20. Tues 4/7 1

7.1 singular perturbation problems

ex1l @ e/ +d/=0,0<z<1,u0)=0,ul)=1,e—0"

We could use the method of chapter 6, u(x,€) ~ exp(go(€)yo(z) + - - ), but we
want to develop a method that can also handle nonlinear problems.

1

1_6_1/6(1—6_:6/6) , check ...

solution : u(z,€) =

X

1

This looks like a velocity profile for viscous fluid flow past a solid boundary; in
that case ¢ = Re™!, where Re is the Reynolds number.

1. u(x, €) has a boundary layer of width O(e¢) near z = 0.

2. limu(x,e) = 9, 2=0 : non-uniform convergence as € — 0
MY T o< < " Vers ¢

3. limlimu(z,e) =1, limlimu(x,e) =0 : limits do not commute
z—0e—=0 e—0xz—0

4. u(z, €) has an essential singularity at € = 0.
goal : Find an approximation which is uniformly valid for 0 <2z <1 as ¢ — 0.

regular perturbation series

u(x,€) ~up(r) + eup(x) + - as e = 0

e(ug +euf +--)+uy+euy+---~0

order ¢ : uy =0 = wup(xr) = cnst : cannot satisfy both BC

case 1 : up(z) =1

Since u((0) # 0, up(x) is not valid near x = 0.

order ¢! : uf +u} =0 = wu(x) =cnst , u1(1) =0 = ui(x) =0 : no progress

We implicitly assumed that eu” = O(e), which is not true near x = 0;
to approximate the solution near x = 0, we consider a rescaled problem.




z ;U n U
=50 = =g = e
; , ) " v _
cu +u =0 = ¢(€)2+¢(6) 0

then 0" +v' =0, v(0) =0 = v(s) =c(1—e*)

v(s) : valid for  near 0 , inner solution

up(z) : valid for x away from 0 , outer solution

note : The terminology comes from aerodynamics.

matching
lim v(s) = }EILI(I)U()(ZE‘) = c=1
outer limit of inner solution = inner limit of outer solution

uniform asymptotic approximation

”L_L(:C) = U<5) + U()(QU) —e=1— ¢ %/€

Then u(x) = u(x) + O(e) as € — 0, uniformly for 0 < x < 1,
i.e. there exist K > 0,ep > 0st 0 <e <¢ = nax lu(z, €) — u(x, e)| < Ke.

case 2 : ug(x) =0

Since uo(1) # 1, up(z) is not valid near x = 1. As before, higher order terms in
the regular perturbation series are no help, so consider a rescaled problem near
r = 1.

l—=x , v y v €V v
,U(Ss)=ulr), U =———~, u = = — =0
o V) =)

S =

1l —=x

choose ¢(e) =€ , s=
€

then 0" —v' =0, v(0) =1 = v(s) =1+ ¢(1 —¢°)

matching = lim v(s) = lim up(z) : impossible



ex 1

e +u' =0, u(0)=0, u(l)=1

u(x) =

i(z) =1—e "/

1
1 — 6—1/6

(1 — e_”/e) .

exact solution , solid

eps =1/2
1
05| ~~
/4
74
0
0 0.5

eps =1/4
1 —
0.5
0
0 0.5

0.5

: uniform asymptotic approximation to O(e) , dashed

eps =1/8

0.5

e/ +(1+z)u'+u=0, u(0)=0, u(l)=1

T 1
u(z,e) = 6(4_(1”)2)/26/0 e(1+t)2/26dt//0 e+ /2¢qt + exact solution

up(z), ur(x) -

— 27/ dashed

2
() = 1+
_ 2 2
th(w) = 1+x+6<(1+x)3
eps =1/4
2
1 S
v
0
0 0.5

2(1+z)

eps =1/8

1 —x/e
) + 5 (22 —

uniform asymptotic approximations to order O(¢), O(€?)




ex2: e +(1+z)u' +u=0, u0)=0, u(l)=1
2 x 2 1 2
solution : u(x,e) = e~ 1+7) )/26/0 e+t /QGdt//O e /2t | check . ..

