15. Tues 3/17

6.1 differential equations

w'+puw'+quw=0, w=w(z), p=p2), ¢=q()
convergent series , w(z) =... for |z — 2| < R
asymptotic expansions , w(z) ~ ... as z = 00

X

—V2¢ = ¢ in 2D
1 1
Qbrr + *Qbr + 72¢99 = _Qb ) look for qb(r, 9) = R(T)T(Q)
R 1R 1T"

R'T R’T RT"=-RT = — +-— + —— =—1
T +r2 R+7°R+7"2T
R// R/ T//
Tf”ﬁ” —7:C:>T”+CT:O,PBC:>c:n2,T(0)

R’ +rR + (r* —n?)R =0 : Bessel equation

w” + pw +qw =0 : eliminate puw’

w = uv

w = uv' +u'v

w” = uwv" 4+ 2u'v + u"v

wv” 4 2u'v" + u"v + p(uv’ 4+ u'v) + quuv =0

wv” 4+ (2u + pu)v’ + (u”" 4+ pu’ + qu)v =0

set 2u' +pu=0 = v = — pui%“z—%pdzjlogu=—%/zp
u=e 2/

u = —%pu

u" = —5(pu' +p'u) = —5(p - —gpu +p'u) = pPu— 3p'u

w” + (3p*u — 3p'u — 3p*u + qu)v =0
summary : w = uv , U"—I—(q—in—%p’)v:O, u—e3)P

Hence we consider w” + fw = 0.



ex: z2w” + zw' + (22 — n*)w =0 : Bessel equation

w '+ (1-w=0,p=1, g=1-1%

%)
1z 11 1
U = e_ifp: e_ifE — e 21082 — 2_1/2
w = z"1/?

w = Z—l/QU/ . %2’_3/21} — Z—1/2(,U/ . %Z—lv)

(%

w" = 272" — 2732 4 32752y = 272 (0" — 27N 4 327 %) ¢ Liebniz rule

2
cancel 2712 = ¢ — z%’ + 3272+ z%/ —3z W+ (1-%)v=0

2_1)

(1= e =0, g P - i =1 - =1

22

(”2;%) ok

a;  a
w4+ fu=0, assumef(z)~a0+—1+—§+---asz—>oo , ag # 0
z oz

(n*—3)

2

: : _ _ _ 1
: Bessel equation , ag =1, a1 =0, ap = —(n* — 3)

ex: f(z) =1-
method 0

z

ap Qg O
w~aoat+—+—5+ -+ -+ asz— 00, need to solve for ag, a1, ag, ...
z oz z

, a1 200 nao,,
w N ———— — ———— — ¢ s e — —_
22 23 Zn—i—l
, 201 6o n(n+ 1)ay,
[ S R e Mre;
z z 2T

1
~ ayQ + ;(CL()CIQ + alozo) + ?(CL()OQ + a1 + CLQO{())

—|-~-~-|-Zln(aoozn+~-+anoz0)—l-~-
w’ + fw =20
2 g =0 = ap=0
z :a0a1+a19¢6:0 = a; =0
272 a0a2+a194+a2%:0 = ay=0
273 29{+a0a3+a196+aw//1+a3%:0 = a3 =0
2" (n—2)(n—1)%2+a0an—|—---—i—an%:0 = a,=0,n>4

This method fails to find a nonzero solution.



method 1

a1 Qo A
wNeAzza(aO++2_|_..._|_-|-.--)asz—>oo
z oz 2"

o 2009 now,
wNe)\zza<_2_3_ . T~ )

P P Zn+

(Mot 4 2?27 (g +—+—§+ + L)

1 1
= GAZZU(O{())\ + ;(O&l/\ + OéoU) + ;(&2/\ + 041(0' — 1)) + -

1
+— (A + ap_1(c —(n—1))) + - ) : same form as w
Zn

1 1
U)// ~ 6)\220(040/\2 + *(Oél)\2 + 20&0/\0) + 72(042/\2 + 20&1)\(0 — 1) + 0400'(0' — 1))
z z

_|_..._|_Zln(ogn)\2—|—2ozn_1)\(0— (n_ 1))
" ozn_2(0—(n—l))(U—(”—Q)))+"'>
o ) e )
recall : w” + fw =0

