3. Thur 1/16 1

2.1 Watson’s lemma

recall : I'(z) = /Oooe_ttz_ldt : Gamma function

properties : D(n+1) =n! , I'(3) = /7

pf: '(n+1) = /0 e t"dt = —e " . +/O e 'nt" ldt = I'(n+1)=nl(n) ...

1y _ [ —ty—1)2 _ 2 _
() /0 e V2t | set t = 82, dt = 2sds
= /006782871286% = 2/006782618 = /OO e 'ds ... ok
0 0 —00
ex : /0 Tet Laplace transform , assume A > —1 , consider x — o0

integration by parts fails

00 efzt 00
[ ettt = ——+
0 —x 0
t)\—i-l

A+1
change of variables : set s = xt, ds = zdt

A
S - ds_ 1 00 oy _F(A—f—l).
/Oe tdt—/oe (a:) — —le/Oe SdS—ix)H_l - exactforallz > 0

00 ef:z:t
— /0 —\tM1dt ¢ diverges , try other way
x

9 t)\-i-l

/ooe—xttkdt — et — /oo—a:e_“’tidt . not asymptotic as x — 00

Watson’s lemma : Assume A > —1 , g(t) is analytic at t =0, g(0) # 0.

T < gMO0) TN\ +n+1
/Oe tt/\g(t)dth_:o n'() (a:)‘+”+1 )asx—>oo

1. the expansion only depends on ¢(¢) near ¢ = 0 and is independent of T
2. previous example is T = o0, g(t) = 1

3. larger X\ implies faster decay as r — oo

T LA+ 1
case 1 : /Oe_xtt/\dt N(/\:> as r — 00
T

g(t)=1,set s =uxt, ds = xdt
T—xt)\ . X ata\ O rt\ _F()‘+1) X s S)‘dS
/Oe tdt—/oe tdt—/Te tdt—i—/ es(2) 2

xT)

e *s*ds : will show the error is o(e *T) as z — oo

_ F'(A+1) 1 /oo

ML L

set s =a2T(1+u),ds =aTdu , assume 2T > A
/OO e s'ds = /OOOeIT(H“)(xT(l +u)) e Tdu = el’T(:UT)AH/OOOeIT”(l + u) du

xT



—xT'u |00
—xTu A —aTu _€ _ L
A<= [Te (1l +uldu < [T =" =7
(—aT+X)u |00 1
A> 0= atTul /\d < asTu/\ud 267 _ k
he +u)du < e T 2T+ Xo  aT—x
ul (”)(0) N1
case 2 : ¢g(t) = Z St +rn(t), lrn()| < LtV for |t < R
assume 1" < R (Won t affect final result)
T —xt g\ _ T —xt g\ N g(n)(o) n T —xt )\ _
|egt)dt = [Te e nZ::On!t dt + [ e Pra(t)dt = a+
(n) N ()
X g O) T i, s 9O TA 4T T
a—nzo - /Oe t dt—nzo o e +o(e™ ) as x — o0

T
b < L/o e AN g — O M) as 2 00 ok

note : if T'> R, need to also assume |g(t)] < Ke® for 0 < ¢ < T and consider
f()T:foTl‘Ff%l,WheI'e T < R

0 2 12
ex 1 : /0 e " log(1 + t*)dt ~ 3T s T asT 00
T
log(1+t%) =2 =t + ... = 3(1— 52+ --) for [t < 1
oo g(n)
B B 5 gm0 TA+n+1) T'@3) 1I(5)
A=2, g(t)=1-35t"+ "’nzo ol Ml 3 9 45

=———+—F—---asxr — o0

o ¢! © (1) -1 1 1 2
2 dt ~
= /0 t+x nz_:l xn x  x? 23

0o e (8—T)
method 1: s=t+=x i/ ¢

ds = ex/ooe_ss_lds = ¢"- Ei(x)

00 e—ZCS

method 2 : t = xs = xds = /Ooe*“(l +5)"'ds : Watson’s lemma
0 xs+x 0

e.¢]

A=0, g(s)=(1+s)"'= Z::O(—l)”sn for |s| <1

00 (ﬂ) o0
g"O)TA+n+1) SL(n+1)
S W - nX_: (=1) ot ok

n=0 n'

. xt2 )\
€X3./06 tdt = 9 1)/2 forall z >0

C e — 12 _ _ 9.1/2 —x8 A/2 _1 —xs (A=1)/2
pf: s=t°, ds = 2tdt = 2s dt,/oe S 281/2—2/06 S ds ok



(a)/o e "'t alt—ix/\+1 for all x > 0
et A=0,x=1,2,5 et A=1,x=1,2,5 1 et A=2,x=1,2,5

0.8
0.6
0.4
0.2
0 ‘
0 1 2 3 4
t t t
note : larger A = the integral decays faster as r — oo
T < g™ O0)T(A+n+1)
) . — A g
Watson’s lemma : /0 e g (t)dt ~ EO o el AT 00

“...all contributions to the asymptotic approximation as * — oo come from the
region near t = 0 irrespective of the order of the zero of t*g(t) ...”

