chapter 5 : polynomial approximation and interpolation ’QT(L
urs
5.1 introduction 3/28

problem : Given a function f(z), find a polynomial approximation p,(x).

b b
application : / f(x)dx — / pn(x)dz |
a a
one solution : The Taylor polynomial of degree n about a point x = a is

pu(z) = fla) + f(a)(x — a) + 3f"(a)(x — a)* + - + ;i f(a) (x — a)".

1
elf(x):m,a:O,pn(x):7

In this case we can find p,(z) without computing f(a), f'(a), ..., f™(a).

recall the geometric series :

=1+7r+7r?+---, converges for |r| < 1
—r

1 1
1+2522 1— (—2522) 1+ (—252%) 4+ (—252%)% + - - - , converges for |z| <

1
5

po(X) =1 p,(x) = 1-25x*
15 - - - 15

0.5
O.
~0.5 : - : ~0.5 : : :
1 -05 0 0.5 1 1 -05 0 0.5 1
p,(x) = 1-25x*+625x* pg(X) = 1-25x°+625x"-15625x°
15 — : 15

-05 -05
=1 =1

—0:5 0 0:5 1 —0:5 0 0:5 1
The Taylor polynomial p,(x) is a good approximation to f(x) when x is close
to a, but in general we need to consider other methods of approximation.



5.2 polynomial interpolation

thm: Assume f(x) is given and let xg, z1,. .., z, be n+ 1 distinct points. Then
there exists a unique polynomial p,(z) of degree < n which interpolates f(x) at
the given points, i.e. such that p,(x;) = f(z;) for i =0 : n.

pf : omit

ex: n=1= z9, 11

P ) = s+ (2T

! f 1 — Xy
|
‘ | deg py < 1
! check : { ’
: z p1(z0) = f(z0), pr(a1) = f(z) ok
0 1
uestions

1. What is the form of p,(x) for n > 27
2. What is the best choice of the interpolation points xy, ..., x,?
note : The interpolating polynomial p,(z) can be written in different forms.
standard form
() = ap+ a1z + -+ - + azz”
Newton’s form
po(x) = ag+ ar(x — x9) + as(x — x0)(x — 1) + -+ an(x —x0) - - (¥ — 1)
note
1. The example above with n = 1 used Newton’s form for p;(x).

2. The coefficients in each form are different; how can they be computed?

thm: The coefficients in Newton’s form of p,(x) can be computed as follows.
ap = f(xo) = flzo]
0 = flaa] = flo]

T — Xy

= flxo,x1] : 1st divided difference

Uy = flzv, 22 = flzo, 21] = flxo,z1,29] : 2nd divided difference
T2 — Xy

a, = fley, - 2] = flao, -, 20 = flzo,...,z,] : nth divided difference
Tp — Xo




pf: skip
n =0 : ok because po(iv) = ap, po(xo) = f(ivo) = Qg = f(ivo)

f(x1) — f(x0)

n = 1: ok because p1(z) = ap+ a1(z—x¢) and we showed that a; =
T1 — Xy

n = 2 : need to work

po(x) = ap + ar1(x — xg) + az(x — xp) (z — 1)

define g(z) = ( i )ql(x) + ( E— )pl(x)

To — Xy T9 — X

where

pi(x) = flzo] + flxo, z1](z — xg) : interpolates f(x) at xy, x;

q1(z) = flr1] + flx1, z2](x — x1) : interpolates f(x) at xy, xo

then g(x) has the following properties
degg < 2

9(wo) = p1(x0) = f(o)

g(z1) = ¢ (z1) +
(oo (

1 — o To — I

Y =+ = flan)

L2 — X0 L2 — X
9(x2) = qu(x2) = f(x2)
then g(x) = pa(x) for all z (by uniqueness theorem on polynomial interpolation)

flew,e] — flao, 4]
92 — Xy T2 — Xy

note : the coefficient of 22 in g(x) is

the coefficient of 2% in py(z) is as

flas, @] flwo, 2]

X9 — T xTo — Xo

as required

= a2 = f[x()vxlaxZ] —

n > 3 : follows the same way ok



eX: n=2 = Iy, T,T
po(x) = ap + a1(x — xg) + az(x — xo)(z — 1)

= flxo] + flxo, z1](x — x0) + flxo, 21, 2] (x — 20) (T — 1)
divided difference table

Ly—— f[xo]
\ *
flzg]
/ \ *
xlif[xl] f[ ()7517 LIS‘]
\ _—
flzyw,)
Ly —— f[xQ]

The starred values are the coefficients in Newton’s form of po(z).

e 21
1 Thurs
f@) =g ="l m=0, =1 pfe) =7 12
L f(z;)
-1 L
26\ 2
0 / 26 \_E
\ % / 26
L %/ 26

pa(z) = 55+ 2(z — (=1)) — 2(z — (=1))(z — 0) : Newton’s form
=5 +2(@+1)—2(z+ 1)z

=1- @xQ - standard form

check : pa(—=1) = g5, pa(0) =1, pa(1) = 55 ok

dx o L 1 -1 1_2 -1 _
/ f2)dz = /01+25$2_..._2.5tan 5x‘0_5tan 5 = 0.5494

1
/pg( dx—Q/ 1—25x2)da:—2(a:—26-§x3)\0:2( 20) — 106 _ 1 3590

Hence po(z) is a poor approximation to f(x). Can we do better?



