
7 November 2019 Math 490: Worksheet #13 Jenny Wilson

1 Interior, closure, and boundary

Recall the definitions of interior and closure from Homework #7.

Definition 1.1. (Interior of a set in a topological space). Let (X, T ) be a topological space,
and let A ⊆ X. Define the interior of A to be the set

Int(A) = { a ∈ A | there is some neighbourhood U of a such that U ⊆ A }.

You proved the following:

Proposition 1.2. Let (X, T ) be a topological space, and let A ⊆ X.

• Int(A) is an open subset of X contained in A.

• Int(A) is the largest open subset of A, in the following sense: If U ⊆ A is open, then U ⊆
Int(A).

Definition 1.3. (Closure of a set in a topological space). Let (X, T ) be a topological space,
and let A ⊆ X. Define the closure of A to be the set

A = { x ∈ X | any neighbourhood U of x contains a point of A }.

You proved the following:

Proposition 1.4. Let (X, T ) be a topological space, and let A ⊆ X.

• A is a closed subset containing A.

• A is the smallest closed subset containing A, in the following sense: If C is a closed subset
with A ⊆ C, then A ⊆ C.

We can similarly define the boundary of a set A, just as we did with metric spaces.

Definition 1.5. (Boundary of a set A). Let (X, T ) be a topological space, and let A ⊆ X.
Then the boundary of A, denoted ∂A, is the set A \ Int(A).

Example 1.6. Find the interior, closure, and boundary of the following subsets A of the topological
spaces (X, T ).

(a) X = {a, b, c}, T =
{
∅, {c}, {b, c}, {a, b, c}

}
, A = {a, c}.

(b) X = R with the cofinite topology, A = (0, 1).
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1. Let X be a topological space, and
A ⊂ X. Prove the following.

(a) A is open if and only if A = Int(A).

(b) Int(Int(A)) = Int(A).

(c) Int(A) =
⋃

U⊆A, U open

U.

2. Let X be a topological space, and A ⊆ X.
Prove the following.

(a) A is closed if and only if A = A.

(b) A = A.

(c) A =
⋂

C closed, A⊆C
C.

3. Let X be a topological space, and A ⊆ X.

(a) Prove that ∂A = A ∩ (X \A).

(b) Use this result to conclude that (i) ∂A is closed, and (ii) ∂A = ∂(X \A).

(c) Prove the following.

Theorem (An equivalent definition of ∂A). Let X be a topological space,
and let A ⊆ X. Then

∂A =

{
x ∈ X

∣∣∣∣ every open neighbourhood U of x contains at least one point of A,
and at least one point of X \A.

}
(d) Prove that every point of X falls into one of the following three categories of points, and

that the three categories are mutually exclusive:

(i) interior points of A; (ii) interior points of X \A;

(iii) points in the (common) boundary of A and X \A.

4. (Optional). Let A be a subset of a topological space X. Prove the following.

(a) X \A = Int(X \A). (b) X \ Int(A) = X \A.

5. (Optional). Suppose (X, d) is a metric space, and A ⊆ X. You proved on Quiz #4 that, if
x ∈ A, then there is some sequence of points (an)n∈N in A that converge to x. In this problem,
we will see that this property does not hold for general topological spaces.

(a) Recall that the co-countable topology on R is

Tcc = {∅} ∪ { U ⊆ R | R \ U is countable }.

Let A ⊆ R. What is A if A is (i) countable, or (ii) uncountable?

(b) Let A = (0, 1), so A = R. Show that, for any x ∈ A \A, there is no sequence of points in
A that converge to x.

(c) Definition (First countable spaces). A topological space (X, T ) is called first
countable if each point x ∈ X has a countable neighbourhood basis. This means,
for each x ∈ X, there is a countable collection {Ni}i∈N of neighbourhoods of x
with the property that, if N is any neighbourhood of x, then there is some i such
that Ni ⊆ N .

Let X be a first countable space, and let A ⊆ X. Show that, given any x ∈ A, there is
some sequence of points in A that converges to x.
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