22 apA?+agag =0 = ag(\+ay) =0 = X = izal/2

R oz//<2+2oco>\0+ay/1+a1oco:0 = ap(2Aoc +a;) =0= g=_3

2\
:o%//(2+2a1)\j§57// )+ apo(o — 1) +apz(2+%%{1+a2a0—0

apg(o(oc—1) 4 as)
2\

2 oA+ 200 4 MF — (n— 1)) + aa(0 — (n— 1)) (0 — (n — 2))

+ mn + n—1 +t Qo o + agzay, 3+ -+ + a0 = 0

= ] =

= a, = ap—2((0c — (n—1))(0 — (n —2)) + as) + azau—3 + - + a0

2A(n — 1)
check n =2 ok



16. Thurs 3/19 A

note
Ao 0
1. set s,(2) = e’\zz0<ozo+o;1+- : -+j:> , then s + s, = O(eznf2 ) as z —» 00
. 1/2 . 1/2
2. w(z) ~ eM20 = pHn/2a0 R g9 5 o0
3. If ag = 0,a7 # 0, then w(z) ~ AAE2 P g oo pf...
ex
22 w” + zw' + (22 — n*)w = 0 : Bessel equation
recall : w=x"1"% = " + (1 — mi}“)v =0
n?—1
f(x)zl_( x24)
CLO:l’a1:07a2:—(n2—i)7a3:...20
A= gy = +i, 0= —or =0
iay i, 0 )
eAxxU — eill
choose ap = 1
B ag(o(oc —1) + as) B —(n? — i) B i(n? — i)
a1 = = ; =4
2 +2i 2
; i(n?—1 i i(n2—1
U(l’) NA611<1+(2564)+)+B€ m<1_(2x4)+>
set A = (2m)Y2e7i5(nty) B = A4
w(x) ~ (%)1/2008(53 — T+ Oz ¥?) as v — o0
recall : J,(A\) = }T/Oﬁcos(nt — Asint)dt ~ (%)UQCOS()\ — 5 —71)as A — o0

note

w ~ eM27 (o + G4 --) = exp(Az +ologz +log(ap + %+ -+ +))
~ exp(Az +ologz +logag +1log(l + oL +--))

~exp(Az +ologz +logag + ;L +-+)



method 2 : “more fundamental and general”

w ~ exp(do + dr + - -+)

®o(2), ¢1(z), ... is an asymptotic sequence as z — 00
a
w’ + fw =0, f~a0+;—|—--- , ap # 0

w' e~ (¢ + @+ ) exp(do + dr + -+

w' ~ (GG + O -+ (S + G+ 1)) exp(o + dr )

0 F G (G TP f 0

ay, Q

GO+ (98)7 + 20601 + (807 + 2000 + -+ ag+ g+~ 0
need to balance terms at each order

order 2°

try ¢f +ap ~ 0 = ¢f ~ —ag = ¢ ~ —apz = (¢))* ~adz?... : fails
try ¢f + (¢f)* +ap ~ 0

try ¢o = O(2°) , where 8 > 0

then 6 = O(=7°2) , (9h)2 = O(=2) = @ = ol(6})?) as = — oo

= ()2 +ap~0 = (¢h)? ~ —ag = &) ~ Fiay> =\

set o9 = Az +logay , note: f=1,¢5=0

order z~!

aj ay o al
2¢6¢'1+;~0=>¢/1N—@:;, 0= "5 ¢1 = ologz
order 2?2

a2
T+ (60)" + 2006 + 5 ~ 0

2
o o , Q9
—§+?+2)\¢2+§N0

2 2 _
O ik A W W il
20z oz 2\
o
= ¢0+¢1+gb2---:Az+log&0+alogz+&lz+---
0

w~exp(gb0+¢1+---):eXp(Aerlogozo—kaloganOj“—o{ZnL---) . same as before



exX

w" — 22w = 0 : parabolic cylinder functions

Our previous assumption that f ~ ag+ % + -+ doesn’t apply, but we can still
try w ~ exp(¢g + ¢1 + - - ).

