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Abstract. We prove a formula relating the Fourier coefficients of a modular form of half-integral
weight to the special values of L-functions. The form in question is an explicit theta lift from the
multiplicative group of an indefinite quaternion algebra over Q. This formula has applications to
proving the nonvanishing of this lift and to an explicit version of the Rallis inner product formula.
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1 Introduction

The origins of this article lie in a remarkable proportionality relation discovered by Walds-
purger [12] between the squares of the Fourier coefficients of a half-integral weight modular
form h and special values of L-functions attached to the Shimura lift f* of /. Recently, by
a different method (namely Jacquet’s relative trace formula), Baruch and Mao (generaliz-
ing results of Kohnen-Zagier [2], Kohnen [1] etc.) have established in some cases a more
precise relation between the squares of the absolute values of the Fourier coefficients and
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special values, thus computing the absolute value of the proportionality constant occurring
in Waldspurger’s work.

The aim of this article is to establish yet another formula (see Thm. 1.1 below) for the
squares of the absolute values of Fourier coefficients of a certain explicitly constructed half-
integral weight form. This formula has several applications. Firstly, it can be used to show
that a certain explicit theta lift, from PB* to SL,, for B an indefinite quaternion algebra
over Q, is nonvanishing. Secondly, combining this formula with the formula of Baruch-
Mao mentioned above, one may obtain a completely precise version of the Rallis inner
product formula (see [7] Sec. 7.1.) for certain theta lifts from SL; to PB*. Both Thm. 1.1
and this explicit version of the Rallis inner product formula are crucial ingredients in the
forthcoming articles [7], [8], on the arithmetic properties of the theta correspondence and the
p-adic properties of central L-values of quadratic twists of elliptic curves. Since the relation
between the formulae above may be somewhat confusing, we remark that it is explained by
the diagram below, in which any two of the formulae imply the third.

Thm. of Baruch-Mao

ThIML 1.1 =t > Rallis inner product formula

To explain the statement of Thm. 1.1, we need some notation. Let f be a holomorphic
modular form of weight 2k, trivial central character and odd squarefree level N. Let x be
a finite order character of conductor N’ dividing 4N, and suppose 7 = 0 or 1 is such that
X=x- (;I)H_T is unramified at 2. Set yo = X - (_—l)k Also let wy be the sign of the
Atkin-Lehner involution attached to /" at ¢g. Denote by 7 the automorphic representation of
PGL,(A) attached to f and let /) be a newform in 7 ® x normalized to have its first Fourier
coefficient equal to 1.

Suppose that B is an indefinite quaternion algebra of discriminant N~ | N and denote
by g, a newform in 7’ ® x where 7’ is the Jacquet-Langlands lift of 7. Let v be an odd
fundamental quadratic discriminant satisfying sign(v) = (—1)" as well as

(L) (@ IfgIN,gtv,x04(=1) = agXvg(@wy.
(b) Ifq | qu | VsXO,q(_l) = Qyq.

where a; = (g). In case (b) we also assume for simplicity that xo, is ramified exactly
wheng | N™.LetV = {x € B| tr(x) = 0} and ¢ € F(V(A)) the Schwartz function defined
in Sec. 3.2 of [7]. Put s = g, ® (x " 'xv) € ™ ® X, ¥’ = %!/l where ¥ is the usual
additive character on Q \ Agq. Finally, denote by / the theta lift h := #(¢)', ¢, s) on §I:/2(A).
Then we have

Theorem 1.1. (1) h e S, 1(M,x) where M = Icm(NN', 4).
k+3

(2) Let & be any positive integer and set § := (—1)"&. Then ag(h) = 0 unless the following
conditions are satisfied:
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(a) Forallq | N,q{N’, (%0) 7 ~Wg,

(b) Forall g | N', (£) = x04(=1)wg = xg(—Dwg,
(¢c) & =0,1 mod 4.

If (a),(b),(c) are satisfied, and & is a fundamental quadratic discriminant, then

) ok il 1 1 (gXSgX)
— L{- v L ~ Ty
lag()* = C(f, x, v)m = |wglf 2 (2’”f®x ) (2 Wf@xf‘)) (oo fx)

where (,) denotes the Petersson inner product and C(f,x,v) = [| Cy, where Cy are

g<00
the constants listed in Sec. 5. In particular, ifp > k andp t N := quN q(g*> = 1), then
C(f,x,v) is a p-unit.*

We now explain briefly the idea of the proof. The Fourier coefficient in question is readily
expressible as a sum of integrals of g, against certain characters of real quadratic tori
K* < B*. One shows first that up to an explicit scalar, it is in fact equal to a single such
toric integral. Next one applies a method of Waldspurger (from his article [13]) to show that
the absolute value squared of this torus integral is given by the L-value above. This method
is now quite familiar and has been exploited in the recent articles [6], [5], [16] to relate
period integrals along tori and L-values. The case of real quadratic fields has been worked
out in detail in Popa’s article [5] with some assumptions on the local ramification. However
the particular problem that confronts us is different in two aspects described below, which
lends to the novelty of this article.

Firstly, the articles [5], [16] express an L-value as a period integral, for some convenient
choice of embedding j : K* < B*. In our case, it is not the L-value but the period
integral that appears in the arithmetic theory of the theta correspondence, and one must
prove a formula relating it to the L-value in question. Consequently, one cannot make a
convenient choice of embedding j; instead we need to deal systematically with all the
different possibilities for j that occur naturally in the formulae for the Fourier coefficients
of the theta lift. This leads to the second main difference, namely that we need to consider
several more possibilities as regards the local ramification in the ramified zeta integrals than
are dealt with in the articles cited above.

We remark that it would be very useful to have a general formula for B a quaternion
algebra over an arbitrary number field K, relating the period integral of a newform on
B to an L-value for any choice of j : K < B (K quadratic over F) and for al/ possible
choices of local ramification. By Waldspurger’s formula this is a purely local issue involving
computations of ramified zeta integrals. Yet, in that generality, it would be significantly more
complicated than the few cases considered in this article.

The present article is organized as follows. In Section 2.1, we set up the main theme of
this article, namely a certain explicit theta lift from PB* to SLy, and in Section 2.2, derive
a formula relating the Fourier coefficients of this lift to certain integrals along tori. Next,
we recall in Section 3 the method of Waldspurger to compute the squares of absolute values
of such period integrals using the dual pair (GL, GO(B)). This method expresses these

* 1In fact, with a little more care, our proof can easily be modified to prove a formula for the squares
of the Fourier coefficients and not just their absolute values.
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quantities as the value at 1/2 of a certain global zeta integral. In Sec. 4 we compute the
local zeta integrals in all the ramified cases that have not appeared in previous articles on
this subject. The results are put together in Sec. 5 to obtain the final formula of Thm. 1.1.

