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5. transforms

b
f(k) =

Z 1

�1
f(x)eikxdx : Fourier transform , k ! 1

We could integrate by parts, but instead we deform the path of integration.

case 1 : f(z) has a branch point of order � > �1 at z0 = x0 + iy0 , y0 > 0

z-plane

C1

C✏

C2

y0

x0

f(z) = (z � z0)
�

1X

n=0
an(z � z0)

n for |z � z0| < �, assume �3⇡
2 < arg(z � z0) <

⇡
2

|eikz| = e
�ky : deform path into y > 0 , assume

Z

CR

vanishes ,
Z 1

�1
=
Z

C1

+
Z

C✏

+
Z

C2

z 2 C✏ ) z = ✏e
i✓

Z

C✏

f(z)eikzdz =
Z ⇡/2

�3⇡/2
f(z0 + ✏e

i✓)eik(z0+✏ei✓)
✏ie

i✓
d✓ ⇠ O(✏�+1) ! 0 as ✏ ! 0

z 2 C1 ) z = z0 + se
�3⇡i/2

, z 2 C2 ) z = z0 + se
⇡i/2

✓Z

C1

+
Z

C2

◆
f(z)eikzdz =

Z 1

0
(f(z0 + se

⇡i/2)� f(z0 + se
�3⇡i/2))eik(z0+is)

ids

b
f(k) = e

ikz0i

Z 1

0
(f(z0 + se

⇡i/2)� f(z0 + se
�3⇡i/2))e�ks

ds : Watson’s lemma

domain of integration : (0,1) ! (0, s�) ! (0,1)

f(z0 + se
⇡i/2) = (se⇡i/2)�

1X

n=0
an(si)

n
, f(z0 + se

�3⇡i/2) = (se�3⇡i/2)�
1X

n=0
an(si)

n

b
f(k) ⇠ e

ikz0i(e�⇡i/2 � e
�3�⇡i/2)

1X

n=0
ani

n
Z 1

0
e
�ks

s
�+n

ds

= e
i(kz0��⇡/2) · e

�⇡i � e
��⇡i

�i
·

1X

n=0
ani

n�(� + n+ 1)

k�+n+1

b
f(k) ⇠ �2 sin �⇡ · a0�(� + 1)ei(kx0��⇡/2)e

�ky0

k�+1
= O(k�(�+1)

e
�ky0) as k ! 1
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ex 1

f1(x) = (x2 + �
2)�1/2 ) branch point : z0 = i� , � > 0 , � = �1

2

f1(z) = (z + i�)�1/2(z � i�)�1/2 ) a0 = (2i�)�1/2 =
e
�⇡i/4

(2�)1/2

b
f1(k) ⇠ �2 sin(�⇡

2 ) ·
e
�⇡i/4

(2�)1/2
�(12) e

⇡i/4 e
�k�

k1/2
=
 
2⇡

�k

!1/2
e
��k as k ! 1

case 2 : f(z) has a pole at z0 = x0 + iy0 , y0 > 0

z-plane

y0

x0

deform path into a circle around the pole

b
f(k) = 2⇡iRes(f(z)eikz; z = z0) = 2⇡ia�1e

ikx0e
�ky0 for all k > 0

= O(e�ky0) as k ! 1 : compare to case 1

ex 2

f2(x) = (x2 + �
2)�1 ) pole : z0 = i�

f2(z) = (z + i�)�1(z � i�)�1 ) a�1 = (2i�)�1

b
f2(k) = 2⇡i(2i�)�1

e
�k� =

⇡

�
e
��k for all k > 0

note

f1(x) is smoother than f2(x) , b
f1(k) decays faster than

b
f2(k) as k ! 1

b
f2(k) · · · · · · · · “ · · · · · · · bf1(k) , f2(x) · · · · · · · · “ · · · · · · · · f1(x) as x ! 1

ex 3

b
f(k) =

Z

C
(z � 1)�1(z2 + 2i)�1/2

e
ikz

dz , C goes from �1 to 1

f(z) = (z � 1)�1(z2 + 2i)�1/2

pole : z = 1 , branch points : z = ±(�2i)1/2 = ±
p
2 e�⇡i/4 = ±(1� i) , � = �1

2

There are several options for C; the choice depends on the application.
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case 1 case 2

b
f1(k) = O(k�1/2

e
�k) as k ! 1

b
f2(k) ⇠ 2⇡iRes(f(z)eikz; z = 1) = 2⇡i(1 + 2i)�1/2

e
ik = O(1) as k ! 1

ex 4 : 98/4(ii)
1

2⇡i

Z ↵+i1

↵�i1
e
tz
z
�1/2

e
�z1/2

dz , ↵ > 0 : inverse Laplace transform , t ! 1

f(z) = z
�1/2

e
�z1/2 : branch point at z0 = 0 , �⇡ < arg z < ⇡

C2

C1 C✏

z = re
i✓ ) z

1/2 = r
1/2(cos ✓

2 + i sin ✓
2) , |etzz�1/2

e
�z1/2| = e

tx
r
�1/2

e
�r1/2 cos(✓/2)

�1 < x  ↵ , cos ✓
2 � 0 ) deform path into C1 + C✏ + C2

z 2 C✏ ) z = ✏e
i✓

����
Z

C✏

e
tz
z
�1/2

e
�z1/2

dz

���� 
Z ⇡

�⇡
e
✏t cos ✓

✏
�1/2

e
�✏1/2 cos(✓/2)

✏d✓ = O(✏1/2) ! 0 as ✏ ! 0

z 2 C1 ) z = �x , x > 0 ) z
1/2 = �ix

1/2 ) z
�1/2 = ix

�1/2

z 2 C2 ) z = �x , x > 0 ) z
1/2 = ix

1/2 ) z
�1/2 = �ix

�1/2

Z

C1

e
tz
z
�1/2

e
�z1/2

dz =
Z 0

1
e
�tx

ix
�1/2

e
ix1/2 ·�dx

Z

C2

e
tz
z
�1/2

e
�z1/2

dz =
Z 1

0
e
�tx ·�ix

�1/2
e
�ix1/2 ·�dx

Z

C1+C2

= 2i
Z 1

0
e
�tx

x
�1/2 cos(x1/2)dx ⇠ 2i

�(1/2)

t1/2
as t ! 1 : Watson’s lemma

1

2⇡i

Z ↵+i1

↵�i1
e
tz
z
�1/2

e
�z1/2

dz ⇠
 
1

⇡t

!1/2
as t ! 1 , why decay? e

tz = e
tx · eity . . .


