Math 490 Quiz #4 Tuesday 2 October 2018

Name: Score (Out of 8 points):

1. (4 points) Let (X,d) be a metric space, and A C X a subset. Prove that X \ A = X \ A.
Solution: To prove this equality, we will show that X \ A C X \ A and that X \ 4 D X \ A.

First suppose x C X \ A. This means that every neighbourhood U of = contains a point in
X \ A. In other words, if U is a neighbourhood of x, then U contains at least one point not in
A. In particular, every open ball B, (x) is a neighbourhood of x and therefore B,(z) € A for
any r > 0. We conclude that x is not an interior point of A, hence z € X \ A.

Now suppose that z € X \ A. Let U be a neighbourhood of x. Since U is open by definition,
there is some r > 0 such that B, (z) C U. Because 2 ¢ A by assumption, z is not an interior
point of A, and so no open ball centred on x can be contained in A. In particular, the ball
B,(xz) must contain a point y € X \ A. But then y € B.(z) C U. We conclude that any
neighbourhood U of = contains a point y € X \ A, and hence that x € X \ A.

2. (4 points) Consider the the real numbers R with the Euclidean metric. For each of the follow-
ing subsets A C R, state the interior A and the closure A. No justification necessary.

A=]-1,1) A= (-1,1) A— [—1,1]
A=N={1,23.) A= @ - N={123..}
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