2 Fourier coefficients and toric integrals
2.1 Ternary forms: the dual pair (S-VLZ, PB*) and the basic setup

The reader is referred to the introduction and [7] §2.1 for the notation used below. We recall
first some facts about the Weil representation. Let W be a two dimensional symplectic vector
space. The metaplectic cover /S\IS(W ® V) splits over the orthogonal group O(V) which is
identified with PB* x (c), where (c) is the cyclic group of order 2 generated by the main
involution and the action of 5 € PB* on V is given by 3 - (x) = 8x3~!. Let S, (resp. S A)
denote the twofold metaplectic cover of SL2(Qy) (resp. SL2(A).) Then for each place v of
Q, the Weil representation of Sp(W ® V), yields by restriction a representation of S, xPBY}
on ¥ y(V® Qy) denoted wyy. The restriction of wy, to S,isa genuine representation of S,,
denoted ryy, satisfying

Q1) rpmer) = ¢ E0M)pk)
(22)  ry@@)pr) = py(a)a —lalP2pax)
(23)  ry(w,9pr) = vy oFy(p)

where we write ¢’ instead of ¢,. The Haar measure on V ® Q, is picked to be autodual
with respect to the pairing (x1,x2) = ¢'((x1,x2)). In future we will write % () for F ().

Thus wy (0, 8) = ry(0)R(B) where R(B)p(v) = o(5~"vP).

Let 54 and Ao denote the spaces of cusp forms on PB*(A) and Sa respectively. Fors € ),
o € Ly (Vp), define

0, p.0,8) = 3 ry/(@R(B)p(x)

xeV

g = [ 00 B

where the measure is the usual Tamagawa measure. We now choose s as in the introduction
and ¢ = [[, ¢v to be the Schwartz function defined in Sec. 3.2 of [7]. It is shown then
in [7], Prop. 3.4 that 1, (¢, 0, 5) = 1 for a unique h € Sk+1§(M,x).

We recall now some additional notation defined in [7] that we will need. Let Oy be
an Eichler order of level N in B. Let 0'(x) be the unique Eichler order in B such that
0'(x) ® Zy = Oy ® Zg, unless g | N' and ¢ | N, in which case

D,(0(x)®Zy) = {(? z> eMy(Zy),c =0 mod qz},
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and define open compact subgroups Uy, Up(x) C B;f by
(1) Uy = Hq Up,y where Uy = (Oy ® Zy)*.
(2) Uo(x) = [1, Uo,g(x), where Up 4(x) = (O'(x) ® Zg)*.

We define below a character wy, on Up 4(x) such that @y |5, = x>. Firstly, for each ¢ define
Wy,q on Up 4(x) as follows:

e Forg{Ny, @y qu)=1.

e Forg|Nyandq | NT,&y(u) = x4(d)? foru= <i 5)
o Forg |[Nyandq | N7, @y q(u) = xq(Nm(u)).

Then, set @, =[] q Wy.,q on Ug 4(x). Now let I" (resp. I'y) be the group of norm 1 units in
Oy (resp. 0'(x)) and define ’ to be the restriction of wy Uto Iy C Uy

2.2 Integrals along tori and Fourier coefficients of the theta lift

We would like to write down a formula that expresses the Fourier coefficients of & as a sum
of period integrals. It is convenient to begin with some generalities. Let O’ be an order in
B, U’ the open compact subgroup of B;f givenby U’ =[], U, U, = (0" ® Zy)*. Let
I'" = BX*N(U'(BX,)T), & be acharacter of U’ and setw’ = &~ !| . Suppose g’ € S (I, w')
and 5o € Soi(U', @) is the corresponding adelic modular form. Let w be the unique finite
X ~ .
order character of Q , such that &| UlmQZf = w| U,QQJXV . Thus the central character of s/ is w.

Forw e Cand a € V ®R C, define

[a,w] = (w 1) (_01 é)a(?) =cw? —2bw+a

. b —a
ifa= (c —b)'

Forx € V,let G, = {h € SLy(R), h~'xh = x}, I'l = G, NI and suppose that w/lpr is the
trivial character. Then we may define (as in [9] (2.5); see same reference for normalization
of measures)

P(g x,I") = / [x, hw]* g (hw)d (I h)
I\G:

X

for any w € $), since the condition «’| r; = 1 implies that the integrand is I'} invariant.
Denote by V* the set of x € V such that Nm(x) < 0. By [9] Lemma 2.1, P(g’,x,I")
is independent of the choice of w and is equal to 0 unless x € V*. Let R(I") be the
set of equivalence classes in V* for the conjugation action of I and for ¢ € R(I"), set
Q(6) = —Nm(x) for any choice of x € €. By [9] (2.6), P(g’,x, ") only depends on the
class of x in R(I""). Thus for 6 € R(I") we may set P(g’,6,I") = P(g’,x,I") for any
choice of x € €.

Let F C Cbeany real quadratic field thatembeds inB,j : F < Banembedding, 7 afinite
order character of F such that )| Q= w™ ! and suppose that we is the trivial character.
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(Secretly, 0" = 0'(x), U = Up(x), &' = gx> F = QW/VIE), n = (xux™) o Nrjg,o' =
X, 0=dy,w= x2.) Suppose F = Q+Qa, withtr(a) = 0and a > 0. Pick Yo € SLo(R)

such that 70_01 - P () Voo = <‘3 0 ), and consider the integral

—Q

Lyj(e) = /prx \FX Sy (XYoo )M(x)d " x.
AN A

The assumption 7| Qg =W ! (resp. that we is the trivial character) ensures that the integrand

above is Q7 invariant (resp. that the integral is independent of the choice of 7so.) Here we
pick our measure conventions to match those of [5].
Suppose O'NF = Z+Zcd, where Z+7Z.46 is the maximal order of F. Let O . = Z+Z.c¥,

and Ur . be the open compact in F 2/ given by Up, = @;,C, so that s/(x) and n(x) are
invariant under U .. Let x; € F 2/ be such that

Fr=UL F* - Ure- (F3)xi, W=[FA:F*UrF%]
and suppose

JGi) = vigui=gigui- v )8 € BX.gui € Uy € BTy = gie

Then

h/
Vol(Ur.o) 'Ly (8)) = X2 nxiy(gu.) s ve0)d ¥
i=1 (FXQUF,C)'(QOO)\(FOO)

W
= (—2a')7* 21 n(@(gu,)P(g'.j (), I)

=
where o is any nonzero element of F' with trace 0, j (/)" = ~;~ Yi(a/yyiand 1 = /=1.

We now specialize our discussion to the case of interest, namely g’ = g, F = Q(/[v[§),
n=0wx " oNp/Q,w =X, 0 =0y, w = 2T = I'y. Note that

Ghin( (") = @in (37 (@)0) = rin(8ur i (x) ™\ (@) (x)g )
= in(gui (g ) = @y - (Oewx) o Nm) ™ )(gy )il (@)
Oy (gu imx)esin(i (@)

since (xy X~ NM(gw,)) = (xwx ™ DNM( (1)) = (wx ™ DN px jox (1) = n(x;). Thus

.
Vol(Ur.e) ™ @pin(i @)Ly (8)) = (=2a'1)~* ; Pfin(j (@Y )P(g',j ()", I).
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It is shown in Sec. 4.2 of [7] that ag(h) = C - [v€|™1/2S where C = 6[Up : Up(x)]™"
[T+ + D7 TTn-(¢ = D" and

S= Z ‘Pﬁn(x)P(gxsxs Fx)
CeR(I'y),0(®)=|vI§

where x is any element of 6. For a fixed class 6, the choice of x € %€ yields an embedding of

F = Q(+/Iv]€) in B sending /|| to x. A different choice of x, say x’ € % corresponds to
an embedding that is conjugate to the original one by an element of I'y.. Suppose || = d 2¢
where ¢’ is square-free, so that F = Q(+/€’) and that the embedding corresponding to x
has conductor c. Then the conductor of the embedding corresponding to x’ is also ¢, and
hence we say that the conductor of € is c. Conversely, given any I'y-conjugacy class of
embeddings of conductor ¢, one has 0’ N F = Z + Zcd and j (d /&) is an element of V,
the class of which satisfies Q(€) = d?¢' = |v|¢.

