Math 490 Quiz #6 Tuesday 29 October 2019

Name: Score (Out of 7 points):

1. (3 points) Let (X, Tx) be a topological space and let S C X be a subset endowed with the
subspace topology Tg. Suppose that X is Hausdorff. Show that S is Hausdorff.

Solution: Recall that, by definition, the subspace topology on S is the topology

Ts={UNS|U e Tx}.

The statement that X is Hausdorff means that, for every pair of distinct points x,y € X, there
are disjoint neighbourhoods U, of x and U, of y in X.

So let x,y be any two distinct points in S. Since x,y € X and X is Hausdorff, they have
disjoint neighbourhoods U, C X and U, C X, respectively. Then consider the sets U, N S and
U, N S. These are both open subsets of S, by definition of the subspace topology. The point x
is contained in both U, and S, so z € U, NS, and similarly y € U, NS. Finally, since the sets
U, and U, are disjoint, their intersections with S must also be disjoint. Thus U, NS and U, NS
are the desired disjoint neighbourhoods of x and y in S, and we conclude that S is Hausdorff.
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2. (4 points) Let X and Y be topological spaces, and let f : X — Y be a continuous injective
map. Show that, if Y is Hausdorff, then X is Hausdorff.

Solution: Let x; and z9 be any two distinct points of X. To prove that X is Hausdorff, we
seek disjoint open neighbourhoods Uy and Us of 1 and x, respectively.

Since f is injective, f(x1) # f(x2). Then, since Y is Hausdorff, there are disjoint open neigh-
bourhoods Vj of f(z1) and Va of f(x2).

Let Uy = f~1(V4) and Uy = f~1(V2). We will show that these are the desired neighbourhoods.
Since Vj is open and f is continuous, f~!(V1) is open by the definition of continuity. Since
f(x1) € V4, it follows that 21 € f~1(V4) by definition of pre-image. Hence f~'(V}) is an open

neighbourhood of x1. By the same reasoning, f~!(V3) is an open neighbourhood of 5. It
remains to show that f~1(V;) and f~1(V4) are disjoint.

Suppose that x € f~1(V4) N f~1(V5). But then by definition of pre-image, f(z) € V; and
f(z) € Va. This contradicts the assumption that Vi and V, are disjoint. It follows that
f~t(vi) N f~4(V2) = @. This concludes the proof that X is Hausdorff.
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