Math 490 Homework #7 Thursday 1 November 2018

Warm-up questions

(These warm-up questions are optional, and won’t be graded.)

1. Prove the following theorem. Hint: See Homework #2 Problem 3.

Theorem (Equivalent definition of continuity.) Let (X,7x) and (Y,7y) be
topological spaces. Then a map f : X — Y is continuous if and only if for every
closed set C' C Y, the set f~1(C) is closed.

2. Prove the following theorem. Hint: See Worksheet #3 Problem 2.

Theorem (Composition of continuous functions.) Let (X, 7x), (Y, 7y), and
(Z,Tz) be topological spaces. Suppose that f: X — Y and g : Y — Z are continu-
ous maps. Prove that the map go f: X — Z is continuous.

3. Let (X, T) be a topological space.
(a) Show that 7 is a basis for T.
(b) Suppose that B is a basis for 7. Show that any collection of open sets in X containing B

is also a basis for 7.

4. Verify that the set of open intervals (a,b) C R is a basis for R (with the Euclidean topology).

Assignment questions

(Hand these questions in!)

1. (a) Let (X,7x) be a topological space, and let S C X be a subset of X. Show that the
collection of sets
Ts={UNS|U€eTx}

is a topology on S. The topology Tg is called the subspace topology on S.

(b) Let (X, 7Tx) be a topological space and let S C X be a subset endowed with the subset
topology Tg. Show that a set C' C S is closed if and only if there is some set D C X that
is closed with C =D N S.

2. Consider the following definition.

Definition (Hausdorff space.) A topological space (X, 7) is called Hausdorﬂﬂ if
for any pair of distinct points  and y, there exist disjoint open sets U C X and
VCXsowithxeUandyelV.

(a) Let (X, d) be a metric space. Show that the topology induced by the metric d is Hausdorff.

(b) Let X be an infinite set, and let 7 be the cofinite topology on X (defined in Homework
#6, Problem 3). Show that 7 is not metrizable.

'Named for Felix Hausdorff, https://en.wikipedia.org/wiki/Felix_Hausdorff
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3. Let X be a set and let B be a collection of subsets of X such that

e | JB=X

BeB
e If By, By € B and x € By N By then there is some By € B such that x € By C (B; N Ba).

Let 7 be the collection of subsets of X
{U | U is a union of elements of B }.
Prove that 7 is a topology on X, and that B is a basis for T.
4. (a) Consider the following definition.

Definition (The product topology). Let (X, 7x) and (Y, 7y) be topological
spaces. Then the product topology Txxy on X X Y is the collection of subsets of
X XY generated by the set

B={UxV | UC X isopen, and V CY is open}.

(Recall that this means Txxy consists of all unions of elements of B.) Verify that Txxy
is indeed a topology on X x Y, and that B is a basis for this topology.

(b) Prove the following theorem.

Theorem (Equivalent definition of the product topology). Let (X, 7x)
and (Y, 7y ) be topological spaces. Then the product topology Txxy on X x Y is
precisely the collection of subsets of X x Y,

Txxy = { W

for each (z,y) € W, there is a some U € Tx and V € Ty
such that (z,y) € (UxV)CW ’

Reflection

Do this once for each time you present at the board in class, as part of your “participation” grade.
y y g

On a separate piece of paper from your homework solutions, write
e your name;
e the day, worksheet number, and question number(s) you presented to the class;

e a brief reflection (eg, a few sentences) on something that you thought went well in your pre-
sentation, and/or something you want to do differently next time. These can be (for example)
related to choice of math content, organization of the solution, clarity of the explanation, vi-
sual aids, boardwork, presentation delivery like speech and body language, or your responses
to audience questions.

Your reflection will be graded just for completion, based on a good-faith effort to think critically
about your presentation.
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