For ¢ square-free, let R(I", ¢, d, &) denote the set of € € R(I"") such that Q(€) = d?¢
and that have conductor c. There is a natural action of B;f onJ.R(I",c,d,¢&), that may

be described as follows: for g € B;f, write g = v-u with v € B*,u € U and define

% = y~1¢~. This is easily seen to be independent of the choice of decompositiong = v-u.
Indeed, ifg = v -u =" -uj,thend = 71_17 e I, and 6‘1(71_1a71)6 = vy lay. Clearly
©" =6 forany u € U'.

Let O, ¢ = Z + cZ6 C Q(J/E). The Picard group of O, ¢, Pic(0.¢) is identified
naturally with @:E/ \ FZ,‘[/FX, hence acts (freely) on R(I”,c,d, &) via €° := €/ ). Let

R(I",c,d,¢") denote the set of equivalence classes for this action. Then

S=% 3 > (0P8 x, Iy)

¢ @eR(IV,c,d &) €%

(=2/DF S vol(Ure)™ 2 @anlie(a)Lnj (8y)
¢ @eR(I" c,d ")

where o/ = d. /& and % is any element in %. Note that the value of the expression
©fin(j¢(a))Ly ;. (gy) is independent of the choice of ¢ € €.

Proposition 2.1. If Ly «(gy) # 0. the following conditions must be satisfied at all g | N:
(@) Ifxog(—1) =1, then (%0) + —w,
(0) I X0q(—1) = =1, then (£2) = x0 4(= Dy

Proof. Fix q | N and let e denote the quadratic character corresponding to F. By the main
result of [10], if Ly «(gy) # 0,£4(1/2, 71, F ®M) = ag, where 7 p denotes the base change
of s to F'and £4(1/2, -) denotes the epsilon factor at g. For simplicity, we omit the subscript
g below. Define v, = 1 by e(1/2, 77 ® Xa) = YaXa(—1)e(1/2,7¢) (Where again, by x,
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we mean X 4 etc.) Then

e(1/2, 7 F ® 1) = ep(—De(1/2, 77, ® IndR 1)
= Xvgo(—De(1/2, 75, ® Oawx™ Ne(1/2, 77, ® (xux ™' €r))
= XVEO(_I)E(I/z’ T @ xv)e(1/2, 77 ® Xfo)
= Xveo (=) - wxw(=De(1/2,77) - xgo (=g, e(1/2, 77)
= W

We now consider four cases (and use (1.1) as well as Lemma 3.1 of [7]):
(i If qg v,q 1§, %E = xv(@): Yey = Xeo(@), Xv(9) = axo(—=Dw, thus a = axo(—1)
0 0

w(;), whence (7) = yo(=Dw.

(i) gtv,ql&m = xu(@), g = w, xv(q) = axo(—1)w, whence xo(—1) = 1 and
(%0) =0.

(ifi) Ifq | v, q 1€ % = W, 7g, = Xgy (@) Xo(—1) = o, whence (%) = xo(— .

(iv) Ifq | v,q 1€ = w, e, = w, xo(=1) = a. Hence xo(—1) = 1 and (§1—°) =0.

The proposition readily follows from (i)—(iv). O

Proposition 2.2. If'S # 0, then the following conditions must be satisfied at allq | N :
(a) Forallq |N,qtN’, (%0) #F —wg.

(b) Forall g | N’, (%0) = Xo0,¢(—Dwy.

(c) & =0,1 mod 4.

Proof. Part (c) follows immediately from the definition of the Schwartz function ¢,. By
the previous proposition, to prove parts (a) and (b), it suffices to show that § = 0 if there
exists ¢ | N’ such that ¢ | £ and xo4(—1) = 1. In this case ¢ { v by (iv) of the previous
proposition and the assumption (following (1.1) in the introduction) that x , is unramified
ifg | NT,q|v.

If further ¢ | NT, we are in case (c2) of the definition of ¢. Let O} be the Eichler order

1
of level ¢, ( zzz JZZ‘I) . Then S is a linear combination of terms of the form
9" Lq £q

24) = 3 @ale@)Lyja(gy)-

ueoy /0’y

It is thus enough to show that the expression (2.4) equals 0. Note that the character W,
can be extended to O] by defining @, <i 5) = Xfl(d). Thus x’ extends too to the group

It = (1124 Uoi(x) x 07) N BX. Now a set of representatives for 05 /0y is {(é j{q) },

j=0,1,...,q —1.Foru e @i‘/@/;,write u' = v, -uwhere v, € B* and u € Up(x),
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so that v, € I'. Forany x € 6, sy 'xv) = @ﬁn(uu/_lxu/u_l) = &X(u)wﬁn(u/_lxu/).
Now set x = j¢(a’). If p(x) # 0, we must have

b —a
Ye =\ ¢ —p

with vy(a) = —1, vy(b) > 0 and vy(c) > 2. However, g | £, hence v,(b) > 1 as well. Let
a=da'/q. Since

o\ -1 . 2 o
L — L _ ;¢ =¢7/qH2bj—a
1 7 b —a 1 7| — b Jq X
01 c—b)\oi c jE—b
we have @g, ('~ xu') = ppa(x) for u’ = <(1) j{q). Thus @ (u' ™ x1) = ()0 (')~ for

allu’ € Of and

S/

—1
> i XLy - (8%)

» X o1 X
w'eoy /0’y

= o) X o) oL, o (8y)
u' €0y /0§

= @fin(x)Ly(F)

where F(-) = Z”,Gﬁlx/@,; gx(ou/)u?;l(u/). Since g, is a newform, and F(-u) = & (u)F(-)

for all u € O, we must have that F = 0, whence ' = 0 and S = 0 as required.

Ifg | N7, letj(a')=a+bue 0 ®Z, Then N(a) — gN(b) = Nm(a + bu) = —v§ =
vg(N(a) — gN(b)) = 1 = vy(a) # 0 = ¢4 (a’)) = 0, hence S = 0 in this case as
well. O

It follows from the proposition above that / is a scalar multiple of the form /4y, defined
in [7] Prop. 2.3. We shall show below that it is in fact a nonzero scalar multiple of &7, by
computing the absolute value of the {th Fourier coefficient for £y a fundamental discriminant.
We assume henceforth that & is a fundamental quadratic discriminant.

Let Emby(I",c,£') denote the set of optimal embeddings of O, ¢ , into @; modulo the
conjugation action of @/;. Also let E, be the subset of |J. Emby(I",c,£) consisting of
classes [} ] such that ¢, (j (dv/€')) # 0 and set e, = |E|. Let us recall the following result
of Hijikata, which we quote verbatim but specialized to our situation. In the statement below,
t = Z, = the maximal order in Q, and 7 = a uniformizer in t.