oo (G Pt~ 2
B+ B+ (B + 2000, + (92 + 200¢h + 204¢h + 2650,
+ (8502 + 2060 + 2048 + - ~

try ¢f ~ 2> = ¢ ~ %23 = (¢p)* ~ %ZG ... : fails

try (§)2 ~ 22 = ¢y~ k2 = o~ L, go = £12?

order z2

order z
20001 ~ 0 = 229 ~0 , set 1 =0
order 1

0+ 20005 ~0 = £1+2(£2)dh ~0 = ¢h~ —5 , ¢ = —3logz

order z~1

20005 ~ 0 , set ¢3 =0

order 22

U ($5)2+ 26800, ~ 0 = S+ s+ 2(£2)P ~ 0 = ¢~ Tds , dy = £
summary
¢0+¢1+¢2+“ iz—§logzi1632+

w ~ eta? 1/Q(Ij:1622+ ‘) as z — o0

w e~ ez (g + 2 +--+) as z — o0

plan
6.1 : W'+ f(z)w=0,2z— 0

6.2 : W'+ fle,)w=0, A= o0, f(x,;\) #0 : WKB method
6.3 : W'+ f(z,)w =0, A= 00, f(xrg,A\) =0 : turning points
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6.2 WKB method : Wentzel, Kramers, Brillouin
w'+ f(z,N)w=0, A =00, f(z,\)#0
assume f(x,\) ~ Ny(x) + Ad1(2) + ¢a() + -+ as A — o0

v Vi(z)  Va(z)
w(x,)\)NeAW( )U(x)<1+ ) + \2

w(z, A) ~ exp(go(A)vo(z) + g1(M)n(z) +--+) © Murray
we expect {g,(A)} to be an asymptotic sequence as A — oo
oMY (@) + gt (NP (@) + - + (go(N)Yh(z) + g1 (N (x) + - )
+ No(z) + Api(x) + o) + - ~ 0

gul + G+ -+ + GH)? + 2g08 it P + 2e090000% +

, + N0+ ML+ Byt~
order A
G + X0~ 0 = go(N) = A, ¥ = xiv/Ge = volz) = +i [V
order A
90¥ + 290918o¢1 + Adr ~ 0

+) . WKB (hw6)

_ ) Wo+ o) I T
g(A) =1, ¢ = 20 = Y = 210%% 20
__1 ; _1 @1
() = 2@@:@) 2log qﬁo(x):i:z/ NG
order 1
g + g7 (1) + 2909200t + 2 ~ 0
) = A, gy = WA o)
29,
summary
goYo +gipr + -0 = ii)\/% + log ¢y *(x) + Z‘/xZ?;lgb_o

w(x,)\)wgba}*( exp(:tz/(

special case : w” + N¢o(x)w = 0 : Liouville equation

w(z, A) ~ ¢0 eXp(ﬂ:Z)\/\/iJrO )as/\—>oo

> + O()\_l)> as A — 0o



note
1. The sign of ¢g(x) determines the form of w(z, A) (oscillatory /exponential).

2. Unlike the approximations in section 6.1, which were valid for x — oo, the
WKB approximation can be used to satisfy IC/BC at finite values of z.

3. The expansion fails if ¢y(z) = 0, but the idea still works.

ex: W+ A+2x)w=0, A—=00, >0, w0,\)=a, w(0,\)=>

flx,N)=A+2 = ¢o(z) =0, d1(x) =1, ¢o(x) =

recall : w”(A) — dw(A) =0 : Ai(N), Bi(A) = Ai(—=(A+x)), Bi(—(A+ 1))

case 1 : . =0(1) as A = o©

w(z, A) ~ exp(go(M)vo(x) + g1(A)ihr(z) + - )

9 + g + NG + g + -+ + ) + 29581060 + A (1)? + 2e092060%
+ 200UV + 2019988004 + 9P + 2908k + 20195005 + - - X +Hm~ 0

order A
R+ A~ 0 = go(N\) = N2, ) = +i, Yola) = +ix

order \!/2
2000100 ~0 = gi(A\) =1, Y1 =0, ¢(x) =
order 1
)
20gatllh + 2~ 0 = go(AN) = AV2 g = Ly = £
072 27 2 2 4
order \~1/2
" ! -1 / —¢g 1 x
Gy + 209305 ~ 0 = g3(A) = A7, Yy = —— = — | Y3(x) = ——
24 4 4
order \7!
B o wl 2 i.fUz ,L'xS
B + 20gailiy ~ 0 = ga(N) = A2,y = “WRST I oy
245 8 24
summary
VN P (o
goto + g1h1 + - - AT 4)\1/2 VSN + 32

