quadric Q, and the quadrics
Vixoxi).i =0,....n. This defines a
rational map p" .., pi+l given by the
formulas

n 2 2
[x0. ... ]l = [t0, . sty ] = Z Xi s X0 X1se oo s X0 Xpa X | -

i=1

The image of this map is a
nonsingular quadric in pt+l given by

the equation Q = V(g), where

n+l
(]:—I()I,H]'FZGZ:O- (7l3)
i=1

We call Q the fundamental quadric.
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The quadratic form g defines a
symmetric bilinear form on V whose
value on vectors v.uw € V is denoted
by (v.w). The pre-image of a
hyperplane section Y A;; =0 is a
complex sphere, or its degeneration.
For example, the sphere
corresponding to a hyperplane which
is tangent to the quadric has zero
radius, and hence it is defined by a
singular quadric.

The idea of replacing a quadratic
equation of a sphere by a linear
equation goes back to Moebius and
Chasles in 1850, but was developed
by Klein and Lie 20 years later. The
spherical geometry, as it s
understood in Klein’'s Erlangen
program, becomes isomorphic to the
orthogonal geometry. More precisely,
the inversive group of Dbirational
transformations of P  sending
spheres to spheres or their
degenerations is isomorphic to the
projective orthogonal group PO(n + 2).

Let us use the quadric Q to define
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a polarity duality between points and
hyperplanes in pr+l, If we use the
equation of () to define a symmetric
vilinear form in ¢+2, the polarity is
just the orthogonality of lines and
nyperplanes with respect to this form.
Jnder the polarity, hyperplanes
pecome points, and hence spheres in

P can be identified with points in

i+l

Explicitly, a point
@ = [ao,....Qn1] € P defines the
sphere

S(a) : 0’«:)(_2 .\';’) -2 Z QiX0Xi + Qpsq \(‘; = (). (7 . 4)

i=1 i=1

By definition, its center is the point
c = |ap.ay.....ay|, its radius square
R? is defined by the formula

n
) ) .
Q'(_)R_ - Z ; — @op+1 = 4o (@0, ....Qn41). (7 " 5)

i=1

Computing the discriminant D of
the quadratic form in (7.4), we find
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n
na=lg¢ . 2y A1,
D = Q:; (@o@p41 — Z ; ) = O:; qo- (7 . 6)

i=1

This proves the following:

Proposition 7.1 A complex sphere
S(a) is singular if and only if its
radius-square is equal to zero, or,
equivalently, the point o < p*!1 lies on
the fundamental quadric . The
center of a singular complex sphere is
its unique singular point.

Remark 7.2 Spheres of radius zero
are points on the fundamental
quadric. Thus the spaces O] contain
as its closed subsets the moduli space
of m points on the fundamental
quadric modulo the automorphism
group of the quadric. For example,
when ;3 = 2, this is the moduli space
P" = (P')y"//SL(2) studied intensively in
many papers (see, e.qg., [3, 5]).

Many geometrically mutual
properties of complex spheres are
expressed by vanishing of some
orthogonal invariant of point sets in
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pr+l, We give here only some simple
examples

We define two complex spheres in
2T to be orthogonal to each other if
the corresponding points in pt+l are
conjugate in the sense that one point
lies on the polar hyperplane to

another point.

Proposition 7.3 Two real spheres in

*1 are orthogonal to each other (i.e.,
the radius-vectors at their
intersection points are orthogonal) if
and only if the corresponding complex
spheres are orthogonal in the sense
of the previous definition.