Theorem 2.3 ([4] Thm. 2.3). Suppose By is split at q and @; = <q5t E) Let Fy be a

quadratic extension of Qq, either split or not, g an integral element of F, with F, =
Q,+Qqgandset A = t+rg. Let f(X) = X*> —sX +n € t[X] be the minimal polynomial of
g over Q. PutR ={k €t |f(k) =0 mod ¢"}. Let R be a complete set of representatives
for R modulo ¢V and put R' = {k € R | f(k) = 0 mod ¢V"'}. Define ¢y : F, — By by
be(g) = (__;(X) Slx)forx e Rand ¢, : Fy — By by ¢/,(g) = (H 4 jﬂx)) forx e R

qU
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If s> — 4n is a unit of v or v = 0 (resp. not a unit of t and v > 0), the set {¢ | x € R}
(resp. {¢x | x € RYU {@|x € R'}) is a complete set of representatives for the set of optimal
embeddings of A in @; modulo the conjugation action of@/;.

We now use the theorem stated above (with A = O, ¢ ;) to study the sets E; in each of the
cases that occurs in the definition of .

Case (a): v = 0,(d) = 1. We must have (¢) = 1. Setting g = /&, we may take E = {j},
where j (g) = ( , ) and p,(j) = 1.

Case (b):v = 0.1fg 1 & (d) = 1 and (c) = 1. Setting g = /&, we may take E = {j},
where j (g) = ( )and 0,G) = 1.1fq | £, (d) = (q) and necessarily (¢) = (q). Setting

= q+/€, we may take E = {j }, where j (g) = 9 1 satisfies ()= 1.
a3 q

Case (cl): v = 1, (d) = 1. Necessarily, (c) = 1. Take g = /& sothats = 0,n = —¢.
R={rerw’~¢ =0 modq).Ifq | &,R={0LR = 0.j0(®) = ({ ;) 9elio(e) = 1.
If g 1 & R = @ if F is inert, while if F, is split, R = {x1,x2}, X1, X2 being the two distinct
roots of §' mod ., (8) = (72 ). and g (i (g) = 1.

Case (c2): v = 2, (d) = 1. Necessarily, (c) = ¢. Let g = g/€ so thats = 0, n = —g>¢&’.
Rz{métmz—ng/—Omodq}R qZ,/q*Z,. For x = qi € R, j(g) =
x 1
<q2§/_x2 _x)'
We only need to consider the case g 1 &' If further F is split, ¢4 (j x(+/€)) = 0 unless

x € {gx1,gx2} in which case p4(j »;(+/€)) = 1. Also, @4(j (+/€)) = 0 forallj € R". If on
the other hand, F, is inert, p,(j < (v/€')) = 0,and R" = .

Case (c3):v = 1. If g | &, (d) = g, and necessarily (¢c) = (g). Take g = g+/€, so that
s=0,n=—q*"R={ser,s?—q* =0 modq}.R = {0}, jo(g) = (zg O)and

g 0@/ = LR = 1{0}.75(8) = (] % ). 0alin(avE)) = 0.
Ifg1& (d)=1and (c) = 1. Take g = /€, so thats = 0 and n = —¢.R={k €
i =€ =0 mod g). R = (0}.jo(e) = (¢ o) and ¢g(io(vE)) = 1.R' = 0.

Case (d1): Suppose first that o, is unramified. We must have (c) = 1. Clearly E, is
nonempty if and only if F is not split. If ', is ramified, E, consists of a single element j
with ¢, (j (v€) = 1.If F, is inert, E, consists of two elements j 1,/ » with ¢, (j i(v/€)) = 1.

Next suppose xo,q is ramified. Again (c) = 1. Now it is clear that E is nonempty exactly
when F, is inert at ¢; in this case, E, consists of two elements j 1,2 with ¢4 (j i(v/€")) being
complex numbers of absolute value 1.

Case (d2): Again d = 1 and necessarily (c) = 1; E, is nonempty exactly when ¢ { £ and
(£0,9) = —wq. In that case, F, is ramified and E,, consists of a single element j with ¢, (j)
a complex number of absolute value 1.
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Case (e):q = 2,v=0and R = {0}.If & = 1 mod 4, then £ = 1 mod 4 as well
and (d) = (1). Pick g = cH_;/?, sothat s = c and n = (1 — ¢')/4. Then j o(\/€)) =
(C L 2‘1_‘).Thus 020 0(d/E)) £ 0 e (c) = (1) and in that case it equals 1. Tf & = 4
(res;).) 0 mod 8,then ¢’ = 3 (resp. )2 mod 8,(d) = (2) and we may pick g = c¢+/€’. Then

jo(dJE) = ( O f‘o‘d).Again, 02 0(d/E) #0 & (c) = (1) and is equal to 1 in this
case.

Note that the only primes ¢ for which E, has cardinality greater than 1 are primes of the
form (c1) or (c2) with F'; split or those of the form (d1) with F, inert; in each of these cases
|E4| = 2. The following lemma shows that it is sufficient to consider any fixed embedding
J such thatj, € E,.

Lemma 2.4. Letj = j¢ and j' = j be two embeddings satisfying j .jy € Eq for all q.
Then j and j' have the same conductor and

@fin(je(@)DLnj (8x) = @fin(j ¢ (@)L, (8x)-

Proof. 1t is enough to consider the case where [j ;] 7# [j ;1] for exactly one ¢. Without loss
we may also assume that the LHS in the relation above is not zero. As noted above, ¢ must
be a prime of the form (c1) or (c2) with F; split or of the form (d1) with F'; inert. Let us pick
an element g, € BZI‘ such that j; = g;l -Jj ¢ - & and denote by ¢ the element of B;f whose

component at g is g, and all whose other components are 1. Then [j'] = U]‘s. Suppose
§ =~ -uwithy € BX and u € U, so that without loss we may assume j' = v~ . Now
(@) = oy (@) = opn(ud™"j (@)du™")
= (@ - (Owx) o Nm)™H)(@) - (3~ (@)9)
@q(ggqu(a)gq)
<Pq(j q(a))

Also letting v/,, = 7~ '700 and considering F* as a subgroup of B viaj,

Ly (8x) = /F

Oy () - (xwx)”'(NmJ) - ~pin(i ().

Sy ' (Vo M(x)d ™ x
XQZ\FZ 8x o0

—1 / X
= s X x)d " x
o e (7 XYoo )1(X)

/ o ng(x(Su_l%o)n(x)dXx
FXQX\F}

= Oy(u)™! /FXQX - Sgy (X8g Voo )M(x)d ™ x.
A

A
Thus

(Aﬁn(j./(a:))Lni,:/(gX) ~ o)~ (Nm ) - 0q(8y " .jq(Oé)gq) _ Jrxx ng(xgq'Yoo)n(x)ti ><x.
‘Pﬁn(] (o ))Ln,} (gx) 90(1(] q(a)) fFXQ;x\FZ ng(x%o)n(X)d X
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Let A be such that

A@fin(i (@)L (8x) = @fin(j ¢ (@ )DLn,j , (8.

We now consider separately the following cases:

Case (c1): We can take j 4(a/) = <(’) Ei),j;(a/) = <B’ ?) where i = ¢'. Then j, and j, are
conjugate by gg = (7). Also s¢, (¥89) = wyxg(9)s5, (). 2q(85 "] o(@)84) = 240/ ¢(@))
and X, x(Nmd) = Xv,¢(q)Xq(¢q)- Thus A = wgxv4(q) = 1 by (1.1).

