6. Tues 1/28 1

3.1 method of steepest descent

f(A) = /Cg(z)e/\h(z)dz , A — 00 , assume g(z), h(z) are analytic
h(z) = ¢(2) +ip(2) , eME) = MG M) = A3 (cos(Nip(2)) + i sin(Ap(2))

2 effects : ¢ — exponential growth/decay , ¥ — oscillation/cancellation

0
e .2 . z—plane
f()\):/oezdz,C:{z:x0+zy,—oo<y<oo} ‘
he) = 2 = 6(z) = ¥ =3, (=) = 2ay A
f()\) :/OO e)\(:c%—y2+2i7y)z-dy Ly

0
= —e/\mg/oo e Msim 2 x0y)dy + z’ekm%/_oo e*Ay2cos(2)\xoy)dy

The integral can be evaluated directly (hw3), but here we use a different method.

claim : f()) is independent of x

pt z—plane C,

X

2 pr— * )
= Cl+ Cz+ 03+./O4 0 : Cauchy’s thm
C, C,

C

4
Consider z € Cy, write z = x + 1Y, 22 = (22 — Y?) + 2izY

o<
C’Q C(2

same for C} :>/01:—/03 ok

2 _ 2 (T2 2
M dz] < e[ TeMdr - 0as Y — oo

T1

1/2
. I e Ve . E
choose o =0 = f(A)—/_ooe zdy-z(A
note
g =0 : Y(xg,y) = 0 = constant = integrand is non-oscillatory
xo # 0 : Y(xp,y) # constant = integrand is oscillatory

In this example the contour ¢y = 0 has two branches; the z-axis is a steepest ascent

path of ¢ (sa, ¢ > 0, shaded) and the y-axis is a steepest descent path of ¢ (sd,
¢ < 0, unshaded); when xy = 0, the path C coincides with sd.



, 1/2
ex 0 :f()\):/oemdz:i(;) , C:{z=12¢+ 1y, —00 <y < oo}

below : Re(e*’) = eM@6¥)cos(2Azoy) , plotted as a function of y
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surface plot of ¢(x,y) = x— y
- contour plot of y(x,y) = 2xy
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left : (0,0) is a saddle point of ¢(x,y)
right : 1. shaded region : ¢ > 0 , unshaded region : ¢ < 0

2. contours of ¢ = paths of steepest ascent/descent of ¢



general case
_ Ah(z) _ Ap(z) | idY(z)
fA) = /Cg(z)e dz = /Cg(z)e e dz , A\ — 00
h(z) = h(zo) + W{%0) (2 — 2z0) + %h”(zo)(z —29)®+ -+ : asin previous example
h'(z) =0 : saddle point , assume h”(zy) # 0

strategy
1. Find the saddle point z.

2. Find the contours of ¢ passing through z.
3. Determine which of these is the sd path of ¢.
4. Deform C' accordingly and apply Laplace’s method.

ex1 :69/2
f(A) = /J_Z:Oz_le“z_\/z)dz , v >0, |arg/z| <5, A= o0
z-plane C,
D
\1 sa T 2
V/ ! c C, C,
C C,
claim
The integral is (1) finite, (2) independent of +.
pf

(1) z =7y +iy = |argz| < § = |arg/z| < § = cos(arg/z) >
= Rey/z=(y"+y )1/4608(arg\/5) > yl'? - 25 = \lyl/2
‘ 7+zoo - )\ e Re(z ( _\/|y‘/2)

dz’</ 217 1/2dy</ooe 5 dy okl

%\

(2) For z € Cy, write z = x + Y.