regular perturbation series : wu(x,€) ~ ug(x) + euy(z) + - -

order € : (14 z)upy+up =0 = (14 2)up) =0 = ug(z) = 1—|C—:c
2
choose ug(1) =1 = wug(x) = T2
\
\
N
2 AN
~
\\
14 o
|
|
| T
1
order €' : uf + (1 +2)uj+u; =0 = ((1+2)u) = —uf
= (1+2)uy = —uy+c= (1+x>2+c
2 1
H=0=c=-1= — —
u(l) = W= T i)
o 2 2 1
outer solution : wuy(x) + eui(x) = T2 +€<(1—|—x)3 — 2(1—1—1’))
T ,U/ ,U//
rescaling : s=——, v(s)=u(z), v =—+, U =
ofe) Ve =) P(e) ()’
,U// v/
e +(1+x)u +u=0= ¢ + (14 ¢(e)s +v=0
o step TG
€ 1 €
choose = = ¢(€) =€ , note : =1 = ¢(€) = /e : fails
SR ot~ ek .

V' +(1+es)+ev=0, v(0)=0
regular perturbation series in rescaled variable

v(s,€) = vp(s) + evi(s) +---



order € : v + v =0, vo(0) =0 = vp(s) = c(1 — %)
matching at €V : lim vo(s) = lig(l) up(z) = c=2 = vy(s) =2(1 —e %)
uniform approximation to O(e)

2
1+

order ¢! : v} +v] + svj+ vy =0, v1(0) =0

—_ 2€_$/€

up(x) = up(x) +vo(s) —c =

v + v = —sv) — vy = —(svp)
v +v1=—svy+ec=—-2s5(1l—e %) +c

(ev1) = —2s(e® — 1) 4+ ce® = 2s(1 — e*) + ce’

e*vi(s) = 2/0815(1 —eNdt +c(e® — 1) = 2<S22 —ef(s—1)— 1) +c(e’ — 1)

vi(s) =e ¥(s? —2)+2(1 —s)+c(1 —e®)
matching at e : lim v (s) = 31012(1) uy(x) : fails

Van Dvke matching principle

match inner and outer expansions to O(e)
T

recall : s=—, r=ce€s
€

vo(s) +evi(s) = 2(1 —e %) +e(e (s> —2) +2(1 — 5) + (1 — e %))
~2+€2(l—s)+c)=2(1—€s)+€2+¢) as s — x©
2 2 1
up(z) + euy(z) = T2 + e<(1 s 10 +:U))

~21l-z)+e2—-1) as x>0 = c=—

DO | =

uniform approximation to order O(e?)

1 (z) = up(z) + eur (x) + vo(s) + evi(s) — (2(1 — z) + 3e)

- 1-}2-95 +€<(lfaz)3 - 2(1195)) A=)
+ 6(6_””/6(? — 2) +2@7—§— (- e‘x/€)> — (21/1/—\&1—1—%
1 e

2 2 —x/e )
= — — 9¢ — 3¢2
1—|—x+€<(1—|—x)3 2(1+g[;)>jL o (@726 5€)
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ex3: euw' +uu —u=0, u0)=A, u(l)=B (Kevorkian and Cole, p. 56)

outer solution

u(x, €) = up(z) + eus(x) + - - -

e(up +euf + )+ (ug+eug + - )(ug +euf +--+) — (g + eug +--+) ~ 0
order € : wou' —ug =0 = ug(up—1)=0 = ug=0 or uj =1
There are 3 possible outer solutions.

up(z) =0, uo(x) =+ A, u(z)=x+B -1

inner solution

s = a:¢—( :;:0 , v(s) =¥(e)u(x) : we scale u because the equation is nonlinear

€

/ I
u/:L7u//:L2

(el (el
v tuw —u=0 = ev”+v oo 0
€ — prmy —_— —_— . — — — =
Vet Y P Y

e v
E‘FW—U:O
case a
o=t s = O =1 = 5= (e = u(s)
il €)=¢c, P(e) = s=——— u(z) =v(s
V' + o —ev=0 = v + vy =0
case b
G= o=l = G0 = Ve, ) = = =20 u(e) = Vals)
— = = €) =€ €) = — = — /e
¢?* v ’ Ve Ve o

V't —v=0 = vl +uvy—vy=0

case C

51 09 = Ve, choome () = = s ="

