Math 590 Quiz #4 Solutions Wednesday 13 February 2019

Name: Score (Out of 8 points):

1. (4 points) Find the set of all limits of the following sequences. If the sequences does not con-
verge to any point, write "Does not converge". No justification necessary.

e Let X ={a,b,c,d} have the topology T = {2, {a}, {b},{a,b},{a,b,c,d}}.

(i) a, b, a, b, a, b, a, b, --- Solution:  {c,d}

e Let R have the topology T = {(a,0) | e € R} U{@} U{R}.

(i1) 0, 0, 0, 0, 0, 0, 0, O, --- Solution: (—00, 0]

(i) (—n)nen Solution: Does not converge

e Let R have the topology T ={@}U{U CR |0 U}.

(iv) 0, 0, 0, 0, 0, 0, 0, O, --- Solution: R
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2. (4 points) Show that a topological space X is Hausdorff if and only if, for each x € X,

N U = {z}.

U a neighbourhood of =

Solution. Since x € U C U for all neighbourhoods U of z, it is clear that

N U {z}

U a neighbourhood of z

U

for any topological space X. Hence, our goal is to show that

N U < {z}
U a neighbourhood of z

if and only if X is Hausdorff.

First suppose that X is Hausdorff. This means, for any x,y € X with y # x, there are disjoint
neighbourhoods U, of x and U, of y. But, since y has a neighbourhood that does not intersect
U, we can conclude that y ¢ U,. Hence for all y # x,

y ¢ ﬂ U.

U a neighbourhood of z

We conclude that, if X is Hausdorff, then for any x € X,

N U < {z).

U a neighbourhood of =

Next suppose that

N U C {a}

U a neighbourhood of x

for all z € X, and consider any pair of distinct points z,y € X. By assumption, there must be
some neighbourhood U, of z so that y ¢ U,. This means that there is some neighbourhood U,
of y that does not intersect U,. Thus = and y have disjoint neighbourhoods U, and U,, and
we conclude that X is Hausdorff as desired.

Page 2



