Math 590 Quiz #2 Wednesday 3 February 2021

Name: Score (Out of 4 points):

1. (4 points) Let Set be the category of sets and all functions. Let € be a reasonably niceﬂ
category. Fix an object A in ¥ . Define a map

Homy (A, —) : € — Set
B +—— Homy (A, B)

We can extend this map to a map of morphisms

€ — Set
[f:B— C]— [f«: Homg (A, B) — Homg (A, C)]

to make it a covariant functorﬂ Explain how to define the map f., and verify that your con-
struction is functorial.

Solution. We define A_9.RB
f« : Homg (A, B) — Homg (4, C) f4w=;;\xxp
g—foy ¢

To check that this map is functorial, we need to check two properties: that it respects identity
and that it respects composition.

Suppose idg : B — B is the identity mor- A-2.1B
phism. Then \ ll ds
(id)«(g9)=idpog=g
(idp)s+ : Homg (A, B) — Homgy (A, B) B

g—idpog=yg

o (idp)« is the identity map on Hom¢ (A, B) as desired.

Let fi : B— C and fo : C'— D. Then A9 B
(F20 f1)s(9) = (f20 f1) o g Sy
= fao(fiog)
= (f ) (flog) f20f109
- G- (.60 .
:( *)(9)

- D
so our functor respects composition.

1For set-theoretic reasons, we need € to be a locally small category. This holds for every category we will encounter.
2For each A there is a covariant functor Home (A, —) : and a contravariant functor Home (—, A).
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