I'((A+1)/2)

(b) /ooe_xtQtAdt = for all x > 0
0 2p(A+1)/2
2 2 2

1 e™t* A=0,x=1,2,5 1 e™t* A=1,x=1,2,5 1 e™t* A=2,x=1,2,5
0.8 0.8 0.8
0.6 0.6 0.6
0.4 0.4 0.4
0.2 0.2 & 0.2 &

0041; 2 3 4 00 1 2 3 4 0041; 2 3 4

note : integral (b) decays slower than integral (a) as x — oo

: g _
extension of Watson’s lemma : / e xtztAg(t)dt ~LLLas T — 00
—

“Again all of the contributions to the asymptotic aproximation come from the
neighborhood of ¢t = 0.”
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2.2 Laplace’s method

/ﬁe”h(t)g(t)dt , T — 00

«

Watson’s lemma has o = 0, h(t) = —t.

idea : The main contribution comes from ¢, such that h(ty) = max h(t).
A A

™

- 1/2
ex: / e reoshit gy o <> as r — 00
0 2x

h(t) = —cosht = t;3 =0
cosht ~last—0 = f(x)w/oooezdt:ex-oo . fails

oo

cosht ~ 143t ast =0 = f(z)~ /0 et (1+38) g — e—fc/oooe—%xtzdt

2 2sds B €_x<
x(2s2 /)12 x

(N}
~
~

s? = %Jth, 2sds = xtdt = 6—x/0°°e—s
how to find the next term?

cosht ~ 14 3¢+ Lttast — 0 = [T m Mgt~ [Tem Uttt gy
s? = x(5t? + 55t), 2sds = x(t + §t%)dt : cumbersome

alternative : Laplace’s method

cosht = 1+ s%, sinhtdt = 2sds, sinht = (cosh?t — 1)1/2 = (22 + s%)1/2

o0 o0 2 28d8 00 2
—zcosht - —z(14s%) o —z —zs 2\—1/2
/0 e dt—/o e 25 1 5112 = 2e /0 e (24 5%) 4ds

could set s> = r and apply Watson’s lemma . . .
instead consider (2 + s%) 7Y% = (2(1 + %)) V2 =27 V2(1 — 12 + O(sY))

°© —zcosht ~9.9-1/2 —x  _as21 1.2
/Oe dt ~ 2 -2 e/oe (1—35%)ds

% 4 L/m\Y2 o 1 1/2 1
/ e~ dg — <W> , / e LS S2d5 _ ﬁx—3/2 _ = <7T>
0 2 0

T 4 2 \x %
1/2 1

/ooe_“OShtdt ~ <7T> e’ <1 — ) as r — 0o , next term : hw2
0 2x 8x

T
note : the same result holds for /0 e Tttt for all T > 0 , why? : hw2



general form

wlog consider /o Dg(t)dt , where h(0) = fax h(t)
case 1 : h'(0) =0, h"(0) <0 case 2 : h'(0) <0
2 (0) t t

case 1 : h(t) = h(0) — s* : solve for t = t(s) , implicit function theorem

h(t) = hiO) + WAO)e + 117 (0)22 + O(F) = h(0) — °

= W02+ 0Ft) = —s*=>t = ( h;(%)>1/§ +0(s%)

/()Temh(t)g(t)dt ~ /Oeexh(t)g(t)dt ~ /O(Sex(h(o)_sz)(g(()) + O(s)) ((h:(?))ym—l— O(s)) ds

ol o [

00 _ g2 1 /7 1/2 00 _ 2 1
/06 ds:2<> : /Oe sds:2— . check ...

i i

T o) g (£\t o a0 (T ) h0) 4 h0) (-1
/Oe g(t)dt ~ g( )<2h”(0)x> + e’ (x7) as x — o0

case 2 : h(t) = h(0) —
h(t) :w+h’(0)t+0(t2) :W)—sas s,t —0

S W)+ O) = —s = t = h,((l))s+0( )
/()Te:”h(t)g(t ~~ e / )+ O(s ))( h/_((l)) + O(s))ds
—9(0 zh(0) [ —zs zh(0 s
~ h’g((()))eh( )/0 e " ds + M )O(/O e sds)

X s _1 X s _1 .
/Oe ds-,/oe st—p.check...