Az—+/Y/2)
‘/Czle“ dz‘_ weydx—>OaSY—>oo ok 2



7. Thurs 1/30 4

saddle point : h(z) =2z —z=h'(z)=1— NC 0= z=1

Wi(z) =132 = () =1 ()PP =1g =9

Meo) = 1= L= —1 = () =0

z=re’ = P(z) =Im(z — /z) = rsinf — \/rsinf = \/rsinf (2y/rcos§ — 1)
case 1 : sm =0 = 0=argz=0 : positive x-axis

¢(x,0) =z — /r=—1+(/z—1)? : steepest ascent
2

case 2: 2¢/rcos—1=0=4rcos’% =1 = 4ri(cosf+1) =1=rcosf+r =}

=

—y? : parabola
2

—y* : steepest descent

. ! 1 A(o—y3) e)\Re(z—\/E) e
z:lezzY,—oo<a:§7$Re\/E>Oi‘z e :(a:2—|—Y2)1/2§\Y|
Y+iY v e eM
_ ) A -
‘/OOJFZY dz' /oo |Y‘dx Y —0as |[Y] =00 ok

for z € O set h(z) = h(z) —8* = 2z — /2= -1 — &’
h(z) = W) + B 140) (= — z0) + 30" (20)(z — 20)2 + O((z — 20)*) = Wz0) — &

(z— 1) =-s40(s*) = z=1+is+O(s*) , choose +

—A(:+5?) —As?
1 AVE) g, o [ T _ M
/52 e dz /_OO 2(0) 2(0)ds = e /_OO 1/4’Ld$
f(A) = /W_ioo VR ~ dieN (A) as A — 0o

note : sd path of ¢ = direction of —V¢ = orthogonal to Vi) = contour of ¢
pf : Cauchy-Riemann eqs : 9, = ¥y, ¢y = =1, = Vo - Vi =0 ok
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8. Tues 2/4

ex 2

w”(A) — Aw(\) =0 : Airy equation , “of fundamental importance”

1. two linearly independent solutions : Ai(\), Bi(\)
2. A > 0 : exponential growth/decay , A < 0 : oscillatory

motivation

Ut + Uppe = 0, u(w,t) =t f(xt’) : similarity solution
Bt a4 = 0

ﬁxtﬁj//lf’—i-Oﬁ/lf —|—j2/5f’” =0, choose 38 =—-1=f=—3
Brt’ f +af + f" =0, set s=at’, a=p

f’"—%(sf’qu):0:>3f”’—(sf)’:O
= 3f" —sf =0 (for example)

setr=cs . g(r) = f(s) = g(r) = fs), g'(r) = ()™

= 3c%¢" —c¢'rg=0 , choose 3¢® =1 = ¢ =31/

= ¢"(r) —rg(r) =0 = u(z,t) =t Y3Ai(2(3t)"/3) is a solution of the PDE

return to w”(A) — Adw(A) =0

w(\) = 5 Cg(z)emdz . general transform

w”’(A) = Mw(X) = 5= szg(z)emdz — Cg(z))\e”\zdz

= ﬁ Cfg(z)e”dz — %(g(z)e” )

= 57 ) ("9(2) + ¢ (2))edz — 5 g(2)e™|
hence we require 2%¢g(z) + ¢'(z) =0 , limbg(z)e” =0
z—a,
r2, P2 dg 5 1.3 _ 18
g+z2g=0= ¢ =—2"g = ?——zdzj logg=—32" = g=e>3
» — reif = ’ Az| | Az—223] _ _Arcos@—1ir3cos36
= g(z)e¥| = ler 37| =e :

ok if r — 0o and cos 360 =1 :>39:0,27r,47r:>9:(),2§,4l



Up + Upyr = 0 ¢ linear dispersive PDE

w(z,t) =t~ 3Ai(x(3t)71/3) : similarity solution of the PDE

t=0.17
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OO€47ri/3

define Cj, I;(\) = 5= g e} 5 dz : solutions of Airy equation
j

note : Iy + Iy + I3 =0 = the [;()\) are linearly dependent

. _ 1.3
AiN) =55 [ e 57dz , A — 00
2mi Jo, ?

h(z) = z has no saddle point , set A = v?, v > 0 and 2 = v(

Ai(v?) = %m ) e vdQ = 5 ) e’ =57)

hz)=2z—32" = h'(z) =1-2* = 2z = =1 : 2saddle points , h"(z) = —2z
20 = —1 : find sa, sd paths of ¢ through z,

h—1)=-1—3(-1)=-% = ¢(-1,0)=0

z=a+iy = h(z) =z +iy — 5(2® + 3iz?y — 3ay? — iy?)