Proof Let
i=1

i=1

be two orthogonal spheres. Let
(¢y.....c,) be their intersection point.
Then we have

0= Zc —a;)(c; = b;) :Zc —Z(a+b C; +Z(l/)
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n n
£\ 2 £\ 2
Z(c‘i —a)” =1, Z(('i — b)) =7r".
i=1

i=1

This gives the equality
p) Y a;b; —Zaf—ib?%»r:%»r': = 0.
=1 i=1

It gives a necessary and sufficient
condition that two spheres intersect
orthogonally. It is clear that the
condition does not depend on the
choice of intersection point. The
corresponding complex spheres

correspond to points
[1.ai.....ax. ]3(_1'2 — Zai"): and
[1.b1,....bs, 30 = X bH)]. The condition that
two points Qv o Xyt ] and

[Bos---.Bns1] are conJugate is

Q'(],Bn-fl + O'n+l,8(] + Z O'i,Bi = 0.
i=1

So we see that the two conditions
agree.

For convenience of notation, we
denote y = Cp € P'" by |v]. We use
the symmetric form {(v.w) in V defined
by the fundamental quadric.
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We have learnt the statements of
the following two propositions from
[10].

Proposition 7.4 Two complex
spheres S([v]) and S([w]) are tangent
at some point if and only if

(v,oy (vow))
det ((u,'.v) (u.'.u,')) =0

Proof Let A¢, + u¢> be a 1-dimensional
space of quadratic forms in V and
V(i + ug2) be the corresponding
pencil of quadrics in . We assume
that it contains a nonsingular quadric.
Then the equation discr(A¢) + ug2) =0
is @ homogeneous form of degree
n+1 whose zeros define singular
quadrics in the pencil. The quadrics
V(¢;) and V(¢,) are tangent at some
point p if and only if p is a singular
point of some member of the pencil.
It is well known that the
corresponding root [A.u] of the
discriminant equation is of higher
multiplicity. If Vi(¢1) =S([v]) and
V(g2) = S([w]) are nonsmgular complex
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spheres, then the pencil V(Ag, + ug»)
corresponds to the line x,y in pi+l
spanned by the points x and y. A
point [Av + yw] on the line defines a

singular quadric if and only if

D(Av + llU.') = (A4 + LB+ )”_1(1()(_/!“ + [IU-') = 0.

Our condition for quadrics V(¢,) and
V(¢,) to be tangent to each other is
that the equation go(Av+ uw) =0 has a
double root. We have

qo(Av + pw) = ,lz(v, 0y + 2Auv, w) + ,uz(u_',u_').
Thus the condition becomes

(@0 D)

(w, vy (w,w)

Proposition 7.5 ,;+ 1 complex
spheres S([v;]) in P have a common
point if and only if

( (U.'], U.’]) . (U.'], ll’,Hl) )
(uwr, wy) ... (W, Wy,
det , , , =0,
{Wht1s wy) .. Wpsps U—'n+l>}

where UW); are the vectors of
coordinates of the polar hyperplane of

[l_.',' ]
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Proof We use the following known
identity in the theory of determinants
(see, e.g.,, [1, Lemma 10.3.2]). Let
A = (aij).B=(bij) be two matrices of
sizes kxm and m X k with k < m.

Let |
Al.|Bil. T = (1..... )l < <. < <m.

be maximal minors of A and B. Then

4~ Bl = ) |A/lIBil. (7.7)

Let H:=334'5=0 be the polar
hyperplanes of the complex spheres.
We may assume that they are linearly
independent, i.e., the vectors U'; are
linearly independent in V. Otherwise
the determinant is obviously equal to
zero. Thus the hyperplanes intersect
at one point. The spheres have a
common point if and only if the
intersection point of the hyperplanes
H; lies on the fundamental quadric.
Let X be the matrix with rows equal

to vectors wi = (a).....a" ). The
intersection point has projective
coordinates [(Ci.—Cr.....(-1)"C,.5],

where C; is the maximal minor
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obtained from X by deleting the jth
column. Let G be the symmetric
matrix defining the fundamental
quadric. We take in the above formula
A=X-G.B='X. Then the product
A - B is equal to the LHS of the
formula in the assertion of the
proposition. The RHS is equal to
+(C\Cor - Y15 €. It is equal to zero if
and only if the intersection pomt lies
on the fundamental quadric.