2
o T/AN - 1/2 x
w(z,\) ~ e exp [:I:m: (/\ + 4)\1/2 +0 (/\3/2))]

T (172
(1 o + - )eXp izx()\ +

as A — oo, z = 0(1)

X
)




The solution satistying the IC at x = 0 has the following approximation.

w(w, ) ~ (1 — f)\) (acos:c A2 4;1/2] +)\_1/2<b+ f/\> sinz

18. Tues 3/31 9
xr

4)\1/2>
as A\ — oo, x = O(1)

4;/2] * 0(x3)>>

A2 4

A2 4

w(0,\) ~ (1 - Ai) <a(1 +0(a%)) + A7 (b + i;) (m

=a+br+O0(z* ok

case 2 : = O(\) as A — oo, the previous result is not valid in this case

dw dW1 1
w’ +(A+z)w =0, sety:i, W(y,\) =w(z,\) = v = d: — CZJ/)\ — XW’
1
W'+ A+ M)W =0 = W'+ X1 +y)W =0

)\2

recall : W" + XNoo(y)W =0 = W(y, \) ~ qbai(y) exp(:tz's\/y\/% + 0(5\_1))
set A2 =M do(y) =1+y

W (y, \) ~ (1 +y)~ /4 exp(iw”/?/% Y idi+ O()\‘3/2)) as A\ — 0o, y = O(1)

return to original problem

A A

The solution satisfying the IC at x = 0 has the following approximation.

w(x, \) ~ (1 + D_M (a cos EW? <<1 - 5;)3/2_ 1)]

3/2
+)\1/2<b—|— a) SinF)\g/?((l + f\) — 1)]) as A = 0o, = O(N)

—1/4 - 3/2
w(z, A) ~ (1 + :C) exp [i232)\3/2 (1 + x) + O()\_?’/Z)] as A = 0o, z = O()\)

ZD) 3

note : The approximation is uniformly valid for 0 < z < A.

Consider z — 0.

z\ /4 x
14+ — =1 - -4+ ...
(1+5) -

2 2\3/2 2 3r 32 T
)\3/2<<1 ) _1>:)\3/2 1+ 452 4 1= <)\1/2 )
3 +)\ 5 +2)\+8/\2+ T +4)\1/2+

Hence case 2 reduces to case 1 for x — 0.
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ex
W'+ (1+et)w=0,€e—0, w06 =c, w(0,¢6) =d

This equation describes an oscillation with slowly varying frequency.
case 1 : t=0(1)

w(t,e) ~ Fy(t) + eFi(t) + € Fy(t) + - -+ : regular perturbation series
Fl+eF/+---+(Q+et)(Fy+eF+--+)~0

order 1

Fl+Fy=0, Fy(0) =c, Fi(0) =d = Fy(t) = ccost + dsint

order €

Fl'+Fi+tFy=0 = F/'+ F, = —t(ccost +dsint), F1(0) =0, F/(0) =0
Fi(t) = f(t)cost + g(t)sint, f(0) =0, f/(0)+g(0)=0

ODE theory ensures that f(t) and ¢(¢) are quadratic polynomials. (pf ...)
Fy = fcost+ gsint

F{ = (f'4+g)cost+ (—f+ ¢')sint

F'=(f"+2¢ — f)cost+ (¢" — 2f" — g)sint

F'+ Fy = (f"+2¢)cost + (¢" — 2f) sint

f"+2¢ = —ct :>/}9”—|— 2¢" = —c = ¢’ =—ic

g —=2f =—dt = f=1dt—ic = f=21dt? —ict = f'(0) = —1c
g =—sct—id = g=—tct® — 1dt + ic
Fy(t) = 1(dt* — ct) cost — 1(ct? + dt — ¢) sint

w(t,€) ~ (c + i(dﬂ — ct))cost + (d — i(CtQ + dt — c))sint + O(€?)
ase€—0,t=0(1)

