1. Thur 1/9

! 1
Cr+1 z—1"

integrals : f(k;):/_oo f(z)e*dx | k — oo

functions : f(x) T — 00

ODEs : Z:f(y) , t— 00

PDE : w; = f(u) + euyp , € —0

1
fluid dynamics : u;+u-Vu=—-Vp+ R—Au , Re =0, o0
e
1.1, 1.2 asymptotic expansions
def
_ . f(2))| .
1. f(2) =0(g(2)) asz > 2z in D & ) is bounded as z — 2
g(z
_ : f(z)
2. f(z) =o0(g(z)) as z = 2pin D & ()—>Oasz—>zo
g(z
ex
sinz=0(1)as z — 0
sin z = o(1)
sin z = O(z)
sin z # o(z)
sinz = z + O(2?)
note : We can also consider z — oo.
ex z-plane

et D={z:]z[ >0, |argz| < 7}

Then e™* = 0(27") as z — oo in D for all n > 0.

pf

z=x4+1wy,z2€D = x>0

—Z

Z_n

=e (2% + y?)"? < 6%(2352)“/2 = 227" s () as 2 — oo in D



def

. . . - f(z) _
f(2) is asymptotic to g(z) as z = 2y in D < lim a2) = 1
In this case we write f(z) ~ g(z) as z — z.
ex
sinz~zasz—0
sinz —z~ —g32° as 2 = 0
sinhz ~ Je* as z — 00 , |argz| <2
sinhz~ e asz—o0o , |argz —7| <%
def
o
f(2) is analytic at z = zy < f(2) = Y. an(z — 29)" for |z — 2| < R
n=0
N
& f(z) = lim sy(z) for |z — 29| < R, where sy(2) = Y an(z — 20)"
N—o0 n=0
& f(z) = convergent power series
note : We can also consider z; = oo.
ex
L S = 122t e <1, 2 =0
22+1 n=0 ’
< (-1 1 1 1 ,
:nz::O otz g_;‘kg_"' infz[>1, z =00
! 1 — 0
as z
22 +1
! 1 2 — 0
-1~ —2"asz
22 +1
1 1 .
— as z — o0
2241 22
1 1 1
22_{_1—? ~ —? as z — o0

1. Here there is no restriction on z — oo.

2. Convergent series are not the only examples of asymptotic relations.



Ei(z) = / et ldt exponential integral , improper , converges for x > 0

00 e 7
= — < oo ok

/ooe_tt_ldt < /ooe_tx_ldt = —¢ tp!
x x xr

T

This shows that lim Ei(z) = 0, but precisely how fast does Ei(z) — 0 as x — oo?

Bi(z) = [ e 't ldt = —e "1

xT

o o _t,-2 : :
—/ e 't “dt : integration by parts

x xr

e 0 -2

—ZT

e
_c <_€—tt—2

zo —2f Ooe_tt_3dt>

X
I
= — — 2 ettt
Ei(z) = sp(x) 4+ r(2)
(1 1 2 3 (—1)"*1(n — 1)!
sn(z) = e (x‘xz oAttt T

-1 n+1 — 1\
(=)™ (n—1) diverges for all x , pf...

0
L. lim s,(x) = nz::1 o
e—fL'

n+1—>0asx—>oo.
T

2. Fix n > 1. Then |r,(z)| < n!

Hence s, (z) is an approximation to Ei(x) for large .

Ei(z) 14 ()

() () — 1l as x — oo (hw),

In fact, it can be shown that

so Ei(z) ~ s,(x) as x — oo for all n > 1; this answers the question above.

3. Even though the series diverges for all z, the partial sums s, (z) approximate
Ei(z) better and better as x — oc.



2. Tues 1/14 4

question

Given x, we want to approximate Ei(x) by s,(x); what is the best choice of n?

ex : Ei(5) = 0.001148

n | su(d)

1 ] 0.001348
2 | 0.001078
3 | 0.001186
4 1 0.001121
5 | 0.001173 <«
6 | 0.001121
7 | 0.001183
14 1 -0.003846
19 | 1.775902

answer

The best choice of n is the one that minimizes |r,(z)].

—x —T

(&
xn+1’

(&
xn+1

note : we know that |r,(z)| < n! but in fact |r,(z)| ~ n! as r — 00
pf : hw

= the error in s,(z) ~ the 1st neglected term in the series as © — oo

rn(T) n! 6n+1 n
= ~ L = _<len<x
Tn-1(7) (n— 1)'6 T
-

= the best choice is n = n(z) = [z] : largest integer < x

Given x, the error cannot be made arbitrarily small by increasing n; however as
T Increases,

1. the minimum error decreases,
2. the optimal n increases,

3. the error versus n curve becomes flatter near the minimum, so the error is
small even for n << [z], e.g. even n = 1 may be adequate in some applications.
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def: {¢,(2) :n=1,2,...} is an asymptotic sequence as z — zy

<¢¢%ﬂ@:ow4@wmzawo@»h%ﬁjg):o
ex : ¢on(2) = (2 —20)" as z — 2
On(z) = e as z = o0
On(2) = 2 logz as z — 0
def: f(z) ~ angbn(z) as z — zp : asymptotic expansion wrt {¢,(z)}

n=1

& f(z) = % anon(z) +o(pn(2)) as z — zp for all N > 1
n=1

& f(z) = é\f: anon(z) + O(pni1(2)) as z — 2 for all N > 1

n=1

In this case, the error has the same order of magnitude as the first term omitted.

ex 1 : If f(z) is analytic at z = 2g, then f(2) ~>_ ('ZO) (z — 20)" as z — 2.
n=0 n.

Hence a convergent power series is also an asymptotic expansion.
o (—1) ) (n —1)!

ex 2 : Fi(z) = /Ooe_tt_ldt ~e Yy as T — 00
z n=1 x"

pf: ¢,(x) = e ¥2™" : asymptotic sequence as x — 0o
‘El(x) —sp(z)|  |ra(T)
Pn(z) a on(z)] ~

Hence even though the series diverges, it is still an asymptotic expansion.

—(n+1) n!

= — = 0asx—>00 0k
e Tx—n X

nle *x

properties of asymptotic expansions

L If f(2) ~ Y a,dn(2) as z — zp, then the a,, are unique.

n=1
B () = an(s) + ofon(2) = Jim T\ —

£(2) = a16n(2) + aada() + ofda(2)) = limn L2 ;2(‘:;“(2) Cay. ... ok
2. If f(2) ~ g):lzz as z — 0o, then f(2) +e* Nnijlzz as z — 00.
Hence two difgerent functions can have the same a;ymptotic expansion.
3. zil an%;lasz—)oo : zilN(z—'_l)glz;‘ as z — o0 , pf...

Hence a function can have two different asymptotic expansions.