. _
| e Ogtydt ~ h/?é;):z eV 1+ MO0 (272) as = o0

note : case 2 decays faster than case 1 as x — o0
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1/2

T

recall : /Oooe_“OShtdt ~e "’ (2) as r — oo
T

g(t) = 1, h(t) = —cosht = h(O) = -1 , h/(O) =0 , h//(O) = —1 : casel

T Og(t)dt ~ g(0)( =) e | g0) =1 ok
[ie™ gttt ~ g0) (g ) e ol0) =1 ok

ex 1
_ Xt _ ¢t zInt . )
C(x+1) —/O e ‘tdt —/0 e ‘e ™'dt : cannot apply Laplace’s method

set t = xs, dt = xds

F(ZL’ T 1) — /()Ooe—xs—i—x(lnx—i—lnS)de — xexlnx/()ooea:(lns—S)dS = - xm/oooex(lnt—t)dt

h(t) =Int—t : case 1
Wit)=1-1=0 = t)=1
W't)=—% = h'(1)=-1
h(1)

1= g hlt)
h(t) ~Int ast — 0"
h(t) = h(1) — s

Int —t=—1—s*, solve for t = t(s)
W) + W)t — 1) + L7 (1)(t = 1)2 + O((t — 1)%) = bt — 2

—3(t — 1) +O((t—1)):—32,t:1<:>s:0
t=ag+as+ass®+---=14+as+as®+---=t—1=s(ay+as+---)
—35%(a1 + ass + )2 + O(s%) = —5?

—lai=-1=al=2=a; =£V2, choose + =t = 1+ 25+ O(s?)

1 €9
F(I’+1) ~ xm+1/1+ z(lnt— t)dtN xx+1/5 z(1+s?) \/_dS

—€1 —01
1/2
$m+16—x\/§/00 e ds = it/ E /
0o T
(z+1) ~V27 2" 2e™" as ¥ — oo , find the next term : hw?

T'(n+1) =nl ~V2rn" 2" as n — oo : Stirling’s formula




X 2

f(x) = /()W/26“08tln()\+sint)dt , A>0

. R / . " 1.
h(t) = cost , h(0) =1 _oé?%i(/zh(t) , h'(0)=0, A"(0) = —1 : case 1
h(t) = h(0) — s> = cost = 1 — s* , solve for t = t(s)

W) + WAO)E + L (0)82 + LWA0)E + O(t) = hO) — &2

—+O0(t) =-s2,t=0&5=0

t:%+a18—|—0,2$2+"':S(CL1—|—CL25—|—'°'):...:\/§S+O(SS) , check ...
g(t) =In(A +sint) = ¢(0) =1n A
A#£1

f(x) ~ /Oooex(l_SQ) InA-v2ds = e“ln\- ﬂ/()me_des

1/2
/ J“Ob’fln A+ sint)dt ~ <W> e"In\asz — oo : failsfor A\ =1
x

A=1

g(t) =1In(1+sint) = ¢g(0) =0, ¢'(t) = cost

1 +sint = g(0)=1
t) = M + g0t +0(t?) =t +0(t?) = V25 + O0(s?)
f(x) ~ /Oooex(l_sz)ﬁs V2ds = 2633/0006_3;328 ds

X

2 e
/OW/ "' In(1 + sint)dt ~ — as  — 00
x

lim lim # lim lim : to clarify this, consider the next term in the case A # 1
A—] T—00 =00 N\ 51

t 1
| ' 1 /() = 99 00) = —
g(t) =In(A +sint) = ¢g(0) =In A, ¢'(¢) pyp— = ¢'(0) )
2
g(t) = g(0) + g (0)t + O(t*) = In ) + ; +O*) =In )+ \/;8 + O(s%)

/Oﬁ/Qe“OSt In(A + sint)dt ~ /Oooe @(1- (ln)\ - \/_S 0(82)> (\/§ + 0(82))d3
~ ex/oooem2 (\/iln)\ + 2; + 0(52))d3

of( T 12 1 -3/2
~e<<> ln)\++0(x )) as r — o0 : now we can let A — 1
2x AT



