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chapter 5 : polynomial approximation and interpolation

questions

How can we approximate a given function f(z) by a polynomial p(x)?

How can we interpolate a set of data values (z;, f;) by a polynomial p(z)?
recall

A polynomial of degree n has the form p,(z) = ag + a1z + - - - + a,2z™.
note

There are other forms in which a polynomial may be written, as we shall see.

application

/abf(x)d:z; — /abpn(:c)dx ,

Weierstrass Approximation Theorem

Let f(x) be continuous for a < x < b. Then for any € > 0, there exists a
polynomial p(z) such that max |f(z) —p(z)| < e

pf : Math 451

note

Given f(x), there are many ways to find an approximating polynomial p(z).

Tavlor approximation

Given f(z) and a point z = a, the Taylor polynomial of degree n about = = a is

pa(r) = fla) + f'(a)(w — a) + 5 f"(a)(w — a)* + -+ f " (@ — a)".

The Taylor polynomial satisfies the following conditions.

pu(a) = f(a), p(a) = f'(a), ..., p{(a) = f"(a)
f(x) = pu(x) +rp(z) , rp(x) : remainder , error

ra(x) = /wa("ﬂ)(t)dt = (n%l)!f(”“)(@“)(x — a)"™*! for some ¢ € [a,a + z].

|
a n!

= 1/(@) = pu(a)] < ity max| FE) |2 — al**1 s ervor bound



1
ex: Jl0) = one

In this case there is a way to find the Taylor polynomial without computing
derivatives, using the formula for the sum of a geometric series.

a=0, p(z)="7

if |r] <1
recall : 14+r+r2 43 4...=1—r
diverges if |r| > 1
1 1

= =1+ (=252%) + (—252%)* + (—=2522)° + - - -
T5 2522 1= (camay) L H (B (=2527)7 4 (=2507)7 4

PoX) =1 P, (x) = 1-25x2
15 1.5

P -0.5 0 0.5 1 P -0.5 0 0.5 1

2 4 6
p(4(x) = 1-25x2+625x* P(X) = 1-25x"+625x"~15625x

-0.5 : : : -0.5 e
-1 -0.5 0 05 1 -1 -0.5 0 05 1

note
| — 252 <1= 2| <! = Jim p,(z) = f(z) , |z > : = Jim p,(z) diverges
explanation : f(x) has complex singularities at x = :l:%z' , Math 555

Hence the Taylor polynomial is a good approximation when f(x) is sufficiently
differentiable and x is close to a, but in general we need to consider other
methods of approximation.
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polynomial interpolation

thm: Assume f(x) is given and let xg, 21, ..., z, be n+ 1 distinct points. Then
there exists a unique polynomial p,(x), of degree less than or equal to n, which
interpolates f(x) at the given points, i.e. such that p,(x;) = f(x;) for i =0 : n.

pf : existence : soon , uniqueness : Fundamental Thm of Algebra, Math 412

ex: n=1= wxy, n Dy
| f
\
\
\
! \
: L Ly
questions

1. How can we construct p,(z) for larger n?
2. Is there an efficient way to evaluate p,(x) for x # x;?

3. How large is the error |f(z) — p,(x)| for © # x;7?

section 5.1 : Lagrange form of the interpolating polynomial

def : Ly(x) =1]] ( —— > , k=0:n : Lagrange polynomial

So\TE — &
ex: n=2,r0=—1,21=0,29=1
(=) —2)  (2—=0)(x—-1) 1, 1

Lo(x) = (o —a1)(zo —x0)  (—1—0)(—1-1) 2" ~ 2%

) — (z —mo)(z—25) _ (z—(=1)(xz—1) _ 2
M) = @ —m) 0 (o1 !

(z—xo)(r—21) (z—(=1))(x-0) 1, 1
) =y )@ —m) (- (1) —0) 2" T2
Ly X L,

properties

lifi=k

1. degLy=n , 2. Lk(wi)z{@ifi;ék



Now let f(x) be given. The Lagrange form of the interpolating polynomial is
Pu(x) = f(x0)Lo(x) + f(x1) La(x) + - - + flan) Lu(z) = kZ f(@r) Li ().
=0
check
1. degp, <n , 2. pu(x;) = flrg)Lp(x;) = f(x;), i=0:n ok

k=0
ex
fa) =t m=lm =0, ;=1
YT fos2 0T T T

po(x) = f(xo)Lo(x) + f(x1)L1(x) + f(22)Lo(2)

=95 (377 = 32) + 1+ (=a? + 1) + 55 (527 + 52) = —R2° + 1
check ... ok
note

The Lagrange form is useful theoretically (to show that p,(x) exists), but it has
some practical disadvantages.