Note that the approximation is not valid for ¢ = O(e™!), because then the

terms containing et are no longer O(¢); these terms (e.g. et cost,...) are called

secular terms; they are unbounded as t — oo. Let us derive an approximation
that is uniformly valid for 0 < ¢ < O(e™1).
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case 2 : t=0(e 1)

B 1 B , dw dW1 1,
sets-et,A—E,W(s,)\)—w(t,e)iw—dt— ds)\_)\W

W+ (1 + ety =0 = ;W”+(1+3)W:0 S W A1 4 )W = 0
recall = W + \2gy(x)W = 0 = W (x, \) ~ g (x) exp (i) [\ + O(A)
W(s,A) ~ (14 5)™ exp(+id [VI+5d5 + O(\ 7)) as A = 00, 5 = O(1)
w(t, €) ~ (14 et) /4 exp(i 23(1 +et)? + O(e)) as €0, t=0()

note : this approximation has no secular terms

The solution satisfying the IC at t = 0 has the following approximation.

€ 4 €
ase—0,t=0(1)

w(t, ) ~ (1+et)1/4 (ccosgz((l Lty 1)+ <d+ Ec>sin32((1 ety 1))

Consider t — 0 , omit terms of order O(€?).

(1+€t)_1/4=1—it+---

2 2 3 3 €
21 +et)3? 21 :(1 Zet + Z(et)? ---—1>:t 2 ...
36(( + et) ) 2 +2€ +8(6)+ —|—4 +

2 3/2 €2
cos —((1+e€t)’*—1) ~cos [t + -t +---

3¢ 4

€2 e [ €42 €2
~ cost cos Zt + .-+ —sintsin Zt + - Ncost—lr---—it smt—+ ---

2
sin i((l +et)3? — 1) ~ sin (t + th + - )

. 62 . 62 . 62
~ sint cos Zt +---| 4+ costsin Zt + .- Nsmt+--~+1t cost + ---

w(t,€) ~ (1 — it) <c (cost — itz sin t) + (d + T) <sint + itQ oS t))

~ (c + i(dt2 — ct))cost + (d - i(ct2 + dt — c))sint + O(€?)

Hence case 2 reduces to case 1 for t — 0.
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ex: Uy = CQ(x)um . wave equation in non-uniform medium in 1D

u(x,t) = v(z,w)e™t | w : frequency

2

v+ 5 v =0, w—o00 : high-frequency waves
()
x dT
~ 4+ 7
v(z,w) ~e(x) exp( zw/ c(i))

u(w,t) ~ \/@exp@w(t :I:/x di) )) as W — 00

c(T
note : amplitude is proportional to square root of wave speed

ex: uy = c*(Uzy + uyy) © Wave equation in uniform medium in 2D

w(z,y,t) = v(z,y,w)e™” = vy, + Vyy + Mo=0, \= “ . Helmholtz equation
c

v(x,w) ~ exp(igo(N)o(x,y) + - -)
90(Voez + Yoyy) + -+ (gotor + -+ )% + (gotoy + )2 ~ A2

order \2

95 (5, + lb(%y) ~ A = g\ =X, R+ wgy =1 : eikonal equation

'w . .
u(zx,y,t) ~ exp (Z(wo(x, y) + ct)) as w — 0o : geometrical optics
c

h2
ex: ihyy, = _wax + V(x)y : Schrédinger equation
m

h . Planck constant , m : particle mass , V(z) : potential

Y(x,t) . wavefunction , |1 (z,t)|? : particle pdf

Y(z,t) = u(x)e ™" = hwu = —h—Qu” + V(x)u, hw = E : energy , h—Q _ 6
2m 2m A2

u”" + N(E —V(z))u =0 : eigenvalue problem , A — co

V(x) < E : oscillatory

ule) ~ (B = V(w) ™ exp(£i) [VE - V(@) di) {v S B et

example : V(z) ~ z? : harmonic oscillator

classical mechanics : particle is confined to V(z) < E

quantum mechanics : tunneling

def : A point z( at which V' (zy) = E is called a turning point.
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6.3 turning points

consider w” + N¢(x)w =0, A — oo

recall : w(z,\) ~ ¢~ iz )exp(:tz)\/i/&) as A — oo : WKB approximation
o(x) >0 : w, ) ~wy(z,\) = gb_}i(x)(ccos@\/%)—k dsin(A/%))
o(x) <0 :ww,\) ~ ‘gb ‘(Aexp()\/\ﬁ)JrBeXp( )\/\/7»