V' + ev' —v =0 = v —vy=0 : will not need this case

, u(z) = ev(s)



consider case a: v) +vovp =0 = v+ (303 =0 = v+ 5’ =c¢

c<0 ¢c=0 ¢>0

c>0, c=3k* = v =3k -0}, k>0
dv 4 dv ds
=12 2 _
dS 2( U) = k2_’U2 2

1 1( 1 n 1 )j dv n dv rd
- = — kds
k2 —v2 2k\k+v k—vw k+v k—w
caseal : —k<v<k

k k
In(k+v) —In(k —v) =1In (ktz> = k(s +s0) = ka — k(sts0)
]{Z(S+So)_

€

k(s+s0)) __ k(s+s0) _
= v(1+ ")) = f(0T0) — 1) = v k(ek(8+80) 1

) = ktanh 3k (s + s)

case a2 : v >k

dv dv
— = kd
k+v v—k °
In(k+v) —In(v —k) =1n (U i k) =k(s+sy) = vtk _ k(s+s0)
v—k v—k
ek(8+30) _|_

= U(l — ek’(s—i-So)) = —]{I(ek(S—FSo) + 1) = UV = k( ) — kcoth %]{;(3 + 50)

case ad : v< —k , writew=—-v , sow >k

—dw —dw dw dw 1
k—w+kz+w_w—k_w+k_kds = -+ = v = kcothgk(s + sp)




summary
In case a the inner solution is v(s) = ktanh $k(s + sg) , k coth k(s + ).

(%

preview
B
3 3,bl
1,bl
5,il
4=23%bl 6,cl 7,cl
A
4 8,cl 9,bl
bl = boundary layer
2 = 1*,bl il = internal layer
cl = corner layer




regionl: A>B—-1>0,eg. A=17,B=15

A

B-1 |

choose ug(x) = x + B — 1 : satisfies BC at x =1

Then there is a boundary layer at x = 0.
s=2 , v(s) = kcoth k(s + sp)
€
matching = lim v(s) = }:11)% u(z) = k=B-1
v(0)=A = (B—1)coth3(B —1)sg=A = Js3 >0, note : tanh fails

uniform asymptotic approximation

u(r) = up(z) +v(s) — (B—1)=x+ (B — 1) coth

5(B - 1)(55 + so)]
l.z=0= a(0)=A

2.0<2<1 = limi(z) =z+B -1

suppose we had chosen uy(x) = x + A : satisfies BC at x = 0

Then there is a boundary layer at x = 1.

z—1

s = , v(s) = kcoth 1k(s + s¢)

€

matching = lim v(s) = lim ug(z) = —k =14+ A > 0: fails , tanh also fails

§— —00 rz—1

suppose ug(z) = 0 : satisfies neither BC

Then there are boundary layers at x = 0, 1.

for example at =0, s = E, v(s) = kcoth 5k(s + so)
€

matching = lim v(s) = li_>mo up(x) = k=0 : fails , tanh also fails
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region2: B<A+1<0,eg. A=—-15,B=-1.75

]
/+A+1
I

A<AB

|
choose uy(z) = A+ z : satisfies BC at x =0

Then there is a boundary layer at x = 1.
—1

s=2"" , v(s) = kcoth k(s + s9)
€

lim o(s)=limup(z) = -k=A+1=k=—(A+1)

§— —00 r—1

v(0) =B = (A+1)coth3(A+1)sg=B = Is) <0 , tanh fails

() = uo(@) + v(s) — (A+1) =2 — 1+ (A+ 1)coth[;(A+ 1)(55 . Ly soﬂ

region3: 0<|A|<B—-1,eg A=+£1, B=3.25

LB

B-1

.

choose uy(z) =x + B — 1 : satisfies BC at x =1

Then there is a boundary layer at x = 0.
x

s ==, v(s) = ktanh k(s + s)
€

lim v(s) = limug(z) = k=B —1

§—00 x—0
so>01f A>0
S()<OifA<O

o-(:0n)

v(0)=A = (B—1)tanh§(B—1)sp=A = EI{

u(x) = ug(x) +v(s) = (B—1)=x+ (B — 1) tanh

A >0 = u(x) is concave down

te : . . .
HOWe {A < 0 = wu(z) has an inflection point at x = —esy > 0
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region4: A+1<0, |B|<|A+1], eg A=-325,B=+1

/qI>B
B
A+1
A

choose uy(z) = A+ z : satisfies BC at z =0

Then there is a boundary layer at = 1.

r—1

s = , v(s) = ktanh 1k(s + s9)

€
lim o(s)=limuy(z) = -k=A+1=k=—(A+1)

