Math 490 Practice Midterm Exam Solutions October 2018

1. (10 points) For each of the following, write down an example (if an example exists), or otherwise
write “Does not exist”. No further justification needed.

(a)

A metric space (X, d), a subset Y C X viewed as a metric space under the restriction of
the metric d, and a subset U C Y that is open as a subset of Y but not open as a subset
of X.

Example: Let X = R with the Euclidean metric. Let Y = {1}. Let U =Y = {1}. Then
U is open in Y, but not in R.

Metric spaces (X,dx) and (Y,dy), a continuous function f : X — Y, and an open set
U C Y such that f~1(U) is closed.

Example: Let X and Y both be R (with the Euclidean metric). Let f : R — R be the
identity map. Take U = R. Then U is open, and f~!(U) = R is closed (as well as open).

Metric spaces (X,dx) and (Y,dy), a continuous function f: X — Y, and a set A C X

such that f(A4) Z f(A).
Does not exist.

A metric space (X,d) and a nonempty set S C X such that S is open, and S has no
accumulation points.

Example: Let X = {1} be a single point. Then the set S = X = {1} is open in X, but
has no accumulation points.

A nonempty set S C R (with the Euclidean metric) such that no point contained in S is
an accumulation point of S, but S has an accumulation point x ¢ S.

Example: Let S = {1 |n € N}. Then every point of S is an isolated point, but 0 € R
is an accumulation point of S.

A sequence of real numbers (a,)nen that is bounded but does not converge.

Example: The sequence01010101010101010...is bounded but not convergent.
A sequence of real numbers (ay),en that converges but is not bounded.

Does not exist.

A metric space (X, d), and a subset S C X that is sequentially compact but not closed.
Does not exist.

A metric space (X, d) that is not complete.

Example: The metric space (0,1) with the Euclidean metric is not complete.

A metric space (X,d) and a sequence (a,)nen in X such that {a, | n € N} is closed and
bounded, but has no convergent subsequence.

Example: Let X be an infinite set and let d be the discrete metric on X. Then let (ay,)nen
be any sequence such that each term a,, is a distinct element of X. Then {a,, | n € N} is
closed and bounded, but has no convergent subsequence.
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2. (2 points) Either prove the following statement, or provide (with proof) a counterexample: Let
(X, d) be a metric space, A C X a subset, and (a,),en & sequence of points in A that converge
to a point as. Then as is an accumulation point of A.

3.

Counterexample: Let R be the real numbers. Let A = {5}. Then consider the constant
sequence with a, =5 for all n. The sequence (a,)nen is contained in A and converges to the

point 5.

The point 5 is not, however, an accumulation point of A. Recall that, for 5 to be an accumu-
lation point of A, every open ball of the form B,.(5) must contain a point in A other than 5.
But consider the ball of radius (say) » = 1 around 5. There is no point of A in this ball except
for 5. We conclude that 5 is not an accumulation point of A.

(a)

(2 points) Let (X,d) be a metric space, and let z,y € X. Prove that there is an open set
U C X such that x € U but y ¢ U.
Let  and y be distinct points of X. Then, by definition of a metric, the distance
d(z,y) > 0.
Let r = $d(x,y). By construction r > 0. Let
U=B(z)={z € X |d(z,z) <r }.
We proved in class that U is open, and moreover that x € U. However, because
d(z,y) =2r >,

the point y is not in U. This proves the claim.

(1 point) Sierpinski space S is the set {0,1} with the topology {@, {0}, {0, 1}} Prove

that S is not metrizable.

Observe that, among the list of three open sets in S, there is no open set that contains the
point 1 but not the point 0. If S were metrizable, this would contradict the conclusion of
part (a). Hence, S is not metrizable.
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4. (5 points) Let (X,d) be a metric space, and let as € X. Let (an)nen be a sequence in X with
the property that every subsequence of (a,),cn has a subsequence that converges to ao.. Prove
that (an)nen converges to Goo.

We will prove the contrapositive: We will show that if (a,),en does not converge to as, then
we can construct a subsequence (ap, )ieny with the property that none of its (sub)subsequences
converges t0 Goo.

Recall that a sequence (a,)nen converges to a if, for every € > 0, there is some N € N such

that a,, € Be(ao) for all n > N. This means that the sequence (ay,)nen fails to converge to ano
if for some € > 0, for every N € N there is some n > N so that a,, ¢ Be(ao).

Assume that (a,)nen does not converge, and choose such a value of € > 0. It follows that there

is some ny € N so that a,, ¢ Bc(ax). But then, taking N1 = nj, there is necessarily some

ng > ny so that a,, ¢ Be(as). And, again, taking Ny = ng, there is some ng > ng such that

Ung ¢ Be(as). Continuing with this procedure, by induction, we obtain a subsequence (ay,)ien

that has no terms contained in Be(an)-

We will show that no subsequence of (ay, );en converges to ao. Let (anij )jen be any (sub)subsequence
of this subsequence. Consider the value € > 0 as defined above. If (amj )jen converged to Goo,
then an,, must be contained in B¢(a,) for infinitely many values of j. However, the terms n,

by construction are not contained in B.(ao) for any values of j. Thus, the subsequence does
not converge to oo

We conclude that a sequence (ay)necny must converge to as if it has the property that each of
its subsequences has a (sub)subsequence converging to G-
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