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The d i f fe ren t  of m o r p h i s m s  of su r f aces  onto curves  is s tudied.  A re la t ionsh ip  is e s t ab l i shed  
between the d i s c r i m i n a n t  and Eule r  c h a r a c t e r i s t i c s  of degenera te  l a y e r s  for  m o r p h i s m s  
without mul t ip le  components .  

1. Let  f : X -* Y be a p r o p e r  m o r p h i s m  of s chemes  over  a f ield k. The logica l  p r o b l e m  of i ts  
deg ree  of smoothness  can be solved,  as in the case  of a f inite morph i sm,  by means  of a su i tab le  analog of 
the d i f fe ren t  and d i se r iminan t .  The a p p r o p r i a t e  def ini t ions have been given by Shafarevich in his  l ec tu re  
s e r i e s  in 1961 ( their  background and mot ivat ion  a r e  d i s c u s s e d  in [6]). Let  O be  a local  r ing  without 
d i v i s o r s  of ze ro ,  M an O - m o d u l e  of finite type,  and K the quotient  f ield of O .  If 0 -+ N --* O n ~ M -~ 0 
and d im M | we let  

0 (M)= U A" (N + S~), 
Sm 

where  Sm runs  through the submodules  On,having m g e n e r a t o r s  and A n is the nth outer  deg ree .  The ideal  
,)(M) of r ing  O is invar ian t ly  defined and is ca l led  the d i f ferent  of the module M. Using the p ro j ec t i ve  r e -  
solvent ,  we can provide  an analogous defini t ion for  any in tegra l  r ings .  The b a s i c  p r o p e r t i e s  a r e  as follows: 

I) 0(M) = (3) ~ M is projective. 

2) 0 (M @. M') = ~' (M) 0 (M') .  

3) If p c:  0 is a p r i m e  ideal  and Op,  Mp a r e  loca l i za t ions ,  then 

O (My) = '$ (M) Op. 

If now a coherent  shea f  is given on the scheme X, p r o p e r t y  3) makes  i t  pos s ib l e  to define the d i f ferent  
~{F) of the sheaf  F such that  ~ F ) x  = ~ F x ) ,  x 6X.  Here  ,~(F) is a sheaf  of idea ls  on X. Returning to the 
m o r p h i s m f  : X - -  Y, we se t  '~XIY = '~(D~IY), where  DXIY is a sheaf  of r e l a t i ve  d i f f e ren t i a l s  (see [3]). We 
define the d i s c r i m i n a n t  of the mapping f as the sheaf  D X I y -  O x / #  on X. If Y is a smooth i r r e d u c i b l e  
scheme of d imens iona l i ty  one and the common l a y e r  of the m o r p h i s m  f is  smooth,  the sheaf  f , D x ] y  is 
nothing other  than @ Oy Ira%, r% i . e . ,  the max imum idea ls  of points of Y. We a l so  ca l l  the number  Eny 

, t ~ y  ' y 11 2 

the d i s c r i m i n a n t  of the m o r p h i s m  f and denote i t  by dx]  y .  

LEMMA 1. Suppose that  scheme Y is smooth ove r  k, s cheme  X is in tegra l ,  and m o r p h i s m  f is  
smooth at  the common point of X. We then have an exac t  sequence of sheafs  on X 

0 ~ fQ~  -~ ~k  ~ ~:~r  ~ O. (1) 

Proof .  For  any m o r p h i s m  the sequence 

is exact (see [3]). According to the differential smoothness criterion of Grothendieck [3], morphismf 
is smooth at a point x 6 X if the sequence 

o -~. (/-Q. r )~  - ,  ( ~ x ) ~  --* (~x ,r)~  ~ 0 
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is exac t  and the module  ( a ~ [ y )  x is p ro jec t ive .  The  condi t ions  of  the l e m m a  indicate tha t  the shea f  f * ~  
is loca l ly  f r e e  and the ke rne l  of  the h o m o m o r p h i s m  f * 9 ~  ~ ~ is a t o r s i o n  sheaf .  I n a s m u c h  as a loca l ly  
f r e e  shea f  does not contain  a t o r s i o n  subsheaf ,  we a r r i v e  at that  which was  to be  proved .  

COROLLARY.  Given the condi t ions  of  the l e m m a ,  supp(Dx[y)  is congruen t  with the se t  of points  of  X 
in which the m o r p h i s m  f is nonsmooth .  In p a r t i c u l a r ,  if all  l a y e r s  of f have  the s a m e  d imens iona l i ty ,  
this  se t  c o m p r i s e s  the union of s ingu la r  points  of the l a y e r s  o f f .  

2. We now a s s u m e  tha t  X is a smoo th  a lgeb ra i c  s u r f a c e ,  Y is a smoo th  a lgeb ra i c  cu rve  of genus q, 
the  c o m m o n  l a y e r  o f  the m o r p h i s m  f is  a smooth  c u r v e  o f  genus  g over  a field o f  funct ions on Y, and the 
m o r p h i s m  f and s c h e m e s  X, Y a r e  defined on an a l g e b r a i c a l l y  c losed  field k. Le t  us  a s s u m e  a l so  that  the 
l a y e r s  of  f do not have mul t ip le  componen t s .  