Case (d1): We can take g, = u where u is as in [7] Sec. 3.2. Then wq(g[;qu(a)gq) =

Xq(_l)@q(j q(a)) and ng(ng) = w;Xq(Nm MO)ng(x)s so that A\ = XO,q(_l)XV,q(‘])w; =
1, again by (1.1).

Case (c2): We may assume that j ,(a) = <(’) 1_/‘11) and j (o) = <B’ lfq) where i? = ¢'. Let
x = j¢(a). Now we see from (2.5) that foru’ = uj := <(1) qu) € @{‘/@/;,j%.u/ is conjugate
to j¢ by U exactly when 2ik + 1 #% 0 mod ¢q. Let 3, be the idele whose ¢ component
is <(1) ’{q) and all whose other components are 1. Note that 51_/121' <(’) 1 ?) Bijai = <(’) E,) Let
jo = v ¢y where Biy2i = ~yu for v € B* and some u in a deep enough subgroup
of U'. Then

(g — Dgin( (@)L j(g) = > Gfin(j (@ )NLngj , (8x)
(1K

“=lo 1q

2ik+1#£0 mod ¢

X ot X
€0} /("»q

qg—1
=X Gk [ s G foned x
k=0 FXQp\Fp
2ik+1#£0 mod ¢
qg—1
=/ S Xy Qik 4 Dsg, (o)1 2iBkvh ) * x
FXQA\F 7 k=0
2ik+1#£0 mod ¢
qg—1
—1 . —1,77 . / X
= x, ' (ig) 3 Xy (K156, (G 0 () B Yoo I(x)d * x
‘ AT Yo R x

a 0

where ~/ satisfies ygo_lj (@) = <0 C

). Let 0,4 (resp. 6;) € B;f be the element
whose component at g is <1(/)q ?) (resp. <2 _01)) and all whose other components are 1. Since

Sg () = G(x, )~ ! 21:_11 Xq(Dsg/(-B1), where 5o/ is a new formin sg ® X;I, we have
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G(x,¥) Z Xg | (K)sg, (-Br) = Z ZX K xg(Dsg (-Be-+1)

k=1 [=1
q—1
Xa(=DxXgONm){ @sg () = X s ()}

j=0
= Xg(—=Dxg(Nm(-)) {(gs¢/(1)) + wysg/(-34) } -

Thus, G(x, ¥)(q — Dgsin( (@)L (gx)

— x;'(-2ig) [ iy NI {5 Ua0nlo) + s o V)

= X (=2iq)(q + wyXvq(@) / , Xv(Nm())sg (o (¥) 750 )d ™ x

QA A
s (¢)”12)(0 )
see that

<?)i ?), sg’(“sé]) = wysg(+) and x4 (=Dwgxvq(q) = 1, we

@ﬁn(j /(a/))Ln,j’(gx) = Xq(_l)quV,q(‘])@ﬁn(j (a/))Ln,j (gx) = @ﬁn(j (a/))Ln,j (gx)~
Thus, in any case, A = 1 as required. O

The lemma shows that |S| = |20/|kV01(U;,lc) - 2'|Lyj(gy)| for any choice of j such that
Jq € E4 for all g, where ¢ is the number of primes for which |E,| = 2. This yields the
following preliminary proposition.

Proposition 2.5. Suppose & is a fundamental quadratic discriminant satisfying conditions
(a), (b), (c) of Prop. 2.2. Then

lag(W? = 4 C2 gl Vol (Ur.o)2ILn, ()
for any choice of embedding j such thatj, € E, for all q and for ¢ equal to the conductor
of j. Here C = 6[U : UpCO™ [T+ (g + D7 Tyv-(¢ = D",

The problem is then reduced to computing the quantity |L,); (gx)l2 to which we apply the
method of Waldspurger as outlined in the next section.

3 The method of Waldspurger
3.1 Quaternary forms: the dual pair (GL2, GO(B))

Let 7 be the automorphic representation of GL>(A) associated to f', 7y the representation
associated to fy and 7’ = JL(7), 7r;< = JL(my)the corresponding representations of B*. Let
1 be the usual additive character on Q \ Aq and O'(my) := O'(my, 1) the theta lift of 7, to
GO(B). Denote by é(wx) the pull back of ©(7ry) via the natural map B*(A) x B*(A) —
GO(B), (a,b) > (x ~» axb™"). It is a theorem of Shimizu that O(rry,) =~ ™ ® 7r;<v. One
may also pick an explicit Schwartz function ¢ € $(B(A)) such that §'(, Jy) is a scalar
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multiple of g, x g . Indeed such a function has been described in work of Watson [15] at all
places where x is not ramified. At finite places g with x, unramified, we take ¢; = loygz,

(as opposed to Watson’s choice of Loy ez,). At 0o, we make the same choice of

1
vol(Uogq)
Schwartz function as in [15]. Finally, if x, is ramified, we make the following choice for ¢,.

Definition 3.1. If B is split at ¢, and x is ramified at g,
@b )y (), ()] Iy (d
Sl o g ) = Xg DIz, (@lz, (D) 27, (Olzx(d).
If B is split at ¢, and x? is unramified at g,

ab
% (c d) = Iz, @)z, (0) 27, ()z,(d).
If B is ramified at ¢,
Sq(0) = xg ' (Nm ()l g (1).
By a similar argument as in [15], one sees that with this choice of ¢ (with (,) being the usual
Petersson inner product).

Proposition 3.2.

(fXSfX)

(gxsgx)

Jor €' =T, <o vol(Uo,4(X))-

0'(s.fo) = C - “(gy X &%)

3.2 A formula for the torus integral as a product of local zeta integrals

Let us choose 7 such that B = F + F7, 7 € Ngx(F*)\ F* , 7x = x'r for x € j(F). Set
Vi = F,V, = V{ = Fr and suppose that §, = Zie,q §L,i ® i € F(Vig) @ F(Vay). By
an application of see-saw duality (and accounting for the measure normalizations),

(fXSfX) L L_ —
(8><s8x) n(gx) n(gx)

—_ (fXSfX)

(gxsgx)
1 - _
= 5(9l(§,fx)|FX(A)xFX(A)J7 X 1)

(8x X 8x|rx(a)xFx(a) T X M)

1 _
= 6(91(§sfx)|G(0(V1)xO(Vz))O(A)s1 X 1)

_ \/d_FL(l, €F) .

F(0)0s,,, ()(0)bs,, (1)(0)d ™o
2C° e, /GLz(Q)Z(A)\GLz(A) A i
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where the measure in the last expression is the Tamagawa measure. Note that we have used
above that 7 factors through the norm. Now using the fact that the theta lift of the trivial
character is an Eisenstein series by the Siegel-Weil formula, and unfolding this Eisenstein
series, one sees that the sum in the last expression above equals the value at s = 1/2 of the
analytic continuation of

7T T /Q ) /K 0 fo,q(d(a)k)wn,q(gz,,-,d(—a)k)ds;(gl,,-,d(—a)k)|a|—1dxadk

q i€ly

where @ (¢1,0) = |a(0)|*~"/?ry (0, ho)s1(0) and

_1
Wia(2,0) = N2 [y ((ng) ?) 0. hho> (r(ho)d*

for any ho with Nm(ho) = Nm(7)~! deto (and is 0 if Nm(7)~! det o ¢ Nm(F } )). Here the
measure d a is chosen such that vol(Z;) = 1 and dk such that vol(GL2(Z,)) = 1 and
vol(SO3(IR)) = 1. The measure d *h on Fgl) is chosen such that vol (Fgl) NOfF)=1forg
finite and unramified, vol (F' 511) N OF) = 2 for ¢ finite and ramified and such that for ¢ = oo
it coincides with the measure dx/x on K S)) ~ R*.