S — —00 r—1

so>0if B> 0
so<0if B<O0

S(A+1) (ajzl + soﬂ

v(0)=B = (A+1)tanh$(A+1)s)=B = 3{

u(r) = up(x) +v(s) —(A+1)=2—-1+(A+1)tanh

regionbH: - 1< A+ B<1,B>A+1,eg A=—-1,B=1
note : B>A+1,B>—(A+1) = B>|A+1]>0

///I
Aca/ |

choose uy(z) = A+ x : satisfies BC at z =0

Then there is a boundary layer at x = 1.

rx—1

s = , v(s) = ktanh 1k(s + s9)

€
lim wv(s) = 1i_>mluo(x) = —k=A+1=k=—(A+1)

§— —00

v(0) =B = (A+1)tanh $(A+ 1)s) = B : fails
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try v(s) = kcoth £k(s + s¢)
lim wv(s) = 1i_>mlu0(x) = —k=A+1=k=—(A+1)

S§— —00
v(0) =B = (A+1)coth3(A+1)sg=B = 355 >0

() = (@) +v(s) — (A+1) =2 — 1+ (A+1) coth[;(A + 1)(”3;1 + soﬂ

1
This blows up because —— + sg < 0 < sy for € — 0.
€

choose ug(z) =x + B — 1 : satisfies BCat x =1, ... : fails
choose up(x) =z + A, up(x) =+ B —1

Let x be the position of an internal layer.

T — Xy
S =

, v(s) = ktanh k(s + sg)

matching for z — z; : lim v(s) = Jm ur(z) = —k=x0+ A

S§— —00
matching for x — 2 : lim v(s) = Jm up(x) = k=xy+B—1
_1-(A+B)
a 2
uw(x) = ur(r) +v(s) — (xg + A)

= X

= 0<xy<1

:x+A+(xo+A)<tanh

Lo+ A) (‘T 0y SOﬂ - 1)

€
1+A-B
— <0

2
O<zx<zg=ulxr)~r+A=ur(r)

note : xog+ A =

ro<z<l=u(r)~z+A-2(xy+A) =2+A—(1+A—B) =z+B—1=up(x)
An extra condition is needed to determine sj.

for example : u(zg) =0 = ur(zg) +v(0) —(29g+A4) =0 = v(0) =0 = so=0

In the remaining cases we use a different inner solution.
T — T 1
, v(s) = —=u(x), v"+vv' —v=0
Ve

e

note : 1. v(s) = s is a solution

case b : s =

2. If v(s) is a solution, then so is v(s + sy) for any s.
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/
. | B ) ) . (] . V9 . 0 1 U1
fixed point : (v1,v2) = (0,0) , linearized system : <v2> = <v1> = <1 0) <U2>

e-values , e-vectors : \; =1, q1:\}§<1> , Ag=—1, QQ:\}§<_11>

V't —v=0=0"+0v00 -1)=0 = "V +v{0 -1 =0
,UI/,U/ _1 1 "

= +vv' =0 = v v il +ovv' =0= 0" — + v’ =0
v =1 =1 I —7

v+ In(1 — ') + v = ¢ = 0 (at fixed point) , assumes v/ <1

vs +In(1 — vo) + 30 =0

consider solutions such that 0 < vo < 1 : increasing functions of s

define f.(s) >0, f_(s) <0 v
SEIPOOf+(S)=0, fi(s) ~sass— o0 v(s) =s
Jim f(s)=0, f-(s) ~sass— —o0 /. g

check that f7(s) >0, f”(s) <0 ‘=/'/ s

fv, f- : corner solutions y fo




region6: 0< —-A<1—-B<1,eg. A=-025,B=0.25

Use the 2 corner solutions to connect the 3 outer solutions.

() — e r+ A r+B—-1
u(sc)—ff( L 2

O<zr<—-A=24+A<0,2+B-1<0=ua(z)~zx+A

—A<z<1l1-B=2+A>0,2+B-1<0 = a(x)~0
l1-B<z<l=>2+A>0,24+B-1>0= u(zr)~z+B-1

)+\/Ef+() , note : xo=—-A,1—B

14

recall : UQ‘I‘lIl(l—’UQ)—F%’U%:O,Ulzv,?}g:?)/

consider solutions such that vy < 0 : decreasing functions of s

2 1 2

vy = —00 = vy ~ —3vf = v/ ~ —Lv? | choose v(s) = —
s

(%

g+

9+(s) > 0: lim g.(s) =0, lim g.(s) =00

s— 0t

g—(s) <0: lim g¢g_(s) =0, lim g_(s) =—0o0

§— —00 5s—=0"
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region7: A>0,0<B<1,eg A=0.75,B=05

u 1

I
Ao I

I
B

1-B

need to combine g, (s), fi(s) and use freedom to choose sy

2 A
ng(S) - Xy = 0 5 set S0 SUCh that ng(So) = — = —

S0 \/E
fi(s) : zo=1—B , set 5=0

i(z) = Vegs (x + 80) +Vefy (W)