5.3 optimal interpolation points

Given f(z) for —1 < z < 1, how should the interpolation points zy,...,x, be
chosen? Consider two options.

2
1. uniform points : ;= —-14+th, h=—,1i=0:n
2. Chebyshev points : x; = —cosf; , 6; =1h , h=" ,1=0:n
n

X

uniform points , n=16
1 T T T T T

_1 Il Il Il Il
-1.5 -1 -0.5 0 0.5 1 1.5

Chebyshev points , n=16

-1 I I I I I
-1.5 -1 -0.5 0 0.5 1 1.5

note : The Chebyshev points are clustered near the endpoints of the interval.
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dashed line : p,(x) , interpolating polynomial
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1. Interpolation at the uniform points gives a good approximation near the center

of the interval, but it gives a bad approximation near the endpoints.

2. Interpolation at the Chebyshev points gives a good approximation on the
entire interval.



5.4 spline interpolation

Let zg < 7 < -+ < w1 < x,. A cubic spline is a function s(x) satisfying the
following conditions.

1. s(z) is a cubic polynomial on each interval x; < x < x;41.
2. s(x), s'(x), s"(x) are continuous at the interior points 1, ..., T, 1
ex: ro=—1,21=0, zo2=1

0 ,-1<x2<0

2, 0<z<1

S(x):{
3’(:1:):{0 ,—1 <2 <0
s"(x) =

33:2, 0<z<1 _-i 7 O I-|

0 ,-1<x2<0 /
6r, 0<xr<l1 /

check : s(x) satisfies the conditions required to be a cubic spline

problem : Given f(z) and g < ;1 < -+ < x,1 < x,, find the cubic spline
s(x) that interpolates f(x) at the given points, i.e. s(x;) = f(z;), i =0:n.

SH(:L‘) sl(x)
: % % % % % |

Tiq Z; Ti1 n

v, <z <wmiy = s(¥)=si(x)=ctcort+cr’tcerd, i=0:n-1

n + 1 points = n intervals = 4n unknown coefficients

interpolation conditions = 2n equations

continuity of §'(z), s”(x) at interior points = 2(n — 1) equations

Hence we can choose 2 more conditions; a popular choice is s”(zq) = §"(z,) = 0,
which gives the natural cubic spline interpolant.

how to find s(x) %
ex: —1<z<1, x;=-1+1h, h:%, t=0,...,n : uniform points T/hUTS
4/4

step 1 : 2nd derivative conditions

2

s(x) is a linear polynomial

Tiy1 — X T — T
= s/(x) = Gi<l+1h> + aHl(hZ) , @, G;+1 : to be determined

= 5 (1) = a; , 8] (Tiy1) = aip1

= s (x;) =a; =s](x;) = s"(x) is continuous at the interior points



step 2 : interpolation

integrate twice

si(r) =

ai(ziy1 — x)?

aip1(z — x;)° n b.<$i+1 -
1

)+ (5)

6h 6h h
si(x;) = aih” +b=fi = bi=fi— aih”
1 1 - 6 (2 2 1T 1 6
a;11h? a;11h?
5i(Tiy1) = +61 +c¢ = fiz1 = ¢ = fiq1— +61
step 3 : 1st derivative conditions
oy i@ — ) ai (v — x)? ( o aih2> —1 ( - aih
oy wh fi ah | fisn aiah
sw) = -5 — 5+ % 6
iy @nh fi ah o fia aiph
slen) = 5 = e T 6
we require s, (x;) = si(x;)
aih fior | aiah N fi aih _ ah fi | aih N fir1  ainh
2 h 6 h 6 2 h 6 h 6
ai—1h <h h h h) aiv1th  fic1 = 2fi + fin
A -~
§ 2 6 2 0 6 h

= a;_1 + 4a; +a;y1 =

step 4 : apply BC

so(zo) =ap=0, s, _4(xy) =a, =0

%(fi—l_in+fi+1),i:12n—1

4 1 a Jfo—=2fi+ fa
1 .4 .1 : 6 :
1 he :
1 4) \ay fo2 = 2f01+ [
A . symmetric , tridiagonal , positive definite

)

i
h



ex : natural cubic spline interpolation

1 : 2
f(x):m, —1<x<1, z;=—-1+1ih, h:ﬁ,z:O:n

solid line : f(z) , given function

dashed line : s(z) , natural cubic spline interpolant
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o
1. error bound : |f(z) — s(x)| < — max |fW(z)|h* : 4th order accurate

2. The natural cubic spline interpolant has inflection points at the endpoints
of the interval, due to the boundary conditions s”(z) = $"(z,) = 0; there are
also inflection points in the interior of the interval which are not present in the
original f(x), and these are problematic in some applications.