Y(o,y) =y — 532% — y°) = 5y(y* — 32> + 3)

case 1

y=0: real axis = @(z,0) =z —32° = ¢(-1,0) =3, ¢(1,0) =

local min at x = —1 = real axis is the sa path of ¢ through 2y = —1



case 2
y?> — 322+ 3 =0: hyperbola , x = (1 + %y2)1/2

choose branch passing through (—1,0)

. _ __2r Ar
asymptotes : y = +v/3x = 0= T3

shaded : ¢ > ¢g
unshaded : ¢ < ¢y

o(z,y) =z — 5(2® — 3ay?) = s2(3y* — 22 + 3) : evaluate on hyperbola
v=—(1+3")"" = (1 +5* + O(y"))

or,y) = —5(1+ 557 + OBy’ — (1+39%) +3) = =3 =y + Oy
= hyperbola is the sd path of ¢ through zy = —1

find curves where ¢ = ¢y = ¢(—1,0) = —3
o(x,y) = — %xg +xy2 = —% = 3:Ey2 — 23432 +2=0 : what shape is this?
x—)—oo:>3:cy2—:63—|—;%+ﬂ:0:>3y2~x2:>y~:|:%x : 9:%”, %T
ZL'—)O_:>3$y2—/15+%+220$y2w—3%ijj: _3%

deform Cj into sd , Laplace’s method : h(z) = h(z) — s*

%) + DA20) (2 — 20) + 50" (20) (2 — 20)* + O((z — 20)%) = hkzp) —

(z+1)=-s2+0(s%) = z=—1=4is+ O(s?) , choose +



9. Thurs 2/6 10

h(l)=1-3(1)=%2 = ¢(1,0)=0

U(z,y) = sy(y* — 32® +3) =0 : same as before

case 1 : y =0 : real axis , ¢(z,0) =z — 32° : local max at z =1

= real axis is the sd path of ¢ through zy =1

case 2 : y> —322+3 =0 : hyperbola , asymptotes : y = +v/3z, § = +3
choose branch passing through zy =1

d(z,y) =+ =%+ y*+ O(y*) on hyperbola near zy = 1

= hyperbola is the sa path of ¢ through zy =1
¢:¢0:¢(1,0):%i---éywi%xform—)oo,ywi\/—i%forx%OJr
(1 cannot be deformed into sd

(5, C3 can be deformed into sd for x > 0 plus a ray for z < 0
def: Bi(\) = ;ﬂ(/@ —/(jg)e”‘ézgdz ~ %)\_1/4(3@3/2 as A — 0o : hw3

Ai(—)) ~ %)\_1/4 sin(2A%2 + ) | Bi(—\) ~ ﬁ)\_l/‘l cos(2M\2 + T) as A — oo



exX

HM(N) = 1/0 eMsih==sz 7, . Hankel function

™

s >0, C goes from —o0 to oo + 71

z-plane

/

o0 + e

o

claim : The integral is finite.

—00

pf
sinh z = sinh(z + 1y) = sinh x cos y + i cosh x sin y
cosh z = cosh(x + iy) = cosh z cosy + isinh z siny

Re(Asinh z — sz) = Asinhx cosy — sz

/ Y =0

1. y = 0= Re(Asinhz — sz) = Asinhz — sz < 0 for < 0 and A large
0 . 0 .

‘/_ e)\smhz—szdz‘ S /_ e)\smhm—sxdx : ﬁnite

2. y=m = Re(Asinhz — sz) = —Asinhz — sz < 0 for z > 0

00+Ti ; _ 0 _(\si ]
/ e)\smhz szdz‘ S/O e (Asmhx—i—sx)dx; finite

iy

3. x = X = Re(Asinhz — sz) = Asinh X cosy — sX <0 fory ~

X+mi i’ _ T . _
‘/ ' .e)\bmhz szdz‘ S/ e/\sthcosy sty 50 as X — 00, € — 0
X+mi—ei T—E€