3.2.1 Local setup

To proceed further, it will be useful to set up some purely local notation. Fix a prime ¢ and
in what follows below we work entirely locally but without the subscript g. Suppose fy has
conductor ¢ at g. By Casellman’s theorem Wy, satisfies

Wi, (gu) = wx )Wy, (g)

foru e {(: ?) € GLy(tr),y =0 mod c}. Let F be a two dimensional algebra over Q, (so
F iseither the splitalgebra Q, x Q, or a quadratic field extension of Q) and denote by 0 and
t the maximal orders in F and Q, respectively. Fix an element § € F with tr(§) = 0, so that
F = Qg+ Q& Also suppose we are given an embeddingj : F' < B,. Let 7 € FL 740,
where F 1 is the orthogonal complement to F in B for the norm form and the embedding
given by j .

Define for g € GL2(Q,) and for ¢, € F(F1),

-1
B Wytaadoriy = N [ (Y070 g ) crmina

where h € F* is any element with Nm(h) = det(g). It is easy to check that if 7 is replaced
by 7, 3 € F*, the integral (3.1) is multiplied by n(8")~". Since n = (x " 'xv) o Nrq,,

Wn(§2,j sg) = (X_IXV)(Nm(T)) : Wn(§2,j s T, g)

is independent of the choice of 7.
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Suppose further that we are given a function ¢ € F(B). Write ¢ = ), ¢1; ® ¢,; and
consider

(32)  I(c.j.7)
-5 /Q ; /K Wy, (d (@) Wo(s2f 7 d (—a)k)B(1 1, d (—a)k)lal ' d* adk

where € = <_01 ?) Since Wy (2,55, 7, )P ;) is bilinear in (c1,4, <2,1), the expression on the

right in (3.2) is independent of the decomposition ¢ = ). <1; ® 6. Clearly I(s,j*, ) =
I(s,j,7) foru € U'.Ifj and 7 are fixed we will omit them from the notation.
For a, 8 € GL2(Qy), set

33) J1,9,0,0) = /QX Wy (d (@))Wy(s2, d (—=a)B)P*(s1,d (—a)B)d *a

and if ¢ = 3, ¢1; ® <2, then let

(B4)  J(sa,B) = > T (120 B).

4 Computing the local zeta integrals

We assume first that ¢ is odd and split the computations we need into different cases as given
by the table below:

B c n F c
0 M>(Qy) 1 unram. ram. 1
IA M(Q,) ¢ unram. split 1
IB M>(Qy) q unram. ram. 1
I M2(Q,) ¢*> n=(m)cond(m)=q split g
I11TA M>(Qy) q ram. inert  q
1B M(Q,) ¢ n = (m,m),cond(n;)=q  split g
IVA By q unram. inert 1
IVB By q unram. ram. 1

In what follows we use the following notation:

a@=(51). ao=(o7) no=(,7)

(a1 (01 (=10

so-(40) =(50) (V)
Note that

(4.1) n(y) = —wn(=y)w
(42) d(am(z) = n(—az)d(a)w.
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Recall also that the character 7 factors as 7 = 7 o Nm with 77 = x ™! x,, a fact that we will
use at times.

Note. If F ~ Q, x Qy is split, then 1 = (171, 72) where 11 = 1, = 7). However, for future
use, we will often perform the computations below for an arbitrary character (71, 72) with
11 # na. It will be clear that the final formula obtained is valid even if 771 = 7 as is the
case in our situation.

4.1 g odd, cs, = (1)

In this case, 77, = (1, #2) is an unramified principal series and < is invariant by rq(k, 1)
for k € K,Nm(h) = det(k).

4.1.1 Case 0: B = M(Qg), 7 unramified, F ramified, (c) = (1)

Let g € F be such that tr(g) = 0, g> = =, where 7 is a uniformizer in r. We may

. _ _ —1 .
take jo(g) = <2 (1)) and 7 = < ! 0). Then ¢ = ¢ = Y17, ]IO_HI_-g ®]I(o_é-g)7. Since

01
P4 1g-d (@) = doilal’, and

Wy(Lor, d (—a)) = p(FV)lal'/2i(@)Inmee<(a)

we have

1) = J(s,1,1) = (1 — m(g)m(g)g ™)~ (1 — pa(g)n(g)g ™)~ ".

4.2 g odd, cr, = (q)
In this case g | N,ms = o(u1, p2) special, p; unramified with ¢ = Igygz,. Suppose
p =117, iy = | - |73+ Then ¢ = (g) and

Wy, (d(a) = lal"|allz,(a), Wy (d(a)w) = —lal"|aglz,(aq).

We have ¢ = ;—]I@N where Oy = (}; E) if B = Ma(Qy) and Oy = u~'R if B is ramified.
It is easy to see using (4.1) that ¢ is invariant by ry,(k, ) for any k € Ko4,h € F* <
B*,N(h) = det(k). Now a set of representatives for Ko, \ K is {1,m (z),z =0,...,g — 1}.

Hence using (4.2) we see that

(g+DIC)=JG, 1,1+ gt w,w)=J(,1,1) + agqJ (& w, ).

4.2.1 Case IA: B = M»(Qy), 7 unramified, F is split,d = 1

Let g be such that tr(g) = 0, g2 = u € (t*)2, A = v +tg. Thuss = O,n = —u. R =

(et —u=0 mod 7r},R:{a,—a}wherea2:u.Forgzzl:a,jg(g): <g _15)

Take 7 = (_126 _01) and let \¢ : Qq x Q, = F,\¢(€,—€) = g. Then ¢ = ¢1 ® ¢, with
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g1 =1, and ¢ = HA&(tXﬂ't)’T' =3¢ ® S withg =1, and o = é]I/\é(rxw—‘r)fr and
D*(s1,d (@) = D°(<1,d (@) = |al’. If n o A¢ = (11,72), we have

Wy d (=) = lal'? [ oer @rntar nd*s

q

vg(a)—1 i
= Jal' Iz, (@m@) Y (m(")>
! =0 \m(q)

— a1 m(a) — m(a)
i laz, @MD"t
and likewise

n(aqg?) — ni(aq®)
n2(q) — ni(q)

W(Gnd (=) = ~Jal"/?
2 d (=) = —lal' Pl (@m(@)

Thus

1_

T, 1,1) = m(g)g 27" 751 = mi(g)lgl > )71 = ma(g)lgl /2T

. 1 _ L e e
JGw, 1) = —g(m(qm VS (1 — 1 (g)lg )T~ — ma(g)lg| /2 Hirs) ™!
and

i(q)g T

s U= m@lgl T = malglgl T

I(s) =

4.2.2 Case IB: B = M;(Q,), n unramified, F is ramified, d = 1

F is a ramified quadratic extension of Q. Let g be such that tr(g) = 0, g =mma
uniformizerint, A = t+tg.Thens = 0,n = —-m, R = {er|&—m=0 mod 7} = 7.
R={0,R =0.Foré =0eR,jolg) = (3 g)). Take 7 = (-1 0). Then s = ¢ ® &,