Ve Ve

#(0) = Vg (s0) + Ve 1 (Bf‘l) A

O<z<1—-B = u(zr)~0

l1-B<z<l=ualx)~z+B-1

suminary

The various phenomena are as follows.

1. boundary layer of width O(e) : tanh, coth , w/wo inflection points
2. internal layer of width O(e) : tanh

3. corner layer of width O(y/€) : fu

4. boundary layer of width O(1/€) : g+
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7.2 linear and nonlinear oscillations

ex: v +2c/+u=0,0<e<<1

general solution : u(t) = e = a? +2eca+1=0 = a= —e+iy/1—¢
u(t,e) = e (A cosv/1 — €2t + Bsin \/1—76%) : damped oscillation
u(t,0) = Acost + Bsint : no damping

initial conditions : u(0,¢) =1, v/(0,¢) =0

u(t,e) = e <cos V1—e€t + 16 sinv'1 — 62t> , check ...

— €2

regular perturbation series

u(t, €) ~ ugp(t) + euy (t) + ug(t) + - as e = 0

ug 4 eu + -+ 2e(uy+ ) tug+eup+---=0

order € : uf +uy =0, ug(0) =1, uf(0) =0 = up(t) = cost

order €' : u] +2uj+u; =0 = uf +u; =2sint, uy(0) = u}(0) =0

particular solution : wu,(t) = —tcost

check : w, = —tcost = u;, =tsint —cost = u, =tcost + 2sint
= uy +u, =2sint ok

u1(t) = Asint 4+ Bcost — tcost

(0)=0= B=0

S

u(0)=0= A—1=0 = wu(t) =sint — tcost
u(t,€) = cost + e(sint — tcost) + O(e?) as € — 0
This is valid for t = O(1), but it fails for ¢t = O(e™!) due to the secular term
et cost. To derive a uniform asymptotic approximation we could use the expo-

nential method of chapter 6, but here we will use an alternative that also works
for nonlinear problems.



method of multiple scales
note : the exact solution has two time scales , et : slow , v/1 — €2t : fast

define : s=¢t, r = (1+ woe? + w3e® + - -)t

u(t, €) = ug(r, s) + eur(r, s) + us(r, s) + - - -

d
i (14 woe* + --)0, + €0y
2
i (14 2wa€® + - )0 + 2¢(1 + woe® + - - )0,0,5 + €0?

u' = (14 wae® + -+ ), (ug + euy + ug + - - -) + €ds(ug + €uy + - - -)
= Oyug + € (Oyu1 + Osug) + € (w20,ug + Opig 4 Ogtiy) + - - -

u' = (14 2wye® + - )0 (ug + euy + ug + - - ) + 2€0,0,(ug + euq + - - )
+ 0%ug + - - -

= 83U0 + € (83u1 + 26r85u0) + 62 (211]283710 + ﬁfug + 2&«6&11 + 852u0) + -

17

recall : v’ 4+ 2eu/ +u=0, u(0)=1, «/(0) =0
order €* : Q%ug +ug =0, up(0,0) =1, 0,up(0,0) =0
uo(r, s) = Ag(s) cosr + By(s)sinr , Ag(0) =1, By(0) =0
To determine Ag(s), By(s), we need to consider the next order.
order €' : 3,2,u1 + 20, 0suq + 20,ug +u; = 0
11(0,0) = 0, 9u1(0,0) + dyup(0,0) = 0
Oputg + 0,0sug = —Ag(s) sinr + By(s) cosr — Ay(s) sinr + B(s) cosr
O%uy +uy = 2 ((Ag(s) + Ay(s))sinr — (By(s) + By(s)) cosr)
note : the same operator appears at all orders
To suppress secular terms in 7, set Ag(s) + Aj(s) = 0, Bo(s) + B{(s) = 0.
= Ap(s) =¢e %, By(s) =0
summary 1