4. v = —X = Re(Asinh z — sz) = —Asinh X cosy — s X < 0 for y ~ 0

—X—+er . _ €y _
‘/X e)\smhz szdz‘ S/O e Asinh X cosy SXdy—>0asX—>oo, e — 0 %



12

[ = [ MEg()dz  g() = e h(z) = sinh 2

W(z)=coshz=0 = z=(n+3)m,n=0+1,+2,..., h(z)=1i(-1)"
consider n =0, zg =%, h(z) =4 = ¥(2) =1 : find the contours

1
coshx

Y(z,y) = Imh(z) = coshzsiny =1 = siny = : one point is (0, 7)

For any = # 0, there are 2 values of y : 0 <y; < 5 <o < .

z-plane
sa T
/2
sd 0

¢(x,y) = Reh(z) = sinhx cosy

$(0,5) =0, ¢(z,y) =0=>z=0o0ry =75
r<0,0<y<g = ¢<0

r<0,5<y<m = ¢>0

r>0,0<y<i = ¢>0

r>0,5<y<m = ¢<0

Deform C' into the sd path of ¢ through zoz%i.
Laplace’s method : h(z) = h(zg) — t2

W) + W(z0) (2 — 20) + S0 (20) (2 — 20)2 + O((2 — 20)%) = hikg) — 12

(Z . %)2 — 42 4+ O(t3) = (z — %)2 = 2it? + O(tg)

N[

= 2z =242+ O(t?) , choose +

1 : 1 oo 42
(1) _ - Asinh z—sz ~ A(i—t?)—sz(0) 1
HV(\) = o dz — /_ooe 2'(0)dt
i i\ 1/2
_ ¢ . X0 oA T2 V2eri/ gy — ¢ S L NG <7T> /
Yy /=00 g) A

1/2
HIY(N) ~ elAmsm/2n/4) (i) : as A — 00
m
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1 piA(z+2?)
ex4 : f(N) :/0 ‘ 7z dz , —§ <argy/z <7 , integral is finite

Cy

(z) =i(z+2%) = W(z) =i(1+22) =0 = 20=—3, h'(z) = 2i
(-4 = i-d ) = =] = o) =

h(z) =i(x + iy + 22 — y* + 2izy) = —y(1 + 22) +i(2® — y* + x)
Uz, y) =2 -y +r=—7 = (z+3)2?-1y*=0=> y==*(z+3)
casel : y=a+3, d(z,y) = —y(1+2z) = -2y : sd

case2 1 y=—(r+3), o(z,y) = —y(1+2x) =2y : sa

note : ¢(29) =0 = —y(l+22)=0=y=0o0raz=—

DO —

C cannot be deformed into sd path through zy = —%; consider instead sd paths
through z =0, 1

2=0: h(O):O = w(o)zo
(r,y)=a? =y +a=(z+3)? -y —1=0
hyperbola , asymptotes : y = +(z + %)

Let (' denote the upper part of the right branch; this is a sd path of ¢ through
z = 0 which is asymptotic to the sd path of ¢ through zy = —21

5.
p=1: h(1)=2i = (1) =2
Yz, y) =2 —y* + o= (v + %)2 . — i = 2 : hyperbola , same asymptotes

Let C5 ...; deform C' into Cy + Cy; check integral is finite; apply Laplace’s
method; note that ¢|¢, ¢, is constant and ¢|¢, ¢, has a maximum at y = 0.



: 2
62)\(2—1—2 )

O = (fo, o)~z

onC]:h(z):h(O)—séherh’ 0)z + O(z —h)QO/—S

= iz =—5+0(s%) = z=is+ 0(s?) = Vz=e"sY2 £ O(s3?)
A(z+22) . _ Fl

/C dz N/ LT AGT2 Lids = e /\5?2) as A — 00

onC’zzh(z) —séhkfj—l—h’ z—l—l—O((z—l))—hm—s

= 3i(z—1):—3+0(3) = z=1+4is+O0(s%) = Vz2=1+0(s)

iX(z+22) . 2\

e X N2i-s) 1,7, _ €
/02 \/Z dZN—/O e )-3zd3——3>\ as A — oo
1 eirz+2?) 12 je2N
~ (= mi/4 =
/0 \/Z dz (/\> e ) as A — oo
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