5. transforms

= /oo f(x)e’™dx : Fourier transform , k — oo
—0o0

We could integrate by parts, but instead we deform the path of integration.

case 1 : f(z) has a branch point of order v > —1 at zg = xg + iy, yo > 0

z-plane
Ch Cy
Yo +
Ce
2
(0. 9]
f(z) = (2 — 2) Zoan(z — 2p)" for |z — 29| < 4, assume —32F < arg(z — 29) < 2
n=

ikz| _ —ky . : : < _
|| = e7" . deform path into y > 0 , assume /CRvamshes , /_ . /C 1—|— /Cé-l- /02
2€C. = z=c¢e"

‘ 2 L ; .

/C f(2)e™dz = /_7;2/2 fz0 + ee')eihlzotee Deiedf ~ O™ = 0ase—0
2€C, = 2=z +se 32 e Cy = 2=z + se™/?
(/ + >f(z)eikzdz = /Oo(f(zo + 5€™/) — f(zp + se 3T/2))eihotis) g

Ch Co 0

f(k) = eikz‘)i/ooo(f(zo + 5™/ — f(z9 + se3™/2))e " ds : Watson’s lemma

domain of integration : (0,00) — (0, s5) — (0, 00)

f(z0 4 s€™/?) = (se™/?)7 i an(s0)", f(zo + se /%) = (se73m/2)1 io: an(si)"

n=0 n=0
r ikzo;( ymi/2  _—3ymi/2 = n [ —ks _y+n
f(k) ~ e (e e ) D ant , ¢S ds
n=0
YT i
ei(kzo—'wr/Q) . € € Z CLnZ (7 + N+ 1)

—kyo

f(k) ~ —=2sinym - apl'(y + 1)61'(/6:60—77?/2)6

yer Ok~ (y+1) e M0) as k — oo



14. Tues 3/10 2
ex 1
fi(z) = (2% + 6*)~Y2 = branch point : 2 =14, >0, v = —3
—mi/4
A(E) = (e 0 VA = i8) 1 = a0 = (200) V2 = o
~ —ri/4 ko 9 N\1/2
: 43 € 1y mi/4 € _ (4T —ok
fi(k) ~ =2sin(—7) - (20172 I'(3)e / Tie <5k> e " as k— o0
case 2 : f(z) has a pole at zp = xo+iyp, yo > 0
z-plane
e
7

deform path into a circle around the pole
f(k) = 2miRes(f(2)e™; 2 = ) = 2mia_1e™0e ™ for all k > 0

= O(e ™) as k — oo : compare to case 1
ex 2
fo(z) = (2 +6%)71 = pole: zp =10
f2(2) = (2 +i0) Yz —i6) ! = a_; = (2i6) 7!
folk) = 2mi(2i6) Le™* = ge_ak for all £ > 0
note
fi(z) is smoother than fo(x) < fi(k) decays faster than fo(k) as k — oo
}(k:) ........ “o.. f1(/€) & folz) oo O fi(z) as © — oo
ex

:/ (224 2i)712e**dz | C goes from —oo to 0o
fz) = (2 = 1)7'(2% + 20)

pole : z =1, branch points : z = £(—2i)V? = £/2e ™1 = £(1—1), v = —1

There are several options for C'; the choice depends on the application.



filk) = O(k=2e7%) as k — oo
fo(k) ~ 2miRes(f(2)e**; 2 = 1) = 2mi(1 + 20) " Y2e* = O(1) as k — oo

ex 4 1 98/4(i)

L ratico 4, ~1/2,— -
— / e’z dz, a > 0 : inverse Laplace transform , ¢ — oo
211 Ja—ico

f(z) = 272" . branch point at zp =0, -7 < argz < T

Cy \
4 C.
z=re? = 212 = T1/2(COS o+ 1ising ) let? 2 1/26_21/2\ — eltp—1/2g=r"/cos(6/2)

—o<z<a, cosg > 0 = deform path into Ct + C, 4+ (s

2€C, = z=c¢ee

‘/C etzz_1/2e_zl/2dz‘ < /_7; et costem1/2g=c 2 cos(0/2) e g — O(/?) - 0ase—0
zeCI=z2=—x, >0 = 22 =—ig'/? = 712 = jp=1/2

2eCy= z2=—x, >0 = 22= zV/? = 712 = —jgp71/2

/01 ez 12 4y = /O Tip 2

(0]

_1/2 1/ 0 _ L _1/2 gt/
/C et 122 dz=/0 et i 2T Ly
2

00 I'(1/2
/ = 22’/ e g2 cos(xt?)dx ~ 2 (1/2) as t — oo : Watson’s lemma
C1+Cs 0 t1/2

1 a+100 1/2 .
[T et 2 gy () ast — oo , why decay? e* = e'® . e .
271 Ja—ioco mt