u(t,€) ~ up(r,s) = e Scosr ~ e “cost as € = 0

u(t,e) = e <COS VI— &t + ——sinV1— e2t>

1 —e2

The approximation has error O(¢) and is valid for ¢t = O(e™!).
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uy(r,s) = Aj(s) cosr + By(s)sinr
w(0,0) =0 = A,(0) =0
9,11(0,0) + Dsup(0,0) = 0 = B1(0) — 1 =0 = By(0) =1
To determine A;(s), Bi(s), we need to consider the next order.
order €? : 2wy0ug + 0%uy + 20,0,u1 + 0*ug + 2 (Opuq + Ogug) + up = 0
u2(0,0) =0, w0,u0(0,0) + 0,u2(0,0) + Osu;1(0,0) =0
2wy0%ug + 20,05u1 + 0%ug + 2 (Opuq + Osug)
= 2wy - —e Scosr + 2 (A)(s) - —sinr + Bi(s)cosr) + e *cosr
+2(Ai(s) - —sinr + By(s)cosr — e *cosr)
OPuy +uy = (2wae * —2B)(s) —e * — 2By (s) +2e %) cosr 4+ 2( A} (s) + Ay (s)) sinr
To suppress secular terms in r, set A} (s)+A1(s) = 0, Bi(s)+Bi(s) = (wa+35)e*.
A1(0) =0 = Ai(s) =0
To suppress secular terms in s, set wy = —%.
Bi(0) =1 = By(s) =e® = uy(r,s) =e *sinr
summary 2
u(t,€) ~ ug(r,s) + eus(r,s) = e *cosr + ee *sinr

~ e~ (cos(1 — 3€%)t + esin(1 — L€2)t) + O(€?) as e — 0

€
u(t,e) =e <cos V1—€ext + sin V1 — 62t>
(t, €) o

The approximation has error O(e?) and is valid for t = O(e™?).
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ex : v’ +wu=eu’ : unforced undamped Duffing equation (159/3)

¢ = 0 : simple harmonic motion , € > 0 : weakly nonlinear oscillation

/

1st order form U
u =
v = —u(l — eu?)

fixed points : =0, ¢ /2

linear stability analysis

case 1 : (u,v) = (0,0)

u(t) ~ dup(t) + %ug(t) + - as d — 0

u(t) ~ vy (t) + Fu(t) + - -

ouy + -+ =d0vy +---

ov) 4+ = —(dug + - ) (1 — e(dug + -+ +)?)
! /

order § : 1~ " :><u1>:< 0 1><u1>:>>\::l:z'
V] = —Uug VU1 —1 0 V1

— (0,0) : elliptic fixed point (stable)
case 2 ¢ (u,v) = (¢71/2,0)
u(t) ~ e V2 4 Suy(t) + 0%un(t) +---as § — 0
v(t) ~ vy (t) + g (t) + - - -
ouy +---=0vy + -
SV + = —(eY2 4 dup + - ) (1 —e(e 2+ duy + -+ +)?)
= —(e 24 6up + )1 —ele 4+ 2 26uy + -+ )
= (712 4+ 0uy + - -)Q/—/l/— 2e 260y + -+ +)) = 20Uy + - -

U= <u1>’_<o 1><u1> B B 1/3
orderé.v,lzmblj o) =2 o)l = A=+v2,q= i\/ﬁ

= (¢7Y2,0) : hyperbolic fixed point (unstable) , also for (—e~/2,0)
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global analysis

Vtu=erd = v 4wl = et = (W) +iut =€ qut+c

= v? +u? = Jeu' + 2¢ : consider solutions for different values of ¢
(u,v) = (0,0) = ¢=0 : elliptic fixed point
(u,v) = (£ 12,0) = e =le-e2+2c = c=1e! : hyperbolic fixed points

0 = be(u' =22 +e?) = Je(w?— 1)’ = v =%(/2)"2(u>~¢) : parabola

1. The solution connecting the 2 hyperbolic points is called a heteroclinic orbit.
2.0<c< ie_l : bounded periodic solutions
consider u(0) = 1,4/(0) =0

regular perturbation series

u(t) ~uo(t) +eur(t) +---ase—0

'+ u = eu?

