
Math 592 Quiz #6 Solutions Wednesday 24 March 2021

Name: Score (Out of 8 points):

1. (4 points) (a) (1 point) State the definition of the singular homology groups of a space X.

By definition, the singular homology groups Hn(X) are the homology groups of the chain
complex (C∗(X), ∂) defined by

Cn(X) = Z〈 σ | σ : ∆n → X a continuous map〉

and
∂n(σ) =

∑
i

(−1)iσ|[v0,v1,...,vi−1,v̂i,vi+1,...,vn]

where [v0, v1, . . . , vi−1, v̂i, vi+1, . . . , vn] is the face of ∆n that excludes the vertex vi.

Concretely, Hn(X) =
ker(∂n)

im(∂n+1)
.

(b) (3 points) Let X be a single point. Working directly from the definition of singular ho-
mology, compute the singular homology groups of X.

Solution:

Fix n. Since X is a single point, there is single map σn : ∆n → X, and its restriction to
any face is the single map σn−1 : ∆n−1 → X. Hence,

∂n(σn) =

n∑
i=0

(−1)iσn−1 =

{
σn−1, n even
0, n odd.

The associated chain complex is

· · · Zσ2n+1 Zσ2n Zσ2n · · · Zσ1 Zσ0 0
∼= 0 ∼= 0 ∼= 0

We therefore have three cases:

H2n+1(X) =
ker(∂2n+1)

im(∂2n+2)
=

Zσ2n+1

Zσ2n+1

∼= 0 for n ≥ 0.

H2n(X) =
ker(∂2n)

im(∂2n+1)
=

0

0
∼= 0 for n > 0.

H0(X) =
ker(0)

im(∂1)
=

Zσ0
0
∼= Z.
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