These expressions are valid for ¢(z) # 0 in the limit A\ — oo.
2

Now assume that ¢(x) ~v°x asxz — 0, v >0, xop = 0 : turning point.

goals

1. For a given solution w(z, \), find the relation between ¢, d and A, B.
2. Find an approximation of w(z, A) valid in a neighborhood of z = 0.

“There is a transition solution valid near x = 0.”

r— 0= ¢x) ~vir = w] + \Nv2rwy =0 : a form of Airy’s equation

plan
r>0: mlggl w(x,\) ~ )\11_{1010 wo(x, A)

r<0: xlgglﬁ w_(x,\) ~ /\11_>n010 wo(x, A)

inner limit of outer solution ~ outer limit of inner solution

“This is a splendid example of an asymptotic matching process.”

recall : w”(y) —yw(y) =0 : Airy equation , “of fundamental importance”

A — 1 y—i: —2\1/77 Yy exp( 3/2) as Yy — 00
i(y) = i /c € FY Lt (2 3/2 L _
NG ly| 1 sin 3|y] +7) asy — —oo

:1</ _/ >€y211323dz fy 4eXP<3?JB/2) as y — 00
oo =yl cos(3ly[F2 + §) as y = —oo

" ]
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return to equation for wy

set y = —(A)?3z, wo(z, \) = w(y)

wh = w" - (W) = —(W)?Bzw- (W) = = Nvlzw = —Nvlzw, ok

wo(z, \) = a Ai(—(\v)?3z) + bBi(—(\v)*3z)

1. outer limit of inner solution , use approximations of Ai(y), Bi(y) as y — £oo
(W) 521 (asin(2Ava®?+ ) + beos(2ava®? 4+ 1))

(\v) "6 |z| 4( aexp( %)\V\x\?’ﬂ) + bexp(%)\u|x|3/2))

x>0 :

wo(z, \) ~ {

S5

x<0:
2. inner limit of outer solutions , let x+ — 0 in WKB approximations
x>0 wi(r,\)~ V*%x*%(c cos (%)\w::?’/?) + dsin (%)\Va:?’/?))
r<0:w_(x,\)~ V_%|x|_%<AeXp<%)\y|x\3/2)—I—B exp(—%kl/mgﬂ))

now apply asymptotic matching to obtain connection formulas

>0 c= AN wila+b), d= =) éué(a—b)}j{ = 55(A+2B)
r<0: A= i, B=gl-A"ivia d = J5(2B — A)

The goals have been achieved.
1. Given A, B, we can determine c, d, and vice versa.

2. Given either A, B or ¢,d, we can determine a, b, and then wq(x, \) is the re-
quired asymptotic approximation of w(z, A) which is uniformly valid in a neigh-
borhood of the turning point.



(S Qs

137/1

w” + N2(2? — 1w

turning point : zg =1

0,

0<z<2,w0)=0, w0)=1
, numerical solution by trapezoid method

lambda=10, dx=0.0002

500 T T T T T T T T T
0 -
_500 1 1 1 1 1 1 1 1 1
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
x 10’ lambda=25, dx=0.0002
2 T T T T T T T T T
0
_2 1 1 1 1 1 1 1 1 1
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
x 10" lambda=50, dx=0.0002
5 T T T T T T T T T
0
_5 1 1 1 1 1 1 1 1 1
0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8 2
x 10% lambda=100, dx=0.0001
4 T T T T T T T T T
2 -
0
_2 1 1 1 1 1 1 1 1 1
0 02 04 06 08 1 12 14 16 1.8 2
x 10%¢ lambda=200, dx=0.0001
2 T T T T T T T T T
0 |
_2 1 1 1 1 1 1 1 1 1
0 02 04 06 08 1 12 14 16 1.8 2