We refer to [18] for many other
mutual geometrical properties of
circles expressed in terms of
invariants of the orthogonal group
O(4).

8 Real points

We choose V to be a real vector space
equipped with a positive definite inner
product (—.—). A real point in B(V) is
represented by a nonzero vector
v V. Since (vv)y>0, we obtain
from Propositions 2.3 and 2.4 that all
real point sets (x,.....x,) are stable
points. Another nice feature of real
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point sets is the criterion for
vanishing of the Gram functions:
detG(vy.....v,) =0 if and only Iif
M.....U are linear dependent
vectors in V.

It follows from the FFT and SFT
that the varieties O] are defined over
2. In particular, we may speak about
the set O} (®) of their real points.

Theorem 8.1 Let V be a real inner-
product space. Consider the open
subset U of linear independent point
sets (xi.....xm) in B(V)E). Then the
map

U — O"(R)
Is Iinjective.

Proof To show the injectivity of the
map, it suffices to show that

(,f/(_xl ) U f/(_-\'m ) = (Ul seveslYm ) (8 . 1 )

for g € PO(V-) implies that
(f/(‘l ) ‘e en f/(.-\.m ) — (_l/] I 9!/111) for some
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g € PO(V). Choose an orthonormal
basis in V to identify V with the
Euclidean real space gmn+l, The
transformation g is represented by a
complex orthogonal matrix. If (8.1)
holds, we can find some
representatives U; and UW; of points
Xi. Yi, respectively, and a matrix
A e O(V-) such that
A U = U.',',i = I.....Mm. This IS dan
inhomogeneous system of linear
equations in the entries of A. Since
the rank of the matrix |v;.....v,] with
columns U; is maximal, there is a
unique solutlon for A and it is real.
Thus g is represented by a
transformation from O(n + 1. R). []

Let us look at the rational
invariants Ra,..a. Let ¢ij.m— ¢ij.
denote the angles between basis
vectors of the lines x; = Eu;.
Obviously,

)
R,‘j = COS’(f),‘j

is well defined and does not depend
on the choice of the bases. Also,
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Rij x = COS @jj -~ - COS ¢y,

are well defined too. Applying the
previous theorem, we see that the
cyclic products of the cosines
determine uniquely the orbit of a
linearly independent point set.

Finally, let us discuss configuration
spaces of real spheres. For this we
have to choose vy = p7+2 to be a real
space with quadratic form ¢ of
signature (1,n) defined in (7.3). A real
sphere with nonzero radius is defined
by formula (7.4), where the
coefficients (ag.....a,.;) belong to the
set ¢;'(R.). It consists of two
connected components corresponding
to the choice of the sign of @Y.
Choose the component V* where
ag > 0. The image V7 /E., of VT in the
projective space PF(V*) is, by
definition, the hyperbolic space Hn+1,
Each point in F7+! can be uniquely
represented by a unique vector
0= (@0...., Q1) with

n+1

9
(v, U) = Z Q; — Qppe = I @y > 0.

i=1
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Each e g"+! defines the orthogonal
hyperplane

H,={xeH"" : (x,0) = 0,g9(x) = 1}.

The cosine of the angle between the
hyperplanes H, and H,, is defined by

Cos ¢p = —(v, w).

If [(v.w)>1, the hyperplanes are
divergent, i.e., they do not intersect
in the hyperbolic space. In this case
cosh(|{v, w)|) is equal to the distance
petween the two divergent
nyperplanes. If (v,w) =1, the
nyperplanes are parallel. By
Proposition 2.1, the corresponding
real spheres S(v) and S(w) are tangent
to each other.
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1 Also called the inversion group or the
Laguerre group. It is a subgroup of the
Cremona group of ¥ generated by the
projective affine orthogonal group PAO(n + 1)
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