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Configuration spaces

Definition (configuration space)
M — connected non-compact finite-type manifold of dim > 2
Fx(M) — (ordered) configuration space of M on k points

Fi(M) := {(my,mg,...,mx) € MK | m; # m; for all i+# j}

Goal: Understand H.(Fx(M))

Figure: A point in F3(M)

Figure: A class in Ho(F5(M
Sk~ Fe(M) g b(Fs(M))
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Representation Stability

Strategy: Fix M. Package the sequence {H,(Fx(M))} into a module
over a category encoding Sx—actions and embeddings.

Theorem (Church—Ellenberg—Farb, M—W (non-orientable case))
For each fixed i, { H;(Fx(M))}« is representation stable.

Z[Ski1] - t(Hi(Fk(M); Z)) = H{(Fi 1 (M);Z)  fork > 2i.
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Higher-Order Representation Stability
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Figure: Secondary stabilization map t' : Hi(Fx(M)) — Hiy1(Fki2(M))

Theorem (M-W)
{H.(Fx(M); Q)}« has secondary representation stability.
For each fixed i, the sequence of “unstable” homology in

{Hiss (F(M); @)}

k

is finitely generated under the actions of maps t' and the groups Sk.
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