Math 592 Quiz #8 Solutions Wednesday 7 April 2021

Name: Score (Out of 4 points):

1. (4 points) The closed nonorientable surface Ny of genus g is the connected sum of g copies of
RP2,
N, = RP*#RP?# - .- #RP2.
It has a CW complex structure as follows [which you do not need to verify]:

o 1 zero-cell x

e g one-cells aq,as,...,a,

e 1 two-cell D attached along the word a?a3a3 - - - ag.

Compute the cellular homology groups of Nj.

Solution.

The cellular chain complex associated to this cell structure on N is
50— 022D 2 Zay, . ag) 2 72 25 0.
Here,

e (O3, 0y are the zero maps
e 0; is the usual simplicial boundary map
O1(a;)) =z —ax for all ,
so 01 is also the zero map.

e the differential 0 is the map 0» : D +— >, nja; where n; is the degree of the map St g1

defined by
gp 2itaching map, (1-skeleton of Ny) Quotient map, (1-skeleton / complement of interior of a;).

Since 0D winds twice in the positive sense around each loop a;, the degree is 2 for each 1.
So ds is the injective map

02 : D 2a1 +2a3 + - - + 2ay.

Thus
_ ker(do) Lz
Ho(X) = im(9;) 0 =z
_ ker(01) Zai, ..., aq)
H(X) = im(02)  Z(2a1 + 2as + - - - 2a,)

_ Z{ay,...,ag-1,a1 +az + -+ ag)

by change of basis
Z<2a1—|—2a2—|—---+2a9> [ v & ]

Z
~ 79—1
~7 @ 27
. ker(ﬁg) _ 9 -
Hy(X) =+ G ~ 0 = 0.
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