ug 4+ eu + - +ug + eup + -+ = e(ug + euy + -+ +)3

order €' : uf +up =0, up(0) =1, uy(0) =0 = up(t) = cost

order €' : uf 4+ uy = uj = cos®t = 3 cost + § cos 3t

stepl : u=acos3t = u = —3asin3t = u”" = —9acos3t

= a=—25 = uy(t) = —25cos 3t

i 1 _
u' +u=3scos3t = —8a = —35 35

1
4 4
step 2 1 u=atsint = v =a(tcost+sint) = v’ = a(—tsint + 2cost)

W'+ u=23cost = 2a =

. = a=3 = u,(t) = 3tsint

>~

uy (t) = —35 cos 3t + Stsint + acost + bsint

ui(t) = 55(cost — cos 3t) + 2tsint

u(t) ~ cost + e(g5(cost — cos 3t) + 2tsint) + - -+ : unbounded as t — oo



Poincaré-Lindstedt method (method of strained coordinates)

t=s+efi(s) +efals) +--ase—0
u(t) ~ ug(s) + euy(s) + ug(s) + - -

,ds ,ds
u’ _uodt+€u1dt+ o

ds ds
1= .- 1
d
= (efi ) =i+
u =uj(l—eff+---)+eu)+ - =uj+e(u] —uyfi) +
ds ds ds ds
u' =y +_€<qut iy — gdtjg>

= (up + e(uy —upfi —ugfy) +-- )L —efi+--)
=+ el — i — 20 f7) +
u" +u = eu’
order € : uf +uy =0, ug(0) =1, uf(0) =0 = up(s) = coss
order €' : uf —uff —2uffi +uy = u} , u1(0) = uj(0) =0

3

1 I o3 /
uj +u; = cos’s — f{ sins — 2f{ cos s

ui +up = (3 —2f])coss — fi'sins + § cos3s

to suppress secular terms set f] = % = fi(s) = %s
W +uy = §cos3s = u(s) = —55co83s + 55 co8 s
t~s+des+-=(1+2e+--)s

Swt(1+%€_|_...)—1Nt(l_%€+...)

u(t) ~ ug(s) + eur(s) + - - -

u(t) ~ cos[(1 = 2e)t] + fye(cos|(1 = Le)t] — cos[3(1 — 2e)t]) + - --

The period of the solution is T' = 27 (1 + 2¢) + O(€?).
hw7 : find the O(€®) term

21



25. Thurs 4/23

ex : premixed flame front (Keener, p. 530)

unburnt gas burnt gas : determine flame structure/speed

gas : mixture of fuel and oxidizer

u(x,t) : gas temperature , —0o < x < 00
c(x,t) : fuel concentration

U = QU + Bek(u) @ reaction-diffusion equation

¢t = Beyr — ck(u) k
a, [ : diffusion coefficients

B >0 : exothermic reaction (releases heat)
k(u) = koe B/ . Arrhenius rate function

E : activation energy

ol ————————— —

R : universal gas constant

up, w1 : temperature of unburnt , burnt gas , uy < u < ug

Co . concentration of fuel in unburnt gas , 0 < c¢ < ¢y

assume constant states : (ug,cg) as t - —oco : unburnt
(u1,0) as t — oo : burnt

then v, = ¢ =0 = u+ B =0 = ug+ Bey = ug

non-dimensionalization

u — U c
ut = ,C=— = 0<u" <1
up — uUp Co

u = ug+ (ug —ug)u* , ¢ = coc*
1 1 1 1
u

_ = . set y=1-——

up + (ur —up)u*  uy 2+ (1—2)ur

1 1 1 1 1

Ugp
U1

1

22

y(u —1)

ul.Z—‘;—l—kl—F’yu*_u1'1+’y(u*—1)_uil_l—k’y(u*—l).



-FE  —F N Evy(u*—1) 1

Ru  Ru Ruy L+ y(u*—1)
1 E E(u; —

define : — = T _ (uy 2u0) . Zeldovitch number
e Ruy Ruy

¢ > 0& F — oo @ large activation energy asymptotics

£ 1) 1
L(w) = ke~ E/Rwa (u .

