13 September 2018 Math 490: Worksheet #4 Jenny Wilson

1 Convergent sequences in metric spaces

Definition 1.1. (Convergent sequences in R.) Let (a,)nen be a sequence of real numbers.

Then we say that the sequence converges to as € R, and write lim a, = @0, if ...
n—oo

Definition 1.2. (Convergent sequences in metric spaces.) Let (X,dx) be a metric space,
and let (ap)nen be a sequence of elements of X. Then we say that the sequence converges to

oo € X, and write lim a, = aso, if ...
n—oo

Rephrased:
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In-class Exercises

1.

Prove the following result:

Theorem (An equivalent definition of convergence.) A sequence (ay)nen of points in a
metric space (X, d) converges to as if and only if for any open set U € X which contains as,
there exists some N > 0 so that a,, € U for all n > N.

. Prove the following result:

Theorem (Another definition of continuous functions.) Let (X,dx) and (Y,dy) be
metric spaces, and let f : X — Y be a function. Then f is continuous if and only if the following

condition holds: given any convergent sequence (ay)nen in X, then ( f (an))n oy converges in
Y, and

i f(0n) = 1 (fim on)
(Optional.) Let f: X — Y be a function of sets X and Y. Let A, B C X and C,D C Y. For

each of the following, determine whether you can replace the symbol [ with C, D, =, or none
of the above.

(a) f(ANB) O f(A)n f(B) (b) f(AUB) O f(A)U(B)
(¢) For ACB, f(B\A) O f(B)\f(A)

(@ f(CuD) O A UND) (o) F(CND) O )N~ (D)
(f) For CC D, fA(D\C) O f7YD)\J71(C)

() A O fH(f(4) (h) ¢ O f(F7HO))
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