01
1/2

where i = I, and ¢ = Ior. & = & ® &, where & = ¢~ V21 21,8 = ¢V,

Hence @°(c1,d (a)) = ¢'/*®%($1,d (@) = |al’,
1
Wy(ca.d(=a)) = lal (o) [ caaiho)™ 1) = u(F)lal Pz @ntho)

. 1 1
Wy(&.d(—a) = Emvol(ﬂ”nml/zﬂzq(aq)n(hw
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for any hy € F with Nm(/g) = a. Let 7 be a uniformizer in F. Then

1 ; o
J(§, 13 1) = EVO](F(I))(I — n(w)lqll/z"!‘ll-‘r&) 1

/(G R
g 1—n(@)lg|!/2tits

J@w, 1) = —vol(FD
Sw, 1) = Zvol(F )

1 vol (F(D)

1) = 5= =@~ gl 7)1 = n(@)lg|* )T
qg+1

4.2.3 Case IIIA,B: B = M(Q,),d = ¢

Let go eF,tr(go)zo,g% —uerX,g=mgo. A=t +rg.Thuss = 0,n = —72u, p = 0.
R={ter|€—72u=0 mod},R=R = {0}). Foré =0 e R, q(g) = (W‘;u :)).Let
T= <_01 ?) Then ¢ = ¢ = 3970 <14 ® 2 where <1 = Lei(retingos 20 = Lo (memipgoyr-
Then ¢ = 37, ¢4 ® &, where S1i(x + ygo) = g(=iyLe ()LL), &((x + ygo)T) =
;—w(—iyu)llt(x)llit(y). Hence &° (1 ;,d (a)) = dplal’, (1, d (@) = élal". Now consider
first the case IIIA, i.e. F is inert and 7 is ramified.

Wy(20.d (=) = lalntho) [ cao(athho)™'r)a*h
B q%ﬁ(a), ifa e (2))
la|'?7)(a)lz,(a), if v4(a) # 0,v4(a) = 0 mod 2
and is 0 otherwise. Since Y, & i((x + ygo)T) = L(x)L:(y),

S Wy(&pd(=a) = lal'?T; ()20 \(@)ii(a)
i {vq(a)s() mod 2}

we have

1 g~
—gifnl .2 =1
Je 11 = / W (@)Wy(s20.d (—aplal™ ' d%a = 77
Q 0, otherwise

1 9
IGw ) = o [ W @] W) flar~aa

(1 + GF(a))l

al&'—ldxa
2

1 it 12~

= —— [ lallagliz, (@q) 1ol (@), @
q JQq

=0

where eF is the quadratic character associated to F. Thus I(, %) = m if 7| gx2 = 1 and
q

is zero otherwise.
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Next consider the case I1IB, i.e. F' is split and = (11, 772) with cond (1;) = ¢. Then taking
h= (1,71, ho = (1,a), g0 = (&, —=£),

Wi(s2.0,d(—a)) = |a|'/? /Q 0@, nmymom(ar="d 1.

q

Now ¢ o((at™',07) #0 @ ar™' +te Zyand ar™ —t € qZ, = 0 < v,(t) < vy(a).
Suppose vy(a) = 0. Then $.0((at™"',)7) = O unlessa = o> mod ¢ for some o € Zy*.In
that case, ¢ 0((az~!,#)7) = 1 fort = +a mod ¢ and = 0 otherwise. On the other hand, if
vy(a) > 0, then so((at™',0)1) = 1if0 < v4(t) < vg(a) and = 0 otherwise. Fora € Z,

define C(a) = {(mm)(@) + (mm2)(—a)}/(g — 1) ifa = o> mod ¢ and to be 0 if a is not
a square mod g. Then

Wi(e20,d(=a)) = C(a)lzx(a) + I,z7,(@)C'(a)
where
Cla) { 0, if m7; ! is ramified
lal'2na(a) S50 (g g i i is unramified.

Since Y, &.((x + ygo)r) = L)L (), setting C"(a) = lal Pn2(a) 3 (oims Y

> Wy(nd(=a) = lal'? | ni(Omar™)d*s

<vg(t)<vg(a)
{ 0, if771772_1 is ramified, and

C"(a), if771772_1 is unramified.

Since 7, is ramified, fQ; Wr(d (@))C'(a)|al*"'d*a = fQ; Wr(d (@ w)C"(@)lal*~" = 0.
Thus J(, w, 1) = 0 and

1
I(s,5) = —J(s, 1,1
(69) = =7/ LD

—L__ if 77, is unramified

1 2_1°
= e (mm2)(e) =< 1
(g +D(g—1)7 ae(ZqZ/qu)X 0, otherwise.

4.2.4 CaselV A,B: B = B;, n unramified, F inert or ramified,d = 1

For g | N7, let L, be the unique unramified extension of Q, of degree 2, m a uniformizer
in Z, and By be the quaternion algebra given by

Br = Ly + Lyu

um = mu form € L

M2:7T.
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Fix an isomorphism B =~ By . This isomorphism must necessarily identify 0’ ® Z, with
R, + Ryu, where R, is the ring of integers of L,. Also fix w € R, with Ww=aeZX, so
that Ry = Zy + Zyw and R) = Zyw.

If F is inert, E;, = {j1,j2} where j; : F — L, are the two isomorphisms of F' with
Ly Letj = jqorj; and take 7 = u. Then ¢ = ¢ ® ¢, where ¢; = ]IRq and ¢ = ]IRqL,.
$ =G @&, where & =Tz, and & = 7115 - Thus 2(s1,d (@) = P°(G1,d (@) = |al’. If
ho € F* is such that N(ho) = 7~ 'a,

Wyl rd(=a) = lgl'? [ ry(@(@a) hho)a(rnio)d
= lal" o) [ a(r™alhho)™ )d*h
= |a| 1/277(ho)Hq;zq,vq(.) odd(@)

A 1 1/2
Wi(S, 7,d(=a) = glal / M1z, 0,() 0dd(@)

lq] 1/24it+s
JG,1,1) = :
LD = I gy
1 —1y,,11/2—it—s
J@Cw 1) =1 ne)” gl "
g 1 —n(g)(|q|'/>Fitts)?
B 1 |q|1/2+it+s_|_77(q)—1|q|1/2—il—s
I(s) = :

qg+1 1 —n(g)(|g|'/2Fitts)?

If F is ramified, E, consists of the class of a single element j . We may pick j and 7 such that
j(8) = u for § a uniformizerin F. Let 7 = w. Then ¢ = ¢; ® ¢», with ¢y = I, and ¢» = 7.
=< ®$, where | = \/qulq_lo and & = \/qulq_lw, q being the prime ideal of F over g.