X

Lo o— B/ Rui \1/2
= ]6'0626_E/Ru1t : f = 6( 0€

a
U = QU + Bek(u)

2 _E/R o ke P/
* — U *
(w1 — up)upkoee = a(u] — up)Ups e € ———

o
u* — 1) 1

B *k —E/Ru1 ( .
+ bcye kpe exp p T (uw — 1)

¢t = By — ck(u)

k —E/Ru1
coc;‘*kOEQe_E/Rul = Bcocz*x*ezL
o
*—1) 1
. *k —E/Rul (u .
CoC Rp€E exXp ( c 11 fy(u* — 1)
drop
B f(u) _ (u—1) 1
Ut = Ugy + C 2 , f(u) =exp . 1+v(u—1)

f(w)

L =
e

. Lewis number

;=L e, —c

@[ e

traveling wave

s=x+vt, u(z,t)=u(s), c(z,t) =¢c(s) , assume v >0

s — —oo : unburnt = lim a(s) =0, lim ¢(s) =1
5— —00 §— —00

s — 00 : burnt = lim u(s) =1, lim é(s) =0
S §— 00

|

23
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drop bars : u" —vu' + cf(g) =0, L7 —vd — cf(g) =0
€ €
consider € << 1, L = O(1)
1
0<u<l = f(g)—>0ase—>0 , u=1= f(;t) =
€ € €
= f(;i) is important only when v =1

€

outer solution

u(s,€) ~ up(s) + eur(s) + -+ mnote : ug(s) vs ugy
c(s,€) ~ co(s) +eci(s) +---

v~y tevy e

f(uo)

€2

f(uo) —0

order € : ug —vouy + co—5- =0 , L'cf — vy — co =0
€

one possibility is ¢o(s) =0, up(s) =1 : ok for s — oo
otherwise 0 < wuy(s) < 1, which gives the following for ¢ — 0
ug — vouy =0 = up(s) = ae™®

0 o(s) }:0kf0rs—>—oo

L7 —voch) =0 = co(s) = 1 — belwos

choose a, b by matching at s =0

e’ 5 <0 1 —elvs s <0
u
C

unburnt burnt

1. L > 1 = reaction zone is thinner than preheat zone

2. The kink in the profiles at s = 0 is unphysical and the flame speed vy is still
undetermined.
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inner solution

S

r=—,u(s) =1+€e(r), c(s) =ey(r) : rescaled variables
€
" / " /
697 _ vee— + eyf(l—l—&‘?) =0 , L_ley— _ veg _ eyw =0
€2 € €2 €2 € €2
0" —evd +yf(1+e0) =0 , LY —evy —yf(1+€d) =0
f) = exp () i | = F0 ) = exp (075 = ¢+ 000
u) = exp e — €f) = exp T ed =e €
order €' : 0(r) = 0o(r) + €b1(r) -+, y(r) = yo(r) +eya(r) + -

0 +yoe? =0 , L'yl —ype” =0

= 0+ L1yl =0 = 0y(r) + L lyo(r) = ar + b

matching as r — oo , lim 0o(r), yo(r) =0 = O(r) + L Yy(r) =0
0 — LOpe” = 0 = 0,0 — LOj0pe’ =

= %(96)2 — L(y — 1)e® = L | using Tim 0o(r) , Op(r) =0

= (0})° = 2L (1+ (fp — 1)e) , we're interested in 6y < 0

phase plane

6o '_ 6, .. (b
<9(/)> —<L90€90> , fixed point : <‘96>

linear stability

(0)

() ~ (4]
0 Lé,

I
7/~
(@]
—
N~
N
D
S o
N~
>
I
H_
=
=
<
o
@
’-ﬁ
o
=5
5.
i
=
)
—+
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note : 1. 6y <0 = (0))> < 2L = —V2L <60, < 2L
2. ) — —o00 = 0y — £V2L

The orbit connecting (6, 6) = (—oo, v2L) with (6y, 6;) = (0,0) defines a corner
layer to be inserted near s = 0.
recall : r = f, u(s) =14+ €d(r) = uo(s) ~ 1+ eby <S>

r €
!/ / S
= upls) ~ ot (2) - = th(r)

€

matching of inner and outer solutions

lim uj(s) = lim 0y(r) = vo = V2L

s— 0~ r— —00

express wave speed in dimensional variables

foo o~ E/Ruy\ /2
s=a" + gt =€ ( 0 T + vokoeZe B/Ruy
Q
k, —E/Ru1 1/2
s=c¢€ (Oe (x + Vg€ (ozkzoe_E/Rul)l/2 t)
Q

1 E(u —
Vo =eV2L (ozkoe_E/Rul)l/Q o= (ufl%u2 ) , L= ;
1

Hence as the fuel diffusivity 5 — 0, the reaction zone becomes thinner and the
flame propagates faster.

question : is the flame front stable?