1. It is expensive to evaluate p,(x) for x # x; using this form.

2. Adding an extra point z,,; means that all the Li(z) must be recomputed.
section 5.3 : Newton form of the interpolating polynomial

pn(x) = ag+ ar(x — xo) + as(x — xo)(x — 1) + - + ap(x — x0) -+ (¥ — Tp_1)

ex: n=1, g, 1

pi(e) = fo) (

Top — X1

note

For n > 2, we need a method to compute ay,...,a,. Assume that p, i(x) is
already known. Then define p,(x) = p,—1(x) + an(x —x0) - - (x —2,-1). We will
derive a formula for a,,.

i=0:n—1 = pu(z;) =ppa(zi) +ap(x; —x0) -+ (5 — xp1) = f23)
i=mn = pn(xn> = pn—l(ajn) + an(xn - .I()) e (xn - xn—l) = f(xn)

f(xn) — po1(zn) ~ This formula is correct, but there is
(xp —x0) -+ (£, —xy—1)  a more efficient way to compute a,.

= a, =
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First define some notation.

Qp :f[xo,...,:vn] =4 Cl0:f[$o] , a1 Zf[ﬂi‘o,ﬂ?l] , a2 Zf[l"o,l“h@] y e

claim : flxg,...,x,] = flov @l = Lo, Tn] . divided difference
Tn — X

pf

pn—1(x) interpolates f(x) at zg,..., 2,1 , degp,1 <n—1

qn-1(x) interpolates f(x) at x1,...,x, , degq, 1 <n—1

define g(z) = ( )qn_l(:c) + ( )pn_l(:c)
then degg < n

9(@o) = pn-1(x0) = f(20)

9(xn) = Gn-1(xn) = f(zn)

i=1l:n—1 = g(x;) = (Z:Z}))qnﬂ%) + (i::j;)pnl(xz) = f(z:)

T — X Ty — T

= g(x) = pp(x) , now equate the coefficients of z" in these two polynomials

f[xlv"'axn] i f[x()a"'axnfl]
Tp — X0 T — X0

= :f[x()a"'axn] ok

Hence we can rewrite Newton’s form of the interpolating polynomial as follows.
pa(z) = flzo] + flro, v1](7 — 20) + fl70, 71, 72)(T — T0) (2 — 71)
+ ot f[xOJ"'an](x_xO)”'(x_xn—l)

The coefficients can be efficiently computed using a divided difference table.

ex:n =2
Ml
/f[xoaxl]
xlif[xl] \ f[ZUO,ZIJl,ZUQ]*
f[xlvxg]
Ly —— f[xg]

The starred values are the coefficients in Newton’s form of po(z).

p2(x) = flzo] + flzo, 1](x — x0) + flwo, T1, T2 (T — 20) (2 — 1)
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ex: f(x):mﬁ, xo=—1,21=0, 19=1
1
-1 L
25
26
0 1 N 5% = 1) =55+ (@ — (1)) = Flz — (1) (z - 0)
~ 2% _ 252
] %g 26 _']‘__ﬁéx Qk
note

Using Newton’s form for p,(z), if an extra interpolation point x,.; is added,
then the previous terms remain unchanged.

evaluation of p, ()

pa(z) = ag + a1(x — zp) + az(x — zp)(x — 1) : Newton form , 3 mults

=ag+ (x — xg)(a1 + ag(xz — x1)) : nested form , 2 mults

general case

pn(x) = ag+ar(z — x9) + as(x — x0)(x — 1) + -+ ap(x — x0) -+ (. — 1)

=ao+ (r —z0)(a1 + (& — 1) (a2 + -+ ap(r — 2p—1)) - )

operation count : Newton form = @ mults , nested form = n mults

thm (the error in polynomial interpolation)

f(x), zg<...<ux,: given , p,(x) : interpolating polynomial

! O =) ).

pf : omit , but note that this resembles the error in Taylor approximation

Then zp <z <z, = f(z) = pa(x) +

application : n=1, xp=a, 1 =0

by
| /
\
‘ ‘
| 1
a b
a<z<b = |f(x) =pi(z) < gM[b—af* , where M = max | f"(z)|

a<x<b

pf: hw8
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section 5.4 : optimal points for interpolation

Given f(x) for —1 < x < 1, how should we choose the interpolation points
xo, ..., T, Consider two options.

1. uniform points : z; = —1+1h , h:%, 1=0:n

2. Chebyshev points : x; = —cost; , 0; =17 ,1=0:n

uniform points , n=16

-1.5 -1 -0.5 0 0.5 1 1.5

-1.5 -1 -0.5 0 0.5 1 1.5

note : The Chebyshev points are clustered near the endpoints of the interval.



1

ex: @) =1 o5

uniform points, n=4

-15 :
-1 0
uniform points , n=16
15 :
1 i~
! .'" “'._.
0.5} S
o
05
_1 o |
-15
-1 0

1. Interpolation at the uniform points gives a good approximation near the center

, polynomial interpolation on the interval —1 <z <1

Chebyshev points , n=4

-1 0 1

Chebyshev points , n=8

-1 0 1

1.5

0.5

0.5

-1.5

=1 0 1

of the interval, but it gives a bad approximation near the endpoints.