Thus &°(s1,d (@) = /qP*(S1,d (a)) = |al*. If hg € F is such that N(hg) = a”la,

Wiy(2, 7,d(—a)) = /F(l) ry(d (a_1 a), hho)sa(T)n(hho)d ™ h

la|'*n(ho) / o, (0™ alhho)™ m)d*h
F
= vol(FD|a|' n(ho)liz, (@)y(rx) (e a)

1
Wi (2,7, d (=) = vol (FD)—lal (o)l 7, (@lexy(o™'a)

1 1
_ ! My,
JG,1,1) = 2V01(F ) PP
vol(FWDy ~ \y 0 1

Ji,w, 1) = — /2—it—s 5 1 i
(S w, 1) g lq] 7(0) = n(@)[q| 2

vol (F(D) 1 4 n(8)~!|q|'/2~—5

I(s) =

20q+1) 1T—n@)lg|/2Firts
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4.3 qodd,cr, = V&)

We will only consider the case when B is split since this will be sufficient for our purposes.
Then we are in Case Il i.e. B = M2(Qy), F is split, n = (n1,m2), cond (1;) = q,d = q, nix
is unramified. By the analysis of Lemma 2.4 and the case 1A, we see that

@t x(=D)

MO=""q-»
where
. (UIX)(‘;])z_l%+il+S (1 — 2
x (1= mO@lgl 271 A = max)(@)lgl /2971
44 qg=2

In this case, m;, = m(p1,p2) is an unramified principal series representation, ¢ is right
invariant by ry(k, h) for k € K,Nm(h) = detk. For simplicity, we will assume that §y =
4 mod 8 and later deduce the main formula in the general case from the knowledge of

the formula in this case. Let g = /&, jo(g) = <§0, (1)), T = <_01 ?) Then ¢ = ¢ =

1 1 ij ij i o_ o7 ijo_ o o, 0 o
im0 2j=0s1 @ sy wheref =T i 06 =T i1, Now @(s,d(a) =
dipdjolal’, and

Wy (Lor,d(—a)) = la|"*ii(a)vol (F) z, Nm(r (@)

if n = 17 o Nm. Thus for 7 any uniformizer in Z, N Nm(F*), we have
I =7 11_;00 n+ly~c_ny _ n+l\z/_n ns
() =J L= Yo (@ T HR(") = g (7)) 7"

pi(m) = pa(m) =0
= (1= m@im2~) " 1 = pa(m)i(m2~*) "

5 The final formula

Proof of Thm. 1.1. We only need to put together our computations. We will assume that &,
is not divisible by any primes that divide v but do not divide N and that {; = 4 mod 8.
The formula in the general case can easily be deduced from this special case using the main
result of [3].

Case (a): In this case, it follows from the results in [5] that /(s) = Lq(%, TR XV)Lq(%, T®
Xeo)Lq(1,er)™. Set Cy = 1.

Case (b): We have assumed ¢ is prime to v, hence we are in Case 0. Since u1(g)n(g) =

11(q) - X xu(—v&) = (X)) - xu(g), we have I(s) = Ly(s,m ® xu)Ly(s,m ®
Xfo)Lq(l,GF)_l. Set C; = 1.
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Case (cl): If ¢ 1 &, F must be split and we are in Case TA: I(s, %) = %‘{@Lq(%,w ®
XV)Lq(%,Tr ® X@)Lq(l,ep)_l. Set C; = 4(q + 1)"2.If ¢ | &, we are in Case IB: since
1g(®) = x5 Xvg (=€) = X7 "Xvq(@): 141" = —xq(@)wg and xu4(q) = wg, (s, 3) =
qlﬁLq(%, T ® xuv)Lg(3. 7 ® x¢))Lg(1,er) ™! Set Cy = (g + 1)72 in this case.

Case (c2): We have g 1 &. Since (v€0,q)g = (V,9)q(0.9)g = (V,q@)gx04(—Dwy = 1,
we see that F must be split at ¢ and we are in Case II. Then (g, %) = (q_l)?w(l +
Xg(=1g™?Ly(3.7 @ xu)Lg(3,™ ® xgo)Lg(1,€r) ™" Set Cy = 4(1 + xg(=Dg™"?*/¢?
(g + 1)

Case (c3): If g 1 &, F is ramified and we are in case IB: we may take # = /v&. Then
n@®lal" = (v, —véo)g(—we) = —(v,0)qwy = —(¢.&)gwg = —1 since (§) # —w,.
1(5,5) = 747La(3:™ ® Xu)Lg (3, ™ ® Xg,)Lg(L,er) ™" Set Cy = (¢ + 1) 7%

If on the other hand, ¢ | &, F is either split or inert. If F is split, we are in Case IIIB: since

—1 . . 1 1 1

Mg = Mg = Xg Xvag> M.q72q is unramified and I(s, 7) = e qu(j,w ®
XV)Lq(%,Tr ® X@)Lq(l,ep)_l. Set C;, = (g + 1)72 in this case. If F is inert, we are
in case IITA. Since 7 = x " 'xu, I(s, %) = m = ﬁLq(%,w ® XV)Lq(%,Tr ®

Xeo)Lg(1,er)™!. Set Cy = (g + 1)

Case (d1): Suppose that y is unramified at g. If ¢ 1 &, F must be inert at g and we are in Case
IVA:1(5, 3) = = 1 Xa(9)WqLg( 3, T @ X)Ly (3, T @ Xey)Lg (25, €)' Set Cy = 4/(q” —
1).If g | €, F isramified at ¢ and we are in Case IVB: since 7(8) ™! |¢| ™% = —(v, Qqwg =1,
1665 = GhpLe(hm ® xu)Lg(hm ® xe)Lo(Ler) ™ Set €y = (g2 — D)7\,

Case (e): In this case, it follows from the computation above that I(c) = Lq(%,w ®
Xo)Lg(3, 7 ® xe))Lq(1 ep) ™" Set Cg = 1.

Case (): Set Coo = 2 - I'(k)* (see [5] Prop. 4.2.6 and Sec. 5.3 for this case).
Let us now assume first that y is unramified at N~. Then we see from the computations
above that

e a1 1 (8x 83
lagc(W)2 = C(f, X, V)m K WEF T L(=, r @ xo)L(=, 7 @ Xgp) - 25X
2 2 o)

Suppose now that y is possibly ramified at N~. Then x decomposes canonically as y =
xTx~ where xT (resp. x™) has conductor dividing N (resp. N™.) Since gy is a scalar
multiple of g, + - X~ o Nm, we have gy = a - g+ - X~ o Nm, say. Now, by what we have
just seen

(8x+>8x+)

1 1
as(h))? = |a*C s +,1/ e k_%L —, 7 @ Xv)L(=,7r ® . .
lag(W)|” = |a|*C(f, x,v) 129 (2 o ® Xv) (2 o ® Xeo) o fon)
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So we only need to relate (fXJrjX:) to <<fX:§X Clearly, |o|? (8 +s8x+) = (gx->8x)- Also

by a familiar computation

Dbl o 1 pyaadgy= T —p= 1 -4

(hoofx) qley— gley- 1= (11‘ gle,— 4~ I

Now we define C,, for the remaining cases that we did not consider previously.

. . . . .. o 4q

Case (d1) with x, ramified: In this case, ¢ { £ and F is inert. Thus set C, = PG
9
(g=DXg+D)’
Finally, if §o # 0 mod 4 or &, we still define C, for ¢ in cases (b) and (e) to be 1. The
formula of Thm. 1.1 follows now from the computations above, those in [5], Thm. 10.1
of [3], Prop. 2.4 and the discussion in Sec. 3.2. O

Case (d2): In this case, x4 is ramified, ¢ { £, F is ramified at ¢. Set C;, =
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