LEMMA 2. Under  these  condit ions we have an exact  sequence  of sheafs  on X 

0 ~ ~2~lr | fa)r  .-% (ox .--+ Dxn, ---> O, (2) 

w h e r e  w X = ~XIk '  w y  = f2~l k a r e  canonic  sheafs  of  X and Y, r e s p e c t i v e l y .  

P roo f .  L e t a : f  * 1 1 ~'Y ~ a X  be the canonic  embedding  d e t e r m i n e d  by  the exact  sequence  (1). Mult i-  
p ly ing  it  t e n s o r i a l l y  by the shea f  f ~ ,  we obtain 

, , '  : l'a~- | a~ c Q~: @ a~.. 
The compos i t ion  of a '  with the mapping  of  ou te r  d e g r e e  

def ines  a h o m o m o r p h i s m  

a' : a t x |  f a y ~ o x .  

Since the shea f  f * w y  is inver t ib le ,  it is r ead i ly  seen  that 

/'~Or | f oJr ~ ker a ' .  

Applying the exac t  sequence  (1), we obtain the h o m o m o r p h i s m  

1 a : ~xIY |  ~ 0)x. 

Le t  Z = supp (DxIy ) .  The  a s sumpt ion  r e g a r d i n g  m o r p h i s m  f indicates  that codim Z ->2; on the o ther  
hand,  a is an i s o m o r p h i s m  on X - Z .  This  shows that  supp(ker  a)  c Z. But the exact  sequence  (1) impl ies  

dp~ir ~ i,  
so  tha t ,  consequen t ly ,  

dep thzf~t  Y ~ t 

(X is a r e g u l a r  s c h e m e ) ,  whence  it follows that  k e r  ~ = 0. It is r ead i ly  i n f e r r e d  f r o m  the def ini t ion of  
~XIY that  

Im~ = ~xlr ~) COx, 

and,  s ince  cod im Z - 2 ,  

coker a = O) x / ~ xlr | o x = D x I y  | ~) x ~ D x i Y .  

C O R O L L A R Y :  

1) Hom~ x ( ~ ' l r ,  Ox) "~ r | fcoy; 

2) Ext~ x (fl~jr, Ox) = DxIy; 

3) ExtSx(f~W , �9 = 0,. i ~ l .  

P r o o f .  I n a s m u c h  as  a r e g u l a r  r ing  is a Gorens te in  r ing ,  it follows (see [1]) that  

0, i=k2, 
Extg x (DxIy, Ox) = Dxtr, i = 2. 

803 



Now it is only required to apply the functor Hom (., Ox ) to sequence (2). 

Remark.  Relation 2) is also fulfilled for multiple components.  In this case the sheaf Hom6z(ga~lrOX) 
is also locally free,  being specifically equal to 

(o7: t Q fo)r | Ox (D), where D ----- ~_~,j~y X v - -  (Xv)red. 

The following theorem has been advanced as a hypothesis by Shafarevieh. 

THEOREM. 

where F is the common layer  of morph ism f ,  and X is the l -adic  Eu le r -Po incar6  covering charac te r i s t ic  
(l, char  k) = 1. 

Proof.  F rom (1) we obtain the exact sequence 

0 --* Homex (~Q~r, Ox) --> Homox ( ~ ,  r "* Hom~ x (For, Ox) --> Ext~ x (flair, Ox) -> O. 

Invoking the corol la ry  to Lemma 2, we rewri te  this sequence as 

O.--.co-xt O /*o~r.--, T x---~ / * T r ~  Dxly..-~O, (3) 

where  T Z is the tangential sheaf  of the scheme Z. It is seen at once that 

c, (Dxlx,)=dxlr, 

where c 2 is the Chen second class of sheaf DXIy. Applying the propert ies  of the Chen charac te r  ch(F) of a 
sheaf  F (see [2]), we obtain 

i cl ( / ) '  - -  (2 - -  2g) ( 2 - -  2q), ch (r |  - -  t + f c~ (Y) - -  cl (X) + - y  

6h (Tx) = 2 - -  c~ (X) + 2 ct (X)'--  c2 (X), 

ch (/" rr )  = i - 1% (I0,  
ch (Dxlr) = dxlr. 

Sequence (3) and the additivity of ch yield 

dxlr =- ca (X) --  (2 --  2g) (2 --  2q). 

Now we need only make use of the formula  

x (X) = x (F). ~ (Y) q- ~ e r  X (X u) - -  X (F) 

and the formula  

c~ (x )  = x (x ) ,  

which follows f rom Lefsche tz '  theorem on s ta t ionary points of morphisms  (see [4]). 

Remarks .  1. If k = C, then by the congruence theorem and computation of the Euler charac te r i s t i c  
for  a rb i t r a ry  curves the analogous theorem holds when X is replaced by the ordinary  topological Euler 
charac te r i s t i c .  

2. It is readily seen that the sheaf  ,gXI Y is p rec ise ly  the Jacobian sheaf of Hironaka, which plays an 
important  role in determining the equisingulari ty of a morphism of schemes (see [5]). 
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