
Math 490 Homework #1 Thursday 12 September 2019

Warm-up questions

(These warm-up questions are optional, and won’t be graded.)

1. Give an intuitive geometric explanation of each of the 3 properties that define a metric.

2. Let X = {a, b, c}. Which of the following functions define a metric on X?

(a) d(a, a) = d(b, b) = d(c, c) = 0

d(a, b) = d(b, a) = 1

d(a, c) = d(c, a) = 2

d(b, c) = d(c, b) = 3

(b) d(a, a) = d(b, b) = d(c, c) = 0

d(a, b) = d(b, a) = 1

d(a, c) = d(c, a) = 2

d(b, c) = d(c, b) = 4

3. Consider the set Z with the Euclidean metric (defined by viewing Z as a subset of the metric
space R). What is the ball B3(1) as a subset of Z? What is the ball B 1

2
(1)?

4. Let (X, d) be a metric space, r > 0, and x ∈ X. Show that x ∈ Br(x). Conclude in particular
that open balls are always non-empty.

5. Let (X, d) be a metric space, and suppose that r,R ∈ R satisfy 0 < r ≤ R. Show the
containment of the subsets Br(x) ⊆ BR(x) of X for any point x ∈ X.

6. Let X = R with the usual Euclidean metric d(x, y) = |x− y|.
(a) Let x and r > 0 be real numbers. Show that Br(x) is an open interval in R. What are its

endpoints?

(b) Show that every interval of the real line the form (a, b), (−∞, b), (a,∞), or (−∞,∞) is
open, for any a < b ∈ R.

(c) Show that the interval [0, 1] ⊆ R is closed.

7. Let (X, d) be a metric space, and let U ⊆ X be a subset. Does the set U necessarily need to
be either open or closed? Can it be neither? Can it be both?

Assignment questions

(Hand these questions in!)

1. Let X be a set. A function f : X → R is called bounded if there is some number M ∈ R so
that |f(x)| ≤M for all x ∈ X. Let B(X,R) denote the set of bounded functions from X to R.

(a) Show that the function

d∞ : B(X,R)× B(X,R) −→ R
d∞(f, g) = sup

x∈X
|f(x)− g(x)|

is well-defined, that is, the suprema always exist.

(b) Show that the function d∞ defines a metric on B(X,R).
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(c) Explain why the following metric on Rn is a special case of this construction.

d∞ : Rn × Rn −→ R
d(x, y) = max

1≤i≤n
|xi − yi|

where x = (x1, . . . , xn) and y = (y1, . . . , yn).

2. Let (X, d) be a metric space. Show that a nonempty subset U ⊆ X is open if and only if U
can be written as a union of open balls in X.

3. Let (X, d) be a metric space. Fix x0 ∈ X and r > 0 in R. Show that the set {x | d(x0, x) ≤ r}
is closed.

4. (a) Prove DeMorgan’s Laws: Let X be a set and let {Ai}i∈I be a collection of subsets of X.

(i) X \

(⋃
i∈I

Ai

)
=
⋂
i∈I

(X \Ai) (ii) X \

(⋂
i∈I

Ai

)
=
⋃
i∈I

(X \Ai)

Hint: Remember that a good way to prove two sets B and C are equal is to prove that
B ⊆ C and that C ⊆ B!

(b) Let (X, d) be a metric space, and let {Ci}i∈I be a collection of closed sets in X. Note that
I need not be finite, or countable! Prove that

⋂
i∈I Ci is a closed subset of X.

(c) Now let (X, d) be a metric space, and let {Ci}i∈I be a finite collection (I = {1, 2, . . . , n})
of closed sets in X. Prove that

⋃
i∈I Ci is a closed subset of X.

5. Let (X, d) be a metric space, and consider Y ⊆ X as a metric space under the restriction of
the metric to Y . Show by example that a subset U ⊆ Y that is open in Y may or may not be
open in X. For each example you should clearly define the sets X,Y, U , and the metric being
used, but you may state without proof whether the set U is open in Y and whether it is open
in X.
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