2. Interpolation at the Chebyshev points gives a good approximation on the

entire interval.
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section 5.5 : piecewise linear interpolation

Given f(z), a<z<b,a=xy<11 < - <xp1 <z ="

|
|
|
|
|
|
|
|
|
|
|
1
b
x x
n

n—1
The interpolating polynomial p, () may not be a good approximation to f(z) on

the entire interval, so instead we may consider the piecewise linear interpolant,
denoted by ¢(x).

v < v < w1 = q(@) = flo] + fleg v — i) = q(z) = f(z;) , i=0:n

error : |f(z) — q(z)| < § max |f"(z)| - max |z — z;]* : 2nd order accurate
a<z<b 7

note : ¢(x) is continuous, but it is not differentiable at = = ;.

section 5.6 : piecewise cubic interpolation

A cubic spline is a function s(z) satisfying the following conditions.

1. For each interval z; <z < z;41, s(x) is a cubic polynomial.
2. s(x), §'(x), s"(x) are continuous at the interior points 1, ..., T, 1
ex: ro=—1,21=0, 292 =1

0 ,-1<2<0
e

3. 0<x<1 //fl
() = 0 ,-1<xz<0 — L
s'(x) = 322 0<z<l1 -1, 0 1
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roblem

Given f(z) and a = 29 < 21 < -+ < Tp—1 < x, = b. Find a cubic spline s(x)
which interpolates f(z) at the given points, i.e. s(z;) = f(x;),i=0:n.

v <r <z = s(x)=six)=cp+car+tcaitca®, i=0:n-1

| 1 1 s, () s,(z)

|
I T T T T T 1

i L, Liv1 n

n + 1 points = n intervals = 4n unknown coefficients
interpolation conditions = 2n equations
continuity of §'(z), s”(x) at interior points = 2(n — 1) equations

We can choose 2 more equations. A popular choice is to set s”(zy) = s"(x,) =0,
which gives the natural cubic spline interpolant.

how to find s(x)

ex: —1<z<1, x;,=-1+1h, h:%, 1 =20,...,n : uniform points
step 1 : 2nd derivative conditions

Tip1 — T T —
s!(x) is a linear polynomial = s (z) = az-(Hl]l) + Clz‘+1< : Z)

= s;(x;) = a; , 8] (Tiy1) = a1 = s (i) = a; = 8] (v;)

Hence s”(x) is continuous at the interior points.

step 2 : interpolation

integrate twice

o = el ) (220
@) = " b g = =

sil@i) = aH(Sth +c¢=fir1 = ¢ = fit1— CLHéhZ

si(z) = ai(wiﬂgh_ x)’ Clz'+1(9gh— K

n (fz _ aiéﬁ) <xi+1h— x) n (fi—i—l _ ai%lh?) (x ;lxz>
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step 3 : 1st derivative conditions

/ _ ai(zip — )’ ai1(x — ;)
sil®) = 2h 2h

aihZ —1 ai+1h2 1
+(fz‘— 6)'h+(fz‘+1— 6 s

ah  fi ah  fiqn aiph

! ) = — — —
i) > "6 T 6
oy Gisth fi aih | fin aiah
) = 5= = e T 6
we require s, (x;) = si(x;)
ah  fin  aiah  fi  ah aih fiaih firr aiah
2 6 T 6 2 6 T h 6
ai-th <h _h N h h) n aivih — fio1 = 2fi+ fin
6 ‘\2 6 2 6 6 h
6 .
a1 + 4a; + a1 = ﬁ(fi—l_in+fi+1) ,t=1:n-1
step4 : BC
so(xg) =0 = ap=0, s _1(z,) =0 = a,=0
4 1 a Jo—2f1+ fo
bl |6 :
2
o1 : h :
1 4 an—1 fn—2 - 2fn—1 + fn

A : tridiagonal , symmetric , positive definite
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ex : natural cubic spline interpolation

1 2
)=——— ., —1<a<1l1.2z;=—14+th, h=—,1=0:n
f( ) 1+ 25$2 Y —_ — Y (3 —l_/l/ 9 n Y
n=2 n=4
2 2 ' '
1 p e ~ . T / \
/ N y \
0 P N 0 Van = = N
/ N / \
1k e ~ . 1l / -
/ \
I \
_2 _2/ 1
-2 -1 0 1 2 -2 -1 0 1 2
n=6 n=8
2 2 -
1 ] 1} 2 |
7\
N /
~ = -
o—— 0 ~—
/ \
1} 1
- 2
-2 -1 0 1 2 -2 -1 0 1 2
note
D (4) (3] A -
L |f(x) —s(x)] < 357 Jmax | (x)|h* : 4th order accurate , pf : omit
a<lzx< —

2. The natural cubic spline interpolant has inflection points at the endpoints

of the interval, due to the boundary conditions s”(z) = s”(x,) = 0. In fact,
there are additional inflection points in the interior of the interval, which are

problematic in some applications.



