Math 490 Quiz #1 Solutions Tuesday 7 September 2021

Name: Score (Out of 5 points):

1. (5 points) Let (X, dx) and (Y, dy) be two metric spaces. Let X x Y be the Cartesian product
of the sets X and Y, i.e., X x Y is the set

XxY ={(z,y) |lze X,y Y}

Prove that the following function defines a metric on X x Y.

d: (X xY)x(XxY)—R
d((w1,91), (z2,y2)) = dx (z1,22) + dy (y1,2)

Solutions. From the description of d we see that it is well-defined: its outputs are (uniquely)
defined for every element of (X xY') x (X xY'), and its outputs are always elements of R. We
do not need to do any additional work to verify well-definedness of d.

To show that d is a metric, we will check the 3 conditions that define a metric:

(M1) (Positivity). d((x1,y1), (z2,y2)) > 0 for all (z1,y1), (z2,12) € X XY,
and d((x1,y1), (x2,y2)) = 0 if and only if (z1,y1) = (z2,y2).
(M2) (Symmetry). d((z1,y1), (¥2,¥2)) = d((22,y2), (z1,y1)) for all (z1,y1), (v2,92) € X x Y.
(M3) (Triangle inequality). d((=1,¥1), (v2,%2)) +d((x2,92), (z3,¥3)) > d((x1,y1), (z3,y3)) for
all (z1,y1), (22,92), (z3,y3) € X X Y.

We will use the assumption that dx,dy are metrics. We first check (M1). Let z1,22 € X and
Y1,Y2 € Y be any points.

d((xlvyl)a ($27y2)) = dX(wth) + dY(ylayQ)
>0+40 [since dx, dy satisfy (M1)]
=0

d((z1,91), (x2,92)) =0
< dx(r1,22) + dy(y1,92) =0
< dx(z1,22) =0 and dy (y1,y2) =0 [since both terms are nonnegative]
<= 11 =29 and y; = Yo [since dx,dy satisfy (M1)]
= (z1,51) = (22,92)

We next check (M2). Let 1,22 € X and y1,y2 € Y be any points.

d((z1,91), (z2,92)) = dx (21, 22) + dy (y1,y2)
= dx(z2, 1) + dy (y2,91) [since dx,dy satisfy (M2)]

= d((z2,y2), (x1,91))
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Finally, we check (M3). Let z1,22,23 € X and y1,y2,y3 € Y be any points.
d((z1,y1),(22, y2)) + d((22,92), (23, 3)))
= dx(z1,22) + dy (y1,y2) + dx (22, x3) + dy (y2,y3)
= (dX(a?ha?Q) + dX($2,3?3)> + (dy(y1,y2) + dY(ZUnyUS))
> dx(x1,23) + dy (Y1, y3) [since dx,dy satisfy (M3)]
=d((w1,y1), (23,93))
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